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Abstract

In management and planning it is commonplace for additional information to become avail-
able gradually over time. It is well known that most risk measures (risk functionals) are time
inconsistent in the following sense: it may happen that at a given time period some loss dis-
tribution appears to be less risky than another one, but looking at the conditional distribution
at a later time, the opposite relation holds almost surely.

The extended conditional risk functionals introduced in this paper enable a temporal de-
composition of the initial risk functional which can be used to ensure consistency between past
and future preferences. The central result is a decomposition theorem, which allows recompos-
ing the initial coherent risk functional by compounding the conditional risk functionals without
losing information or preferences. It follows from our results that the revelation of partial infor-
mation in time must change the decision maker’s preferences—for consistency reasons—among
the remaining courses of action. Further, in many situations the extended conditional risk
functional allows ranking different policies, even based on incomplete information.

In addition, we use counterexamples to show that without change-of-measures the only time
consistent risk functionals are the expectation and the essential supremum.
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1 Introduction

Coherent risk measures were introduced in the pioneering paper by Artzner et al. [3], and they have
become increasingly important since then. They are used to measure and quantify risk associated
with random outcomes.

In many problems some of the relevant information is not available a priori, and it becomes
known gradually over time as the overall amount information steadily increases. When new infor-
mation becomes available, an intelligent decision maker might wish to adjust his policy in order to
keep track of the original goal. But how can this be accomplished? Is this possible by sticking to
the initial objective? How to update the objective relative to the new information is the main topic
of this paper.

There are simple examples showing that sticking to the same, genuine risk functional at all
decision stages may lead to contradicting, conflicting, and even wrong decisions. Such an example
is contained in Figure la below. So how does the decision maker have to change his objective given
the information that was already revealed?
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In this paper we introduce an extended notion of conditional risk functionals, which reflects the
information that is already revealed. In many situations the extended conditional risk functional
allows ranking random variables based on incomplete information, i.e., based on the conditional
observation. This is derived from a key property of the conditional risk functionals, which allows a
re-composition of the initial (positively homogeneous) risk functional. The decomposition is given
for the Average Value-at-Risk first, and then extended to general risk functionals. The presented
concept is an alternative to dynamic extensions or artificial compositions of risk functionals, which
are difficult to interpret and thus difficult to justify in many practical situations.

Relation to Other Work and Outline

Conditional versions of risk measures have been investigated earlier in a context related to time
consistency (see, among others, the papers by Cheridito and Kupper [9, 10], Pflug and Kovacevic [21,

], and other authors). The results by Kupper and Schachermayer [30], as well as by Shapiro [33]
indicate that usual notions of time consistency are probably too restrictive: risk functionals, which
are time consistent in the strict sense imposed by these papers are only the expectation and the
max-risk functional. The latter section of this paper (Section 7) investigates a further concept of
consistency, which leads to the same type of negative results.

To obtain time consistency one has to relax desirable properties or to investigate different con-
cepts. Miller and Ruszczyniski relax law invariance in [17]. Asamov and Ruszczynski [6] provide time
consistent approximations (in particular for the mean-semideviation), and they elaborate also on
numerical algorithms. In addition, Iancu et al. [13] provide tight (lower and upper) approximations
of a time inconsistent measure.

This paper demonstrates a method which allows re-assembling the risk given the information
observed in a way, which is consistent with the past and the initial objective. The correction, which
consists in passing to a new conditional risk functional, reflects the information which is already
available. The conditional risk functional differs from the initial risk functional, but it retains its
general characteristics. The conditional risk functionals, however, depend on the problem itself,
and they can be applied a posteriori. They do not constitute an a priori rule.

To obtain time consistency desirable properties thus have to be relaxed (for example law in-
variance (see below) in the papers [17] by Ruszczyniski et al.), or different concepts have to be
investigated. This paper demonstrates a method which allows re-assembling the risk given the
information observed in a way, which is consistent with the past and the initial objective. The
correction, which consists in passing to a new conditional risk functional, reflects the information
which is already available. The conditional risk functional differs from the initial risk functional,
but it retains its general characteristics. The conditional risk functionals, however, depend on the
problem itself, and they can be applied a posteriori. They do not constitute an a priori rule.

Outline of the paper. The decomposition of the Average Value-at-Risk is elaborated first and
employed to establish the general theory. The strategy to develop the respective decomposition of
version independent risk functionals involves Kusuoka’s representation of version independent risk
functionals.

We develop the essential terms in Section 2. The dual representation of risk functionals (Theo-
rem 9), which is elaborated in Section 3, is the first result of this paper and an essential component
to defining the conditional risk functional in Section 5. The main result is the decomposition
theorem (Theorem 21) for general risk functionals.

The last section finally addresses the aspect of consistency in the context of decision making
and adds a negative statement on restrictive concepts of consistency. The Appendix contains an
instructive example to illustrate and outline the results.



