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Abstract

This paper prices insurance contracts by employing law invariant, coherent risk mea-
sures from mathematical finance. We demonstrate that the corresponding premium prin-
ciple enjoys a minimal representation. Uniqueness—in a sense specified in the paper—of
this premium principle is derived from this initial result. The representations are derived
from a result by Kusuoka, which is usually given for nonatomic probability spaces. We
extend this setting to premium principles for spaces with atoms, as this is of particular
importance for insurance.

Further, stochastic order relations are employed to identify the minimal representa-
tion. It is shown that the premium principles in the minimal representation are extremal
with respect to the order relations. The tools are finally employed to explicitly provide
the minimal representation for premium principles, which are important in actuarial
practice.

Keywords: Premium principles, Stochastic order relations, Fenchel-Moreau theorem.

1 Introduction

Convex principles for insurance contracts are formulated in Deprez and Gerber [8]. They
constitute an entire family of premium principles (cf. Young [28]), which can be employed
to price insurance contracts. More than ten years later the axioms contained there became
popular as coherent risk measures, which have been introduced in mathematical finance by
Artzner et al. [1]) to quantify the risk related to a financial exposure.
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Kusuoka [12] elaborates a comprehensive, explicit representation of these premium princi-
ples. The basic, elementary ingredient is well known in insurance as Conditional Tail Fxpec-
tation (CTE, sometimes also Conditional, or Average Value-at-Risk). The Conditional Tail
Expectation is employed in two ways in insurance: to price individual insurance contracts
and to evaluate the risk related to an entire portfolio of contracts (for example by US and
Canadian insurance supervisory authorities, cf. Ko et al. [11]). Kusuoka’s representation of a
premium principle is a supremum of convex combinations of CTEs. In this way the CTE thus
can be interpreted as an extemal point of a Choquet integral.

Choquet integrals of CTEs are also known as distortion risk measures, or Wang premium
principle in insurance (cf. Wang [27] or Denneberg [0] for an early discussion of the concept).
It is a main characteristic of these premium principles that they overvalue high risks, which
are unfavorable for the insurer, while assigning less weight to negligible risks in exchange.
Wang premiums constitute a convex premium principle, for which Pichler [20] elaborates the
corresponding convex conjugate.

It is known that Kusuoka representations of premiums or risk measures are not unique
(cf., e.g., Pflug and Rémisch [18]). However, it is demonstrated in Shapiro [23] for the special
case of distortion premiums that the corresponding Kusuoka representation allows a unique,
minimal representation. This raises the question of in some sense minimality of representations
of a general premium principle. It was also posed the question whether such a minimal
representation is unique in general? In this paper we give a positive answer to this question
and show how such minimal representations can be derived in a constructive way. Further
characterizations derived involve stochastic dominance relations of first and second order.

We finally provide minimal representations of two particular premium principles in the
concluding section. These premium principles are natural extensions of the Conditional Tail
Expectation, but they assign higher weights to the tails. As a special case we provide a
new closed form representation of the Dutch premium principle, which is a simple (and for
this reason very useful) premium principle allowing a compelling natural interpretation. Its
Kusuoka representation turns out to be a mixture of the net premium principle and the
Conditional Tail Expectation with a specified weight.

Kusuoka has elaborated his original results on probability spaces without atoms. As an
extension we discuss Kusuoka representations for probability spaces which are not nonatomic.
This is of particular interest for insurance contracts with a finite number of possible payouts
in case of the insurance event, as the underlying samples are typically modeled as atoms with
positive probability. Many life insurance contracts are notably of this specific form, where
the sum insured is paid in case of death, say, or nothing. The survival of an insured person
within one year is naturally given as an atomic insurance event with strictly positive measure,
the survival probability. Our characterization of law invariant premium principles provides a
necessary condition for existence of a Kusuoka representation on an atomic probability space.
It follows from our results that the probabilities of the atoms have to be of a very special
form in order to constitute a version independent premium principle, which are beyond the
canonical embedding in the standard probability space (the probabilities of the atoms have to
be equally weighted). This is not the case in actuarial practice, and it cannot be guaranteed
when employing an empirical measure to determine the weights of the atoms. For this we
conclude that additional premium principles are essentially not available in the case of a space
with atoms, so that one has to use the traditional premium principles.



Kusuoka [12] formulates his original results in L. (€2, F, P) spaces. Jouini et al. demon-
strate in [10] that a major assumption on continuity can be dropped in this case (the Fatou
property), as it is automatically satisfied. Here we consider the analysis in L, (€2, F, P) spaces,
p € [1,00), although different Banach spaces of random variables can be considered equally
well, cf. for example Bellini et al. [3] in this journal. For an extended discussion of a natural
choice of an appropriate Banach space we refer to Pichler [19].

Outline of the paper. The following Section provides the mathematical exposition. Sec-
tion 3 introduces Kusuoka’s representation and the measure preserving transportation map,
which is a main tool of our analysis. The following section (Section 4) addresses premium prin-
ciples on general probability spaces. Section 5 discusses maximality of Kusuoka sets, which
can be used to characterize minimal representations by employing stochastic dominance re-
lations of first and second order. Section 6 exposes examples of minimal representations of
important premium principles, while we conclude in Section 7.

2 Mathematical Setting

Throughout the paper we work with spaces Z := L,(2, F, P), p € [1,00). That is, Z € Z can
be viewed as a random variable with finite p-th order moment with respect to the reference
probability measure P. This is natural from an applications point of view and theoretically
convenient. The space Z equipped with the norm | Z], := ( |Z\de)1/p is a Banach space
with the dual space of continuous linear functionals Z* := L, (9, F, P), where ¢ € (1, 00| and
1/p+1/qg=1.

It is said that a (real valued) functional 7 : Z — R is a coherent risk measure' or a coherent
insurance premium, if it satisfies the following axioms (Artzner et al. [1]):

(A1) Monotonicity: if Z,Z' € Z and Z < Z', then n(Z) < n(Z’).
(A2) Convexity:
TtZ+ (1 -0)Z") <tr(Z)+ (1 -t)m(Z")
for all Z,Z' € Z and all t € [0, 1].
(A3) Translation Equivariance: if c € R and Z € Z, then n(Z 4 ¢) = n(Z) + c.

