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Summary. We consider the stabilization problem for large-scale linear descriptor
systems in continuous- and discrete-time. We suggest a partial stabilization algo-
rithm which preserves stable poles of the system while the unstable ones are moved
to the left half plane using state feedback. Our algorithm involves the matrix pencil
disk function method to separate the finite from the infinite generalized eigenval-
ues and the stable from the unstable eigenvalues. In order to stabilize the unstable
poles, either the generalized Bass algorithm or an algebraic Bernoulli equation can
be used. Some numerical examples demonstrate the behavior of our algorithm.

1 Introduction

We consider linear descriptor systems

E (Dx(t)) = Ax(t) +Bu(t), t > 0, x(0) = x0, (1)

where Dx(t) = d
dtx(t), t ∈ R, for continuous-time systems and Dx(t) = x(t+

1), t ∈ N, for discrete-time systems. Here, A,E ∈ Rn×n, B ∈ Rn×m. We
assume the matrix pencil A− λE to be regular, but make no assumption on
its index. For continuous-time systems, (1) is a first-order differential-algebraic
equation (DAE) if E is singular and an ordinary differential equation (ODE)
if E is nonsingular. We are particularly interested in the DAE case. In this
case, x(t) ∈ Rn is called a descriptor vector which is in general not a state
vector as some components may be chosen freely under certain conditions, see
[30, Chapter 4]. The components of the vector u(t) ∈ Rm are considered to be
forcing functions or controls. For further properties of DAEs and descriptor
systems see, e.g., [16, 19, 30] and references therein.

Throughout this article we assume that the generalized eigenvalues of A−
λE (the poles of the system corresponding to (1)) are given by

Λ (A,E) = Λ1 ∪ Λ2 ∪ {∞}
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with Λj ⊂ Γj , j = 1, 2. Here, Γ1 = C−, Γ2 = C+ for continuous-time systems
(with C± denoting the open left and right half planes) and Γ1 = {|z| <
1}, Γ2 = {|z| > 1} (the interior/exterior of the unit disk) for discrete-time
systems. The case that eigenvalues are on the boundary of the stability region
Γ1 can be treated as well, see Remark 2 below, but the dichotomy assumption
with respect to ∂Γ simplifies the presentation for now.

Descriptor systems arise in various applications including circuit simu-
lation, multibody dynamics, (semi-)discretization of the Stokes and Oseen
equations (linearizations of the instationary Navier-Stokes equations) or the
Euler equations, and in various other areas of applied mathematics and com-
putational engineering, see, e.g., [30, 33] and references therein.

The stabilization problem for (1) can be formulated as follows: choose u ∈
L2(0,∞;Rm) such that the dynamical system (1) is asymptotically stable, i.e.,
solution trajectories satisfy limt→∞ x(t) = 0. Large-scale applications include
active vibration damping for large flexible space structures, like, for example,
the International Space Station [18] or initializing Newton’s method for large-
scale algebraic Riccati equations (AREs) [37]. But also many other procedures
for controller and observer design make use of stabilization procedures [43].

For nonsingular E, it is well known (e.g., [20, 21]) that stabilization can
be achieved by state feedback u = Fx where F ∈ Rm×n is chosen such that
the closed-loop system E (Dx(t)) = (A − BF )x is asymptotically stable, i.e.,
Λ (A − BF,E) ⊂ Γ1 iff the matrix pair (E−1A,E−1B) is stabilizable, i.e.,
rank ([A− λE,B]) = n for all λ ∈ C\Γ1. (In the following, we will call Λ (A,E)
the open-loop eigenvalues and Λ (A−BF,E) the closed-loop eigenvalues.)

For singular E, the situation is slightly more complicated. Varga [43] dis-
tinguishes S- and R-stabilization problems. Both require the computation of a
state feedback matrix F such that the closed-loop matrix pencil A−BF −λE
is regular. S-stabilization asks for F such that Λ (A − BF,E) contains ex-
actly r = rank (E) stable poles while for R-stabilization, all finite poles are
requested to be stable. Both problems have a solution under suitable condi-
tions (see [43] and references therein). Here, we will treat the R-stabilization
problem only for which the assumption of stabilizability of the matrix triple
(E,A,B), i.e., rank ([A− λE,B]) = n for all finite λ ∈ C \ Γ1 guarantees
solvability [19]. Our procedure can be useful when solving the S-stabilization
problem as well: the R-stabilization is needed after a preprocessing step in
the procedure for S-stabilization suggested in [43]. Also note that for the S-
stabilization problem to be solvable, one needs to assume strong stabilizability
of the descriptor system (1) (see [43]), which is rarely encountered in practice.
E.g., none of the examples considered in this paper has this property.

In the standard ODE case (E nonsingular), a stabilizing feedback ma-
trix F can be computed in several ways. One popular approach is to use
pole assignment (see, e.g., [20, Section 10.4]) which allows to pre-assign the
spectrum of the closed-loop system. There are several difficulties associated
with this approach [25]. Also, for fairly large-scale problems, the usual algo-
rithms are quite involved [20, Chapter 11]. In many applications, it is not
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necessary to fix the poles of the closed-loop system, in particular if the sta-
bilization is only used to initialize a control algorithm or Newton’s method
for AREs. For this situation, a standard approach is based on the solution
of a particular Lyapunov equation (see Proposition 2 and Equation (3) be-
low). Solving this Lyapunov equation, the stabilizing feedback for standard
state-space systems (i.e., E = In) is F := BTX† for continuous-time sys-
tems and F := BT (EXET + BBT )†A for discrete-time systems, where X
is the solution of the (continuous or discrete) Lyapunov equation and M†

is the pseudo-inverse of M , see, e.g., [37]. This approach is called the Bass
algorithm [2, 3]. For a detailed discussion of properties and (dis-)advantages
of the described stabilization procedure see [20, Section 10.2] and [37]. Both
approaches, i.e., pole assignment and the Bass algorithm are generalized in
[43] in order to solve the R-stabilization problem. Here, we will assume that
achieving closed-loop stability is sufficient and poles need not be at specific
locations, and therefore we will not discuss pole placement any further.

