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Abstract. Currently, stochastic optimization on the one hand and multi-objective op-
timization on the other hand are rich and well-established special fields of Operations
Research. Much less developed, however, is their intersection: the analysis of decision
problems involving multiple objectives and stochastically represented uncertainty simul-
taneously. This is amazing, since in economic and managerial applications, the features
of multiple decision criteria and uncertainty are very frequently co-occurring. Part of the
existing quantitative approaches to deal with problems of this class apply scalarization
techniques in order to reduce a given stochastic multi-objective problem to a stochastic
single-objective one. The present article gives an overview over a second strand of the
recent literature, namely methods that preserve the multi-objective nature of the prob-
lem during the computational analysis. We survey publications assuming a risk-neutral
decision maker, but also articles addressing the situation where the decision maker is
risk-averse. In the second case, modern risk measures play a prominent role, and gener-
alizations of stochastic orders from the univariate to the multivariate case have recently
turned out as a promising methodological tool. Modeling questions as well as issues of
computational solution are discussed.

Keywords: Stochastic optimization, multi-objective optimization, Pareto optimality, risk
measures, multivariate stochastic dominance.

1 Introduction

Among the most influential papers in optimization is George B. Dantzig’s article Linear
Programming Under Uncertainty [16]. This short paper cites contributions from Harry
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Markowitz and Richard Bellman, who became famous in different scientific disciplines
later. But first and foremost, the paper introduces uncertainty represented by stochas-
tic models into the just created field of Linear Programming. Stochastic considerations
thus were at the very beginning of the entire discipline of optimization, and of linear
optimization in particular.

About at the same time as optimization under uncertainty based on stochastic mod-
els, another important branch of computational optimization emerged: multi-objective
optimization. Already several decades before, the works by the economists Francis Edge-
worth and Vilfredo Pareto had laid the formal foundations for the analysis of (what was
called later) multi-objective optimization problems, but it was in the fifties of the 20th
century when researchers started to design computer-based algorithms to provide decision
makers with concrete solutions to such problems. Koopmans [47], for example, analyzed
resource allocation problems based on the notion of “efficient vectors”, and Saaty and
Gass [65] developed algorithms for the determination of efficient solutions by a paramet-
ric weighted-sum approach. (The reader is referred to [46] for a survey on the history of
multi-criteria decision analysis).

Stochastic optimization and multi-objective optimization saw a rapid, impressive and
extremely fruitful development in the decades since then. Surprisingly enough, however,
these two areas evolved to a good part separately from each other, and even today, their
intersection is addressed by only a comparably small fraction of publications, although
real-life decision making frequently encompasses both uncertainty and multiple objectives.
The last has been observed in a large range of application fields such as finance [12, 64],
energy [9], transportation logistics [38], facility location [27], manufacturing and pro-
duction planning [40, 70], supply chain management [2, 3], humanitarian logistics [72],
telecommunication, health care management [4, 7] or project management [35]. For nu-
merous problems in these and other fields, it is desirable to have optimization models and
computational solution techniques that deal with the multi-objective nature and with the
stochastic features of the problem simultaneously.

This survey article addresses methods for modeling and solving stochastic multi-
objective optimization problems. Contrary to the focus of a recent related overview
by Ben Abdelaziz [11], we concentrate here on methods and models that do not (or at
least not primarily) use some implicit or explicit form of scalarization to reduce the given
multi-objective stochastic problem to a single-objective – though still stochastic – vari-
ant.1 Rather than that, the approaches surveyed here sustain the multi-objective nature
of the problem during its computational analysis. In the most typical approaches of this
kind, a final choice on the “weights” assigned to the objectives (which is of course nec-
essary to come to a decision) is done by the decision maker only at a late stage and can
already be based on the insights obtained from the computational analysis. Our survey
is not planned to be exhaustive. Instead, we have tried to select a subset of (mostly)
methodologically oriented articles giving a flavor of diverse possible ways how to deal
with stochastic multiobjective problems.

The organization of the paper is as follows: Section 2 introduces stochastic optimiza-
tion problems, multi-objective optimization problems, and combined stochastic multi-

1Expressed in the terms used in [11], this means that we focus on the “multiobjective method” instead
of the “stochastic method”.
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objective problems. Section 3 addresses methods suitable for applications where the
underlying implicit utility function of the decision maker can be assumed as linear; this
corresponds to the case of risk-neutral decision making. In Section 4, the more intricate
situation of risk-averse decision making is addressed. Section 5, finally, contains some
concluding remarks.

2 Problem Description and Background

2.1 Stochastic Optimization Problems

The simplest stochastic optimization problems (SOPs) employ the expected value in the
objective, and a decision is only possible prior to the observation of some random event
influencing the outcome. In financial optimization for example, the investor decides about
her or his asset allocation or portfolio decomposition, and at the end of the holding
period (s)he will observe the random outcome of this portfolio. This random outcome is
represented mathematically by writing

f(x, Y ),

where x is the decision (in our example, the chosen portfolio), and Y is the random
variable observed (in our example, the vector of the returns of all assets). For asset
allocation, e.g., the investor would pick the linear function f(x, Y ) = x⊤Y representing
the final return.

In mathematical terms, the expression f(x, Y ) is shorthand for the real-valued random
variable assigning to each so-called scenario ω ∈ Ω the value f(x, Y (ω)); therein, Ω is the
sample space2. Each scenario ω determines a realization of the random variable Y (ω) and
therefore also of the random variable f(x, Y (ω)).

Since Y = Y (ω) is completely determined by the scenario ω, we will simply write
f(x, ω) instead of f(x, Y (ω)) from now on.

The easiest stochastic optimization problem, expressing maximization of expected
return, then reads

max E [f(x, ω)]
s.t. x ∈ X , (1)

where E is the expectation operator and X the set of feasible solutions (decisions); X is
called the solution space or decision space.

In the indicated financial optimization context, formulation (1) does not yet lead
to meaningful solutions, because it ignores risk. To quantify the risk associated with a
decision, a convex risk measure ρ is frequently employed (we use here the axioms as stated
in [26], although they are adapted by many authors for their particular problem). 3 Then

2The sample space Ω is the first component of the probability space (Ω,A, P ). Note that in stochastic
optimization, the probability model given by (Ω,A, P ) is always assumed as known, and therefore in
particular also the distributions of the considered random variables.

3The axioms proposed, in the convex setting, are essentially

(i) Monotonicity: ρ(X) ≤ ρ(Y ) provided that X ≥ Y almost everywhere,
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the problem to maximize the expected return, now under risk constraints, can be stated
as

max E [f(x, ω)]
s.t. ρ (f(x, ω)) ≤ r, x ∈ X . (2)

The decision x is here only allowed provided that the risk of the associated investment,
ρ (f(x, ω)), does not exceed a given threshold r. Depending on r, the problem is possibly
infeasible.

On the other hand, the investor could just as well be interested in obtaining at least
an expected return of µ, say, and at the same time intend to minimize the associated risk:

min ρ (f(x, ω))
s.t. E [f(x, ω)] ≥ µ, x ∈ X .

As above, depending on µ, this problem is possibly infeasible, and if it is feasible, its
solution may differ from that of (2).

From an integrated risk management’s perspective (cf. [61]) the problem is often
stated in a yet different form, namely in a scalarized form as

max (1− γ) · E [f(x, ω)]− γ · ρ (f(x, ω))
s.t. x ∈ X , (3)

where γ with 0 ≤ γ ≤ 1 is a parameter governing the degree to which the investor avoids
risk.

Finally, we could also cast the problem in a bi-objective formulation by writing

max (E [f(x, ω)], −ρ (f(x, ω)))
s.t. x ∈ X . (4)

This formulation contains a vector optimization in its objective, and we shall discuss
its possible meaning in Subsection 2.2. For the moment let us confine ourselves to two
remarks.