2 Kusuoka’s Representation and Spectral Risk Functionals

Throughout the paper we shall investigate coherent risk functionals, as they were conceptually
introduced and discussed first by Artzner et al. in the papers [3, 5, 4]. The definitions are stated
here, as they are not used consistently in the literature.

Definition 1. Let L (Q, F, P) (or simply L°) be the space of all essentially bounded, R-valued
random variables on a probability space with probability measure P and sigma algebra F.
A coherent risk functional is a mapping R: L> — R with the following properties:

(i) MoNoTONICITY: R (Y1) < R (Y3) whenever Y7 < Y5 almost surely;

)
(ii) CONVEXITY: R((1—A) Yo+ AY1) < (1= AR (Yo) + AR (Y1) for 0 < A < 1;
(iii) TRANSLATION EQUIVARIANCE:! R (Y +¢) =R (Y) +cif c € R;

(iv) POSITIVE HOMOGENEITY: R (AY) = A R (Y) whenever A > 0.

In the literature the term coherent is related to condition (iv), positive homogeneity. Moreover
the mapping p: Y — R (=Y) is often called coherent risk functional instead of R, and Y is as-
sociated with a profit rather than a loss: whereas R is natural and more frequent in an actuarial
(insurance) context, p is typically used in a banking context. In this paper we focus on coherent
risk functionals and we use the terms risk functional and coherent risk functional synonymously.

The term acceptability functional is related to risk measures as well, it is frequently employed
to identify acceptable strategies in a decision or optimization process: the acceptability functional
is the concave mapping A : Y — —R (=Y). Moreover, the domain for the risk measure considered
here is L°°. This is for the simplicity of presentation, for extensions to a larger domain than L?
(p > 1) we refer to [22].

Average Value-at-Risk

The most well known risk functional satisfying all axioms of Definition 1 is the (upper) Average
Value-at-Risk at level a,, which is given by

1

—

1
AVGR, (V) := ; / V@R, (Y)dp (0 < a < 1)

and

AV@AR, (V) := li/m1 AV@R,, (Y) = esssup(Y),

where
V@R, (Y) :=inf{y: P(Y <y) > a}

is the Value-at-Risk (the left-continuous, lower semi-continuous gquantile or lower inverse cdf) at
level a, often denoted V@R, (Y) = Fy' (a) as well (Fy (y) = P (Y < y) is Y’s cdf).

Definition 2. A risk functional R is version independent,® if R (Y1) = R (Y2) whenever Y; and Y,
share the same law, that is, P(Y; <y) = P (Y2 <y) for all y € R.

The Average Value-at-Risk is an elementary, version independent risk functional:

n an economic or monetary environment this is often called CASH INVARIANCE instead.
2often also law invariant or distribution based.



Theorem 3 (Kusuoka’s representation). Let B collect the Borel sets on [0,1] and the probability
measure P be atomless. Then any version independent, coherent risk functional R on L ([0,1], B, P)
has the representation

R(Y) = S;P///o AV@R, (V) p (dov), (1)

where M is a set of probability measures on [0, 1].

Proof. Cf. Kusuoka’s original paper [16] or [34] by Shapiro, in combination with the paper [29] by
Jouini et al. O

Spectral Risk Functionals

A subclass of risk functionals is given when the set of measures .# in (1) reduces to a singleton,
A = {p}. This class can be equivalently described as the class of comonotone additive functionals.
In this paper, we call them (following Acerbi, cf. [2, 1]) spectral risk functionals, although the term
distortion risk functionals is in frequent use as well.

An example is the Average Value-at-Risk at level @ < 1, which is provided by the Dirac measure

M = {ds}. Assuming that
o () e [ 1(de)
w(u): /0 (2)

1 -«

is well-defined,? we can use integration by parts to show that*

/ AV@R, (V) pi (da) = / V@R, (Y) a, (p) dp.
0 0

Definition 4. The risk functional with representation

Ro (v) = | VR, (V)2 (o) dp

is called a spectral risk functional. The function o is called the spectral density.

It follows from the axioms imposed on a risk functional in Definition 1 that o is necessarily a
non-decreasing probability density on [0, 1] (details are elaborated in Pflug [20]).

It is essential to note that every risk functional R has a representation in terms of spectral risk
functionals, in a similar way as Kusuoka’s representation involves mixtures of AV@Rs.

Corollary 5 (Kusuoka representation in terms of spectral risk functionals). For every wversion
independent, coherent risk functional R as in Theorem 3 there is a set S of spectral densities such
that
R(Y) = sup Ry (¥). (4)
geS

S may be assumed to consist of strictly increasing, bounded and continuous functions only.

If the relation (4) holds, we write R = Rs and call R the risk functional induced by S. Notice
that S is not uniquely determined by Rs, as for example AV@QR,(Y') = sup,/ ., AV@R, (Y).

3For the Average Value at risk at level o, particularly,

1
o) = l1-«a

Lo,y (). (3)

4The inverse of this operation is given by the measure with distribution function ue (@) = (1 —a)o(a) +
[e%
I o(u)du.