(A4) Positive Homogeneity: if t > 0 and Z € Z, then 7(t2) = tn(Z).

It is said that the risk measure 7 is conver if it satisfies axioms (A1)—(A3). The notation
7 < 7' expresses that the policy Z’ pays more than Z, i.e., Z(w) < Z'(w) for a.e. w € Q. For
a introductory discussion of premium principles (coherent (convex) risk measures) we refer to
Young [25].

We say that two policies Z;, Zy € Z are distributionally equivalent if F;, = Fy,, where
Fy(z) == P(Z < z) denotes the cumulative distribution function (cdf) of Z € Z. The risk

In a financial context the term coherent risk measure is often used for mapping R(Z) = w(—Z), or the
concave mapping R(Z) = —n(—Z) instead. The axioms then change accordingly.



measure (premium) 7 : Z — R is law invariant (with respect to the reference probability
measure P) if for any distributionally equivalent insurance policies 71,7, € Z it follows
that 7(Z1) = m(Z3). An important example of a law invariant coherent risk measure is
the Conditional Tail Expectation (also called Average Value-at-Risk, or Conditional Value-at-
Risk),

1
CTE.(Z) := %nlg {t+1-a)'EZ—-t]4} =(1- a)_l/ F;Y(r)dr, (2.1)
€ (03
where a € [0,1) and F,'(7) := sup{t : F(t) < 7} is the right side quantile function. Note
that F,'(-) is a monotonically nondecreasing right side continuous function.

e We denote by B the set of probability measures on [0, 1] having zero mass at 1. Unless
stated otherwise, when talking about topological properties of I3 we use the weak topology
of probability measures (see, e.g., Billingsley [1] for a discussion of weak convergence of
probability measures).

It was elaborated by Kusuoka [12] that when the probability space (2, F, P) is nonatomic,
every law invariant, coherent risk measure 7 has the representation

7(Z) = sup /0 CTEL(Z)dula). Zc 2, (2.2)

neEM
where 9 is a set of probability measures on [0, 1].

Definition 2.1 We say that a set M of probability measures on [0, 1] is a Kusuoka set if the
representation (2.2) holds.

Note that the Kusuoka set is associated with a risk measure 7 and the space Z. Since it is
assumed that 7(Z) is finite valued for every Z € L,(2, F, P), with p € [1, 00), it follows that
every measure pu € 9 in representation (2.2) has zero mass at a = 1 and hence 9 C B.
Note also that if 9t is a Kusuoka set, then its topological closure is a Kusuoka set too (cf.
Shapiro [23, Proposition 1]).

Outline of the paper. The paper is organized as follows. In the next section we introduce
the notation and discuss minimality and uniqueness of the Kusuoka representations. In Sec-
tion 4 we consider Kusuoka representations on general, not necessarily nonatomic, probability
spaces. In Section 5 we investigate maximality of Kusuoka representations with respect to
order, or dominance relations. In Section 6 we discuss some examples, while Section 7 is
devoted to conclusions.

3 Uniqueness of Kusuoka sets

It is known that the Kusuoka representation is not unique in general. In this section we
elaborate that there is minimal Kusuoka representation in the sense outlined below. To
obtain the result we shall relate the Kusuoka representation to distortion premiums (Wang
premiums) first and then outline the results.



We can view the integral in the right hand side of (2.2) as the Lebesgue-Stieltjes integral
with o : R — [0, 1] being a right side continuous monotonically nondecreasing function (dis-
tribution function) such that p(t) = 0 for ¢ < 0 and p(t) = 1 for ¢t > 1. For example, take
w(t) =0 for t < 0 and p(t) =1 for t > 0. This is a distribution function corresponding to a
measure of mass one at o = 0. In that case

1
/ CTE.(Z)du(a) = CTEW(Z) = E[Z],
0
where the integral is understood as taken from 0~ to 1.

Note: When considering integrals of the form [ h(a)du(a), v > 0, with respect to a distri-
bution function p(-) we always assume that the integral is taken from 07, i.e., a neighborhood
of 0 is always included in the interval for integration.

Definition 3.1 (Measure-preserving transformation) We say that T : Q@ — Q is a
measure-preserving transformation if T' is one-to-one, onto, measurable and for any A € F it
follows that P(A) = P(TY(A)). We denote by § the group of measure-preserving transfor-
mations.

This definition of measure-preserving transformations is slightly stronger than the standard
one in that we also assume that 7' is one-to-one and onto; hence T' is invertible and for any
A € F it follows that T'(A) € F and P(A) = P(T(A)).

e We refer to the probability space © = [0, 1] equipped with its Borel sigma algebra and
uniform probability measure P, as the standard probability space. In the nonatomic
case without loss of generality it suffices to consider the standard probability space.
Unless stated otherwise we assume in the remainder of this section that (€2, F, P) is the
standard probability space.

Remark 1 Note that two random variables Z;, Z5 :  — R have the same probability distri-
bution iff there exists a measure-preserving transformation 7' € § such that? Z, = Z;0T (e.g.,
Jouini et al. [10]). It follows that a random variable Z : Q — R is distributionally equivalent
to F,;', i.e., there exists T € § such that a.e. F;' = ZoT (e.g., [23]).

Definition 3.2 (Distortion function, cf. Bellini and Caperdoni [2]) We say that o :
[0,1) — [0,00) is a distortion function (or spectral function) if o(-) is right side continuous,
monotonically nondecreasing and such that fol o(t)dt = 1. The set of distortion functions is

denoted by ®.

Consider the linear mapping T : B — © defined as

(Tu)(7) := /DT(l —a) tdu(a), T €[0,1).

2The notation (Z o T')(w) stands for the composition Z(T(w))).