(i) Although (4) is already a multi-objective problem, its two objectives (expected
return and risk) have been derived from a single quantity of interest, namely (finan-
cial) return. In this article we shall go beyond this case by proceeding to the more
complex situation where two or more inherently different quantities play a role as
objectives in the optimization. Some examples include

• cost and health effect in health-care management,

• immediate financial return and strategic positioning in project management,

• delivery cost and customer satisfaction in transportation logistics,

(ii) Convexity: ρ((1− λ)Y0 + λY1) ≤ (1− λ)ρ(Y0) + λρ(Y1),

(iii) Positive Homogeneity: ρ(λY ) = λρ(Y ) for all λ > 0 and

(iv) Translation Invariance: ρ(Y + c) = ρ(Y )− c.
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• cost and reliability in safety-critical technologies, or

• return, market share and emission reduction in production economics.

It is clear, on the other hand, that models (and solution techniques) for this more
complex case will be related to those for the case outlined above, because the second
case extends the first.

(ii) Formulations of the type (3) scalarize the multi-objective problem by combining the
objectives to a weighted mean or some other weighted aggregation with pre-specified
weights. This issue will be discussed in more detail in Subsection 2.2.

Several other types of formulations for SOPs are possible. Among them, chance con-
straints (cf. Subsection 2.3) have to be mentioned. Moreover, multistage formulations are
common. Therein, a first-stage decision x0 is made prior to the observation of any random
event. After a partial observation of the random outcome, a subsequent decision x1 is
made, etc. Only before or after the last decision, the observation of the random parameters
is revealed completely. We shall shortly address models of this kind in Subsections 3.2.5
and 4.1.4.

A challenging problem of outstanding practical relevance involves stochastic orders.
As it will be explained in detail in Section 4, a stochastic order ≽ is a dominance relation
(partial order) between random outcomes with known distributions, usually (but not
necessarily) defined based on expected utilities. In the literature stochastic orders are
typically applied in constraints (cf. [18]). Let us illustrate this concept again within the
context of financial portfolio optimization by assuming that a fund manager intends to
outperform a certain benchmark, the Dow Jones Industrial Average, say. Then (s)he can
consider the following problem:

max E [f(x, ω)]
s.t. f(x, ω) ≽ Dow Jones.

(5)

In this formulation, only decisions that are at least as favorable as the Dow Jones (also
with respect to risk!) are allowed, and within this set, the expected return is maximized.

The financial engineering examples above build on continuous sets of solutions (deci-
sions). In several application areas, problems with a discrete feasible set are more typical.
Then, one faces a stochastic integer problem. A simple example is the Probabilistic Trav-
eling Salesperson Problem (PTSP), where a given set of customers has to be arranged
in a fixed order, described by a list x, on the assumption that on a considered day, each
customer requires a visit only with a certain probability. An actual tour is constructed
from x by visiting the customers in the order given by the list, simply skipping those
customers who do not require a visit this day, and returning then to the depot. The
objective is to determine the permutation x minimizing the expected length of the actual
tour. Other examples are stochastic scheduling problems or 0-1 project portfolio selection
problems. Often, also stochastic mixed-integer problems occur.
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2.2 Multi-Objective Optimization Problems

The generic form of a multi-objective optimization problem (MOOP) is

max (f1(x), . . . , fm(x)) s.t. x ∈ X , (6)

where X is again the solution space, and fj : X → R (j = 1, . . . ,m) are the m objective
functions (m ≥ 2). From (6), it is not yet clear what is meant by maximizing the
vector-valued function f = (f1, . . . , fm). There are several alternatives between which the
decision maker (DM) can choose, see, e.g., [21, 22]. Leaving lexicographic optimization
aside, which does not give each objective the same priority but considers a rank list
between objectives instead, most of the mentioned alternatives fall into one of two classes,
namely scalarizing methods on the one hand and Pareto-type methods on the other hand.

Scalarizing methods reduce the multi-objective problem to a single-objective problem
by aggregating the objectives in some way or other, e.g., by a weighted average or by a
weighted Chebyshev distance. Although these methods considerably facilitate the com-
putational solution of the MOOP, they have the disadvantage that for their application,
the decision maker is forced to define the particular way of aggregation (including the
weights assigned to the objectives) in advance. Basically, this means that (s)he has to
specify her or his utility function in quantitative terms before the computational analysis
can start. Very frequently, decision makers are not willing or not able to do that. For
this reason, we leave scalarizing methods outside the scope of this survey and focus on
methods that do not require the decision makers to assign weights to their objectives as
a prerequisite for the computational decision analysis.

The standard (non-scalarizing) concept of multi-objective optimization is that of Pareto
optimality (cf. [15]):

Definition 1. A solution x ∈ X is called efficient with respect to objectives f1, . . . , fm if
it is not dominated by any feasible y ∈ X (y ̸= x), that is to say if there is no y ∈ X such
that (i) fj(y) ≥ fj(x) for all j = 1, . . . ,m, and (ii) fj(y) > fj(x) for at least one j. The
set of efficient solutions is called the efficient set. The image point (f1(x), . . . , fm(x)) of
an efficient solution x is called Pareto-optimal, and the set of Pareto-optimal points, i.e.,
the image of the efficient set in the objective space Rm under f = (f1, . . . , fm), is called
the Pareto frontier.

By providing the decision maker with the efficient set, the computational analysis en-
ables her or him to choose among a considerably restricted set of final solution candidates
instead of the entire solution space X . This can greatly reduce the cognitive burden. Let
us mention that it is often sufficient to have only one representative from the pre-image
of each Pareto-optimal point z in the solution set, which reduces the efficient set to a
candidate set that may be equally suitable (and easier to oversee) from the viewpoint of
the DM.

Pareto analysis is well-founded in utility theory by the following observation, for which
a proof is easy: Let a vector (f1, . . . , fm) of objective functions on X be given. If solution
x∗ maximizes u(f1(x), . . . , fm(x)) on X for a (strictly) increasing utility function u : Rm →
R, then x∗ must be efficient. Conversely, if x∗ is efficient, then there exists a nondecreasing
utility function u : Rm → R such that x∗ maximizes u(f1(x), . . . , fm(x)) on X .
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2.3 Stochastic Multi-Objective Optimization Problems

Let us now turn to the combined situation of a stochastic multi-objective optimization
problem (SMOOP), i.e., an optimization problem that is both an SOP and a MOOP. In
particular, we consider problems of the form

max (f1(x, ω), . . . , fm(x, ω)) s.t. x ∈ X , (7)

where ω and X are as in Subsection 2.1, and the real-valued random variables fj(x, ω) are
defined on X ×Ω (j = 1, . . . ,m). It is assumed that the joint distribution of the random
variables fj(x, ω) is known.

In this survey we focus on the special case where the original problem only contains
deterministic feasibility constraints4, i.e., the definition of X is assumed not to contain ω.
In particular, we do not consider chance constraints of the form Pr ({ω : x ∈ X (ω)}) ≥ α.
For the treatment of chance constraints within a stochastic multi-objective optimization
context, the reader is referred to [11].

It is clear that by (7) the SMOOP is not yet fully defined. It has to be specified in
which sense the vector maximization is to be interpreted, and what is done to remove the
ambiguity of the values of the objectives caused by the random influence ω. An elegant
general answer to both questions can be given by means of the concept of multivariate
stochastic dominance, which will be outlined in Subsection 4.2. For the moment we
consider two simple and intuitively appealing alternative ways of specifying the meaning
of (7). In the literature (see [10, 13] and the recent survey [11]), these two ways have
been called the multiobjective method and the stochastic method. The two approaches
differ by the order in which the given SMOOP is reduced to simpler problems: The multi-
objective method starts by reducing the SMOOP to a MOOP, which is then solved by
techniques of multi-objective optimization. The stochastic method, on the other hand,
starts by reducing the SMOOP to a SOP, to which techniques of stochastic optimization
are applied.

(i) The multi-objective method defines for each objective function fj a vector(
F (1)

j (fj(x, ω)), . . . ,F
(rj)
j (fj(x, ω))

)
(8)

of one or more functionals F (s)
j of the random variable fj(x, ·), which can be the

expectation, the variance, a quantile, some risk measure, or some other summary
statistics of the random variable, and specifies (7) as the deterministic MOOP

max
(
Z

(1)
1 (x), . . . , Z

(r1)
1 (x), . . . . . . , Z(1)

m (x), . . . , Z(rm)
m

)
s.t. x ∈ X (9)

with Z
(s)
j (x) = F (s)

j (fj(x, ω)) (s = 1, . . . , rj, j = 1, . . . ,m). The MOOP (9) is solved
in the sense of the computation of the set of efficient solutions (see Definition 1).