For large-scale systems, often, the number of unstable poles is small (e.g.,
5%). Hence it is often more efficient and reliable to first separate the stable
and unstable poles and then to apply the stabilization procedure only to the
unstable poles. For standard systems, such a method is described in [26] while
for generalized state-space systems with invertible E, procedures from [43] and
[8] can be employed. The approach used in [8] is based on the disk function
method and only computes a block-triangularization of the matrix pencil A−
λE which has the advantage of avoiding the unnecessary and sometimes ill-
conditioned separation of all eigenvalues required in the QZ algorithm for
computing the generalized Schur form A−λE which is employed in [43]. The
main contribution of this paper is thus to show how the disk function method
can be used in order to generalize the method from [8] to descriptor systems
with singular E.

In the next section, we will give some necessary results about descriptor
systems and stabilization of generalized state-space systems with nonsingular
matrix E. Section 3 then provides a review of spectral projection methods
and in particular of the disk and sign function methods. A partial stabilization
algorithm based on the disk function method is then proposed in Section 4. In
Section 5, we give some numerical examples demonstrating the effectiveness
of the suggested approach. We end with some conclusions and an outlook.

2 Theoretical Background

As we will only discuss the R-stabilization problem, we will need the following
condition.

Definition 1. Let (E,A,B) be a matrix triple as in (1). Then the descriptor
system (1) is stabilizable if

rank
([
A− λE, B

])
= n for all λ ∈ C \ Γ1.
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We say that the system is c-stabilizable if Γ1 = C− and d-stabilizable if
Γ1 = {z ∈ C | |z| < 1}.

The following result from [19] guarantees solvability of the R-stabilization
problem.

Proposition 1. Let the descriptor system (1) be stabilizable, then there exists
a feedback matrix F ∈ Rm×n such that

Λ (A−BF,E) ⊂ Γ1 ∪ {∞}.

In the following, we will speak of (partial) stabilization and always mean R-
stabilization.

If E is nonsingular, any method for stabilizing standard state-space sys-
tems can be generalized to this situation. Here, we will make use of generaliza-
tions of the Bass algorithm [2, 3] and an approach based on the (generalized)
algebraic Bernoulli equation (ABE)

ATXE + ETXA− ETXBBTXE = 0. (2)

The first approach is based on the following result which can be found, e.g.,
in [8, 43].

Proposition 2. Let (E,A,B) as in (1) be stabilizable with E nonsingular. If

F := BTE−TX†c or F := BT (EXdE
T +BBT )†A (3)

for continuous- or discrete-time systems, respectively, where Xc and Xd are
the unique solutions of the generalized (continuous or discrete) Lyapunov
equations

(A+βcE)XET +EX(A+βcE)T = 2BBT or AXAT−β2
dEXE

T = 2BBT ,
(4)

respectively, for βc > maxλ∈Λ (A,E){−Re(λ)}, 0 < βd < minλ∈Λ (A,E)\{0}{|λ|},
then A−BF − λE is stable.

An often used, but conservative upper bound for the parameter βc in the
continuous Lyapunov equations above is ‖E−1A‖ for any matrix norm. As we
will apply Proposition 2 in our partial stabilization procedure only to a matrix
pencil that is completely unstable, i.e., Λ (A,E) ⊂ Γ2, we can set βc = 0 and
βd = 1. Usually, it turns out to be more effective to set βc > 0 as this yields
a better stability margin of the closed-loop poles. Note that βc (or βd in the
discrete-time case) serves as a spectral shift so that the stabilized poles are to
the left of −βc (or inside a circle with radius βd).

Stabilization using the ABE (2) can be used for continuous-time systems
and is based on the following result [6].
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Proposition 3. If (E,A,B) is as in Proposition 2 and Λ (A,E)∩R = ∅, then
the ABE (2) has a unique c-stabilizing positive semidefinite solution X+, i.e.,
Λ (A−BBTX+E,E) ⊂ C−.

Moreover, rank (X+) = µ, where µ is the number of eigenvalues of A−λE
in C+ and

Λ (A−BBTX+E,E) = (Λ (A,E) ∩ C−) ∪
(
−(Λ (A,E) ∩ C+)

)
.

Another possibility for stabilization of standard discrete-time systems (E
invertible in (1)) is discussed in [22]. An extension of this method to the case
of singular E would allow the stabilization of large-scale, sparse discrete-time
descriptor systems. This is under current investigation.

3 Spectral Projection Methods

In this section we provide the necessary background on spectral projectors
and methods to compute them. These will be the major computational steps
required in the partial stabilization method described in Section 4.

3.1 Spectral projectors

First, we give some fundamental definitions and properties of projection ma-
trices.

Definition 2. A matrix P ∈ Rn×n is a projector (onto a subspace S ⊂ Rn)
if range (P ) = S and P 2 = P .

Definition 3. Let Z, Y ∈ Rn×n be a regular matrix pencil with Λ (Z, Y ) =
Λ1 ∪ Λ2, Λ1 ∩ Λ2 = ∅, and let S1 be the (right) deflating subspace of the
matrix pencil Z − λY corresponding to Λ1. Then a projector onto S1 is called
a spectral projector.

From this definition we obtain the following properties of spectral projectors.

Lemma 1. Let Z − λY be as in Definition 3, and let P ∈ Rn×n be a spectral
projector onto the right deflating subspace of Z − λY corresponding to Λ1.
Then

a) rank (P ) = |Λ1| := k,
b) ker (P ) = range (I − P ), range (P ) = ker (I − P ),
c) I − P is a spectral projector onto the right deflating subspace of Z − λY

corresponding to Λ2.