This mapping is onto, one-to-one with the inverse j = T~ !0 given by

pla) = (T o) (@) = (1 — a)o(a) + /Oa o(r)dr, «a€l0,1]

(cf. [23, Lemma 2]). In particular, let u = > | ¢;id,,, where d, denotes the probability
measure of mass one at «, ¢; are positive numbers such that " ;¢; =1, and 0 < oy < ay <

- <« < 1. Then
T3t

where 14 denotes the indicator function of the set A.

A (real valued) premium 7 : Z — R is continuous in the norm topology of Z = L,(2, F, P)
(cf. Ruszczynski and Shapiro [21]), and by the Fenchel-Moreau theorem has the dual repre-
sentation

ir1]

m(Z)=sup((,Z), Z € Z, (3.1)
ce

where 2 C Z* is a convex and weakly compact set of density functions and the scalar
product on Z* x Z is defined as ((, Z) fo 7)dr. Since 7 is law invariant, the dual set
2l is invariant under the group § of measure preservmg transformations, i.e., if { € 2, then
(oT eAforany T € § (cf. [23]).

Note that if

n(Z) =sup((, Z), Z € Z, (3.2)
cee

holds for some set € C Z*, then € C 2.
For a set T C Z* we denote

O):={CoT:TeF CeT}

its orbit with respect to the group §.
Consider the following definition (cf. [23, Definition 1]).

Definition 3.3 (Generating sets) We say that a set T C D of distortion functions is a
generating set if the representation (3.2) holds for € := O(Y). That is,

w(Z) = sup/ o(r)F, (1)dr, Z € Z. (3.3)

ceY Jo

It follows that if T is a generating set, then O(T) C 2L.
Proposition 3.1 A set M C P is a Kusuoka set iff the set T := T(IM) is a generating set.

Proof. By using the integral representation (2.1) of CTE we can write

/ CTEL(Z)du(a / / (1— o) F () drdp(a) = /0 () (1) P ()

Therefore representation (2.2) can be stated as

7(Z) = sup / (Tp)(7)F; (7 dr

HEM J 0

Together with (3.3) this shows that 9t is a Kusuoka set iff T(90) is a generating set. 1
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Definition 3.4 (Exposed points) [t is said that { is a weak* exposed point of 2 C Z* if
there exists Z € Z such that gz(¢) := ((, Z) attains its maximum over ¢ € A at the unique
point (. In that case we say that Z exposes A at (. We denote by Exp() the set of exposed
points of A.

A result going back to Mazur [11] says that if X is a separable Banach space and K C X™*
is a nonempty weakly* compact subset of X*, then the set of points x € X which expose
K at some point z* € K is a dense (in the norm topology) subset of X (see, e.g., Larman
and Phelps [13] for a discussion of these type results). Since the space Z = L,(Q2, F, P),

p € [1,00), is separable we have the following theorem:®

Theorem 3.1 Let 2 be the dual set in (3.1). Then the set
D :={Z € Z: Z exposes A at a point } (3.4)
is a dense (in the norm topology) subset of Z .
This allows to proceed towards a minimal representation of a risk measure as follows.

Proposition 3.2 Let Exp(2() be the set of exposed points of A. Then the representation (3.2)
holds with € := Exp(). Moreover, if the representation (3.2) holds for some weakly* closed
set €, then Exp() C €.

Proof. Consider the set D defined in (3.4). By Theorem 3.1 this set is dense in Z. So for
Z € Z fixed, let {Z,} C D be a sequence of points converging (in the norm topology) to Z.
Let {¢,} C Exp(2) be a sequence of the corresponding maximizers, i.e., 7(Z,) = ((n, Zn)-
Since 2 is bounded, we have that ||(,||* is uniformly bounded. Since 7 : Z — R is real valued
it is continuous (cf. [21]), and thus 7(Z,,) — 7(Z). We also have that

|7T(Zn> - <<mZ>| = |<CmZn> - <(m Z>| < ||Cn||*”Zn - Z” — 0.

It follows that
7(2) = sup{{Cen Z) m=1,..},

and hence the representation (3.2) holds with € = Exp ().

Let € be a weakly* closed set such that the representation (3.2) holds. It follows that €
is a subset of 2 and is weakly* compact. Consider a point ¢ € Exp(2(). By the definition of
the set Exp(2l), there is Z € D such that 7(Z) = ((,Z). Since € is weakly* compact, the
maximum in (3.2) is attained and hence w(Z) = ((’, Z) for some (' € €. By the uniqueness
of the maximizer ( it follows that ¢’ = ¢. This shows that Exp(2() C €. ]

For a set A C Z* we denote by A the topological closure of A in the weak* topology of
the space Z*. By the above proposition, Exp(2() coincides with the intersection of all weakly*
closed sets € satisfying representation (3.2).

3We need here the dual set 2 to be compact, this is why we assume in this section that 7 is real valued.



Proposition 3.3 The sets Exp(2() and Exp(2) are invariant under the group § of measure
preserving transformations.

Proof. For T € § we have that

<CoT,Z>=/O (T () 2( dr—/c (M)dr = ((, ZoTY).

Thus ¢ € 2 is a maximizer of ((,Z) over ¢ € 2, iff ( o T is a maximizer of (¢, 7' o Z)
over ¢ € A. Consequently we have that if ( € Exp(2), then ( o T € Exp(2l), i.e., Exp(2l) is
invariant under §.

Now consider a point ¢ € Exp(2l). Then there is a sequence ¢, € Exp(2) such that ((,, Z)
converges to ((, Z) for any Z € Z. For any T € § we have that (, o T € Exp(2), and hence
(GuoT,Z) = (Cu, Z o T7Y) converges to ((,ZoT ') = ((oT,Z) for any Z € Z. It follows
that ( o T € Exp(2l). |

By the latter proposition we have that for any exposed point there is a distributional
equivalent which is a monotonically nondecreasing function. We employ this observation in
the following Corollary 3.1 to reduce the generating set.

Definition 3.5 Denote by € the subset of Exp(2l) formed by right side continuous monoton-
ically nondecreasing functions, i.e., € : =29 N Exp(A).