4In Subsections 4.1.3 and 4.2.3, also problem formulations encompassing stochastic dominance con-
straints will be discussed. It is clear that these constraints cannot be considered anymore as “determin-
istic”. This case will nevertheless be included here, since stochastic dominance constraints are not so
much externally defined conditions restricting the feasible set, but rather constitute an alternative way
to express the preferences of a decision maker. We admit that the distinction is not sharp.
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The multi-objective approach can be considered as a generalization of traditional
mean-risk models from the case m = 1 of only one objective to that of several
objectives.

Because the information on the entire joint distribution of the objectives is reduced
to the consideration of a finite set of summary statistics, the multi-objective method
may over-simplify the given SMOOP. In particular, the dependency between the
random objectives is not taken into account (cf. [13]). This issue will be discussed
below in more detail.

(ii) The stochastic method combines the random objectives f1(x, ω), . . . , fm(x, ω) by
some aggregation function u : Rm → R and specifies (7) as the single-objective SOP

max u (f1(x, ω), . . . , fm(x, ω)) s.t. x ∈ X . (10)

The stochastic method takes account of the dependency between the stochastic ob-
jectives, but it has the obvious disadvantage that the aggregation function u, which
should represent the utility function of the decision maker to make the optimization
model meaningful, has to be known before the computational analysis can start.
Since we restrict ourselves here to non-scalarizing methods, we shall not consider
the stochastic method in this survey.

3 Risk-Neutral Decision Making

3.1 Expected Value Efficient Solutions

In this section we investigate the simplest special variant of the multi-objective method,
namely that where as functionals F (s)

j (fj(x, ω)) only expectations E[fj(x, ω)] are taken.
This leads to the so-called expected value efficient solutions (cf. [11]), i.e., the efficient
solutions of the m-objective problem

max (E[f1(x, ω)], . . . ,E[fm(x, ω)]) s.t. x ∈ X . (11)

It would be desirable to justify the computation of expected value efficient solutions
by using the sound framework of expected utility theory, which we will shortly recall
in Subsection 4.1. Unfortunately, however, the remark at the end of Subsection 2.2
concerning the connection between efficient solutions and utility maximizers does not
generalize to the stochastic situation. It is, for example, not necessarily the case that for
an efficient solution x of (11), there exists a nondecreasing utility function u such that x
is a solution of

max E[u(f1(x, ω), . . . , fm(x, ω))] s.t. x ∈ X . (12)

This is a simple consequence of the fact that in general, the expectation operator cannot
be interchanged with the utility function u in (12). Only if interchanging is possible, the
observation at the end of Subsection 2.2 extends to the stochastic situation.

It is obviously allowed to switch E and u if the utility function u is linear. Let

u (f1, . . . , fm) =
m∑
j=1

cjfj. (13)
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with cj > 0 for all j. Such a utility reflects the attitude of a risk-neutral decision maker.
The relation between risk-neutrality and linear utility functions is well-known; let us
illustrate it by considering so-called mean-preserving spreads of the objective function
values.5 A distribution P ′ on R is a mean-preserving spread of a distribution P if for some
X ′ distributed according to P ′, the random variable X ′ can be represented as X ′ = X+Z
with X distributed according to P and E(Z |X = x) = 0 for all x. A decision maker is
regarded as risk-neutral if (s)he is indifferent with respect to any mean-preserving spread
of her/his gain(s). It is obvious that the expected value of the utility u given by (13) is
insensitive with respect to mean-preserving spreads of the random variables fj = fj(x, ω).

By the consideration above, each solution x∗ maximizing an expected utility of the
form (13) must occur in the efficient set of (11).

The range of utility functions for which expectation and utility are allowed to be
switched can still be extended by including the possibility that some of the objective
functions are actually deterministic: Let f1(x), . . . , fk(x) and fk+1(x, ω), . . . , fm(x, ω) be
the deterministic and the (properly) stochastic objective functions, respectively. Then it
is easy to see (cf. [32]) that also for utilities of the form

u (f1, . . . , fm) = φ(f1, . . . , fk) +
m∑

j=k+1

ψj(f1, . . . , fk) fj, (14)

with increasing functions φ and ψj (j = k+1, . . . ,m), each expected utility maximizer is
an efficient solution of (11). Evidently, utilities of this form reflect a risk-neutral attitude
as well.

A mix of deterministic and stochastic objective functions does not only occur fre-
quently in applications, it is also interesting from the viewpoint of computational solution
because contrary to the purely stochastic case with linear utility (13), it can lead to
so-called unsupported solutions. In multi-objective optimization, an efficient solution is
called supported if it can be obtained by optimizing a suitable weighted sum of objectives,
and unsupported otherwise. For example, in the case u(f1, f2) = φ(f1) + f2 for deter-
ministic f1, unknown increasing φ and stochastic f2, the expected utility maximizers are
the expected value efficient solutions, but some of them (including desirable “compromise
solutions”) can be unsupported. In the microeconomics literature, utility functions of the
form u(f1, f2) = φ(f1) + f2 are called quasilinear.

5An alternative way to judge risk-neutrality is to apply the Arrow-Pratt risk aversion measure defined
by −u′′(·)/u′(·) to each random variable fj . Evidently, the values vanish for the utility u given by (13).
Using a more general observation (Theorem 1 in [31]), it can be shown that on the additional constraint
that u is nondecreasing and concave, (13) is the only form u can have for a decision maker who is risk-
neutral toward all properly stochastic objective functions. This does not hold anymore if the restriction
to concave utilities is dropped.
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3.2 Computational Issues

3.2.1 Finite Probability Distributions and Scenario Generation

To make a SMOOP computationally tractable it is convenient to have finite probability
distributions of the form

P =
N∑
i=1

pi δωi
(15)

available. The symbol δωi
denotes the point mass (Dirac measure) at ωi, and the number

pi = P ({ωi}) is the probability that the value ωi is attained (i = 1, . . . , N ,
∑N

i=1 pi = 1).
In this situation the expected value, as well as many risk measures reduce to finite sums,
and the optimization problem under consideration often reduces to a linear program.
This is particularly the case if P is an empirical probability measure, i.e., a measure
obtained by random sampling from a basic distribution. It is clear that in this situation
the results of the optimization problem have random character themselves, they depend
on the randomly observed samples. The respective statistical behavior was studied, e.g.,
in [58, 69, 68], the statistical behavior of risk measures based on empirical observations
was investigated in [62].

Quite generally, if the true probability measure is approximated by a finite mea-
sure (15), additional considerations are necessary to quantify the quality of the approx-
imating problem: the final decisions x in the original and in the approximating space
should be close to each other, and so should the corresponding objectives. This is the
subject of results of robustness, ambiguity, or stability of stochastic programs. To pick a
single example from the wide literature we refer to [39].

As elements of the sample space Ω, the points ω1, . . . ωN in (15) are again called
scenarios (cf. Subsection 2.1). For huge finite distributions it is often computationally
advantageous to reduce the number of scenarios to a reasonable amount. Related tech-
niques are required for finding good finite probability distributions to replace an originally
continuous distribution. This process is called scenario generation in the literature. Var-
ious approaches are used for scenario generation in practice. Although most of them are
based on heuristics, a rigorous mathematical approach is elaborated in [57] and [59], and
for multistage stochastic approximation details are elaborated in [60].

3.2.2 Application to the Stochastic Multi-Objective Case

The conceptually simplest way to (approximately) determine the expected value efficient
solutions (11) relies on a fixed set S = {ω1, . . . , ωN} of scenarios drawn in advance to
approximate the true probability model by a finite probability model, as described in
Subsection 3.2.1. If the original probability distribution is used for sampling, the prob-
abilities pi are equal, i.e., pi = 1/N (i = 1, . . . , N). In the multi-objective optimization
model, each objective E[fj(x, ω)] is replaced then by the corresponding sample average
estimate

1

N

N∑
ν=1

fj(x, ων), (16)

10



which is an unbiased consistent estimator of E(fj(x, ω)). This results in a deterministic
MOOP which can be solved by a standard solution technique for MOOPs. In the linear
case, e.g., an algorithm for linear MOOPs (see [21]) can be used. In the nonlinear case,
one can apply the well-known Epsilon-Constraint Algorithm to obtain an approximation
to the Pareto frontier, and in the discrete finite case, the Adaptive Epsilon-Constraint
Algorithm [48] can be applied as a general solution technique.