Given a spectral projector P we can compute an orthogonal basis for the
corresponding deflating subspace S1 and a spectral or block decomposition of
Z − λY in the following way: let
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P = V RΠT , R =

[
R11 R12

0 0

]
=

@  , R11 ∈ Rk×k,

be a QR decomposition with column pivoting (or a rank-revealing QR decom-
position (RRQR)) [24], where Π is a permutation matrix. Then the first k
columns of V form an orthonormal basis for S1. If we also know an orthonor-
mal basis of the corresponding left deflating subspace and extend this to a
full orthogonal matrix U ∈ Rn×n, we can transform Z, Y to block-triangular
form

Z̃ − λỸ := UT (Z − λY )V =

[
Z11 Z12

0 Z22

]
− λ,

[
Y11 Y12

0 Y22

]
, (5)

where Λ (Z11, Y11) = Λ1, Λ (Z22, Y22) = Λ2.
Once V is known, the orthogonal matrix U can be computed with little

effort based on the following observation [42].

Proposition 4. Let Z − λY ∈ Cn×n be a regular matrix pencil with no
eigenvalues on the boundary ∂Γ1 of the stability region Γ1. If the columns
of V1 ∈ Cn×n1 form an orthonormal basis of the stable right deflating sub-
space of Z − λY , i.e., the deflating subspace corresponding to Λ (Z, Y ) ∩ Γ1,
then the first n1 columns of the orthogonal matrix U in the QR decomposition
with column pivoting,

URΠT = U

[
R11 R12

0 0

]
ΠT =

[
ZV1 Y V1

]
, (6)

form an orthonormal basis of the stable left deflating subspace of Z − λY .

The matrix U from (6) can then be used for the block-triangularization in (5).
The block decomposition given in (5) will prove extremely useful in what

follows. Besides spectral projectors onto the deflating subspaces corresponding
to the finite and infinite parts of the spectrum of a matrix pencil, we will also
need those related to the stability regions in continuous- and discrete-time.

Definition 4. Let Z, Y ∈ Rn×n with Λ (Z, Y ) = Λ1∪Λ2, Λ1∩Λ2 = ∅, and let
S1 be the (right) deflating subspace of the matrix pencil Z−λY corresponding
to Λ1. Then S1 is called

a) c-stable if Λ1 ⊂ C− and c-unstable if Λ1 ⊂ C+;
b) d-stable if Λ1 ⊂ {|z| < 1} and d-unstable if Λ1 ⊂ {|z| > 1}.

3.2 The matrix sign function

The sign function method was first introduced by Roberts [36] to solve al-
gebraic Riccati equations. The sign function of a matrix Z ∈ Rn×n with
no eigenvalues on the imaginary axis can be defined as follows: Let Z =
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S
[
J−

0
0
J+

]
S−1 denote the Jordan decomposition of Z where the Jordan

blocks corresponding to the, say, k eigenvalues in the open left half plane
are collected in J− and the Jordan blocks corresponding to the remaining
n− k eigenvalues in the open right half plane are collected in J+. Then

sign (Z) := S

[
−Ik 0

0 In−k

]
S−1.

The sign function provides projectors onto certain subspaces of the matrix
Z: P− := 1

2 (In − sign (Z)) defines the skew projection onto the c-stable Z-
invariant subspace parallel to the c-unstable Z-invariant subspace whereas
P+ := 1

2 (In + sign (Z)) defines the skew projection onto the c-unstable Z-
invariant subspace parallel to the c-stable Z-invariant subspace. Therefore,
the sign function provides a tool for computing a spectral decomposition with
respect to the imaginary axis. As we will see in the following subsection, the
sign function method can be applied implicitly to Y −1Z so that also the
corresponding spectral projectors for matrix pencils Z−λY with invertible Y
can be computed. This can be used for continuous-time stabilization problems
once the infinite eigenvalues of A− λE have been deflated.

3.3 Computation of the sign function

The sign function can be computed via the Newton iteration for the equation
Z2 = In where the starting point is chosen as Z, i.e.,

Z0 ← Z, Zj+1 ←
1

2
(Zj + Z−1j ), j = 0, 1, . . . . (7)

Under the given assumptions, the sequence {Zj}∞j=0 converges to sign (Z) =
limj→∞ Zj [36] with an ultimately quadratic convergence rate. As the initial
convergence may be slow, the use of acceleration techniques is recommended;
e.g., determinantal scaling [17] adds the following step to (7):

Zj ←
1

cj
Zj , cj = |det (Zj)|

1
n , (8)

where det (Zj) denotes the determinant of Zj . For a summary of different
strategies for accelerating the convergence of the Newton iteration, see [28].
It should be noted that eigenvalues close to the imaginary axis may defer
convergence considerably with stagnation in the limiting case of eigenvalues
on the imaginary axis.

In our case, we will have to apply the sign function method to a matrix
pencil rather than a single matrix. Therefor, we employ a generalization of
the matrix sign function method to a matrix pencil Z − λY given in [23].
Assuming that Z and Y are nonsingular, the generalized Newton iteration for
the matrix sign function is given by
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Algorithm 1 Sign function method.

INPUT: A matrix pencil Z−λY , Z, Y ∈ Rn×n with no eigenvalues on the imaginary
axis.

OUTPUT: Skew spectral projectors P− and P+ onto the c-stable and c-unstable,
respectively, deflating subspaces of Z − λY .

