
Experimental evaluation of new SLICOT solvers for linear matrix

equations based on the matrix sign function

Vasile Sima and Peter Benner

Abstract— We describe new solvers for linear matrix equa-
tions implemented in the Subroutine Library in Control Theory
(SLICOT). These solvers are based on the matrix sign function
method and can be applied to stable Lyapunov and Sylvester
equations which frequently arise in analysis and synthesis of
control systems and in particular in model reduction. The
implemented algorithms are specially suited for large problems
with dense, unstructured matrices and are enhanced by new
scaling strategies. The numerical results illustrate the advan-
tages of using the new SLICOT solvers.

I. INTRODUCTION

The use of the matrix sign function method for solving

Lyapunov and Riccati equations has been investigated by

many authors, including [1]–[8]. Recently, there has been

an increased interest for using this method for the solution

of dense nonsymmetric eigenproblems and for determining

bases for invariant or deflating subspaces. This is mainly

motivated by the fact that the matrix sign function method

enables effective parallelization, hence it is promising for

solving large-scale, dense equations. The basic operations

involved are matrix multiplication, QR decomposition and

matrix inversion, for which good parallel implementations

are available, for instance, in ScaLAPACK [9]. Moreover,

the sign function method exhibits a quadratic convergence

rate.

Efficient implementations for the solution of Lyapunov

and Sylvester-like equations based on the matrix sign func-

tion method have been developed. The paper summarizes

the main functionality of these solvers and compares their

performance with those widely available in the SLICOT

Library [10], [11], [12] and MATLAB [12], [13].

The paper is organized as follows. After an introduction

to the basic theory in Section II, Section III presents special

numerical algorithms, based on the matrix sign function, for

solving standard or generalized continuous-time Sylvester

equations. These algorithms can be easily specialized to

Lyapunov equations, including those for solving the dual

Lyapunov equations. In Section IV, the algorithmic variants

are compared with each other and with the implementations

available in the SLICOT Library and, implicitly, in the latest

MATLAB versions.
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II. BASIC THEORY AND MATRIX SIGN

FUNCTION ALGORITHMS

Consider the generalized Sylvester equation,

AXD + EXB = −C, (1)

where A,E ∈ R
n×n, B,D ∈ R

m×m and C ∈ R
n×m are

given, and X ∈ R
n×m is an unknown matrix. As our solvers

do not carry over easily to other cases, we always assume that

A,B,D,E are nonsingular. Then equation (1) has a unique

solution if and only if α + β 6= 0 for any α ∈ Λ(A,E) and

any β ∈ Λ(B,D), where Λ(M,N) denotes the generalized

spectrum (the generalized eigenvalues) of the matrix pencil

M − λN . In particular, this property holds for stable gener-

alized Sylvester equations, that is, for which both Λ(A,E)
and Λ(B,D) are in the open left half of the complex plane

C. (Note that the above nonsingularity assumption excludes

these matrix pencils from having infinite eigenvalues.) The

antistable case, for which Λ(A,E) and Λ(B,D) are in the

open right half complex plane, is transformed to the stable

case by multiplying the equation (1) with −1.

If D = Im and E = In, (1) reduces to the standard

Sylvester equation,

AX + XB = −C. (2)

Moreover, as D and E are assumed to be nonsingular,

equation (1) can be reduced to the standard equation,

ÃX + XB̃ = −C̃, (3)

where Ã = E−1A, B̃ = BD−1 and C̃ = E−1CD−1.

This has a theoretical value only, since in practice it is not

advisable to apply the transformation, due to the possibly

significant loss of accuracy, when E and/or D are ill-

conditioned with respect to inversion. If B = AT and

D = ET , a generalized Lyapunov equation is obtained.

Sylvester and Lyapunov equations have numerous applica-

tions. For some applications, such as model reduction using

cross-Gramians, observer design, etc., the right-hand side

in (1) or (2) is given in a factored form, C = FG, where

F ∈ R
n×p and G ∈ R

p×m. If p ≪ n,m, that is, the right-

hand side of the equation has a low rank, often the solution

X also has a low rank. Consequently, it is advantageous to

directly compute the solution factors.

Standard methods for solving Sylvester equations (2) are

the Bartels-Stewart and Hessenberg-Schur methods [14],

[15], [16], which can be generalized to the equation (1).