3.2.3 Variable Samples

The techniques mentioned in Subsection 3.2.2 can be computationally demanding. The
(Adaptive) Epsilon-Constraint Algorithm, for example, requires the solution of a possibly
large series of single-objective optimization problem instances. In the case of large sample
size N , each of these instances can be computationally very expensive itself. For an NP-
hard integer programming problem, say, the growth of the number of needed variables
as a function of the sample size N can result in an exponential growth of the computa-
tion time in N . Typically, this makes only a comparably small number N of scenarios
computationally feasible.

On the other hand, approximating a complex stochastic model by only few random
scenarios is often inappropriate, especially in the case where events with low probability
and high impact can occur. If, for example, hardware and/or software of an aircraft
is to be optimized, one has to consider many possible random events during a flight.
In aviation, some failures occur with a rate of only 10−8 per hour, but can have fatal
consequences nevertheless. In such situations, a stochastic optimization procedure that
is only based on a fixed sample of, say, about hundred scenarios, runs the risk of missing
relevant scenarios. (This holds even if the variance of the estimation has been reduced
by rare-event simulation methods. For the sake of brevity, we do not address variance
reduction techniques in this article.)

In the context of single-objective optimization, the drawback of limited samples has
been taken account of by the development of variable-sample methods (see [41]) which
allow a much larger number of scenarios to be considered during the optimization pro-
cess. A variable-sample technique for discrete stochastic multi-objective problems has
been developed under the name Adaptive Pareto Sampling (APS) in [29]. It performs an
iterative refinement of an approximation to the Pareto frontier by (i) drawing, in each
iteration, new samples containing only a moderate number of scenarios, (ii) solving the
corresponding subproblems (with the help of a suitable MOO algorithm) to obtain new
candidate solutions, and (iii) improving the accuracy of all objective function evaluations
by re-sampling (similarly as in the Stochastic Branch-and-Bound technique by Norkin et
al. [52]). APS can be shown to converge to the exact Pareto frontier under mild condi-
tions [29, 35], and it can be demonstrated [33] that the computation time for solving the
stochastic MOOP exceeds that for solving the deterministic MOO subproblem only by
a factor of order O(n3), which is modest compared to the required effort for solving the
(typically NP-hard) deterministic subproblem.
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3.2.4 Metaheuristic Techniques

Especially in the case where a SMOOP involves integrality constraints such that an NP-
hard discrete SMOOP can result, it may be necessary to resort to metaheuristic so-
lution techniques (for metaheuristics in stochastic combinatorial optimization, see the
survey [30]). Most metaheuristics for SMOOPs are based on diverse variants of evolu-
tionary algorithms. Let us give a few examples. Hughes [45], Teich [71], and Eskandari
et al. [24] adapt a multi-objective genetic algorithm, the multi-objective evolutionary al-
gorithms SPEA and the nondominated sorting genetic algorithm NSGA-II, respectively,
to the stochastic situation. Ding et al. [20] propose a multi-objective genetic algorithm
as well, combined with a simulation procedure. In [28], multi-objective variants of Ant
Colony Optimization and of Simulated Annealing are generalized to the stochastic case
and compared to each other. Amodeo et al. [3] combine a discrete-event simulation pro-
cedure with the multi-objective algorithms SPEA-II and NSGA-II, and compare with a
multi-objective Particle Swarm Optimization algorithm. Eskandari and Geiger [23] re-
port on computational experiments with an extension of the approach in [45]. Syberfeldt
et al. [70] use a multi-objective evolutionary algorithm supported by an artificial neural
network, combined with a simulation routine.

The quality indicator technique proposed by Basseur and Zitzler [8] and by Liefhooge
et al. [49, 50] reduces the multi-objective problem to a single-objective one, but not by
a scalarization of the objective functions, but by shifting the optimization process from
the level of single solutions to that of sets of solutions intended as approximations of the
efficient set.

Also the APS algorithm mentioned in Subsection 3.2.3 can be reshaped to a SMOO
metaheuristic by solving the deterministic MOO subproblem with the help of a MOO
metaheuristic instead of an exact MOO solution algorithm.

3.2.5 Two-Stage Stochastic Multi-Objective Optimization

In practice, decision making in a multi-objective and stochastic context frequently en-
compasses a series of decisions, between which some of the uncertain parameters become
gradually known. This can be cast in the classical framework of multistage stochastic
optimization, but now complicated by the presence of multiple objective. Already on the
modeling level (not to mention the computational solution), such a situation poses diffi-
cult challenges. To state things more precisely, let us first consider the single-objective
case. We restrict ourselves here to the special case of two decision stages.

The term “two-stage stochastic program” has become accepted in the literature for a
stochastic optimization problem in which a part of the objective function is itself a result
of an optimization problem. Typically, a two-stage stochastic problem models a situation
where at a time, when the realizations of certain random variables are not known yet, a
first decision has to be made. Later, after their realizations have been observed, a second
decision is made which can adapt to the current state. A two-stage stochastic program is
given as

max f(x) + E[g(x, ω)]
s.t. x ∈ X , (17)
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where the function g is called recourse function. The recourse function is evaluated in an
additional stage, the second stage. In the linear case, g is defined by the result of the
program

g(x, ω) = max q(ω)⊤y
s.t. T (ω)x+Wy = h(ω)

y ≥ 0.
(18)

The decision x in (17) is called here-and-now or 1st stage decision, whereas y in (18),
which depends on the realization ω, is called wait-and-see, or 2nd stage decision.

Special solution techniques have been developed to solve problem (17), most of them
based on the deterministic equivalent, assuming that the probability space is discrete (see
(15)). The deterministic equivalent is a formulation considering simultaneously problem
(17) together with N versions of problem (18), one for each scenario ωi. The resulting
problem, which is typically large scale, has a particular form (L-shape), which is exploited
by dedicated solution algorithms (such as the L-shaped method, a variant of the Bender’s
decomposition adapted to this particular problem). It is evident that many optimization
problems can be formulated as two-stage stochastic programs and indeed, a large variety
of applications is known in the Operations Research literature.

In spite of its importance, the multi-objective case is treated in only few publications.
The majority of them (for examples, see [27, 14, 72]) assumes a bi-objective situation
where one of the two objectives only depends on the 1st stage decision, whereas the
other objective depends on the decisions in both stages. This facilitates the analysis,
because within a solution framework of, say, the (Adaptive) Epsilon-Constraint Algorithm,
constraints can be generated with respect to the first objective, which produces a series
of ordinary (single-objective) two-stage stochastic programs to be solved as auxiliary
subproblems. For the case of more than one objective depending on both the 1st stage
and the 2nd stage decision, the mentioned technique is not applicable anymore. Papers
addressing this more intricate case are [1, 63].

4 Risk-Averse Decision Making

Whereas the preferences of a risk-neutral decision maker are represented by linear utility
functions, a standard approach to a formal representation of risk aversion is the assump-
tion of a nonlinear utility function. If the dependence of the utility on the outcome of some
payoff or objective function value is described by a concave function, then an expected-
utility maximizer is no longer indifferent with respect to a mean-preserving spread of her
or his payoff, but tends to prefer random distributions with small variation over such with
large variation, given that the expected values are the same. In the nonlinear case, con-
trary to the case of linear utility functions, the formal treatment of the expected-utility
optimization problem becomes nontrivial already on a conceptual level, not to mention
the level of computational solution. In particular, in a multi-objective situation, themulti-
objective method shows distinct limitations in the presence of nonlinear utilities, as has
been pointed out by other authors (see, e.g., Caballero et al. [13] or Ben Abdelaziz [11]).

A different concept, which has turned out to be very helpful when dealing with
SMOOPs under nonlinear utilities, is that of multivariate stochastic dominance. Uni-
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variate stochastic dominance concepts and, related to them, so-called mean-risk models
have a long tradition in the treatment of single-objective stochastic optimization problems
under risk aversion. Recently, a growing number of articles studies the generalization of
these techniques to the multivariate case, i.e., the case of multi-objective stochastic opti-
mization.