It follows by Proposition 3.2 that the topological closure € (of the set &) is the unique
minimal generating set in the following sense.

Corollary 3.1 The set € is a generating set. Moreover, if T is any weakly™ closed generating
set, then the set € is a subset of T, i.e., € coincides with the intersection of all weakly* closed
generating sets.

As before, let (2, F, P) be the standard probability space and consider the space Z :=
L,(Q,F,P), pe[l,o00),its dual Z2* = L (2, F, P), and the set

P, = {ucP:Tue 2.

Proposition 3.4 The set B, is closed and the mapping T is continuous on the set P, with
respect to the weak topology of measures and the weak™ topology of Z*.

Proof. Let {u;} C B, be a sequence of measures converging in the weak topology to u € B,
and define (; := Tug and ¢ := Tu. For Z € Z we have that

/ G ()t = / / (1 — a) L dpuy(a)dt = /Olu—a)-lhz(a)duk(a»

where hz(« f Z(t)dt. Note that |hz(a)| < [|Z||, for a € [0,1], and the function
a — hz(a ) is contmuous Let us choose a dense set V C Z such that for any Z € V
the corresponding function (1 — «) *hz(«) is bounded on [0,1]. For example, we can take

8



functions Z € Z such that Z(t) = 0 for t € [y, 1] with v € (0,1). Then for any Z € V we have
that

Jim i Z(t)Gk(t)dt = lim i (1—a)1hz(@)duk(@)—/o (1 — ) hz(a)du(w),
and hence ) )
Jim [ 060 - / Z(t)C()dt, (3.5)

with the integral in the right hand side of (3.5) being finite. This shows that T is continuous
at p and ¢ € Z*, and hence p € °B,. 1

It follows that if € C 2 is a weakly* closed set of right side continuous monotonically
nondecreasing functions, then T~(€) is a closed subset of B.

Definition 3.6 (Minimality) We say that a Kusuoka set M C B is minimal if M is closed
and for any closed Kusuoka set M’ it holds that M C M. We say that a generating set T

is minimal if T is weakly* closed and for any weakly* closed generating set Y’ it holds that
TCT.

Note that it follows from the above definition that if a minimal Kusuoka set exists, then
1t 1S unique.

By Propositions 3.1 and 3.4 we have that a Kusuoka set 9t is minimal iff the set T ()
is a minimal generating set. Together with Theorem 3.1 and Proposition 3.2 this implies the
following result. Recall the set € described in Definition 3.5.

Theorem 3.2 The set M := T~1(&) is a Kusuoka set and its closure M = T-1(¢) = T~1(¢€)

18 the minimal Kusuoka set.

This shows that the minimal Kusuoka set indeed exists and, as it was mentioned before,
by the definition is unique. In particular we obtain the following result (cf. [23]).

Corollary 3.2 Let 7, : Z — R be a distortion premium (Wang premium) with distortion
function 0 € Z* N2, i.e.,

Then its minimal Kusuoka set is given by the singleton {T 'c}.

4 Premium principles on general spaces

In the previous section we considered cases when the reference probability space is nonatomic.
Of course this rules out, for example, discrete probability spaces. So what can be said about
premiums defined on probability spaces with atoms? Let us consider the following construc-
tion. Suppose that the reference probability space can be embedded into the standard prob-
ability space. That is, let (2, F, P) be the standard probability space and G be a sigma
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subalgebra of F such that the considered reference probability space is equivalent (isomor-
phic) to (Q,G, P). So we can view (€2, G, P) as the reference probability space. For example,
let the reference probability space be discrete with a countable (finite) number of elemen-
tary events and respective probabilities py, ps,.... Let us partition = [0, 1] into intervals
Ay, Ay, ... of respective lengths py, po, ..., and consider the sigma algebra G C F generated
by these intervals. This will give the required embedding of the discrete probability space into
the standard probability space.

Consider the space Z := L,(9Q,G,P), p€[l,00), and a law invariant risk measure (pre-
mium) o : Z 5 RU {+o0}. Note that p is supposed to be law invariant with respect to
the reference probability space. That is, if Z1, Z5 € Z are two G-measurable distributionally
equivalent random variables, then o(Z;) = o(Z,). Note that G-measurability of Z € Z does
not necessarily imply G-measurability of F,'. Note also that the space Z is a subspace of the
space Z := L,(Q2, F, P). Therefore a relevant question is whether it is possible to extend p to
a premium on the space Z. For a premium 7 : Z — R we denote by 7| 5 the restriction of
7 to the space Z, i.e., # = 7|3 is defined on the space Z and 7(Z) = n(Z) for Z € Z. Note
that in this section we consider premiums which may take the value +o0.

Definition 4.1 (Regularity)A We say that a proper lower semicontinuous law invariant co-
herent (convex) premium o : Z2 — R U {400} is regular if there exists a proper lower semi-
continuous law invariant coherent (convex) premium 7 : Z2 — RU {400} such that 7|z = o.

A similar definition was given in Noyan and Rudolf [16, Definition 6.1].

For example, the Conditional Tail Expectation and the Dutch premium principle (cf. van
Heerwaarden and Kaas [20], also called mean-semideviation measures) are regular premiums
irrespective of the reference probability space. We denote by & the set of measure-preserving
transformations of the reference space (2,G, P). Note that & is a subgroup of the group § of
measure-preserving transformations of the standard probability space (2, F, P).

For a regular law invariant coherent premium o = 7 we can write for Z € Z the dual
representation

o(Z) = sup /O (O FS (b, (4.1)

oceY

where T is a generating set of the corresponding premium principle 7 : 2 — RU {400}, and
the respective Kusuoka representation

o(Z) = sup/0 CTE.(Z)du(w), (4.2)

peM

where 9 is the set of probability measures corresponding to the premium 7 : Z — RU{+o0}.
Conversely, if the representation (4.1) or the Kusuoka representation (4.2) holds and the right
hand side of (4.1) (or (4.2)) is well defined and finite for every Z € Z, then g is a regular law
invariant coherent premium. Hence we have the following.

