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Abstract We discuss Krylov-subspace based model reduction techniques for nonlin-
ear control systems. Since reduction procedures of existent approaches like TPWL
and POD methods are input dependent, models that are subject to variable excita-
tions might not be sufficiently approximated. We will overcome this problem by
generalizing Krylov-subspace methods known from linear systems to a more gen-
eral class of bilinear and quadratic-bilinear systems, respectively. As has recently
been shown, a lot of nonlinear dynamics can be represented by the latter systems. We
will explain advantages and disadvantages of the different approaches and discuss
the choice of reasonable interpolation points with regard to optimal approximation
results. A nonlinear RC circuit will serve as a numerical test example.

1 Introduction

An important tool in the analysis of complex physical phenomena is the simulation
of the underlying mathematical models which are often given by systems of ordi-
nary and/or partial differential equations. As one is interested in models as accurate
as possible, linear models are often insufficient such that one is faced with large-
scale nonlinear systems. Frequently, these cannot be handled efficiently, necessitat-
ing model order reduction, i.e., the construction of a smaller system approximating
the original one. Here, we consider nonlinear control-affine systems

Σ : ẋ(t) = f (x(t))+Bu(t), y(t) =Cx(t), x(0) = x0, (1)

with f : Rn→Rn nonlinear, B ∈Rn×m,C ∈Rp×n, x ∈Rn, u ∈Rm, y ∈Rp. We now
want to construct a reduced system
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Σ̂ : ˙̂x(t) = f̂ (x̂(t))+ B̂u(t), ŷ(t) = Ĉx̂(t), x̂(0) = x̂0,

with f̂ : Rn̂→ Rn̂, B ∈ Rn̂×m, C ∈ Rp×n̂, x ∈ Rn̂, u ∈ Rm, ŷ ∈ Rp, n̂� n s.t. ŷ ≈ y
for all admissible u. While most existing nonlinear reduction methods like POD and
TPWL, see [4, 7], require specific training inputs and thus are input dependent, we
will discuss two Krylov-based techniques which overcome this drawback. These are
based on different approximations of Σ using bilinear or quadratic-bilinear systems.

2 Bilinear Control Systems

A common approach for the reduction of nonlinear systems of the form (1) is to first
approximate them by systems with a simpler structure. Due to reasons of accuracy,
instead of linearizing f around an operating point, we use Carleman bilinerization.
The basic idea is to incorporate higher order terms of the Taylor expansion of f ,
leading to more accurate approximations, see [8], using a bilinear control system

Σ : ẋ(t) = Ax(t)+
m

∑
j=1

N jx(t)u j(t)+Bu(t), y(t) =Cx(t), x(0) = x0,

where A,N j ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, x ∈ Rn, u ∈ Rm, y ∈ Rp. Though these
systems have been studied throughout several decades now, recently an increased
interest in the generalization of successful linear reduction techniques to bilinear
systems has emerged, e.g. [1–3]. For simplicity, in the following we want to stick to
the SISO case, i.e. m = p = 1.

As is well-known from [8], the output of a bilinear system can be described by a
Volterra series, generalizing the impulse response of a linear system, as

y(t) =
∞

∑
j=1

∫ t

0

∫ t1

0
. . .
∫ t j−1

0
h(t1, . . . , t j)u(t− t1− . . .− t j) · · ·u(t− t j)dt j · · ·dt1, (2)

with kernels h(t1, . . . , t j) = CeAt j N · · ·eAt2NeAt1B. Passing to frequency domain by
multivariable Laplace transform yields generalized transfer functions

H(s1, . . . ,s j) =C(s jI−A)−1N · · ·(s2I−A)−1N(s1I−A)−1B.

The following statement now generalizes the rational interpolation problem
known for linear system theory.

Theorem 1. Let Σ be a bilinear system. Assume that V and W are given as biorthog-
onal bases of the unions of the column spaces

V1 =
[
(σ1I−A)−1B, . . . ,(σqI−A)−1B

]
,

Vj =
[
(σ1I−A)−1NVj−1, . . . ,(σqI−A)−1NVj−1

]
, j ≤ r, (3)

W1 =
[
(σ1I−AT )−1C, . . . ,(σqI−AT )−1C

]
,
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Wj =
[
(σ1I−AT )−1NTWj−1, . . . ,(σqI−AT )−1NTWj−1

]
, j ≤ r. (4)

If Σ̂ is constructed by projection, i.e., Â =W T AV, N̂ =W T NV, B̂ =W T B, C =CV ,
then the following Hermite interpolation conditions hold for si ∈ {σ1, . . . ,σq}:

H j(s1, . . . ,s j) = Ĥ j(s1, . . . ,s j), j ≤ 2r,

∂

∂ sk
H j(s1, . . . ,s j) =

∂

∂ sk
Ĥ j(s1, . . . ,s j), j = 1, . . . ,r, k = 1, . . . , j.