These direct methods, which transform the coefficient ma-

trices (A, D, E and B) to Schur or Hessenberg forms and



then solve systems of linear equations by backward substi-

tution, have been implemented in many computer programs,

including MATLAB [13] or the SLICOT Library [10], [11].

However, for large scale equations, iterative methods might

be preferable. Methods based on the matrix sign function are

considered in this paper. The corresponding algorithms are

less general than the Bartels-Stewart or Hessenberg-Schur

algorithms, being applicable to stable/antistable equations

only. They have, however, several advantages:

• ability to solve equations with factored right hand side

and to obtain the solution in a factored form;

• easy adaptation to parallel computing;

• suitability for the solution of large order equations with

unstructured matrices;

• avoidance of problems with clustered spectra inherent

to Schur-based methods.

Let Z ∈ R
n×n be a matrix without eigenvalues on the

imaginary axis, and K = V −1ZV be the Jordan canonical

form of Z. The matrix sign function of Z is defined by

sign(Z) = V SV −1, where S = diag(s1, . . . , sn), with

si = 1 if ℜ(kii) > 0, and si = −1 if ℜ(kii) < 0,

i = 1, . . . , n. Since sign(Z)sign(Z) = In, it follows that

sign(Z) is a square root of In, and thus, Newton’s method

can be used to compute it. Essentially, the iteration consists

of repeatedly applying the rational function f(z) = z +1/z.

More complicated functions have been considered [17], but

their practical performance has proved to be worse than the

standard Newton iteration which is defined by

Z0 = Z, Zk+1 =
1

2
(Zk + Z−1

k ), k = 0, 1, . . . (4)

With the assumptions made, the sequence {Zk}∞k=0
tends

to sign(Z) = limk→∞ Zk, with an asymptotic quadratic

convergence rate. Since the initial convergence can be slow,

some acceleration techniques are usually applied. Such a

technique is the determinantal scaling,

Zk ←
1

ck
Zk, ck = |det(Zk)| 1n .

An alternative is the Euclidean norm (2-norm) scaling,

Zk ←
1

ck
Zk, ck =

√
‖Zk‖2
‖Z−1

k ‖2
.

However, computing the 2-norm is costly, and in practice

it is usually replaced by the Frobenius norm (F-norm).

Alternatively, an approximation of the 2-norm, ‖Zk‖2 ≤√
‖Zk‖1‖Zk‖∞, giving

Zk ←
1

ck
Zk, ck =

( ‖Zk‖1‖Zk‖∞
‖Z−1

k ‖1‖Z−1

k ‖∞

)1/4

, (5)

can be used. Our numerical experiments do not indicate that

any of the scaling strategies is superior in all cases. A certain

combination thereof as explained later has proved to give the

best results in general.

III. IMPLEMENTED ALGORITHMS

In subsections A.–C., we mostly follow the derivations in

[17] where further references for related work can be found.

A. Solving stable Sylvester equations

The solutions of stable Sylvester equations (2) have a

certain decoupling property. Indeed, let

H =

[
A C
0 −B

]
(6)

and let X be the solution of equation (2). Then,

[
In X
0 Im

]
−1

H

[
In X
0 Im

]
=

[
A 0
0 −B

]
. (7)

Using (7) and the stability of A and B, it follows that

sign(H) =

[
−In 2X
0 Im

]
. (8)

This identity is the basis of numerical algorithms for solving

Sylvester equations using the matrix sign function.

The Newton iteration (4), applied to H in (6), can be

written as three separate iterations for A, B, and C,

A0 := A, Ak+1 :=
1

2
(Ak + A−1

k ), k = 0, 1, . . . ,

B0 := B, Bk+1 :=
1

2
(Bk + B−1

k ), (9)

C0 := C, Ck+1 :=
1

2
(Ck + A−1

k CkB−1

k ).

The iterations for A and B compute sign(A) and sign(B),

respectively. Since A and B are stable, it follows that

A∞ := lim
k→∞

Ak = sign(A) = −In, (10)

B∞ := lim
k→∞

Bk = sign(B) = −Im, (11)

and X = C∞/2 is the solution of Sylvester equation (2),

where C∞ := limk→∞ Ck.