We shall start with a short survey on univariate stochastic dominance and mean-risk
models in Subsection 4.1, and turn then to the multivariate case in Subsection 4.2.

4.1 Univariate Stochastic Orders

A fundamental concept in economics is that of expected utility maximization: a random
outcome X is preferred over another random outcome Y , if the corresponding expected
utility values satisfy

E[u (X)] ≥ E[u (Y )] (19)

for an a priori chosen utility function u : R → R. In the (frequent) case where the decision
maker does not specify a concrete utility function, it is necessary to express the preference
of X over Y not just by a single utility u as in (19), but with respect to an entire class of
utility functions:

X ≽U Y ⇔ E[u (X)] ≥ E[u (Y )] for all u ∈ U such that the expectations exist.

The relation ≽U introduces a partial order – a so-called stochastic order relation – on
a set of random variables on a common probability space. (The assumption that the
considered expectations exist will also be needed in the following; for the sake of brevity,
we will not mention it explicitly anymore. Alternatively, its validity can be achieved by
imposing additional regularity constraints on the elements of U .)

Many classes of stochastic order relations have been considered in the literature. Im-
portant examples include

• U(1) = {u : R → R : u nondecreasing} and

• U(2) = {u : R → R : u nondecreasing and concave}.

Each utility function of a rational decision maker can be supposed to belong to the
class U(1), and each utility function of a rational and not risk-seeking decision maker can
be supposed to belong even to the smaller class U(2), considering that risk aversion corre-
sponds to a concave utility function.6 The stochastic orders ≽(1)=≽U(1)

and ≽(2)=≽U(2)

are called the first-order stochastic dominance relation and the second-order stochastic
dominance relation, respectively.

For a comprehensive analysis of stochastic order relations we refer to the books [51]
and [67].

6 Let us also mention the s-convex class Us given by Us =
{
u : R → R : (−1)

s
u(s) ≥ 0

}
, where u(s)

is the s-th derivative of u. This class contains the function x 7→ xk as well as the function x 7→ −xk for
every k < s. Notably, the relation X ≽Us Y thus ensures that the moments of order less than s coincide:
E[Xk] = E[Y k] for all k < s. The special case U2 of the 2-convex class is closely related to the class U(2)

defined above, but note that it has an equality constraint for expected values instead of an inequality
constraint.
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For a given stochastic order ≽ (e.g., an order ≽U derived from some class U ), we say
that X stochastically dominates Y , written X ≻ Y , if X ≽ Y and Y ̸≽ X. This relation
can be extended from random vectors to solutions of an optimization problem in a natural
way by defining that a solution x stochastically dominates solution y with respect to ≽
and f if f(x, ω) ≻ f(y, ω).

The preference ≽U represents in fact multiple criteria, typically a continuum of crite-
ria.7 Therefore, one frequently has X ̸≽U Y and X ̸≽U Y . For this reason, we cannot
expect to be able to solve the optimization problem

max f(x, ω)
s.t. x ∈ X (20)

in the sense of finding an x ∈ X such that f(x, ω) ≽U f(y, ω) for all y ∈ X . However,
by a solution to (20), we can understand the set of stochastically nondominated solutions
x ∈ X with respect to ≽ and f , that is to say, the set of all solutions x ∈ X for which
there exists no solution y ∈ X such that f(y, ω) ≻ f(x, ω).

It is seen that already in the case of only one objective function f = f1, the given
stochastic single-objective problem implicitly splits to a multi-objective problem, usually
even with an infinite number of objectives. So-called mean-risk models aim at reducing
the dimensionality of this multi-objective problems to only two objectives, the expected
value and some measure related to the spread of the distribution, which can be (but needs
not to be) a risk measure in the sense of [6]. We shall recall some especially important
risk measures in Subsection 4.1.1 and will then give an outline of mean-risk models in
Subsection 4.1.2.

4.1.1 Risk Measures

An important driver of stochastic optimization was – and is – the problem of asset allo-
cation. This problem already exposes the dilemma of an investor to maximize the profit,
but to keep the portfolio’s risk, at the same time, as small as possible. When dealing
with the asset allocation problem, Harry Markowitz employed the variance to quantify
the risk. This has been criticized, because the variance treats positive and negative devia-
tions (high profits and losses) in the same way, though high profits are welcome but losses
are not. For this reason, other measures have been developed to reflect the asymmetry
of upwards and downwards deviations of the objective function from the viewpoint of the
DM. Widely accepted nowadays are risk measures as introduced in the pioneering paper
[6].

A still frequently used, but theoretically not fully satisfying measure of risk is the
Value-at-Risk (V@R). We shall shortly recall the V@R, because the theoretically much
more attractive Average Value-at-Risk described next builds on the V@R. The Value-
at-Risk of the random outcome X at level α, written V@Rα(X), is simply the negative
α-quantile of the random variable X, i.e.,

V@Rα(X) = −F−1
X (α)

7For example, one criterion for each u ∈ U , but also other representations of the criteria can be
chosen, as it will be seen later. Under some special circumstances, some of these criteria may coincide in
a way making the problem finite-dimensional even for infinite U , but in general, this does not hold.
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with FX denoting the distribution function of X. The V@R does not satisfy all axioms
proposed in [5].

An outstanding risk measure is the Average Value-at-Risk. The Average Value-at-Risk
AV@Rα(X) of the outcome X at level α (0 < α ≤ 1) is defined as

AV@Rα(X) =
1

α

∫ α

0

V@Rp(X)dp

and can be represented equivalently as

AV@Rα(X) = min
q∈R

(
1

α
E(q −X)+ − q

)
with Y+ = max(Y, 0). The definition can be extended to cover the boundary value α = 0.
The first equation introduces the Average Value-at-Risk as the average of all Values-
at-Risk V@Rp(X) for levels p below the given threshold α. The second equation is a
representation that is particularly useful in computational optimization, it expresses the
AV@R as a minimum of an optimization problem. Analogous representations for other
risk measures – if they exist at all – are typically significantly more complicated.

The Average Value-at-Risk is sometimes also called Conditional Value-at-Risk, Ex-
pected Shortfall, Tail Value-at-Risk, Conditional Tail Expectation (in an insurance con-
text), or recently also Super-Quantile. The name “Conditional Value-at-Risk” derives
from the representation

AV@Rα (Y ) = E [−Y |Y ≤ −V@Rα (Y )]

interpreting AV@Rα as the expected loss in the worst α · 100 percent of all possible sce-
narios. For α = 1, we have AV@R1(X) = −E[X], so the expectation is a special case of
the AV@R.

The importance of the AV@R becomes also evident from Kusuoka’s theorem which
states that every general, positively homogeneous and law invariant risk measure ρ can
be represented as

ρ(Y ) = sup
µ∈M

∫ 1

0

AV@Rα(Y )µ(dα),

where M is a set of probability measures on [0, 1].

4.1.2 Mean-Risk Models

Mean-risk models are among the oldest attempts in stochastic optimization to address
risk aversion. Markowitz’ famous formulation of the portfolio optimization problem is
already a mean-risk model, although (as stated above) measuring risk by variance has
distinct drawbacks.

The basic idea of a mean-risk model is to replace the problem of computing all stochas-
tically nondominated solutions x ∈ X with respect to some stochastic order ≽ and ob-
jective function f by the solution of a bi-objective problem of the form (4). Therein, ρ is
some measure related to risk, which can be a risk measure in the strict sense of the axioms
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in [26] or a measure quantifying risk in a wider sense. As it can be seen, in formulation (4),
the solution x dominates (is preferred to) the solution y if

E[f(x, ω)] ≥ E[f(y, ω)] and ρ(f(x, ω)) ≤ ρ(f(y, ω)),

with one of the inequalities being strict.
Except of the already mentioned variance, possible candidates for ρ(X) are (among

others):

• the absolute semi-deviation,

δ̄(X) = E[max(E[X]−X, 0)],

• the standard semi-deviation,

δ(X) =
(
E[(max(E[X]−X, 0))2]

)1/2
, or

• the Average Value-at-Risk,

AV@Rα(X) for some fixed α ∈ [0, 1].

