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The linear quadratic regulator problem (LQR) for parabolic partial differential equations (PDEs) has been understood to be
an infinite dimensional Hilbert space equivalent of the finite dimensional LQR problem known from mathematical systems
theory. The matrix equations from the finite dimensional case become operator equations in the infinite dimensional Hilbert
space setting. A rigorous convergence theory for the approximation of the infinite dimensional problem by Galerkin schemes
in the space variable has been developed over the past decades. Numerical methods based on this approximation have been
proven capable of solving the case of linear parabolic PDEs. Embedding these solvers in a model predictive control (MPC)
scheme, also nonlinear systems can be handled. Convergence rates for the approximation in the linear case are well understood
in terms of the PDE’s solution trajectories, as well as the solution operators of the underlying matrix/operator equations.
However, in practice engineers are often interested in suboptimality results in terms of the optimal cost, i.e., evaluation of the
quadratic cost functional. In this contribution we are closing this gap in the theory.
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1 Introduction

We have reported on the linear quadratic regulator problem for parabolic PDEs earlier in [1,2]. The basic idea of the approach
is to represent the parabolic PDE

∂x
∂t

+∇ · (c(x)− k(∇x)) + q(x) = v(ξ, t), (ξ, t) ∈ Ω︸︷︷︸
∈Rd

× [0, Tf ], (1)

(here, d ∈ {1, 2, 3}, for ease of representation Tf = ∞ and c, k, q describe convection, diffusion and reaction terms) as a
(linear) evolution equation

ẋ(ξ, t) = A(ξ, t)x(ξ, t) + B(ξ)u(t) (2)

in an adequate Hilbert space setting via variational formulation. The key idea in our case is that the control v(ξ, t) is repre-
sented as B(ξ)u(t), where u(t) ∈ Rm. What may look like a restriction of the applicability of the approach describes an
important class of control problems appearing in many applications in engineering practice (see, e.g., the model discussed
in [2]), besides that it is crucial for the solution of the underlying matrix equations (see [3] and references therein). Now
formulating the quadratic cost function

J (u) =
1
2

∫ ∞
0

< Qx,x > + < Ru,u > dt, (3)

with Q∗ = Q ≥ 0 and R∗ = R > 0 and applying infinite dimensional system theoretic results (e.g., [4–6]) to the mini-
mization of (3) with respect to (2) shows, that in analogy to the finite dimensional case, the optimal feedback control can be
expressed as

u = −R−1B∗X∞x.

Here X∞ is the stabilizing, positive semidefinite, selfadjoint solution of the operator valued algebraic Riccati equation

0 = R(X) := Q + A∗X + XA−XBR−1B∗X. (4)

Now choosing a Galerkin scheme (Xn)n∈N on the above Hilbert space X and projecting equations (2) and (3) onto the Xj ,
j ∈ N, defines a sequence of finite dimensional LQR problems with corresponding cost functions Jn(.) and Riccati solutions
Xn. It has been proven (e.g. [2], [7], [6]) that under certain assumptions these finite dimensional systems approximate the
original infinite dimensional system in the strong operator topology. More precisely the solutions of the corresponding Riccati
equations, as well as the solution trajectories of the evolution equations converge to the respective solutions of the original
system in the strong operator topology. Note that with Q := C∗Q̃C the above also covers the case where we only consider
certain measurements of x in an additional output equation y = Cx in (2) and replacing the first product in (3) by y∗Q̃y.
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2 Representation of the Optimal Costs

There are two main observations that clear the path to a suboptimality estimation result. The first of which is the representation
of the optimal cost corresponding to the application of the optimal feedback, in terms of the stabilizing, positive semidefinite,
selfadjoint solution to the Riccati equation. Analogous to the finite dimensional case we find

J (u) = x0X∞x0, Jn(u) = x0
nXnx0

n (5)

where x0, x0
n are the initial values x(ξ, 0) and xn(ξ, 0) = Pnx(ξ, 0). Here Pn is the canonical orthogonal projection onto

Xn. The natural extension of the Riccati solution operator Xn on level n to the full space is X̂n := P∗nXnPn. Employing
this extension we find the second observation:

Jn(un) = xn(0)∗Xnxn(0) = x0∗X̂nx0 = J (un). (6)

That means, the cost for applying the control computed with respect to the n-th finite dimensional approximate system to the
original system, is exactly the optimal cost on the finite dimensional subspace.

3 Suboptimality Estimation

Using the two observations from the previous section we can now prove the main result of this contribution.
Theorem 3.1 (Suboptimality estimation) Let the optimal control problem on X with respect to (2), (3) be well posed

and the Galerkin scheme (Xn)n∈N allow for the strong convergence of the Riccati solution operators and resulting solution
trajectories. Then the suboptimality of applying the optimal control un computed on Xn to the original control problem on X
is suboptimal and the suboptimality can be estimated by

|J (u)− J (uN )| ≤ ζ
(
‖x0 − x0

n‖X + ‖X∞ − X̂n‖X
)
. (7)

Here the constant ζ only depends on the X -norms of x0 and X∞.
The complete proof including detailed assumptions in the formulation of the theorem is available in [8].
Here we want to state an important corollary that pulls the result back to the mesh width of an FEM discretization applied

for the semi discretization in space. To do so we need to tackle the two norm expressions on the right of inequality (7). For
the approximation error regarding the initial state ‖x0 − x0

n‖X standard FEM estimates apply. The more difficult term is the
approximation of the Riccati solution operator ‖X∞−X̂n‖X . Only very few of the aforementioned convergence proofs allow
for the statement of convergence rates. Lasiecka and Triggiani provide a convergence rate for an example in their book [6].
Ito [9] proves a linear (in the mesh with h) convergence result under relatively strong assumptions on the underlying problem
and discretization.

Kroller and Kunisch [10] consider discretizations allowing O(h2) error estimates. Under this assumption they show

‖X∞ − X̂n‖X ≤ O
(

log
(

1
h

)
· h2

)
(8)

for h ≤ h0 < 1. This implies the following corollary.
Corollary 3.2 Under the assumptions of Theorem 3.1 for a discretization allowing an O(h2) error estimate, we find

|J (u)− J (uN )| ≤ O
(

log
(

1
h

)
· h2

)
.

The numerical verification of this result for certain test cases, as, e.g., the rail profile from [2], will be reported elsewhere.

References
[1] P. BENNER and J. SAAK, Proc. Appl. Math. Mech. 7(1), 2060013–2060014 (2007).
[2] P. BENNER and J. SAAK, Proc. Appl. Math. Mech. 4(1), 648–649 (2004).
[3] P. BENNER and J. SAAK, Proc. Appl. Math. Mech. 8(1), 10085 – 10088 (2008).
[4] A. BENSOUSSAN, G. DA PRATO, M. C. DELFOUR, and S. K. MITTER, Representation and control of infinite dimensional systems,

second edition, Systems & Control: Foundations & Applications (Birkhäuser Boston Inc., Boston, MA, 2007).
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