1: Set Z0 = Z, Y0 = Y .
{Newton iteration}

2: for j = 0, 1, . . . until convergence do
3: Zj = ΠTLU

{LU factorization: L/U lower/upper triangular, Π permutation matrix},
4: cj =

∏n
k=1 |ukk|

1
n ,

5: Solve LW = ΠY by forward substitution,
6: Solve UX = W by backward substitution,
7: Zj+1 = 1

2cj
Zj +

cj
2
Y X,

8: s = j + 1.
9: end for

10: Set P− := Z∞ − Y , P+ := Z∞ + Y .

Z0 ← Z, Zj+1 ←
1

2cj
(Zj + c2jY Z

−1
j Y ), j = 0, 1, . . . , (9)

with the scaling now defined as cj ←
(
| det(Zj)|
| det(Y )|

) 1
n

. This iteration is equivalent

to computing the sign function of the matrix Y −1Z via the Newton iteration
as given in (7). If limj→∞ Zj = Z∞, then Z∞−Y defines the skew projection
onto the c-stable right deflating subspace of Z−λY parallel to the c-unstable
deflating subspace, and Z∞+Y defines the skew projection onto the c-unstable
right deflating subspace of Z −λY parallel to the c-stable deflating subspace.

As a basis for the c-stable invariant subspace of a matrix Z or the c-stable
deflating subspace of a matrix pencil Z − λY is given by the range of any
projector onto this subspace, it can be computed by a RRQR factorization of
the corresponding projectors P− or Z∞ − Y , respectively.

A formal description of the suggested algorithm for computing spectral
projectors onto the c-stable and c-unstable deflating subspaces of matrix pen-
cils is given in Algorithm 1. The necessary matrix inversion is realized by LU
decomposition with partial pivoting and forward/backward solves. Note that
no explicit multiplication with the permutation matrix Π is necessary—this is
realized by swapping rows of X or columns of Y . Convergence of the iteration
is usually based on relative changes in the iterates Zj .

For block-triangularization related to spectral division with respect to the
imaginary axis, matrices U, V as in (5) can be obtained from a RRQR fac-
torization of P− and Proposition 4. An explicit algorithm for this purpose is
provided in [42]. As we will see later, for our purposes it is not necessary to
form U explicitly, just the last n− n1 columns of U need to be accumulated.
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We will come back to this issue in the context of the disk function method in
more detail; see Equation (10) below and the discussion given there.

Much of the appeal of the matrix sign function approach comes from the
high parallelism of the matrix kernels that compose the Newton-type itera-
tions [34]. Efficient parallelization of this type of iterations for the matrix sign
function has been reported, e.g., in [4, 27]. An approach that basically reduces
the cost of the generalized Newton iteration to that of the Newton iteration
is described in [41]. An inverse-free version of the generalized sign function
method which is about 1.5 times as expensive as Algorithm 1 is discussed in
[10].

Unfortunately, the matrix sign function is not directly applicable to de-
scriptor systems. If Y (= E in our case) is singular, then convergence of the
generalized Newton iteration (9) is still possible if the index is less than or
equal to 2 [41], but convergence will only be linear. Moreover, as we do not
want to restrict ourselves to descriptor systems with low index, we will need
another spectral projection method that can be computed by a quadratically
convergent algorithm without restrictions on the index. The disk function
method described in the following subsection will satisfy these demands.

3.4 The matrix disk function

The right matrix pencil disk function can be defined for a regular matrix pencil
Z − λY , Z, Y ∈ Rn×n, as follows: Let

Z − λY = S

[
J0 − λIk 0

0 J∞ − λN

]
T−1

denote the Kronecker (Weierstrass) canonical form of the matrix pencil (see,
e.g., [30] and references therein), where J0 ∈ Ck×k, J∞ ∈ C(n−k)×(n−k) con-
tain, respectively, the Jordan blocks corresponding to the eigenvalues of Z−λY
inside and outside the unit circle. Then, the matrix (pencil) disk function is
defined as

disk (Z, Y ) := T

([
Ik 0

0 0

]
− λ

[
0 0

0 In−k

])
T−1 =: P0 − λP∞.

Alternative definitions of the disk function are given in [9].
The matrix pencil disk function can be used to compute projectors onto

deflating subspaces of a matrix pencil as P0 is a skew projection onto the
right d-stable deflating subspace of Z−λY parallel to the d-unstable one, and
P∞ defines a skew projection onto the right d-unstable deflating subspace of
Z−λY parallel to the d-stable one. Thus, the disk function provides a tool for
spectral decomposition along the unit circle. Splittings with respect to other
curves in the complex plane can be computed by applying a suitable conformal
mapping to Z−λY [5]. As we want to use the disk function in order to compute
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Algorithm 2 Inverse Free Method.

INPUT: A matrix pencil Z − λY , Z, Y ∈ Rn×n with no eigenvalues on the unit
circle.

OUTPUT: The matrix pencil disk function of Z − λY .
1: Set Z0 = Z, Y0 = Y . {Inverse free iteration}
2: for j = 0, 1, . . . until convergence do

3:

[
Yj

−Zj

]
=

[
U11 U12

U21 U22

] [
Rj

0

]
(QR factorization),

4: Zj+1 = UT
12Zj ,

5: Yj+1 = UT
22Yj ,

6: s = j + 1.
7: end for
8: Set disk (Z, Y ) := (Zs + Ys)−1(Ys − λZs).

a projector onto the deflating subspace corresponding to the infinite or finite
eigenvalues, we will need a curve enclosing all finite eigenvalues. We will come
back to this issue in Section 4.

In the next subsection we discuss how the disk function can be computed
iteratively without having to invert any of the iterates.

3.5 Computing the disk function

The algorithm discussed here is taken from [5], and is based on earlier work by
Malyshev [31]. This algorithm is generally referred to as inverse-free iteration.
We also make use of improvements suggested in [42] to reduce its cost.