Computing the set of the efficient solutions of the bi-objective problem (4) instead of
the set of stochastically nondominated solutions raises the question how the two sets of
solutions are related to each other. Considering the dimensionality of the multi-objective
problems, it is clear that except in the risk-neutral cases discussed in Section 3, the set of
stochastically nondominated solutions will typically be “larger” than the set of efficient
solutions. However, can we at least be sure that each efficient solution of the bi-objective
problem (4) is stochastically nondominated?

Definition 2. The mean-risk model (4) is called consistent with the stochastic order ≽
if for each x ∈ X and y ∈ X ,

f(x, ω) ≽ f(y, ω) ⇒ E[f(x, ω)] ≥ E[f(y, ω)] and ρ(f(x, ω)) ≤ ρ(f(y, ω)). (21)

It is easy to see that if (4) is consistent with ≽, then an efficient solution x of (4) cannot
be stochastically dominated with respect to ≽ by any y ∈ X , except for solutions y with
the same image point as x under the objectives of the mean-risk model.8

It is well-known that Markowitz’ mean-variance model is not consistent with second-
order stochastic dominance relation ≽(2), so it is not perfectly suited as a decision aid for
a rational, risk-averse decision maker.

The mean-risk model using the Average Value-at-Risk at some level α is consistent
with the second order stochastic dominance relation. Indeed, it holds by [55, Theorem
3.2] that

X ≽(2) Y if and only if AV@Rp(X) ≤ AV@Rp(Y ) for all 0 ≤ p ≤ 1. (22)

8The last part of the sentence says that an efficient solution x needs not necessarily to be stochastically
nondominated itself, but it can only be stochastically dominated by a solution y with E[f(x, ω)] =
E[f(y, ω)] and ρ(f(x, ω)) = ρ(f(y, ω)). Therefore, if the pre-image of a Pareto-optimal point of the
mean-risk model (4) is finite, it contains at least one stochastically nondominated solution.
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From the special cases p = 1 and p = α, we conclude that (21) is satisfied. Hence the
Average Value-at-Risk can be employed in accordance with the second order stochastic
dominance relation.

If the absolute semideviation or the standard semideviation is used for measuring risk
in a mean-risk model, we do not immediately obtain consistency with ≽(2). However,
as shown in [54], Propositions 7 and 8, consistent mean-risk models are obtained by
subtracting the expectation: For ρ (X) = δ̄(X)−E[X] as well as for ρ (X) = δ(X)−E[X],
the mean-risk model (4) is consistent with ≽(2).

We refer to [56] for further examples of consistent mean-risk models.

4.1.3 Stochastic Dominance Constraints

It has been mentioned above that the determination of all stochastically nondominated
solutions of maxx∈X f(x, ω) cannot be interpreted anymore as a Pareto analysis problem
with a finite number of objectives. Rather than that, we may consider it as a Pareto
analysis problem with a continuum of objective functions. In the case of the order ≽(2),
for example, by (22), all values AV@Rα for α ∈ [0, 1] can be considered as objectives. In
mean-risk models, two objectives are selected. Some articles (as [64]) go beyond that by
taking three objectives into account, the expected value and two different risk measures.
However, the possibilities of increasing the number of objectives are limited: a larger
number of objectives increases the computational difficulty and extends the dimensionality
of the Pareto frontier, making it less intuitive to interpret.

An alternative is to shift the preferences concerning risk rather to the constraints of
the given optimization problem than having it expressed within the objectives. This is
done by stochastic dominance constraints. Using stochastic dominance constraints, we
get problem formulations analogous to (5):

max E [f(x, ω)]
s.t. f(x, ω) ≽ Y,

(23)

where Y is some reference benchmark chosen by the DM, for example, Y = f(y, ω) with
some known (acceptable) solution y ∈ X . Only those solutions that are not worse than
the benchmark Y with respect to the stochastic order ≽ are admitted to the optimization.

Stochastic dominance constraints have been introduced in [18], and also some mathe-
matical properties of the corresponding optimization problems have been analyzed there.
Among other papers, the recent article [25] continues the analysis, adding also computa-
tional results.

4.1.4 Two-Stage Problems

In a risk-neutral context, we have outlined and discussed two-stage stochastic optimization
problems in Subsection 3.2.5. Let us now turn to the risk-averse case, focusing on the
single-objective situation. Risk can be incorporated in problem (17) by different means.
Involving risk measures is again an attractive option. We point out a recently developed
variant of the classical two-stage stochastic program in which the 1st stage problem is of
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the following form:
max f(x) + E[g(x, Y )]
s.t. g(x, Y ) ≽ Z, x ∈ X .

This formulation has been introduced and discussed in [17]. As it is seen, it uses a stochas-
tic dominance constraint applied to the recourse function. The authors investigate 2nd

stage problems of the type (18) and deal with the stochastic order ≽(2). After presenting
two new characterizations of this order, they develop decomposition methods (a multi-
cut decomposition method and a method using quantile functions) for the computational
solution of the overall problem. Also convergence proofs are provided.

4.2 Multivariate Stochastic Orders

In order to proceed from SOPs to SMOOPs, let us now turn to multivariate stochastic
orders, i.e., stochastic order relations defined on sets of vectors of random variables. There
are several concepts generalizing the notion of a stochastic order to the multivariate case
(cf. Müller and Stoyan [51], Chapter 3). Below we recall two ways to define a multivariate
order based on a given univariate order. Let X and Y be two random variables with
values in Rm, and let U be a set of utility functions u : R → R. We define the

• component order: X ≽comp
U Y if Xj ≽U Yj for each j = 1, . . . ,m, and the

• positive linear order: X ≽lin
U Y if a⊤X ≽U a⊤Y for all a ≥ 0.

Whereas the component order refers to the case where the m components of the random
variables can be considered as independent, the positive linear order refers to a situation
where components (in a multi-objective optimization context: the outcomes of the ob-
jective functions) can be traded against each other, but at some a priori unknown prices
aj ≥ 0. After combining the objective functions to a weighted sum with the prices as
weights, some (in general nonlinear) single-dimensional utility function is applied to them.

Most frequently, the constructions above are applied to the special case where U is the
set U(2) of nondecreasing concave utility functions. This gives the componentwise second-
order dominance relation ≽comp

(2) and the nondecreasing positive linear concave order ≽lin
(2),

respectively.
Multivariate orders can also be defined based directly on sets U [m] of multi-dimensional

utility functions u : Rm → R, setting X ≽U [m] Y if E[u(X)] ≥ E[u(Y)] for all u ∈ U [m].

If we take, for example, for U [m] the set U [m]
(2) of nondecreasing concave utility functions

u : Rm → R, we get the multivariate version of the nondecreasing concave order, which
will be denoted again by ≽(2). Also the component order and the positive linear order
can be expressed in this framework: It is easy to see that if one chooses U [m] as the set
of utility functions u : Rm → R of the form

u(X) = u1(X1) + . . .+ um(Xm), uj ∈ U (j = 1, . . . ,m), (24)

the component order ≽comp
U results, and if one chooses U [m] as the set of utility functions

u : Rm → R of the form
u(X) = ū(a⊤X), ū ∈ U , a ≥ 0, (25)
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the positive linear order ≽lin
U is obtained.

In [51, 4], the following relations are derived:

X ≽(2) Y ⇒ X ≽lin
(2) Y ⇒ X ≽comp

(2) Y, (26)

and it is shown that the inclusions caused by these implications are strict.
Using a multivariate stochastic order ≽, we can provide a general specification of the

(under-specified) SMOOP (7). For a given vector f = (f1, . . . , fm) of objective functions,
let us extend a given stochastic order relation ≽ from random vectors to solutions in a
quite analogous way as we did it in the case m = 1: We say that a solution x stochastically
dominates solution y with respect to ≽ and f iff

(f1(x, ω), . . . , fm(x, ω)) ≻ (f1(y, ω), . . . , fm(y, ω)) (27)

withX ≻ Y ifX ≽ Y andY ̸≽ X. A solution x ∈ X is called stochastically nondominated
if there is no solution y ∈ X dominating x. By the solution of (7), we understand then
the set of stochastically nondominated solutions x ∈ X with respect to ≽ and f . 9

The relation between the solution of (7) in the sense above, using some specific multi-
variate order ≽, and the solution of (7) by the multi-objective method, using some specific

set of functionals F (s)
j (cf. (8)), is again a topic of consistency results.