The iterations for A and B may be implemented as

suggested in [3],

Zk+1 := Zk −
1

2
(Zk − Z−1

k ), (12)

hence as a correction of the approximation Zk. However, the

computational effort required by this formula is somewhat

larger than that for the standard iteration. Consequently, (12)

is used only after the convergence is detected, so that

the last iterates are more accurately computed. It can also

be used for the basic sign function algorithm, since this

algorithm computes at each iteration the difference between

two successive iterates, ‖Zk+1 − Zk‖.
From (10) and (11), iteration (9) is stopped when the rel-

ative errors of the computed approximations of the matrices

sign(A) and sign(B) are sufficiently small, that is,

max{‖Ak + In‖, ‖Bk + Im‖} ≤ τ, (13)

where τ is a given tolerance threshold. One may choose

τ = γεM , where γ = n or γ = 10
√

n, and εM is

the relative machine precision. However, since the terminal

accuracy cannot be attained in some cases (involving ill-

conditioned matrices), the new implementations avoid the

stagnation of the iterative process by using τ = γ
√

εM ,

γ = 10n (or γ = 10max{n,m}) and performing maximum



two additional iterations after the stopping criterion has

been satisfied. During these additional iterations, a stronger

stopping criterion (for the threshold γεM ), is tested, and the

process is interrupted as soon as this criterion is satisfied.

The total computing effort per iteration is 2(n3 +nm(n+
m) + m3) floating-point operations (flops). For n = m, 7

iterations of (9) are equivalent to the cost of the Bartels-

Stewart algorithm, while 5 iterations already exceed the cost

of the Hessenberg-Schur algorithm [17]. Although 7-10 iter-

ations are usually needed for convergence, the formulas (9)

are “rich” in BLAS 3 operations, in contrast to the direct

methods, so that the execution times of the process (9) are

often competitive with those of the direct methods.

The algorithm is implemented in the subroutine SB04SD.

An algorithm specialization, implemented in SB03VD, is

used to solve Lyapunov equation (19).

B. Solving stable Sylvester equations with factored right

hand side

Consider an equation (2) with factored right hand side,

AX + XB = −FG, F ∈ R
n×p, G ∈ R

p×m. (14)

Using (9) for (14), the iterations for A and B remain

unchanged, while the iteration for Ck can be written as

F0 := F, Fk+1 :=
[

Fk A−1

k Fk

]
,

G0 := G, Gk+1 :=

[
Gk

GkB−1

k

]
.

Although this iteration is inexpensive initially, when p ≪
n,m, this advantage might be lost later, since the number of

columns in Fk+1 and the number of rows in Gk+1 doubles at

each iteration. But this can be avoided. Specifically, let Fk ∈
R

n×pk and Gk ∈ R
pk×m. A rank revealing QR factorization

(RRQR factorization [18]) of Gk+1 is computed,
[

Gk

GkB−1

k

]
= URΠG, R =

[
R1

0

]
,

where U is orthogonal, ΠG is a permutation matrix, and R
is an upper triangular matrix with R1 ∈ R

r×m of full row

rank. Then, Fk+1U is factored similarly,

[
Fk A−1

k Fk

]
U = V TΠF , T =

[
T1

0

]
,

with V orthogonal, ΠF a permutation matrix, and T an

upper triangular matrix with T1 ∈ R
t×2pk of full row rank.

Partitioning V = [V1 V2 ], with V1 ∈ R
n×t and computing

[T11 T12 ] := T1ΠF , T11 ∈ R
t×r, the new iterates are

obtained as

Fk+1 :=
1√
2
V1T11, Gk+1 :=

1√
2
R1ΠG .

Then, from the relation for Ck+1 in (9), it follows that

Ck+1 := Fk+1Gk+1 . Setting

Y :=
1√
2

lim
k→∞

Fk, Z :=
1√
2

lim
k→∞

Gk ,

the solution X of the equation (14) is obtained in a factored

form, X = Y Z. If X has a low rank, in comparison with n

and m, then the factors Y and Z will have a small number

of columns and rows, respectively, so that the memory and

computing time requirements for the factored solution will

be much smaller than for the original iteration (9). The

dimension r varies during iterations, but it is bounded from

above by the rank of X . If r ≪ n,m for all iterates, the cost

per iteration is 2(n3 + m3) +O((n + m)2r) flops.