Given a regular matrix pencil Z − λY having no eigenvalues on the unit
circle, Algorithm 2 provides an implementation of the inverse-free iteration
which computes an approximation to the right deflating subspace correspond-
ing to the eigenvalues inside the unit circle. It is based on a generalized power
iteration (see [7, 42] for more details) and the fact that (see [7, 31])

lim
j→∞

(Zj + Yj)
−1Yj = P0, lim

j→∞
(Zj + Yj)

−1Zj = P∞.

Convergence of the algorithm is usually checked based on the relative change
in Rj . Note that the QR decomposition in Step 1 is unique if we choose

positive diagonal elements as
[
Y Tj , −ZTj

]T
has full rank in all steps [24].

The convergence of the inverse free iteration can be shown to be globally
quadratic [5] with deferred convergence in the presence of eigenvalues very
close to the unit circle and stagnation in the limiting case of eigenvalues on
the unit circle. Also, the method is proven to be numerically backward stable
in [5]. Again, accuracy problems are related to eigenvalues close to the unit
circle due to the fact that the spectral decomposition problem becomes ill-
conditioned in this case.
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The price paid for avoiding matrix inversions during the iteration is that
every iteration step is about twice as expensive as an step of the Newton iter-
ation (9) in the matrix pencil case and three times as expensive as the Newton
iteration (7) in the matrix case. On the other hand, the inverse free iteration
can be implemented very efficiently on a parallel distributed-memory architec-
ture like the sign function method since it is based on matrix multiplications
and QR factorizations which are well studied problems in parallel computing;
see, e.g., [24, 35] and the references given therein. Also, a recently proposed
version yields a reduced cost per iteration step which leads to the conclusion
that usually, the inverse-free iteration is faster than the QZ algorithm if less
than 30 iterations are required—usually, convergence can be observed after
only 10–20 iterations. See [32] for details.

It should be noted that for our purposes, neither the disk function nor the
projectors P0 nor P∞ need to be computed explictly. All we need are the re-
lated matrices Q,Z from (5). This requires orthogonal bases for the range and
nullspace of these projectors. These can be obtained using a clever subspace
extraction technique proposed in [42]. The main idea is here that a basis for
the range of P0 can be obtained from the kernel of P∞. This can be computed
from Zs directly, i.e., Zs + Ys is never inverted, neither explictly nor implic-
itly. The left deflating subspace is then computed based on Proposition 4. The
complete subspace extraction technique yielding the matrices U, V as in (5)
with Λ (Z22, Y22) being the d-stable part of the spectrum of Z − λY can be
found in Algorithm 3.

Note that the triangular factors and permutation matrices in Algorithm 3
are not needed and can be overwritten. For our purposes, we can save some
more workspace and computational cost. It is actually sufficient to store V
(which is later on needed to recover the feedback matrix of the original system)
and to compute

Z22 = UT2 ZV2, Y22 = UT2 Y V2. (10)

This can be exploited if an efficient implementation of the QR decomposition
like the one in LAPACK [1] is available. Accumulation of U2 only is possible
there, so that only 4

3nr(n − r) flops are needed rather than 4
3n

3 when accu-
mulating the full matrix U . Moreover, instead of 8n3 flops as needed for the
4 matrix products in (5), the computations in (10) require only 4nr(n + r)
flops.

4 Partial Stabilization Using Spectral Projection

For the derivation of our algorithm, we will assume that the descriptor system
(1) has nf finite and n∞ infinite poles, i.e., Λ (A,E) = Λf ∪̇{∞} with |Λf | =
nf . Moreover, we assume that there are n1 stable and n2 unstable poles, i.e.,
Λ (A,E) = Λ1∪̇Λ2, where Λ1 ⊂ Γ1, Λ2 ⊂ C\Γ1, and |Λ1| = n1, |Λ2| = n2+n∞.
This yields the relations n = nf+n∞ = n1+n2+n∞. Our partial stabilization
algorithm based on the disk function method will consist of the following steps:
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Algorithm 3 Subspace Extraction for Disk Function Method.

INPUT: A matrix pencil Z−λY Z, Y ∈ Rn×n with no eigenvalues on the unit circle,
Zs as computed by Algorithm 2, and a tolerance τ for rank detection.

OUTPUT: Matrices U, V upper triangularizing Z − λY so that with

UT (Z − λY )V =

[
Z11 Z12

0 Z22

]
− λ,

[
Y11 Y12

0 Y22

]
,

we have Λ (Z11, Y11) ⊂ {z ∈ C | |z| < 1}, Λ (Z22, Y22) ⊂ {z ∈ C | |z| > 1}.

1: {Compute range of P0, i.e., nullspace of Zs.}
Compute the RRQR [

V2 V1

] [R1

0

]
ΠT

V = ZT
s ,

where the partitioning is determined with respect to the numerical rank r = r(τ)
of ZT

s based on τ and the columns of V1 ∈ Rn×n−r form an orthonormal basis
for kerZs.

2: Set V :=
[
V1 V2

]
.

3: {Compute basis for the left deflating subspaces.}
Compute the QR decomposition with column pivoting

UTΠT
U ≡

[
U1 U2

]
TΠT

U =
[
ZV1 Y V1

]
,

with the same partitioning with respect to r(τ) as above.

1. Deflate the infinite poles of the system using a spectral projector onto the
corresponding deflating subspace of A−λE computed by the disk function
method. We call the resulting nf ×nf matrix pencil A1−λE1. Note that
now, E1 is nonsingular.
Transform B accordingly, yielding B1.

2. Deflate the stable finite poles of the system using a spectral projec-
tor onto the deflating subspace of A1 − λE1. This can be computed
by the disk (sign) function method applied to (A1, E1) in the discrete-
time (continuous-time) case or to the Cayley-transformed matrix pair
(A1 + E1, A1 − E1) in the continuous-time (discrete-time) case. We call
the resulting n2 × n2 matrix pencil A2 − λE2. Note that now, A2 − λE2

has only unstable eigenvalues.
Transform B1 accordingly, yielding B2.