3 The Dual of Risk Functionals

The decomposition of risk functionals with respect to incomplete information employs the dual,
or convex conjugate function (cf. the book [35] and paper [28] by Ruszczyniski et al.). As any
convex, version independent risk functional R : L — R is Lipschitz continuous (thus lower
semincontinuous, see Schachermayer et al. [29]) the Fenchel-Moreau duality theorem can be stated
in the following way:

Theorem 6 (Fenchel-Moreau duality theorem). The risk functional R : L — R has the repre-

sentation
R(Y)=sup{E(YZ)-R*(Z): Z€e L'}, (5)

where the convex conjugate R*: L' — R U {oo} is defined by
R*(Z)=sup{E(YZ)-R(Y): Y € L=} (zelL").

Positive homogeneity of the risk functional R is moreover equivalent to the fact that R* takes only
the values 0 and oo, i.e., Z is a feasible dual variable iff R* (Z) = 0.

Corollary 5 builds an arbitrary risk functional R by means of spectral risk functionals. In
order to formulate the decomposition result in a stringent way we recall the duality of spectral risk
functionals. For this the notion of convex ordering is useful. We follow the terms introduced in

Shapiro [34], for the concept of stochastic dominance relations in general we refer to the books by
Stoyan and Miiller [18] and Shaked et al. [31], as well as to the papers [19] and [27] by Ruszczyniski
et al.

Definition 7 (Second order stochastic dominance, or convex ordering). Let 7, o : (0,1) — [0, 00)
be integrable functions. It is said that o majorizes 7 (denoted o = 7 or 7 < ¢ ) iff

/alT(p)dpS/:a(p)dp for all o € [0, 1] and /Ulr(p)dp_/olg(p)dp_l_

Remark 8. For the inverse quantile function F, 1 of a nonnegative random variable Z with expec-
tation 1, i.e. satisfying

I['E(Z):/0 oclp)dp=1, Z>0,

the relation F, 1 < o is notably equivalent to

1
(1 —-a)AV@R, (Z) < / o(p)dp forall a €]0,1].

[

The following theorem characterizes the risk functional by employing the stochastic order rela-
tion. It can be interpreted as a consequence of consistency of version independent risk measures
with respect to second order stochastic dominance (cf. Ruszezyniski and Ogryczak [19]).

Theorem 9 (Dual representation of version independent risk functionals). Let Rs be a version
independent, positively homogeneous risk functional induced by the set S of spectral functions. Then

Rs(Y) =sup{E(Y Z): there ezists a spectral density o € S such that F;* <o}, (6)

i.e., the supremum is among all variables Z > 0 for which there is a 0 € S with FZ_1 <Xo0.

Proof. The dual representation

Ro (Y)=sup{E(YZ): F;' <0}

= sup{IE(YZ) :E(Z)=1, (1 -a)AVQAR, (Z) < /10(p)dp, 0<ax< 1} (7)



for spectral risk functionals can be derived from Shapiro [34] and is contained in [23]. The assertion
for general risk functionals Rs is immediate now from the definition, as

Rs(Y)=supR, (Y)
geS
1

= sup sup {IE(YZ) :E(Z) =1, (1-a)AV@R, (Z) < /

U(p)dp,0§a<1}
oceS Z @

= sup {IE(YZ): E(Z)=1,J0€SVaec[0,1]: (1 —a)AVQGR, (Z) < /10(p) dp}

by using (7). O

4 Convex Duality

The dual representation (Equation (6)) suggests to consider the following function as a candidate
for the dual representation,

_ . {o if 30 € S: (1 — )AV@R, (Z) < [l o (p)dp forall 0 < a < 1

400 otherwise,

for which Rs (Y) = sup, E(Y Z) — Rs (Z). For this function it follows that
Rs(Z)=supE(YZ)—Rs(Y)=sup E(YZ) — (supEYZ’ ~Rs (Z/)>
Y Y z
<swp E(YZ) - (E(YZ) - Rs (2)) =Rs (2).
Y

The inequality R (Z) < Rs (Z) may also be strict. Equality, however, can be obtained by aug-
menting the spectrum S in an appropriate way. The following corollary characterizes the dual R
precisely by an augmented spectrum S*, such that R% (Z) = Rs- (Z) holds true.

Corollary 10. It holds that R (Z) = Rs- (Z), where S* is the set

S* =conv{r: [0,1] — [0,00) |7 is non-decreasing, lower semi-continuous, and o € S: 7 < o}

= : 10,1] — {0,
COHV{T [0, 1] = 10,.20) and Jo € S: fiT(p)dpgfia(p)dpforall()gag1

. . . ; 1
T is mon-decreasing, lower semi-continuous, fo T(p)dp=1 }

of spectral functions.