A special algorithm, implemented in the subroutine

SB03XD, is used for solving the Lyapunov equation (20),

with factored right hand side, and an algorithmic extension,

implemented in the routine SB03YD, is used for solving the

dual Lyapunov equations (21).

C. Solving stable generalized Sylvester equations

If E and D are nonsingular, equation (1) can be trans-

formed to a standard Sylvester equation. Hence, solving (1)

is equivalent to computing the matrix sign function of

H̃ =

[
Ã C̃

0 −B̃

]
=

[
E−1A E−1CD−1

0 −BD−1

]
.

Using the equivalence of the matrix H̃ − λIn+m with

H − λM :=

[
A C
0 −B

]
− λ

[
E 0
0 D

]
,

gives H − λM = K(H̃ − λIn+m)L, where

K =

[
E 0
0 Im

]
, L =

[
In 0
0 D

]
.

It follows that the solution of the generalized Sylvester

equation can be computed by applying the formulas (9) to

the matrix H̃ . Without scaling, at the first iteration we obtain

H̃1 := K−1
(1

2
(H + KLH−1KL)

)
L−1.

Repeating this calculation and using H0 := H , we obtain

Hk+1 =
1

2
(Hk + KLH−1

k KL), k = 1, 2, . . . , (15)

since Hk = KH̃kL. Taking limits, we get

H∞ := lim
k→∞

Hk = Ksign(H̃)L =

[
−E 2EXD
0 D

]
,

(16)

so that X = 1

2
E−1H12D

−1, where H12 denotes the n×m
block in the top-right position of H∞.

Using the block-triangular structure of the matrix pencil

implied in (16), the generalized Newton iteration for solving

the generalized Sylvester equation (1) is obtained,

A0 := A, Ak+1 :=
1

2
(Ak + EA−1

k E), k = 0, 1, . . . ,

B0 := B, Bk+1 :=
1

2
(Bk + DB−1

k D), (17)

C0 := C, Ck+1 :=
1

2
(Ck + EA−1

k CkB−1

k D).

At convergence, the solution of equation (1) results from

solving the linear matrix equation

EXD =
1

2
lim

k→∞

Ck .



From (16), we get

lim
k→∞

Ak = −E, lim
k→∞

Bk = −D,

which suggests as a stopping criterion

max

{‖Ak + E‖1
‖E‖1

,
‖Bk + D‖1
‖D‖1

}
≤ τ. (18)

Iteration (17) involves 14

3
n3 + 2n2m + 2nm2 + 14

3
m3 flops.

For n = m, the Bartels-Stewart and Hessenberg-Schur meth-

ods, based on the QZ algorithm in this case, are equivalent

to 11 and 8 iterations, respectively, of the iteration (17). The

algorithm is implemented in the subroutine SG04ED.

One can obtain a version for generalized Sylvester equa-

tions with factored right hand side, C = FG, by defining

F0 := F, Fk+1 :=
[

Fk EA−1

k Fk

]
,

G0 := G, Gk+1 :=

[
Gk

GkB−1

k D

]
.

The other details are similar to those in the standard case.

D. Implementation details

All equations have been solved using the iterative Newton

process for the matrix sign function, accelerated via an ap-

propriate scaling. A list of the implemented solvers, together

with a short description of their functionality is given below:

MB05RD - computes the matrix sign function.

SB03VD - solves the stable Lyapunov equation

op(A) T X + X op(A) + Q = 0, (19)

where op(A) = A or AT and Q = QT .

SB03XD - solves the stable Lyapunov equation with

factored right hand side

AX + XAT + BBT = 0, (20)

and obtains a full rank factor, S, so that X = ST S.

SB03YD - solves the stable dual Lyapunov equations

AWc + WcA
T + BBT = 0,

AT Wo + WoA + CT C = 0,
(21)

in Wc and Wo, respectively, and obtains factors S
and R, so that Wc = ST S,Wo = RT R.

SB04SD - solves the stable Sylvester equation (2).

SB04TD - solves the stable Sylvester equation with fac-

tored right hand side (14) and obtains full rank

factors, S and T of the solution, so that X = ST .

SG04ED - solves the generalized stable Sylvester equa-

tion (1).