4.2.1 The Component Order

If ≽ is chosen as the component order ≽comp
U for some U , then (27) can be decomposed

to
fj(x, ω) ≽U fj(y, ω) (j = 1, . . . ,m)

with at least one dominance being strict: fj(x, ω) ≻U fj(y, ω). For the special case where
U consists of linear utility functions, this leads again back to the expected value efficient
solution, since then fj(x, ω) ≽U fj(y, ω) exactly if E[fj(x, ω)] ≥ E[fj(y, ω)]. In the case
of nonlinear utilities, say for U = U(2), the decomposition still holds, but the expected
values have to be extended by risk measures, as in the univariate situation. Whereas
the so-called expected value standard deviation efficient solution (cf. [13]), which uses the
standard deviations as risk measures, is in general not consistent with the component
order induced by U(2) (because it is already not consistent in the boundary case m = 1),
a consistent vector of summary statistics would be obtained by extending each of the m
expectations by, say, an AV@R value.

4.2.2 Partial Risk Neutrality

Frequently, a decision maker is risk-neutral in some of her or his objectives while risk-
averse in other objectives. For example, a budget limit may induce risk aversion with
respect to costs (as the cost approaches or even exceeds the limit, the utility decreases
faster than linearly), whereas with respect to a second (non-monetary) objective, there
may be no reason for risk aversion. For a twice differentiable utility function u : Rm → R,

9Analogously as in the case mentioned in Subsection 2.2, it is often sufficient to have only one repre-
sentative from the pre-image of each stochastically nondominated random vector in the solution set.
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this means that ∂2u / ∂f 2
j = 0 for some j corresponding to the objective toward which

the decision maker is risk-neutral. Let us assume risk aversion holds toward objectives
f1, . . . , fk, and risk neutrality holds toward objectives fk+1, . . . , fm. Note that even in the
case of risk neutrality toward all objectives, the utility function needs not to be linear; an
example is the function u(f1, f2) = f1 · f2.

It can be shown [31, 34] that at least in the case where as the basic set U [m] of

utilities, the set U [m]
(2) is taken, a restriction of this set to those utilities for which risk

neutrality toward fk+1, . . . , fm holds allows it to “split off” the objectives fk+1, . . . , fm
in the form of expectations, such that risk measures have only to be introduced for the
objectives f1, . . . , fk. Although this is what one would expect, the result is nontrivial
insofar as it hinges on the properties of U [m]

(2) : it does not hold anymore for the larger

class U [m]
(1) of nondecreasing utility functions and not even for the class of nondecreasing,

componentwise concave utility functions.

4.2.3 Stochastic Dominance Constraints in the Multivariate Case

As mentioned above, already in the single-objective case m = 1, the determination of
all stochastically nondominated solutions of maxx∈X f(x, ω) can be considered as an op-
timization problem with an infinite number of objectives. This holds a fortiori for the
case m > 1. In the last case, even if we restrict ourselves to a finite selection of summary
statistics F (s)

j , the number of required statistics can become too large to make the deter-
mination of the corresponding Pareto frontier a convenient approach. (Note that already
for four objectives, no natural graphical representation of the Pareto frontier exists, and
since the number of efficient solutions rapidly grows with the number of objectives, also
computational issues may become a problem.)

This difficulty is aggravated if we pass from the component order ≽comp
(2) to the “richer”

orders ≽lin
(2) or even ≽(2), as by (26), proceeding in this way leads to a growth of the

number of stochastically nondominated solutions. Thus, formulations adopting stochastic
dominance constraints, as explained in Subsection 4.1.3, are especially attractive in the
multi-objective case: By proceeding to “richer” stochastic orders, the number of solutions
is then not increased but reduced.

The multivariate stochastic-dominance-constrained problem is given as

max g(x) s.t. f(x, ω) ≽ Y, x ∈ X , (28)

where ≽ is a multivariate stochastic order, and Y is a reference benchmark. The objective
g(x) of (28) can also be an expected value. For instance, one might choose g(x) =
E[fj(x, ω)] with some selected objective function fj.

In [19], Dentcheva and Ruszczyński extend their pioneering work [18] on stochastic
dominance constraints to the multivariate case. The objective function g(x) is taken as
an expectation E[H(x, ω)], where x 7→ H(x, ω) is assumed to be concave in x for almost
all ω, as well as x 7→ f(x, ω). In the constraint, the positive linear order ≽lin

(2) is applied.
A generator set for this order is derived. Under a technical condition concerning uniform
dominance, it is shown that the original problem allows an equivalent dual formulation,
and that no duality gap occurs. The Lagrange multipliers can be identified as elements
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of the indicated generator set. The paper also turns to the nonconvex case. In this case,
at least necessary optimality conditions can be given. This article lays the mathemat-
ical fundamentals for several related later papers on optimization through multivariate
stochastic dominance constraints.

Homem-de-Mello and Mehrotra [42] confine themselves to the case where both the
function g(x) and the function f(x, ω) in (28) are linear, i.e., g(x) = d⊤x and f(x, ω) =
A(ω) · x with a random [m× n] matrix A(ω) and x ∈ X ⊆ Rn. For this case, the authors
develop a cutting surface technique for solving (28) computationally. As in [19], the
stochastic dominance constraints are based on the positive linear order ≽lin

(2). However,

the authors generalize the definition of ≽lin
(2) by a restriction of the weight vector a to

a polyhedron P : The random vector X is said to dominate the random vector Y in
polyhedral second order, if a⊤X ≽(2) a⊤Y for all a ∈ P . It is seen that the possible
“prices” for the outcomes of the objectives can now be restricted by linear constraints.
For the purpose of computational solution, the authors use the canonical generator set
of the set U(2) and show (by means of the decomposition theorem for polyhedra and by
reformulating the problem as a concave minimization problem with additional variables)
that a finite number of constraints is sufficient to give an equivalent representation of
the (infinitely many) inequalities contained in the stochastic dominance constraint. This
allows a re-formulation of (28) (in the present linear context) as a linear program (LP).
Duality results are presented, and a cut-generation algorithm for solving the LP in an
efficient manner by gradually adding constraints to relaxations is proposed.

An interesting application of the approach developed in [42] to a budget allocation
problem in homeland security is given in [43]. The authors use sample average approx-
imation (SAA, cf. Subsection 3.2.2) and show that the model asymptotically converges
as the sample size tends to infinity. Moreover, statistical lower and upper bounds are
derived.

Haskell et al. [37] work with relaxations of the order ≽(2) by considering parametrized

subfamilies U [m] = {u(·; ξ) | ξ ∈ Ξ} of the set U [m]
(2) of nondecreasing concave utilities.

Their main contribution consists in applying the idea of regret minimization to this sit-
uation. They define to each utility u a benchmark y(u) = maxx∈X E[u(f(x, ω))], where
f(x, ω) = (f1(x, ω), . . . , fm(x, ω)) with x 7→ f(x, ω) being concave for almost all ω, and
define the (negative) regret as

min
ξ∈Ξ

{E[u(f(x, ω); ξ)]− y(u(·; ξ))} (29)

which is always a nonpositive value. The regret minimization problem reads then

max
x∈X

min
ξ∈Ξ

{E[u(f(x, ω); ξ)]− y(u(·; ξ))} . (30)

Applying Lagrangian duality, this problem can be re-formulated as a convex semi-infinite
programming problem, and strong duality results can be shown. After that, Haskell et
al. extend their results to the case where a reference solution is used and show that the
regret objective can be interpreted as a penalty function for corresponding stochastic
dominance constraints.

In [36], compared to [37], more general sets U [m] of nondecreasing concave utility

functions (still forming compact subsets of U [m]
(2) ) are considered as a basis for stochastic
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dominance constraints. The higher degree of generality requires the introduction of cer-
tain perturbation terms in the stochastic dominance constraints as a technical mean to
make Slater conditions satisfied. If this is done, Lagrange multipliers of the constrained
problem turn out as nondecreasing concave functions. Moreover, [36] investigates SAA in
the addressed framework and extends the asymptotic consistency results for SAA given
in [44] to the more general situation considered here. Finally, it is shown that by a cou-
pling approach using a suitable joint distribution of the random variables f(x, ω) and the
reference random variable Y in the stochastic dominance constraint (instead of assuming
them as independent), computational advantages can be gained.