Proof. Define
Zs = {ZGLI: EIJGS:Fz_l 40}

and observe that sz, (Y) = Rs (Y), where s¢ (Y) :=sup .. Z* (V) is the support function of the
set C' (a subset of the dual). It follows by the Rockafellar-Fenchel-Moreau-duality Theorem (cf.
Rockafellar [21]) that s%_ = I ==, where I is the indicator function of its index set,” and hence

Rs =lgnzs and Rs (V) = SUD ccomv Za E(YZ). We show that Zs = Zg~.
Indeed, suppose that Z € Zg«, that is there is a function 7 € §* such that FZ_1 < 7. But as
7 € 8* there is 0 € S with Fgl < 7 < 0, which shows that Z € Zg and hence Zs D Zg-~.
Moreover Zs C Zs+ by considering the lower semi-continuous and increasing function oz («) =
V@R, (Z) for any Z € Zs.

The assertion finally follows from conv Zs = Z.o,v s, which completes the proof. O

=

°Ip (z) =0if z € B and Ip () = oo else.



Remark 11. In the present context of increasing functions the requirement lower semi-continuous
for T € §* is equivalent to 7 continuous from the left. Moreover, the constant function 7 = 1 is
always contained in the set $*; the constant function 7 = 1 is associated with the expected value.

Remark 12. The closure of the convex set conv S* coincides (by Mazur’s Theorem on convex sets,
cf. Wojtaszezyk [35, I1.A.4]) with the o (L', L>) (or weak) closure.

Feasible Dual Variables

The following two remarks prepare for the main theorem of this section. We shall write Z <1 F to
express that Z is measurable with respect to the sigma algebra F.

Remark 13. Let R be a version independent risk functional and let F; be a sub-sigma-algebra of
F. Then

R(E(YF) <R(Y). (8)
The proof relies on the conditional Jensen inequality (cf. [7, Section 34] or [37, Chapter 9]) and is
contained in [35, Corollary 6.30].

Remark 14. It follows in particular from the previous Remark 13 that AV@R,, (E (Z|F;)) < AV@GR, (Z)
for all « € (0,1). From (7) it follows in particular that E (Z|F;) is a feasible dual variable, provided
that Z is a feasible dual variable.

As the conditional expectation is further self-adjoint, that is

E(YZ)=E([E|F) - 2)=E( -E(2]F))

whenever Y <1.F;, it is sufficient to consider F-measurable dual variables in representation (5), that
is,

R(Y)=sup{E(YZ): Ze L™ (F,), R*(Z)=0} (Y <aF).

The next theorem provides an additional recipe to construct useful, feasible dual random vari-
ables.

Theorem 15 (Bochner representation of feasible dual variables). Let, for o € (0,1), Z, 9 F¢
satisfy 0 < Z, < ﬁ, E(Zy) =1, and u € A be a probability measure on [0,1]. Then the Bochner

integral fol Zop (da) (provided that « — Z,, is measurable and the integral exists) is feasible for
Ro ., that is
i

(1 —a")AV@R,, (/01 Zau(da)> < /: ou(p)dp  (0<a’ <),

/

where o, is the spectral function associated with p (cf. (2)). A fortiori it is feasible for sup ,esRo,
provided that o, € S*.

Proof. The Average Value-at-Risk is convex, hence

AV@R,,, (/01 Zau(da)) < /01 AV@R, (Za) i (da).

Note that if Z > 0 and E(Z) = 1, then

e 1t E(Z,
AVAR, (Za) = 1 / V@R, (Z,)dp < 1 y / V@R, (Z,)dp = (Za) -
0

—a Jo -«



implying that

1 1
1 1
’ < 1
AV@R,, (/0 Zau(da)>_/0 mln{l_a,l_a/}u(da)

S| Lo
= | e+ [ o)

ZUu(O/)*‘ul(ii/’;,):Uu(a/)‘*‘ 1—10//0/(1_‘”)010(‘”)

— @)+ 1 (0@ [ o) = 1 [onwan

o

and hence fol Zu i (da) is feasible by Theorem 9. O

5 Extended Conditional Risk Functionals

In the previous sections we have discussed the dual representations of positively homogeneous (i.e.,
coherent) risk functionals R in a sufficiently broad context. This allows us to introduce a conditional
version of a coherent risk functional.

5.1 Definition of Extended Conditional Risk Functionals

Let Y € L* (F, P) and consider a sub-sigma-algebra F; (F; C F). As above we shall write Z < F;
to express that a random variable Z is measurable with respect to the sigma algebra F;.

The usual conditional risk functionals are defined as the functionals applied to the random
variables, which result from conditioning ¥ on the fibers of F, cf. Graf and Mauldin [12]. We
extend this concept by allowing a change-of-measure through a probability density of the random
variable Z’, which is chosen in an optimal way.