3. Solve the stabilization problem for the generalized state-space system

E2 (Dx2(t)) = A2x(t) +B2u(t), t > 0, x2(0) = x2,0.

4. Assemble the stabilizing feedback for the original system (1) using either
Proposition 2 or Proposition 3.

A possible implementation, based only on the disk function method, is sum-
marized in Algorithm 4. An analogous implementation using the sign function
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Algorithm 4 Partial stabilization using the disk function method.

INPUT: A stabilizable descriptor system as in (1) with A−λE regular; α so that a
circle around the origin with radius 1/α encloses all finite eigenvalues of A−λE.

OUTPUT: A stabilizing feedback matrix F ∈ Rm×n.
1: Apply the disk function method to (E,αA) to obtain a spectral projector onto

the deflating subspace corresponding to the finite eigenvalues of A − λE and
use Algorithm 3 to compute an orthogonal equivalence transformation to block-
triangular form such that Λ (A,E) is divided into

Q1(A− λE)Z1 =

[
A∞ A12

0 A1

]
− λ

[
E∞ E12

0 E1

]
,

where Λ (A∞, E∞) = {∞}, Λ (A1, E1) is finite, E1 nonsingular, and partition

Q1B =:

[
B∞
B1

]
accordingly.

2: if the system is continuous-time,
apply Algorithm 2 to (A1 + E1, A1 − E1)

else
apply Algorithm 2 to (A1, E1)

endif
in order to compute an orthogonal equivalence transformation to block-
triangular form such that Λ (A1, E1) is divided according to the boundary of
the stability region, i.e.,

Q2(A1 − λE1)Z2 =

[
Astab ∗

0 A2

]
− λ

[
Estab ∗

0 E2

]
,

where Λ (Astab, Estab) ⊂ Γ1, Λ (A2, E2) ⊂ Γ2, and partition Q2B1 =:

[
Bstab

B2

]
accordingly.

3: Compute F2 using either Proposition 2 applied to (A2, E2, B2) or Proposition 3
applied to (A2, E2, B2) in the continuous-time case and to (A2+E2, A2−E2, B2)
in the discrete-time case.

4: Set F :=
[
0, [ 0 F2]ZT

2

]
ZT

1 .

method in Step 2 can easily be derived replacing Algorithm 2 by Algorithm 1
there (and changing the order of the if-else conditions).

The determination of the input parameter in Algorithm 4 α is in itself
a non-trivial task. Often, knowledge about the spectral distribution can be
obtained a priori from the physical modeling. It is an open problem how to
determine α directly from the entries of the matrices A,E. In principle, the
generalized Gershgorin theory derived in [38] provides computable regions
in the closed complex plane containing the finite eigenvalues. In practice,
though, these regions often extend to infinity and thus provide no useful in-
formation. Recent developments in [29] give rise to the hope that computable
finite bounds can be obtained; this will be further explored in the future.
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The solution of the matrix equations needed in Step 3. of Algorithm 4
(either one of the Lyapunov equations from (4) or the ABE (2) can be obtained
in several ways, see, e.g., [20, 37] for a discussion of different Lyapunov solvers.
As we base our partial stabilization algorithm on spectral projection methods
like the sign and disk function methods under the assumption that these are
particularly efficient on current computer architectures, it is quite natural to
also use the sign function methods for the generalized Lyapunov and Bernoulli
equations in (4) and (2). Efficient algorithms for this purpose are derived and
discussed in detail in [6, 13, 15]. Note that the matrix pencils defining the
Lyapunov operators in (4) have all their eigenvalues in Γ2. Thus the methods
from [13, 15] can be applied to these equations. Our numerical results in
Section 5 are all computed using these sign function based matrix equation
solvers.

Remark 1. Due to the usual ill-conditioning of the stabilization problem, it
turns out that sometimes the computed closed-loop poles are not all stable.
In that case, we suggest to apply Steps 2.–3. of Algorithm 4 again to (A2 −
B2F2, E2), resulting in a feedback matrix

F :=
[
0,
[

0, F2 + [ 0, F3 ] ZT3
]
ZT2
]
ZT1 .

This is often sufficient to completely stabilize the system numerically, see
Example 2 below. Otherwise, Steps 2.–3. should be repeated until stabilization
is achieved.

Remark 2. So far we have assumed spectral dichotomy with respect to the
boundary curve ∂Γ of the stability region. For Step 1. of Algorithm 4, this is
not necessary. It becomes an issue only in the following steps, but can easily
be resolved. For the spectral decomposition with respect to the boundary of
the stability region performed in Step 2., we can simply shift/scale so that
the eigenvalues on ∂Γ are moved to Γ2. This may also be advisable if sta-
ble eigenvalues are close to the boundary of the stability region and should
be made “more stable”. This basic idea is implemented, for instance, in the
Descriptor System and Rational Matrix Manipulation Toolbox [44]. For Al-
gorithm 4 this means that in Step 2., the spectral decomposition is computed
for (A1 + αcE1, E1) (αc > 0) in the continuous-time case and for (A1, αdE1)
(0 < αd < 1) in the discrete-time case. The resulting matrix pencil (A2, E2)
will then again have eigenvalues on ∂Γ (or stable ones close to it). This can be
treated in Step 3. again with shifting/scaling: when applying Proposition 2,
simply set βc > 0 or βd < 1 (as already advised in Section 2), while if Propo-
sition 3 is to be used, it is applied to (A2 + αcE2, E2, B2) with αc > 0. (Note
that Proposition 3 applies only in the continuous-time case.)