Proposition 4.1 A proper lower semicontinuous law invariant premium o : Z -5 RU {+o0}

is reqular iff there exists a set Y C L,(2, F, P) of distortion functions such that the represen-
tation (4.1) holds, or equivalently iff the Kusuoka representation (4.2) holds.
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Let us give now sufficient conditions for the regularity of a coherent premium principle
defined on a reference probability space. Consider the following condition.

(B) For any G-measurable random variable Z : [0,1] — R there exists measure preserving
transformation 7' € &, of the reference space (2, G, P), such that Z o T is monotonically
nondecreasing.

Proposition 4.2 Suppose that condition (B) holds. Then every proper lower semicontinuous
law invariant coherent premium o : Z — RU {400} is regular.

Proof. Let ¢o: Z — RU {400} be a proper lower semicontinuous law invariant coherent
premium. It has the dual representation

= sup/ CH)Z(t)dt, Z € Z, (4.3)

ce

where 21 C Z* is the corresponding dual set of density functions. Since p is law invari-
ant, the set 2 is invariant with respect to measure-preserving transformations 7' € & (e.g.,
Shapiro [22]).

Suppose that condition (B) holds. Consider an element Y € Z. By condition (B) there
exists T € & such that Z = Y o T is monotonically nondecreasing. It follows that Z € Z
and Z 2 Y, and hence o(Z) = o(Y), and that Z = Fy''. So let Z € Z be monotonically
nondecreasing and consider an element € 2A. By condition (B) there exists T' € & such that
1n = ¢ o T is a monotonically nondecreasing function. Since 20 is invariant with respect to
transformations of the group Q§ it follows that n € 2. Also by monotonicity of Z we have
that fol t)dt < fo )dt and hence it suffices to take the maximum in (4.3) with
respect to C € T where T is the subset of 2 formed by monotonically nondecreasing n e 2A.
Define now .

7(Z) = sup / WOF; ($)dt, Z € 2.
net J0
We have that 7 : Z — R U {+o0} is a proper lower semicontinuous law invariant coherent
premium principle and 7|5 = p. This shows that g is regular. 1

Suppose now that the reference probability space is finite, Q = {wy,...,w,}. It can be
embedded into the standard probability space. The corresponding space Z consists of all
functions 7 : {wy,...,w,} — R. If all respective probabilities p, ..., p, are equal to each other,
then the associated group & of measure preserving transformations is given by the set of
permutations of {wy, ...,w,}. It follows that condition (B) of Proposition 4.2 holds and hence
we have the following result (cf., [17]).

Corollary 4.1 Let the reference probability space {w1,...,w,} be finite, equipped with equal

probabilities p; = 1/n, i = 1,...,n. Then every law invariant coherent risk measure o : Z — R
1s reqular, and hence has a Kusuoka representation.
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In Pflug and Rémisch [15, p.63] is given an example of a law invariant coherent risk measure
defined on space of random variables Z : Q — R, with = {w;, ws} having two elements with
unequal probabilities p; # po, for which the Kusuoka representation does not hold. We give
now an example of a class of law invariant coherent risk measures which are not regular, and
hence do not have a Kusuoka representation.

Example 1 Consider the above framework where the reference probability space is em-
bedded into the standard probability space, and Z = L,(Q,G,P). Suppose that the ref-
erence probability space (£2,G, P) has atoms. Thus there exists » > 0 such that the set
A" = {w € Q : P({w}) = r}, of all atoms having probability r, is nonempty. Clearly the
set A" is finite, let N := |A"| be the cardinality of A" (the set A" could be a singleton, i.e.,
it could be that N = 1). The set A" = UY | A;, where A; C Q, i = 1,..., N, are intervals of
length . Note that since Z € Z is G-measurable, Z (+) is constant on each A;; we denote by
Z(w) this constant when w € A;.

Assume that the reference probability space is not a finite set equipped with equal proba-
bilities, so that P(€2\ A") > 0. Define

o2):==Y Zw), Ze Z. (4.4)

wEAT

Clearly o : Z — R is a coherent risk measure. Suppose further that the following condition
holds.

C) It z, 7' € Z are distributionally equivalent, then there exists a permutation 7 of the set
A" such that Z'(w) = Z(7(w)) for any w € A".

Under this condition, the risk measure p is law invariant as well. Let us show that it is not
regular.

Let us argue by a contradiction. Indeed, suppose that ¢ = 7 for some proper lower
semicontinuous law invariant coherent risk measure 7 : Z — R U {400} and set 7 := 3.
Note that o(Z) depends only on values of Z(-) on the set A", i.e., for any Z, 7' € Z we have
that 7(Z) = n(2') if Z(w) = Z'(w) for all w € A". In particular, if Z(w) = 0 for all w € A",
then m(Z) = 0. It follows that 7(15) = 0 for any G-measurable set B C 2\ A”. Note that the
set 2\ A" has a nonempty interior since the set A" is a union of a finite number of intervals
and P(Q\ A”) > 0, and hence we can take B C 2\ A" to be an open interval. Since 7 is law
invariant it follows that 7(1p(p)) = 0 for any measure-preserving transformation 7' : Q — Q
of the standard uniform probability space. Hence there is a family of sets B; € F,i=1,...,m,
such that 7(1p,) =0,i=1,...,m, and [0, 1] = U, B;. It follows that for any bounded Z € Z
there are ¢; > 0,7 =1,...,m, such that Z < " ¢;1p,. Consequently

W(Z) <m (Z:il CilBi) < Z:il Ciﬂ-(]‘Bi) = 07

this clearly is a contradiction.

It follows that the risk measure p, defined in (4.4), does not have a Kusuoka representation.
Note that it was only essential in the above construction that the restriction of the risk measure
0: Z — R to the set A" is a law invariant coherent risk measure. So, for example, under the
above assumptions the risk measure o(Z) := max{Z(w) : w € A"} is also not regular.
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As far as condition (C) is concerned, suppose for example that the reference space is finite,
equipped with respective probabilities p1, ..., p,. For some r € {p1,...,p,} let Z, .= {i : p; =
r, i=1,..,n}. Suppose that

ST # Y py VICT, VI C {1 i)\ T (45)
el Jj€J

Then condition (C) holds for the set A" := {w; : ¢ € Z,}. That is, condition (4.5) ensures
existence of a nonregular premium p.