Definition 16 (Extended conditional risk functional). Let Rs be a coherent risk functional induced
by the spectrum S. For all feasible duals Z; << F;, the extended conditional risk functional is defined
asb

Rs.z, (Y|F:) := esssup {IE (YZ'|F) | E(Z'|F) =1, and R* (Z:Z') < o0 },

which can be rewritten as

Rs.z, (Y|F;) = esssup {IE (YZ'|F)

E(Z'|F) =1, and
EIJGS*:FZ_%Z,<U ’

t

Notice that, by R* (Z;) < oo, the essential supremum is formed over a nonempty set, since
Z' =1 is always a possible choice and Rs.z, (Y|F;) thus is well defined.

The conditional Average Value-at-Risk is an important example of a conditional risk functional.
In view of the dual representation of the Average Value-at-Risk we have the representation

(9)

AV@R,.z, (Y|F;) = esssup {E (YZ'|F) (1-a)Z2 <1

E(Z'|F)=1,2Z >0 and }

whenever a < 1. Notice that Z;Z’ > 0, since by feasibility Z; > 0. Notice also that conditional risk
functionals in the sense of Definition 16 differ from the usual definition, since they depend not only
on Y and the sigma-algebra F;, but also on the random variable Z;. For the Average Value-at-Risk
the notion of the extended conditional functional is equivalent to the notion of AV@QR at random
level, where the level « is considered to be a F;-measurable random variable.

6See e.g. Appendix A in [14] or [11] for a rigorous definition and discussion of the essential supremum of a family
of random variables.



Definition 17 (Conditional AV@QR at random level). The conditional Average Value-at-Risk at
random level a < Fy (0 < a <1 a.s.) is the Fi-random variable”

AV@R,, (Y|F,) := esssup {E (Y Z'|F) |E(Z'|F) =1, Z' > 0and (1 -a)Z' <1}.  (10)

Remark 18. The central identity combining (9) and the Average Value-at-Risk at random level (10)
is
AV@R,.z, (Y|F;) = AVAQR _(1_o)z, (Y]F?) .

For the particular choice Z; = 1 thus
AV@R,.1 (Y|F;) = AV@GR,, (Y|F),

which is, in view of the defining Equation (10), the traditional conditional Average Value-at-Risk
for a fixed nonrandom level a.

Moreover, for a = 0, just the random variable Z’ = 1 is feasible in (10), which makes the

particular case
AV@R, (Y[F) = E (Y| F)

evident. We will see that this is an extreme case in the sense that

AV@R, (Y|F) < Rs.z (Y|F:) < AVAR, (Y|F)

in Theorem 20 below.

5.2 Elementary Properties of Extended Conditional Risk Functionals

The extended conditional risk functional inherits, on conditional basis, all essential properties of
the original risk functional. Notice that the extended conditional functional is defined for pairs
(Y,Z), where Y € L and R*(Z) < cc.

Here and in what follows we drop the subscript & and write the conditional functional simply
as Rz.

Theorem 19 (Properties of the conditional risk functionals). The conditional risk functional obeys
the following properties:

(i) PREDICTABILITY: Rz (Y| F) =Y if Y 9 F;;
(ii) TRANSLATION EQUIVARIANCE: Rz (Y +¢|F;) =Rz (Y| F) + ¢ if c<Q Fy;
(iii) POSITIVE HOMOGENEITY: Rz (AY|F;) = ARz (Y| F;) whenever A<<Fy, A > 0 and X bounded;
(iv) MONOTONICITY: Rz (Y1|F:) < Rz (Ya|F:) whenever Vi < Ya;
(v) CONVEXITY: The mapping Y — Rz (Y| Fy) is convez, that is
Rz ((1=X)Yo+ 1| F) < (1 =X Rz (YolFi) + ARz (V1| F)
for A<t Ft and 0 < A < 1, almost surely;
(vi) CONCAVITY: The mapping Z — Z - Rz (Y| F:) is concave; more specifically
Zx Rz, (Y|Fi) > (1 =X) Zo Rz, (Y[ Ft) +AZ1 - Rz, (Y[ F)

almost everywhere, where Zy = (1 — X\) Zo + AZ1 and X € [0,1].

7Cf. also [10, Section 2.3.1]



Proof.
(i) PREDICTABILITY follows from E (Y Z'|F) =Y - E(Z'|F;) =Y whenever Y < F,

(ii) TRANSLATION EQUIVARIANCE follows from E ((Y +¢) Z/|F)= E(YZ'|F) + ¢ - E(Z'|F)=
E(YZ'|F:) + c and

(i) POSITIVE HOMOGENEITY follows from esssupE (A\Y Z'|F;) = AesssupE (Z'|F;), as 0 < A< Fy.

(iv) MONOTONICITY is inherited from the conditional expected value, as E (Y1 Z'|F}) < E (Y2 Z'|Fy)
whenever Y] < Y; and Z’ > 0.

(v) For CONVEXITY observe that

(1 =X Rz, (YolFi) + ARz, (Y1]F)
=(1-X) esssup E((YoZ)|F;)+\ esssup E(YZ|F})

R*(212})=0 R*(2,:27)=0
> esssup (1 - NE(YoZ'|F) + M\E(YZ'|Fy)
R*(Z42')=0

=Rz, (1 —=X) Yo+ A\Y1|F).