In the following section, we will test the suggested partial stabilization
method as presented in Algorithm 4 for several problems, in particular for
stabilization problems for linear(ized) flow problems.
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5 Numerical Examples

In order to demonstrate the effect of the partial stabilization method on the
poles of the system (1), we implemented the generalized Bass and Bernoulli
versions of Algorithm 4 as Matlab functions. For the solution of the Lya-
punov and Bernoulli equations in (4) and (2) we employ Matlab implemen-
tations of the sign function based solvers described in detail in [6, 13, 15].

Note that there is no software for partial stabilization to compare to as even
the Matlab function gstab from the Descriptor System and Rational Matrix
Manipulation Toolbox1 (Descriptor Toolbox for short) [44] only treats systems
with invertible E. Nevertheless, we compare our results with those obtained by
gstab applied to the projected problem resulting from Step 1 of Algorithm 4.
Moreover, we tried to apply the pole placement function gplace from the
Descriptor Toolbox on each level, i.e., for the full descriptor system and the
projected systems after Steps 1. and 2. of Algorithm 4. All computations
were performed using Matlab release R2006a with IEEE double precision
arithmetic on Windows XP notebooks with Pentium M CPU and running
either at 1.13 GHz with 512 Mb of main memory or 2.13 GHz with 1 Gb of
main memory.

Example 1. In order to be able to distinguish all eigenvalues in the plots, we
first use a small scale example with n = 20,m = 3. Therefor, a diagonal matrix
pencil with 10 infinite eigenvalues and finite spectrum {−4.5,−3.5, . . . ,−0.5,
5.5, . . . 9.5} is generated. Thus, 5 unstable poles have to be stabilized. Our al-
gorithm computes a feedback matrix with moderate norm: ‖F‖2 ≈ 148 using
the generalized Bass stabilization and ‖F‖2 ≈ 232 when using the algebraic
Bernoulli equation. Thus, the norm of the gain is quite reduced in the gen-
eralized Bass case as ‖F1‖2 ≈ 4, 490 if applied to the system described by
(A1, B1, E1). Note that in the Bernoulli case, there is no reduction in the
norm of the gain matrix which can be expected as in an appropriate basis,
the solution X1 for the larger problem is zero except for the diagonal block
in the lower right corner which is the Bernoulli solution of the small fully
unstable system. The full-scale feedback matrix results from applying orthog-
onal transformations only to the small-size feedback so that the 2-norm is not
changed. The function gplace from the Descriptor System and Rational Ma-
trix Manipulation Toolbox works in this example as well: if we aim at placing
the poles at the location of the Bernoulli stabilized ones, then the correspond-
ing feedback gain matrix has norm ≈ 204. The computed closed-loop poles
are slightly less accurate than in the Bernoulli approach, though, with relative
errors in the computed poles roughly four times larger.

The open- and closed-loop poles are displayed in Figure 1. As usual for
the Bass algorithm, the stabilized poles are placed on a vertical line in the left
half plane while the stable open-loop poles are preserved. As expected from

1 Available Version: 1.05, 1-October-2005.
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Fig. 1. Example 1. Open-loop and closed-loop poles computed using generalized
Lyapunov and Bernoulli equations.

Proposition 3, the Bernoulli approach reflects the unstable poles with respect
to the imaginary axis.

Example 2. Consider the instationary Stokes equation describing the flow of
an incompressible fluid at low Reynolds numbers:

∂v

∂t
= ∆v −∇ρ+ f, (ξ, t) ∈ Ω× (0, tf ),

0 = div v, (ξ, t) ∈ Ω× (0, tf )
(11)

with appropriate initial and boundary conditions. Here v(ξ, t) ∈ R2 is the
velocity vector, ρ(ξ, t) ∈ R is the pressure, f(ξ, t) ∈ R2 is a vector of external
forces, Ω ⊂ R2 is a bounded open domain and tf > 0 is the endpoint of the
considered time interval. The spatial discretization of the Stokes equation (11)
by a finite volume method on a uniform staggered grid leads to a descriptor
system, where the matrix coefficients are sparse and have a special block
structure given by

E =

[
I 0
0 0

]
and A =

[
A11 A12

AT12 0

]
,

see [40] and references therein. Here, A11 ∈ Rnv×nv corresponds to the dis-
cretized Laplace operator while A12 and AT12 represent discretizations of the
gradient and divergence operators in (11).

The input matrix B can be obtained from several sources. Assuming vol-
ume forces, we can write f(ξ, t) = b(ξ)u(t) and the matrix B is obtained from
the discretization of b(ξ). Another possibility is boundary control.

The descriptor system obtained in this way is stable and of index 2 [40]. We
de-stabilize the system by adding αInv

to A11 so that the index is preserved.
Such a term arises, e.g., when the volume forces are also proportional to the
velocity field, f(ξ, t) = α̃v(ξ, t) + b(ξ)u(t) (where we do not claim physical
relevance of this situation—α is then obtained from α̃ by scaling related to
the meshsize).
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In all of the following computations, we consider a coarse 16 × 16 grid,
resulting in nv = 480 velocity and np = 255 pressure variables so that n = 735.
This results in n∞ = 510 infinite poles and 225 finite ones.

In the first setting, we mimic a situation where the volume forces are
given by the superposition of two different sources. Thus, m = 2, where we
choose the two columns of B at random. Choosing α = 100, 3 poles become
unstable. Altogether, the stabilization problem turns out to be ill-conditioned
enough to make gplace fail to stabilize the descriptor system as well as the
system projected on the subspaces corresponding to the finite eigenvalues
(resulting from Step 1 of Algorithm 4) with all pole assignments we tried
(random assignment, equally distributed from −1 to −nf ). Note that gplace
returns with an error message when applied to the full descriptor system
while for the projected system, non-stabilizing feedbacks are returned without
a warning. The Descriptor Toolbox function gstab stabilized the projected
system with ‖F‖2 ≈ 85.5. Both our approaches based on the generalized Bass
algorithm and on the algebraic Bernoulli equation succeed in stabilizing the
system, where ‖FBass‖2 ≈ 170 and ‖FABE‖2 ≈ 233. It appears that here, the
stabilization of the fully unstable, small system requires more effort than the
stabilization of the larger projected system. Open- and closed-loop poles for
both approaches are shown in Figure 2.