5 Maximality of Kusuoka sets

In this section we discuss Kusuoka representations with respect to stochastic dominance rela-
tions and investigate the maximality of these sets with respect to those orders. As before we
consider probability measures p supported on the interval [0, 1] and continue identifying the
measure 4 with its cumulative distribution function p(a) = p{(—o00,al}, a € R. Recall that
since p is supported on [0,1], it follows that u(a) = 0 for & < 0 and u(a) =1 for a > 1.

Definition 5.1 [t is said that py is dominated in first stochastic order by us, denoted 1 =pus,
if 1 (@) > pg (a) for all a € R. If moreover, puy # ps we write p1 <.

A set of measures (I, <), equipped with the first order stochastic dominance relation, is
a partially ordered set.
In the space of functions 0 € Z* we consider the following dominance relation.

Definition 5.2 For 01,0, € Z* it is said that o1 is majorized by oo, denoted o105, if
fvl o1 (t)dt < fvl aa(t)dt  for all v € 10,1], and
[ on(t)dt = [ oa(t)dt.

Remark 2 For monotonically nondecreasing functions o1, 0 : [0, 1] — R the above concept
of majorization is closely related to the concept of dominance in the convex order. That is,
if 0y and o, are monotonically nondecreasing right side continuous functions, then they can
be viewed as right side quantile functions o = F, Vand oy = F Z ! of some respective random
variables Z; and Z,. It is said that Z; dominates Z5 in the convex order if E[u(Z;)] > E[u(Z3)]
for all convex functions u : R — R such that the expectations exist. Equivalently this can be
written as (see, e.g., Miiller and Stoyan [15])

1 1
/ Fyl(t)dt > / F, ' (t)dt for all v € [0,1], and E[Z;] = E[Z,].
v v

The dominance in the convex (concave) order was used in studying risk measures in Follmer
and Schied [9] and Dana [5], for example.

Note that if 01,09 € Z* ND and o109, then

/ (O (bt < / oS ()t 7€ 2. (5.1)
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Example 2 Let 7w be given by maximum of a finite number of distortion premiums (Wang
premiums), i.e., 1
w(Z) = max/ o()F;'(t)dt, Z € Z,
1<i<n /i
for some 0; € Z*ND, i = 1,...,n. Then the set T := {01, ...,0,} is a generating set and the
convex hull of O(T) is the dual set of 7. An element o; of {0y, ...,0,} is an exposed point of
the dual set iff o; can be strongly separated from the other o5, i.e., iff there exists Z € Z such
that (0, Z) > (0, Z) + ¢, for some € > 0 and all j # 4. So the generating set T is minimal iff
every o; can be strongly separated from the other o;.
If there is o; which is majorized by another o, then it follows by (5.1) that removing
o; from the set T will not change the corresponding maximum, and hence T \ {o;} is still
a generating set. Therefore the condition: “every o; is not majorized by any other o;” is
necessary for the set T to be minimal. For n = 2 this condition is also sufficient. However, it
is not sufficient already for n = 3. For example let o; and o5 be such that ¢ is not majorized
by o9, and o9 is not majorized by oy, and let o3 := (07 + 03)/2. Then clearly o3 can be
removed from T, while o3 is not majorized by oy or o5. Indeed, if o3 is majorized say by oy,

/1 oo ()t < /1 o1(B)dt, v € [0, 1],

a contradiction with the condition that oy is not majorized by o;.

and hence

We show now that first order dominance of measures is transformed by the operator T
into majorization order in the sense of Definition 5.2. The converse implication,

{0105} = {T o =T 'oy}

does not hold in general. A simple counterexample is provided by the measures p1; := 0.1 g2+
0.9 and po := 0.269.5+0.8 dg.9. This shows that the first order stochastic dominance indeed
is a stronger concept.

Proposition 5.1 For iy, ps € P, it holds that if i =pe, then Ty <Tho.

Proof. By definition of T and reversing the order of integration we can write for v € (0, 1),

/OW(M //—dul )t — //—dtdul()

Now by Riemann-Stieltjes integration by parts
g gl — gl 1

- [T (F=2) = [t e,
a=0 0 l—a 0 (1 - )
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where we used that p1(07) = pe(07) = 0. Since pu=py we have that p;(-) > uo(+) and hence

1 —a)

Because of fol(']I‘,u) (t)dt = 1, this implies that

/ (Tyun) (1)t < / (Tp) (t)et,

and hence T < Tpus. |

Let 9t be a Kusuoka set and puq, us € 9. As it was pointed out above, it follows from
(5.1) that if Ty < Tug, then the measure py can be removed from 9. Hence it follows by
Proposition 5.1 that if ;< uo, then the measure p; can be removed from 9.

Definition 5.3 A measure p € M C P is called a maximal element, a maximal measure or
non-dominated measure of (MM, <), if there is no v € M satisfying p<v.

The measures 0y and J; are extremal in the sense that Jo=p=d; for all u € B, that is d; (do,
resp.) is always a maximal (minimal, resp.) measure.

The next theorem elaborates that it is sufficient to consider the non-dominated measures
within the closure of any Kusuoka set.

Theorem 5.1 Let 9 be a Kusuoka set of the law invariant coherent premium m : Z2 — R,
and M be its topological closure. Then the augmented set {y' € B p' < p for some p € M}
is a Kusuoka set as well. Furthermore, the set of extremal measures of M, i.e., M = {u €
M : vt u for allv € M} is a Kusuoka set.

Proof. Let p/=<p € M. As a— CTE,(Y) is a nondecreasing function and as pu(-) < p/(+) it
follows by Riemann-Stieltjes integration by parts that

|| CTE(Y)du(e) = p(@)CTEW) Loy~ [ (a)dCTEL(Y)
> (0)CTEAY oy = [ W(@)CTELY)

-/ CTEL (V) (da),

which is the first assertion.