(vi) For CONCAVITY let Zy, Z1 <1 F; be feasible and Z{) and Z; be chosen such that R* (ZyZ]) <

{(1—,\)2()5;)“2121 if Zy >0

oo and R*(Z1Z]) < oo. Define Z§ =
1 if Zy <0

and observe that

UM% 7, > 0
E (Z{|F:) = ) 2 olse = 1. Then, by convexity of Zs«, Zy := (1 —\) Zop +

AZy < Fy is feasible as well, and R* (Z)Z}) < (1 — X\)R*(ZoZ}) + A\R* (Z1Z]) < o0, such
that Z)Z) as well is feasible. It follows that
Zyx Rz, (Y| F) > Zy-EYZ\|F) = (1 = \) ZoE (Y Z{|F) + ANZ1E (Y Z1| F)
Taking the essential supremum (with respect to Z} and Z1) yealds
Zy Rz, (Y|F) = (1 =X Zo Rz, (Y|F) + AZ1 - Rz, (Y| F),
which is the assertion.
O

Theorem 20 (Lower and upper bounds). Let F, D F; be sigma algebras. Then the following
inequalities hold true:

(i) E(Y[F) <Rz (E(Y|F)|Fe) <Rz (Y[F) < AVAR, (Y[ F) < AVAR, (V) = esssup(Y),
(i) B(Y) < E(Rz, (YF)) <R (Y) < AVGR, (V) = esssup(Y).
Proof. By definition
Rz (E(Y|F)|F) = esssup E(Z -E(Y|F)|F),
R*(ZZ')=0
and one may choose the dual variable F,-measurable, ZZ' <1 F,, by Theorem 13, that is Z’ < F,,
as Z < Fr. As the operation of conditional expectation is self-adjoint it follows that
Rz (E(Y|F)| Fe) ess sup E(Z -E(Y|F)|F)
R*(ZZ')=0, Z' AF,
= ess sup E(E(Z'|F.) Y| F)
R*(ZZ')=0, Z' AF,
= ess sup E(Z'Y|F)
R*(22")=0, Z' A F»
< esssup E(Z'-Y|FR)=Rz(Y|F)
R*(Z2")=0

10



which is the first inequality in (i).
Next,
Rz (Y|F) = esssup E(Z'Y|FR)<E(Y|F) (11)
R*(Z2')=0
as Z =7-1(Z' =1) is feasible. Replacing Y by E (Y| F,) in (11) reveals that
Rz (E(Y|F7) | F) 2 E(E(Y]F)|F) = E(Y|F).

The other inequalities in (i) are obvious. The proof of the first part of (ii) is a consequence of
the decomposition Theorem 21 below. O

6 The Decomposition Theorem

The decomposition of a risk functional with respect to incomplete information is accomplished
by the conditional risk functional. The following theorem, which is the main theorem of this
paper, elaborates that the initial risk functional can be recovered from its conditional dissections
by applying the appropriate spectral density.

Theorem 21 (Decomposition Theorem). Let R = Rs be a version independent, coherent risk
functional, then the following hold true:

(i) Rs obeys the decomposition
Rs (V) =supE [Z - Rs;z (Y|F)], (12)

where the supremum is among all feasible, nonnegative random variables Z <1 Fy satisfying
E(Z) =1 and F;' < o for an 0 € S*—that is, R’ (Z) < oo for the associated spectrum S.

(i) Let Fy C Fr. The risk conditional functional obeys the nested decomposition

Rs (Y|F,) =esssupE|Z; - Rs.z. (Y|F;)

7, (13)

where the essential supremum is taken among all feasible dual random variables Z, < F.
The proof presented here builds on the respective statement of the Average Value-at-Risk.

Lemma 22 (Decomposition Theorem for the Average Value-at-Risk). For all o € [0,1], the de-
composition of the Average Value-at-Risk is

AV@Ra (Y) = supE [Z . AV@RI—(I—&)Z (Y“Ft)],

where the supremum is over all random variables Z <1 Fy satisfying E(Z) =1, Z >0 and (1—a)Z <
1.

Proof of Lemma 22. Let B; € F; be a finite tessellation such that B; N B; = ) and |J, B; = 2, and
let Z; be feasible for AVAR,_(1_q)z (Y|F;) (cf. (9)), that is they satisfy Z; > 0, E (Z{|F;) = 1 and
l-a)zzZl=1-1-(1-w)2Z])z, <1.