Since the theory does not predict an optimal strategy for

all situations, several MATLAB tests have been performed to

compare different scaling strategies for a basic matrix sign

function algorithm, including determinantal scaling, 2-norm

scaling, F-norm scaling, approximate 2-norm scaling, and

no scaling. Often, the best results, in terms of the number of

iterations needed for convergence, have been obtained for 2-

and approximate 2-norm scalings, usually followed by the

F-norm scaling. However, examples were encountered for

which (approximate) 2-norm scaling required significantly

more iterations than other strategies, or for which the best

results have been obtained without any scaling. A general and

a special combination of F-norm and determinantal scalings

have been tried. The general combined scaling computes the

relative errors between two consecutive iterates, with both

scalings, and chooses that scaling which produces the least

error. For some tests, F-norm scaling was better, due to the

additional effort needed for applying the combined scaling.

Recently, a special combined scaling strategy proved to be

the best for the basic algorithm; it uses F-norm scaling at the

first iteration, determinantal scaling for the next iterations,

and no scaling if the relative error between consecutive

iterates is smaller than 0.01.

IV. NUMERICAL RESULTS

This section presents some results of an extensive investi-

gation of the performance of the solvers based on the matrix

sign function. Most numerical results have been obtained

on a portable Intel Dual Core computer at 2 GHz, with

2 GB RAM, with relative machine precision ǫ ≈ 1.11 ×
10−16, using Windows XP (Service Pack 2), the Compaq

Visual Fortran V6.5 compiler and MATLAB 7.0.4.365 (R14)

Service Pack 2. The executable MATLAB MEX-functions,

based on SLICOT, have been generated using optimized

LAPACK [19] and BLAS subroutines delivered by MATLAB.

Besides the tests with randomly generated problems, tests

with examples from the COMPleib collection [20] have been

performed. All examples from [20] have been tried, except

those denoted “Exsparse large”, that is, all 151 problems

with dense matrices and all problems with sparse matrices

of small and medium dimensions have been solved. Since

most examples are unstable systems, these systems have been

stabilized in our tests for Sylvester-like equations, using the

matrix A−BF instead of A, with F the matrix returned by

the MATLAB function care [13] for Q = In and R = Im.

This function solves a linear-quadratic optimization problem

via an algebraic Riccati equation. The example REA4 has

been omitted, since the Riccati equation solution is infinite.

(This example is unstabilizable.) Moreover, the routines

detected the numerical singularity of A for example CSE1

(cond(A) = 3.3 · 1016). The matrix A has also been replaced

by A−BF in this case.

Another test was conducted for the basic sign algorithm,

in which the matrix A of the examples from the COMPleib

collection is replaced by A − πIn when A has eigenvalues

on the imaginary axis. This happened for 34 out of 151

examples. The MATLAB calculations have been performed

using either the eigenvalue decomposition or a dedicated

MATLAB function, called signmod. However, for 20 ex-

amples, the corresponding eigenvector matrix was close to

singular or badly scaled, so these examples have been omit-

ted for the first approach, since this approach cannot deliver

reliable results in such cases. Therefore, the two solution

techniques have been compared for 131 examples. The sums

of CPU times for MB05RD and MATLAB calculations were

94.31 and 123.22 seconds, respectively. For getting sensible



timing results, the small examples (with n ≤ 100) have been

executed repeatedly in a loop by an appropriate number of

repetitions, found automatically.

Fig. 1 presents a comparison of the computing times,

represented on the vertical axis in a logarithmic scale. The

total sum of the CPU times for MB05RD with F-norm scaling

and MATLAB function signmod with five different scaling

strategies, was 95.2, 129.23, 136.90, 531.64, 130.84, and

118.8, respectively. The scaling strategies are: no scaling,

determinantal scaling, 2-norm scaling, F-norm scaling, and

approximate 2-norm scaling.

For solving Sylvester-like matrix equations using the ma-

trix sign function algorithms, it is assumed that the matrices

or pencils are stable. It is therefore important to analyze

the behavior of the basic matrix sign function algorithm

for stable examples. Some results reported below have been

obtained using a matrix A which was stabilized, if not

already stable, using the MATLAB function care. Some tests

additionally add a global shift to the stable A matrix. In a

MATLAB notation, the shifted matrix is defined by either:

(a) A = A+shift*trace(A)*eye(n); or

(b) A = A+min(-10,shift*trace(A))*eye(n);

Note that trace(A) is negative in all these tests, since

A was either originally stable, or stabilized by care. By

definition, the matrix sign function of a stable matrix is

unchanged if the matrix is shifted, preserving stability. This

property can be used to improve the efficiency of the basic

sign function solver, as shown by the numerical results. Three

cases have been considered: shift = 0, case (a); shift = 1, case

(a); and shift = 1, case (b).