From the close-up (bottom row in Figure 2) we can again see that the
Bernoulli approach reflects the unstable poles with respect to the origin. It
should be noted, though, that some of the computed closed-loop poles do not
possess the desirable property to come out as real eigenvalues (all finite poles
are real in this example), but the imaginary parts (which are zero in exact
arithmetic) are rather small (of order 10−12).

In our second set of tests we use an input matrix related to boundary
control similar to the version used in [39], i.e., we have m = 64. To make the
stabilization problem more difficult, we set α = 1, 000 for the de-stabilization,
resulting in 105 unstable poles. Neither gplace (with assignment of random
poles, mirrored unstable poles, or {−`,−`+ 1, . . . ,−1} where ` = n1 + n2 or
` = n2) nor gstab were able to stabilize any of the systems: both fail for the
full descriptor system with error messages, they compute feedback matrices
for the generalized state-space systems resulting from projecting onto the
deflating subspaces corresponding to finite eigenvalues and unstable poles,
respectively. The best result using gplace was obtained when applied to the
projected fully unstable system with poles assigned to {−105,−104, . . . ,−1}.
In this case, only 14 computed closed-loop poles remained unstable. But it
should be observed that none of the computed closed-loop poles is close to
the assigned ones! In all other attempts and also for gstab, the number of
unstable computed closed-loop poles was much larger.

On the other hand, both versions of our partial stabilization algorithms
based on the generalized Bass algorithm and the algebraic Bernoulli equation
were able to stabilize this system. A second stabilization step as described
in Remark 1 was necessary, though. For the generalized Bass algorithm with
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Fig. 2. Example 2 with B related to volume force (m = 2). Open-loop and closed-
loop poles computed using generalized Lyapunov and Bernoulli equations (top row)
with close-up around the origin (bottom row).

β = 1, 8 closed-loop poles remain unstable after the first stabilization step
while only 2 unstable poles had to be treated in the second stabilization step
when using the Bernoulli approach. The resulting gain matrices show that a lot
of effort is needed to stabilize the system: ‖FBass‖2 ≈ 1.4 ·108 and ‖FABE‖2 ≈
4.2·108. The plotted pole distributions shown in Figure 3 demonstrate that the
slightly higher effort of the Bernoulli approach is worthwhile as there are no
highly undamped closed-poles (i.e., poles with relatively large imaginary parts
compared to their real parts). The close-ups in the bottom row of this figure
also show again that unstable poles are reflected with respect to the imaginary
axis in the Bernoulli approach. It must be noticed, though, that all closed-loop
poles in the Bernoulli approach should theoretically be real which is obviously
not true for the computed ones. This is due to the fact that the closed-loop
matrix pencil represents a highly non-normal eigenvalue problem and small
perturbations may lead to large deviations in the eigenvalues. Fortunately,
the closed-loop poles with nonzero imaginary parts are far enough from the
imaginary axis so that in practice, the closed-loop pole distribution computed
using the Bernoulli approach can be considered reasonable.
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Fig. 3. Example 2 with B related to boundary control (m = 64). Open-loop and
closed-loop poles computed using generalized Lyapunov and Bernoulli equations
(top row) with close-up around the origin (bottom row).

6 Conclusions and Outlook

The partial stabilization methods suggested in this paper use the disk func-
tion method to first separate finite and infinite, and then the disk or sign
function method to separate stable and unstable poles of a stabilizable de-
scriptor system. The stable poles are preserved while the unstable ones are
stabilized by state feedback. The feedback gain matrix is computed using ei-
ther the generalized Bass algorithm as described in [8] (similar to [43]) or an
approach based on the algebraic Bernoulli equation. In the latter case, the
stabilized poles are the mirror images of the unstable open-loop poles. Due
to the ill-conditioning of the stabilization problem, closed-loop poles may not
be stable in contrast to expectation raised by the theory. Often, applying the
partial stabilization algorithm again to the closed-loop system resolves this
problem. The numerical examples demonstrate that our algorithm can solve
stabilization problems so far not treatable with available software.

The disk function based stabilization method can be applied to fairly large
systems with up to several thousand state-space variables as it can be imple-
mented very efficiently on modern computer architectures. A parallel imple-
mentation of the algorithm based on the matrix disk function and partial
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stabilization methods for standard systems in generalized state-space form
[11, 12] as implemented in the Parallel Library in Control2 (PLiC, see [14]) is
straightforward and is planned for the future.
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Switzerland, 1997.

22. K. Gallivan, X. Rao, and P. Van Dooren. Singular Riccati equations stabilizing
large-scale systems. Linear Algebra Appl., 415(2–3):359–372, 2006.

23. J. Gardiner and A. Laub. A generalization of the matrix-sign-function solution
for algebraic Riccati equations. Internat. J. Control, 44:823–832, 1986.

24. G. Golub and C. Van Loan. Matrix Computations. Johns Hopkins University
Press, Baltimore, third edition, 1996.

25. C. He, A. Laub, and V. Mehrmann. Placing plenty of poles is pretty prepos-
terous. Preprint SPC 95 17, DFG–Forschergruppe ”SPC”, Fakultät für Mathe-
matik, TU Chemnitz–Zwickau, 09107 Chemnitz, Germany, May 1995. Available
from http://www.tu-chemnitz.de/sfb393/spc95pr.html.

26. C. He and V. Mehrmann. Stabilization of large linear systems. In L. Kulhavá,
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