Define Z' := ), 1, Z.. It is immediate that (1—a)ZZ’ < 1 and ZZ' > 0. Moreover E (Z'|F;) =
>;1p, =1, from which follows that

E(ZZ')=E(ZE(Z'|F)) =E(Z) =1.
Hence ZZ' is feasible for the AV@QR,, and AVQR,(Y) > E(YZZ') =E(Z -E(YZ'|F)). As Z' is
composed to represent the essential supremum it follows that AV@R, (Y) > E (Z - AVAGR;_(1_o)7 (Y|F)).
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As for the converse choose Z > 0, feasible for the Average Value-at-Risk and satisfying

Z itz

7 1Z>0

1 else '

Then Z’ > 0and (1 — (1 — (1 — &) Z)) Z' < 1, such that Z’ is feasible for the conditional AV@R,, (Y| F%).
By the dual representations of the Average Value-at-Risk and AV@R (Z) > AVQR (E (Z|F}))

(cf. (8) in Proposition 13) it follows that Z is feasible for the Average Value-at-Risk, that is (1 —

a)Z <1 and E(Z) = 1. Hence

AV@R, (V) =E(YZ) =E(ZYZ') =E(ZE(YZ'|F,)) <E(ZAVAR,__az (Y|F)),

AV@R,, (Y) = E(YZ) (which exists for @ < 1). Define Z := E (Z|F,) and Z' :=

which is the assertion, provided that a < 1.
For the remaining situation ov = 1 choose Z° > 0 with E (Z°Y) > AV@R, (Y') — ¢, where € > 0.
By the conditional L! — L>°-Holder inequality
AVGR, (V) — ¢ < E(Z.Y) < E (E[Z°|F;] AVGR, (Y|F,))
< E(E[Z°|F]) - AVQR, (V) = AV@R, (Y),
hence
AV@R, (Y) < E (Z;AVAR,_(1_q)z: (V|F)) +¢

This proves the converse assertion for o = 1, as € > 0 is arbitrary. O

Proof of the decomposition theorem (Theorem 21)

Proof. Let Z; and Z’, with E(Z’|.7—'t) = ]l be fixed such that Z,Z' is a feasible random variable
satisfying (1 — @)AV@R,, (Z:2') < f p)dp for all a € [0,1] with

o €8, where o(a) := Fy " L(a). (14)

By Corollary 5 one may assume without loss of generality that o is strictly increasing and bounded,
hence invertible.

Moreover let U be a uniformly distributed random variable (i.e. P(U < u) = u), coupled in a
co-monotone way with ZtZ’ The random variable o, (U) (cf. (3)) is nonnegative. Furthermore,
0o (U) >0 and E (o, ( fo oo (p)dp = 1, and moreover

P(/Olaa(U)u(da)Sa(u)) (/ 7# (dar) <J())

= P(o(U)<o(u)=P({U <u)=u.
Hence fol 0o (U) 1 (de) has law o~1, which is the same law as Z;Z’. By the co-monotone coupling
we thus have that

1
ZtZ':/O oo (U)p(da) as.

Using the setting

Zo :=E(ou (U)|F) and Z., := "“Z(U)
it follows that . )
/ ZoZlp(da) = / 0o (U) p(da) = 2, 7' (15)
0 0

and

/Olzau(da) = /OlE(Oa(U)|ft)“(da):E</010Q(U)u(da)
E(Z,Z'|F) =

)

12



By construction of the random variables we have moreover the properties
0<(1—a)ZuZ, <Tand E(Z.|F;) = 1.
Then it follows from Lemma 22 that AV@R,, (Y) > E (Z4,AV@QR;_(1_4)z, (Y|F})), and hence
1 1
R(Y) > /o E (ZoAVARy _(1_a)z, (Y|F1)) p(da) = E (/o ZoAVARy _(1_oyz, (Y|F) p (da)) :

By the definition of the Average Value-at-Risk at random level this is

R(Y)>E (/01 Zyesssup{E(YZ.|F): 0< (1 —a)Z,Z! <1, E(Z.|F) = Il}u(doz))

E (/1 esssup{E(YZ,Z.|F) : 0< (1 —)Z,Z, <1, E(Z.|F) = Il}u(da)) (16)
0

1
>E (esssup {/ E(YZoZ,|F)p(da) : 0< (1 —a)ZoZ, <1, E(Z.|F) = IL}) :
0

(The latter inequality in fact holds with equality by the interchangeability principle ([25, Theorem
14.60]), the Bochner-integral in (16) and the essential supremum may be exchanged.) Hence

1
R(Y)>E <Zt ess sup {IE (Y ?/ ZoZp (da)
tJo

]-"t) L0< (1—a)ZoZ, <1, E(ZL|F) = ]1}) .
Now recall the identities (22) and (15), as well as (14), such that we may continue with

R(Y)>E (Zt ess sup {IE (YzltZtZ’ ]—'t) . (1 — a)AV@R, (2,2') = /; o (p)dp, E(Z'|F,) = 11})

and

R(Y)>E <Zt ess sup {IE(YZ’| F):E(Z'|F)=1,30 €S8 (1-a)AVAR, (Z,2') < /a1 o (p) dp})

1
E <Zt €ss sup {E(YZ/| Fi):E(Z'|F)=1,30€8: (1-a)AVAR, (Z,2') < / o (p) dp})
=E(ZiRz, (Y| F)),
where we have used the same reasoning as in the proof of Theorem 9. This establishes the first
inequality “>7.