For the second assertion recall that (90, <) is a partially ordered set and so is (901, <).
Consider a chain € C 9, that is for every p, v it holds that g=v or v=pu (totality). Then the
chain ¢ has an upper bound in € C 9: to accept this (cf. the proof of Helly’s Lemma in van
der Vaart [25]) define

pe () = inf pu(z)
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(the upper bound), which is a positive, non-decreasing function satisfying ue(1) = 1. As any
1 € € is right side continuous it is upper semi-continuous, thus pe, as an infimum, is upper
semi-continuous as well, hence p¢ is right side continuous and pe thus represents a measure,
e € P. To show that pe € € let z; be a dense sequence in [0, 1] and choose f;,, € € such
that g, (z;) < pe(x;) +27". As € is a chain one may define p,, := min{y,;, : i =1,2,...n}.
It holds that p,(z;) < pe(z;) +27" for all i = 1,2,...n. As x; is dense, and as pu,, as well as
e are right side continuous it follows that p,, — je uniformly, hence pe € €.

By Zorn’s Lemma there is at least one maximal element p* in 9%, that is there is no
element v € 91 such that v = p*. Hence

ptoe {peM: ~IeM:v-pu}
{peM: weM:vpup =

and O thus is a non-empty Kusuoka set. Recall that 9t C 9, hence

m(Y) = sup/ CTE, (V) p (de)

HEM JO
1
= sup/ CTE, (V) p(de) > Sup/ CTE, (Y) pu(da) .
UEM Y0 peM’

To establish equality assume that 7 () # sup,con fol CTE, (-) 1 (dev). Then there is a
random variable Y satisfying

7 (Y) > sup / CTE, (V) 4 (da) . (5.2)
wem Jo

For this Y and for some £ > 0 choose p € 9 such that 7 (Y) < ¢ + fol CTE, (V) p (de).

Consider the cone M, := {V cMm: ,ujy}. Notice that (91, <) again is a partially ordered
set, for which Zorn’s Lemma implies that there is a maximal element i € 901, with respect to
=<, and it holds that =g by construction.

We claim that g € 9. Indeed, if it were not, then there is v/ € 9 with v/ = . But
this means p=a<v’, so v’ € M, and hence i < v/, contradicting the fact that i is a maximal
measure in 9, and hence 1 € M.

Now by Riemann-Stieltjes integration by parts

7T(Y)—8</O CTE.(Y)du(«)
= HO)CTELV) = [ n(@)dCTE,(Y)
< ji(0)CTEL(V)I_, /0 () dCTEL (V)

-/ CTE.(V)(da),

as o — CTE,(Y) is a non-decreasing function and as u=j, that is p(-) > a(-).
But as 7z € 9V this is a contradiction to (5.2), such that the assertion holds indeed. ]
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6 Examples

In order to demonstrate the minimal Kusuoka representation we have chosen two examples.
The first is taken from Dentcheva et al. [7] and generalizes the Conditional Tail Expectation.
The second example elaborates the Kusuoka representation of the higher order semideviations.
This example exposes the minimal Kusuoka representation of the Dutch premium principle.

6.1 Higher order premiums

Consider the premium

w(Z) = %gﬂg {t+c|l[Z—t+lp}. Z € L,(Q, F, P), (6.1)

where ¢ > 1 and p € [1,00). For p = 1 we have that 7 = CTE,, with o :=1— ¢ L.
Proposition 6.1 The minimal generating set of the premium 7, defined in (6.1), is given by

9 :={ceD:|ol,=c}, (6.2)
where 1/p+1/q = 1.

Proof. For p =1 (and hence ¢ = o0) and ¢ = (1—«) ™!, the set defined in the right hand side
of (6.2) consists of the single distortion function & = (1 — &) '1j,1). In that case m# = CTE,
and its minimal generating set is the singleton {7}.

Let us suppose now that p > 1. It is known that T = {U €D o, < c} is a generating
set and 2 = O(Y) is the dual set of 7 (cf., [7]). We show first that it is enough to consider
distortion functions o satisfying |||, = ¢, i.e., § = {0 € D : [|o|, = ¢} is also a generating
set of 7. Indeed, for o satisfying ||o||, < ¢ define

o

oy (u) == 1pq9(u) - (a(u) + ﬁ i a(t)dt> , v €[0,1).
It is evident that v — |lo,||, is a continuous and unbounded function, hence there is a 7
such that |0, |, = c. Moreover o<, by construction. According to (5.1) this completes the
arguments.

Consider now some ¢ € §, and define Z := (?~!. Note that ¢ — 1 = ¢/p, and hence
1Z], = ||§||Z/p = c¥? and Z € L,(Q, F,P). Also ((,Z) = [P = ||C_||g = ¢4, and for any
¢ € A we have that

(€, 2) < cllollZllp < e - P = e,

Moreover, for p > 1 the above inequality is strict for ¢ # ¢. This shows that ¢ is the unique
maximizer of (-, Z) over the dual set, and hence ( is an exposed point of the dual set. It
remains to note that the set § is closed in the weak topology (for p € (1,00) the space
L,(2, F, P) is reflexive and hence the weak and weak* topologies do coincide here). ]

It follows by Theorem 3.2 that the set T—!($)) is the minimal Kusuoka set of . We also
can write (see (3.3))
n(Z) =supn,(Z), Z € L,(Q2, F,P),

oEN

17



where 7, (Z fo 7)dr is the correspondmg distortion premium (Wang premium).

Note also that for any o € © we have that fo T)dr =1, 1ie., |01 = 1. Also |o|l; < |||,
for any g > 1, which is in compliance with ¢ > 1. For ¢ =1 the set $ is the singleton {11y}
and m(Z) = E[Z] For p > 1 and ¢ > 1 the set § consists of more than one point and hence
the corresponding premium 7 is not a distortion premium (Wang premium).