As for linear systems, a crucial fact obviously is the choice of reasonable interpola-
tion points. For this, let us take a look at the H2-norm introduced in [9], which can
alternatively be computed via transfer functions.

Lemma 1. Let a bilinear system Σ be given and let σ(A) = {λ1, . . . ,λn} denote the
spectrum of A. Then the H2-norm of Σ is given as

||Σ ||2H2
=

∞

∑
j=1

n

∑
` j=1

. . .
n

∑
`1=1

Φ`1,...,` j H j

(
−λ`1 , . . . ,−λ` j

)
,

where Φ`1,...,` j = lim
sk→λ`k

H j(s1, . . . ,s j)(s1− λ`1) · · ·(s j − λ` j) denotes a generalized

residue associated with the j-th transfer function.

A careful analysis of the above expression and the derivation of the H2-norm of the
error system now lead to a slight change of the successful iterative rational Krylov
algorithm (IRKA) proposed in [6]—due to space limitation, we only provide the
resulting method as Alg. 1.

Algorithm 1 Bilinear Iterative Rational Krylov Algorithm (Bilinear-IRKA)
INPUT: A, N, B, C, r, q
OUTPUT: Â, N̂, B̂, Ĉ
1: Make an initial selection {σ1, . . . ,σq}.
2: while (change in σi > ε) do
3: Compute V = [V1, . . . ,Vr] and W = [W1, . . . ,Wr] ∈ Rn×(q+···+qr) as in (3,4).
4: Compute truncated SVD Vq and Wq of V and W.

5: Â = (W T
q Vq)

−1W T
q AVq, σi←−λi(Â)

6: end while
7: N̂ = (W T

q Vq)
−1W T

q NVq, B̂ = (W T
q Vq)

−1W T
q B, Ĉ =CVq.

3 Quadratic-Bilinear Control Systems

Let us now switch to quadratic-bilinear control systems, given as follows

ẋ(t) = A1x(t)+A2x(t)⊗ x(t)+Nx(t)u(t)+Bu(t), y(t) =Cx(t), x(0) = x0,



4 Peter Benner and Tobias Breiten

where A1,N ∈ Rn×n,A2 ∈ Rn×n2
,B,CT ∈ Rn. The advantage over regular bilinear

systems is that the additional quadratic term will allow exact representations of a
large class of nonlinear systems. Moreover, unlike Carleman linearization, the re-
quired quadratic-bilinearization is often achieved with an acceptable increase of the
state dimension. The idea using quadratic-bilinear systems emerged quite recently
and can be found in [5]. Due to space limitations, we will not discuss all theoretical
aspects, but instead give an example illustrating the basic idea.

Example 1. Let us consider a two-dimensional nonlinear control system.

ẋ1 = exp(−x2) ·
√

x2
1 +1, ẋ2 = sinx2 +u

Next, we introduce new state variables in order to get rid of the exponential, root
and trigonometric functions:

z1 := exp(−x2), z2 :=
√

x2
1 +1, z3 := sinx2, z4 := cosx2.

This allows to construct a six-dimensional quadratic-bilinear system:

ẋ1 = z1 · z2, ẋ2 = z3 +u, ż1 =−z1 · (z3 +u),

ż2 =
2 · x1 · z1 · z2

2 · z2

z2(t)>0 ∀t
= x1 · z1, ż3 = z4 · (z3 +u), ż4 =−z3 · (z3 +u).

Note that in the above example, we have used successive differentiations in or-
der to perform the transformation. In general, adding algebraic equations might be
necessary as well, see [5]. An efficient tool for understanding nonlinear systems is
variational analysis, see [8]. For this, we consider an input of the form αu(t) and
further assume the system to be given by a series of homogeneous subsystems, i.e.
the response should be of the form

x(t) = αx1(t)+α
2x2(t)+α

3x3(t)+ . . .

Finally, a comparison of the coeffients leads to a series of coupled linear systems

ẋ1 = A1x1 +Bu, ẋ2 = A1x2 +A2x1⊗ x1 +Nx1u,

ẋ3 = A1x3 +A2 (x1⊗ x2 + x2⊗ x1)+Nx2u, . . .

Although an explicit solution formula similar to eq. (2) has not been proposed so
far, the growing exponential approach allows a characterization in the frequency
domain via generalized transfer functions as well. Here, we will only state the first
two transfer functions:

H1(s1) =C(s1I−A1)
−1B =: CG1(s1),

H2(s1,s2) =
1
2!