Noyan and Rudolf [53] consider the problem (28) for special variants of the linear
order ≽lin. The variants are derived from an Average Value-at-Risk AV@Rα. As in [42],
the weight vectors a used for the linear combination a⊤X are restricted to a polyhedron
P . Noyan and Rudolf define the relation of AV@R-preferability by saying that X is AV@R-
preferable10 to Y at confidence level α with respect to P , iff

AV@Rα(a
⊤X) ≥ AV@Rα(a

⊤Y) for all a ∈ P . (31)

Let us denote this order by ≽lin,P
AV@Rα

. Observe that a⊤X ≽(2) a
⊤Y implies AV@Rα(a

⊤X) ≥
AV@Rα(a

⊤Y) for all α, so AV@R-preferability relaxes the stochastic dominance in poly-
hedral second order introduced in [42, 43]. On the other hand, the continuum of AV@R-
constraints for all confidence levels α ∈ [0, 1] is equivalent to the constraint with respect
to ≽(2), so by several AV@R-constraints with different α, the latter can be approximated.
In their computational framework, the authors use LP formulations for the computation
of AV@Rα in the case of a finite scenario model, and they show that in the last-mentioned
case, it is sufficient to consider a finite subset of weight vectors a ∈ P . For the LP formu-
lations of the problem (28) with ≽ replaced by ≽lin,P

AV@Rα
and f and g linear, the authors

provide duality results. Moreover, they extend their theory from AV@R to more general
coherent risk measures. A cut-generation algorithm for the computational solution of the
problem is presented, and it is shown that it terminates after a finite number of iterations.
Illustrative examples (one of which is the homeland security budget allocation problem
from [43]) show the computational feasibility of the approach.

Instead of relying on positive linear ≽lin or, more generally, polyhedral second order
≽lin,P , Armbruster and Luedtke [4] use the ordinary second-order stochastic dominance
≽(2) in the constraints of (28). (Results for first-order stochastic dominance are given in [4]
as well; we skip their description here.) This approach has the advantage that the domi-
nance constraint is easily interpretable: only those solutions are taken into consideration
that every rational, risk-averse decision maker will prefer to the reference benchmark Y.
Of course, since ≽(2) is even stronger than ≽lin

(2), the number of feasible solutions may be
severely limited in this way. The authors argue that this drawback can be overcome by
using a random outcome of reduced quality compared to the benchmark. (Also in other
papers, e.g. [53], it has been suggested to relax the dominance over the benchmark by a
tolerance parameter.) Armbruster and Luedtke show that their approach has computa-
tional advantages as well, allowing a compact LP formulation for the constraint. The LP
formulation is derived through a characterization of second-order stochastic dominance

10Actually, the authors use the term CVaR instead of AV@R.
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by Strassen’s theorem which says that X ≽(2) Y holds if and only if there exist random
vectors X ′ and Y ′ with the same distributions as X and Y , respectively, such that X ′

is larger or equal to the conditional expectation of Y ′, given X ′. The authors test their
approach both on the homeland security budget allocation problem from [43]) and on
an interesting medical application, a multi-objective radiation treatment planing problem
under uncertainty, where the aim is to optimize the radiation dose targeted at a tumor
while keeping the dose to critical organs in the neighborhood as small as possible.

5 Conclusions and Future Research

Stochastic optimization is a well established quantitative methodology for decision prob-
lems with a priori unknown parameters. Such problems are ubiquitous in today’s eco-
nomic environment and in numerous managerial decision contexts that involve planning
for an uncertain future.

Many of these problems also encompass decision making with more than one objec-
tive. Traditionally, multi-objective optimization approaches have been used to tackle with
situations where multiple criteria play a role.

We have surveyed articles dealing with optimization problems that are both stochastic
and multi-objective. Our attention has been focused on approaches that do not elimi-
nate the multi-objective aspect of the problem by scalarization before the computational
analysis (this would require the decision maker to weigh her or his objectives), but rather
sustain the multi-objective character during the analysis. We have seen that for the con-
text of risk-neutral decisions, standard modeling concepts exist, though the computational
solution frequently remains challenging. In the case of risk-averse decision making, al-
ready the modeling part becomes highly nontrivial. No silver bullet to manage problems
of the latter kind has been found yet, but there are some very promising recent approaches
based on risk measures and multivariate stochastic orders to deal with them.

There is vast room for future research in the intersection of stochastic and multi-
objective optimization. Let us give a few examples. First, whereas a good part of the
current literature focuses on qualitatively different objectives (as cost vs. health effects or
return vs. environmental aims), a multi-objective perspective is already introduced into a
single-objective stochastic optimization application by the consideration of different time
horizons. In the simplest case, this generates a bi-objective tradeoff between a short-
term (operative) and a long-term (strategic) perspective. As an example, cf. Ahmed et
al. [2]. However, also several successive time horizons may be envisaged, which raises
the interesting question whether a sequence of objectives with an inherent linear order
structure can be treated by specifically tailored methods.

Second, state-of-the-art multi-objective optimization offers a considerable amount of
theoretical results and of solution algorithms, starting with the well-developed method-
ology of multi-objective linear programming (MOLP) and proceeding to areas as multi-
objective combinatorial or nonlinear optimization. It is widely unknown which of these
results and procedures generalize (in which way) to the stochastic case.

Third, the inclusion of risk-averse problem variants in stochastic multi-objective op-
timization is still rather new. This is especially true for discrete problem variants. In
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the single-objective context, some authors have started to extend methods of risk-averse
optimization (originally developed in financial engineering) from the continuous case to
integer programming (see, e.g., Schultz [66]), but despite a strong demand in diverse ar-
eas, an elaborated methodology of multi-objective discrete optimization under risk does
not yet seem to exist.

Fourth, as a consequence of the high complexity of SMOOPs, many real-world ap-
plications require suitable heuristic solution techniques. Whereas, e.g., multi-objective
evolutionary algorithms for deterministic problems are already well-developed and are
frequently used in application-oriented publications, there is still much to do to extend
these techniques to the stochastic situation and to gain experience with their application
to practical problems.

Finally, the field of multistage stochastic multi-objective optimization (which has to
be distinguished from basically static decision making with short-term and long-term ob-
jectives) is still widely unexplored, even on the modeling level. A considerable amount of
conceptual work, as well as the development of efficient solution algorithms and their test
on applied problems, will still be needed to cope successfully with multistage SMOOPs.
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[46] M. Köksalan, J. Wallenius, and S. Zionts. Multiple Criteria Decision Making: From
Early History to the 21st Century. World Scientific Publishing: Singapore, 2011.

[47] T.C. Koopmans. An analysis of production as an efficient combination of activities.
In Activity Analysis of Production and Allocation. Wiley, 1951.

[48] M. Laumanns, L. Thiele, and E. Zitzler. An efficient, adaptive parameter variation
scheme for metaheuristics based on the epsilon-constraint method. European Journal
of Operational Research, 169:932–942, 2006.

[49] A. Liefooghe, M. Basseur, L. Jourdan, and E.-G. Talbi. Combinatorial optimization
of stochastic multi-objective problems: an application to the flow-shop scheduling
problem. In Evolutionary Multi-Criterion Optimization, Lecture Notes in Computer
Science 4403, pages 457–471. Springer, 2007.

[50] A. Liefooghe, M. Basseur, L. Jourdan, and E.-G. Talbi. ParadisEO-MOEO: a frame-
work for evolutionary multi-objective optimization. In Evolutionary Multi-Criterion
Optimization, Lecture Notes in Computer Science 4403, pages 386–400. Springer,
2007.

[51] A. Müller and D. Stoyan. Comparison methods for stochastic models and risks. Wiley
series in probability and statistics. Wiley, Chichester, 2002.

[52] V.I. Norkin, Y.M. Ermoliev, and A. Ruszczyński. On optimal allocation of indivisibles
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