6.2 Higher order semideviation

Our second example addresses the p—semideviation premium
m(2) =E[Z|+ X |[Z -EZ],||,, Z € L,(2. F, P),

where p € [1,00) and A € [0,1]. Again we denote by 7, the distortion premium principle
(Wang premium) associated with o € ® and show that the following representation holds

7 (Z) = sup (1 - L) E[Z) + 27 (2), Z € Ly(Q, F, P). (6.3)

g
sup ToT,

Moreover, we show that for p > 1 the above representation is minimal in the sense that the
corresponding Kusuoka representation

1
w(Z) = “sg%) {(1 - m> E[Z] + M/O CTEa(Z)d,u(a)} : (6.4)
is minimal, i.e.,

B = {(1 TEaT, ) 0o + [ i 1€ ‘Bq}

is the minimal Kusuoka set of 7. Notice that [lo||, > [lof|, = 1, and hence 1 — ”0’\Hq >0
whenever 0 < )\ < 1.

Proposition 6.2 The p—semideviation premium m has the representation (6.4), and this
Kusuoka representation is minimal whenever p > 1.

Proof. By Holder’s inequality
1 1
E[Z¢] < (E[Z]")r (EIC])e

and

D=

E|2P)» = swp {E[2(): |¢], <1}

Clearly
(E[22))7 = sup {E[Zq: ¢=0.l¢l, <1},

W It follows that

the supremum being attained at ( =

|(z ~El2]), ||, = sup {E[(Z — E[2])(]: ¢ = 0, ]Cll, < 1} (6.5)
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Now

m(Z) = E[Z]+X|[(Z -E[2]), Hp

— sup {E[Z] + E[(Z — E[Z])¢]: ¢ = 0,]icll, < 1}

— sup { (1 - AE[C) EIZ] + AE[2¢): ¢ = 0, ], < 1} (6.6)

- an{(1-) w23 ] <=0}

- sup{<1 A )JE[Z] ArElZC): ¢ = 0, Bl¢ = 1}. (6.7)
For ¢ feasible in (6.7) define the function o, (u R. (¢) and observe that

1
o2 = / o1 (a)da = E[¢7] = ¢]¢.

Now notice that every random variable ¢ in (6.7) is given by ¢ = o (U) for a uniform U where
0 is non-negative, non-decreasing and fol o (u)du =1 — that is, o is a distortion function. It
follows that

T(Z) = supsup{(l -

geD

)EIZ)+ RE(Zq): ¢ = 0, Bl = 1, VAR (¢) = o}

— supsup { (1 - ) E[Z] + PrElZC): ¢ = 0, B¢ = 1, VAR () = 0}

oeD ly

= sup (1 — ﬁ) E[Z] + ﬁﬂg (Z).
ceD a a

This shows that the representation (6.3) holds.
In order to verify the minimality of the representation (6.3) consider the set

={¢=1-AE[¢D 1+ [¢ll,=1, ¢ = 0}.

In view of (6.6) we have that € is a subset of the dual set 2 and the representation (3.2)
holds (cf. [24, Example 6.20]). For Z € L,(2, F, P) consider the function gz(¢) := ((, Z) as
in Definition 3.4. It holds that

supgz () = sup (1= AE[CDE[Z] + AE[('Z] = E[Z] + A sup  E[("(Z - E[Z])].

= ¢"=0, [I¢"lq<1 ¢'=0, [I¢' <1

For 1 < p < oo the latter supremum is uniquely attained at

o (Z - E[Z])i_l
1(Z —EZ)

such that gz attains its unique maximum at
(= (1= AE[¢)1+ .

It follows that € consists of exposed points only, that is € = Exp(2). This proves the
minimality of the representation (6.3). ]
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Corollary 6.1 (The Dutch premium principle, cf. [23]) Forp =1 the minimal Kusuoka
representation of the absolute semideviation 7 (Z) := E[Z]+AE [(Z — E[Z]), ], with X € [0,1],
18

m(Z) = sup {(1—Ak)CTEy+ A CTE;_,(2)}.

k€[0,1]
. . . _ (z-E[2)} .
Proof. Note that the supremum in (6.5) is attained at ¢ = Tz=s@e and in (6.7) thus
Bz ]
. 0
at ¢ = %, which is a function of type ¢ = ﬁlg (choose B = {Z > E[Z]} to accept
the correspondence). Next observe that o¢(u) = VAR, (¢) = =101y (u) (for o = P (BE)),

which is the distortion function of the Conditional Tail Expectation of level .. It follows that

A\ by
! (Z) - Uzig[a,ll {(1 - m) ]E[Z] " mﬂ-g (Z)} ’
= sup {(1=A(1 =) E[Z] + A (1 - ) CTE, ()},

= sup {(1—Xk)E[Z]+ AcCTE,_ (Z)}.

k€(0,1)

That is, the set MM := Uxec0,1) {(1 — Ak)dg + Ard1_.} is a Kusuoka set and its closure is the
minimal Kusuoka set. I

7 Conclusion

This paper describes insurance premiums by Kusuoka representations, which have been in-
troduced for law invariant coherent risk measures in Kusuoka [12]. In general many rep-
resentations may describe the same premium, but we demonstrate that there is a minimal
representation available and this minimal representation is moreover unique.

The minimal representation can be extracted by identifying the set of exposed points of
the dual set and then applying the corresponding one-to-one transformation. Moreover, it
turns out that the minimal representation only consists of measures which are nondominated
in first order stochastic dominance. This relation, as well as the convex order stochastic
dominance relation can be employed to identify the necessary measures. The general results
are elaborated for two dedicated, important examples to demonstrate this fact. In particular
we provide an explicit minimum representation for the Dutch premium principle.

We also consider Kusuoka representations on a class of general probability spaces, which
potentially contain atoms. We discuss law invariant risk measures on spaces, which contain—
or do not contain—atoms and characterize premium principles on these spaces, which allow
a Kusuoka representation.

We want to note that many of the results can be extended to convex risk measures or
premiums, which are not necessarily positively homogeneous.
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