C ((s1 + s2)I−A1)
−1 [N (G1(s1)+G1(s2))

+A2 (G1(s1)⊗G1(s2)+G1(s2)⊗G1(s1))] .
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Algorithm 2 Quadratic-Bilinear Model Order Reduction
INPUT: A1, A2, N, B, C, q1, q2, σ

OUTPUT: Â1, Â2, N̂, B̂, Ĉ
1: U = Kq1

(
(A1−σ I)−1,(A1−σ I)−1B

)
2: for i = 1 to q2 do
3: Wi = Kq2−i+1

(
(A1−2σ I)−1,(A1−2σ I)−1NUi

)
{Wi denoting i-th column of W}

4: for j = 1 to min(q2− i+1, i) do
5: Zi = Kq2−i− j+2

(
(A1−2σ I)−1,(A1−2σ I)−1A2(Ui⊗U j +U j⊗Ui)

)
6: end for
7: end for
8: V = orth([U,W,Z])
9: Â1 =V T A1V, Â2 =V T A2V ⊗V, N̂ =V T NV, B̂ =V T B, ĈT =V TC.

Analogous to the bilinear case, multivariable expansions about a specific interpo-
lation point allow the characterization via multimoments which can be matched by
the reduced system if the Krylov subspaces are incorporated in the projection sub-
space as in Alg. 2. Note the changes in the shift of the Krylov matrix for the second
transfer function, as well as the symmetric starting vectors which are missing in [5].

4 Numerical Example

We will now judge the quality of the two different approaches by means of a stan-
dard numerical test example. For a detailed model description of the investigated
nonlinear RC circuit, we refer to [1]. The circuit consists of ξ resistors with volt-
age dependency g(v) = exp(40v) + v− 1. While a Carleman linearziation up to
second order leads to a bilinear system of dimension ξ + ξ 2, a clever quadratic-
bilinearization only yields a state dimension of 2 · ξ , see [5]. Figure 1 shows the
relative error between the bilinear system and the bilinearized system while the
quadratic-bilinear one is directly compared to the original nonlinear system. For the
bilinear system, we compared the choice of the interpolation points computed by
Alg. 1 with the H2-optimal linear interpolations points obtained by IRKA. In the
latter case, we interpolated 4 values of the first transfer function and 4 ·4 values of
the second transfer function. At least in our example, the new approach lead to better
results. On the other hand, for the quadratic-bilinear system, we compared the ap-
proximations around a specific interpolation point for a varying number of matched
derivatives of the first and second transfer functions, respectively. Note that the mod-
erate increase of the state dimension allowed to reduce a circuit consisting of 1000
resistors for which a bilinearization up to second order would have lead to a bilinear
system of unmanageable size.
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Fig. 1 Left. Relative errors for bilinearized system with ξ = 100. Right. Quadratic-bilinear system
with ξ = 1000 and interpolation point σ = 1.

5 Conclusions

We have discussed two Krylov-based model reduction techniques applicable to a
class of general nonlinear systems. While the Carleman-based approach might eas-
ily extend manageable system dimensions, the transformation to a quadratic-bilinear
system seems to be an interesting alternative to TPWL and POD. However, the
choice of the interpolation points and the possibility of using two-sided projection
methods seem to be tricky and thus should be further investigated.

References

1. Bai, Z., Skoogh, D.: A projection method for model reduction of bilinear dynamical systems.
Linear Algebra and its Applications 415(2-3), 406–425 (2006)

2. Benner, P., Damm, T.: Lyapunov equations, energy functionals, and model order reduction.
Submitted to SIAM J. Control Optim (2009)

3. Breiten, T., Damm, T.: Krylov subspace methods for model order reduction of bilinear control
systems. Systems & Control Letters 59(8), 443–450 (2010)

4. Chaturantabut, S., Sorensen, D.C.: Discrete empirical interpolation for nonlinear model reduc-
tion. pp. 4316–4321 (2009)

5. Gu, C.: QLMOR: A new projection-based approach for nonlinear model order reduction. In:
ICCAD ’09: Proc. Intl. Conf. CAD, pp. 389–396. ACM, New York (2009)

6. Gugercin, S., Antoulas, A., Beattie, C.: H2 Model Reduction for large-scale dynamical sys-
tems. SIAM Journal on Matrix Analysis and Applications 30(2), 609–638 (2008)

7. Rewienski, M.: A trajectory piecewise-linear approach to model order reduction of nonlinear
dynamical systems. Ph.D. thesis, Citeseer (2003)

8. Rugh, W.: Nonlinear System Theory - The Volterra/Wiener Approach. The Johns Hopkins
University Press, Baltimore (1981)

9. Zhang, L., Lam, J.: On H2 model reduction of bilinear systems. Automatica 38(2), 205–216
(2002)