Table I presents a summary of the performance results

obtained in the three cases mentioned above, and the case

with shift of −π, if needed. The unshifted case is denoted by

(0), and the case with −π shift is denoted by (π). MB05RD

uses the special combined scaling, denoted by “1 Fro” in

the figure legends and table headings. The various MATLAB

scaling strategies are denoted by 1–5. Clearly, except for the

no scaling case, when the efficiency even slightly decreases

if the matrix A is shifted, all the other scaling strategies, and

MB05RD, significantly benefit from global shifting. The total
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Fig. 1. Comparison of the CPU times required by MATLAB calculations
and the routine MB05RD for examples from the COMPleib collection.

TABLE I

SUMMARY OF THE PERFORMANCE RESULTS FOR STABLE AND SHIFTED

MATRIX A FOR EXAMPLES FROM THE COMPleib COLLECTION

Number of iterations

MB05RD signmod, scale:

1 Fro 1 2 3 4 5

total (0) 1666 2118 1746 2062 1772 1993
total (a) 933 2182 941 1109 980 1106
total (b) 822 2129 836 852 831 848
total (π) 1667 2073 1743 2097 1788 1993

Sum CPU Times

MB05RD signmod, scale:

1 Fro 1 2 3 4 5

total (0) 83.80 116.18 121.41 463.78 117.07 108.01
total (a) 21.18 127.80 28.15 102.83 28.29 30.46
total (b) 20.90 128.10 28.10 102.13 28.33 30.00
total (π) 92.72 125.55 134.44 510.25 127.58 116.87

numbers of iterations are approximately halved and the sums

of CPU times are reduced by a factor of about 4.

In another run, four MB05RD versions, using the special

combined scaling, determinantal scaling, F-norm scaling, and

general combined scaling (determinantal or F-scaling), have

been compared. Fig. 2 shows a comparison of the number

of iterations (for shift = 0, case (a)). The special combined

scaling gave the best results. A summary appears in the first

column of Table I.

Fig. 3 presents a comparison of the number of iterations

performed by the routines corresponding to SB03VD with

versions for F-norm scaling, determinantal scaling, and gen-

eral combined scaling for examples from the COMPleib

collection. With very few exceptions the combined scaling

offered the smallest number of iterations. Norm scaling needs

more iterations than determinantal scaling, for instance, for

some examples in the problem range 2:75, or 103:149,

and determinantal scaling needs more iterations than norm

scaling, for instance, for some examples in the problem

range 79:102. The combined scaling generally succeeds in

reproducing the best scaling for all considered problems.

A comparison of the performance of the SLICOT-based
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Fig. 2. Comparison of the number of iterations for the MB05RD routine
with four scaling strategies for examples from the COMPleib collection,
shift = 0, case (a).
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Fig. 3. Comparison of the number of iterations performed by the routines
corresponding to SB03VD with Frobenius norm scaling, determinantal
scaling, and combined scaling for examples from the COMPleib collection.

MATLAB function slstly and SB03XD has been per-

formed. For problems whose solutions have low rank (less

than n/6), SB03XD was 1.18–2.6 times more efficient than

slstly. Only the problems numbered 79 : 102 satisfy

this condition. Fig. 4 graphically illustrates the increase in

efficiency for these examples and general combined scaling.

The results for the comparison of the number of iterations

performed by the routines corresponding to SB03XD with F-

norm scaling, determinantal scaling, and combined scaling

for examples from the COMPleib collection are similar to

those for SB03VD.

V. CONCLUSIONS

The paper describes theoretical, algorithmic, implemen-

tation and numerical issues related to the techniques based

on the matrix sign function for solving linear matrix equa-

tions using a specialized Newton process. Various scaling

strategies have been investigated and combined scalings,

using both determinant and Frobenius matrix norm, have

been introduced for improving the efficiency. The numerical

results prove the good performance of the new algorithms.
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