As for the converse inequality let ¢ € S be chosen such that R, (Y) > sup,cs Ro (V) — ¢,
and let a feasible Z be chosen such that E(YZ) > R, (Y) — ¢; by feasibility, (1 — «)AVQR,, (Z) <

Z ifZ,>0
fal o (p)dp. Define Z; := E(Z|F;) and Z’ := {1Zt 11 6 and, by Lemma 13, Z; is feasible as
else
well; that is (1 — a)AV@R,, (Z;) < f; o (p) dp. With this choice it is obvious that
E(YZ)=E(Z -E(YZ'|F)) <E(Z - Rz, (Y|F))

and hence E (Z; - Rz, (Y| F:)) > Ry (Y)—e, which finally completes the proof of the first statement.
The nested decomposition for an intermediate sigma algebra F. reads along the same lines as
the preceding proof, but conditioned on F; and F; replaced by F.. O

13



Remark 23. It follows from the previous proof that the optimal dual variable in the decomposi-
tion (12) is unique, if the dual variable Z for R at Y is unique as well. Further, the conditional
risk functional is explicitly given by

[y ZaAVARy (1 7. (Y|F:) p(de)

Rz (Y|F) = leu(d)
0 “apld

; (17)

provided that Z = fol Zop(da) and Z, = E (Za|}'t), where Z, is the optimal dual variable to
compute the Average Value-at-Risk at level a (that is E (YZQ) = AV@R, (Y) and 0 < Z, < /).

An example of a decomposition of a risk functional is provided in the Appendix.

Remark 24. The representation (13) extends the decomposition (12) to the case of a filtered prob-
ability space with increasing sigma algebras: the risk functional thus can be nested in the way
described by Equation (13).

7 Time Consistent Decision Making

The illustrating example in Figure 1a shows that applying the same risk functional in its conditional
form and in unconditional form at the previous stage may reverse the preference relation. It
particularly demonstrates that

AV@R,.1 (Y'|F;) < AV@R,.q (Y|F) > AV@R, (Y') < AVGR, (V), (18)

if the same risk level « is employed conditionally and also unconditionally. In contrast, our decom-
position theorem (Theorem 21) allows a time-consistent comparison of random variables Y and YV
on the basis of incomplete information.

7.1 Ranking based on Conditional Information

Suppose that R(Y) = E(Y Z), where Z is the optimal feasible random variable satisfying R*(Z) =0
according to the Fenchel-Moreau theorem (Theorem 6). Suppose further that

RZt (Y/“Ft) > RZt (Y|]:t)7
where Z; = E (Z|F;). Tt follows then from the decomposition theorem and its proof that
R(Y') > E(Z: Rz, (Y'|F) 2 E(Z - Rz, (Y|F)) = R(Y). (19)

This is a ranking of the random variables Y and Y’ based on incomplete information F;. Note,
that a special risk profile Z is necessary in (19) to allow the conclusion, the choice Z = 1 is not
adequate.

While Figure 1la shows an example of inconsistency of fixed level AV@QR, the resolution of the
inconsistency by random level AV@R is demonstrated in Figure 1b, which is based on Lemma 22.
When applying the adjusted risk level according the decomposition theorem for the Average Value-
at-Risk it turns out that the displayed random variables can be ordered with respect to AV@R,
at an earlier stage, after revelation of the partial information relative to F;. A decision, which is
consistent with the final decision criterion, thus is available already at an earlier stage.

14



P Y’ Y

7 B 52} AVGR, =46 < 7 } AV@Ry =47
25% 28 : 1 3

<< 25% 60} AVGR, =45 < 579 } AV@R, = 46

25% 0

AV@Ry,(Y') =49 >  AV@Ru,(Y) = 47

(a) The random variable Y is preferred over Y’, as it has lower Average Value-
at-Risk at level @ = 1/3, AV@R,/; (Y') > AV@R,/; (Y)). But both conditional
observations support the opposite result: it holds that AV@QR,,; (Y'|F1) <
AV@R,/; (Y|F1), the conditional observations thus suggest that Y’ should be
preferred over Y .

y Y Y 7 7, —E(Z|F)
3
< B 52} AVGR, s =424 > ) 2 13 AVGR, ., =398
< 25% 28 54 11 1 e
3 .
7 BY 60} AVGR, 55 =60 > 70 2 43 AV@R, s =59
%% 0 84 70 i
AVGR, (Y)) =49 > AV@R, (V) = 47

(b) The same processes as in Figure la. Applying the adjusted risk level to compare the random
variables Y and Y’ it holds that AV@R% Y” > AV@R% (Y), because AVAR|_(1_qyz, (Y'|Ft) >
AV@R;_(1_q)z, (Y|Ft), where the critical risk profile Z is chosen as outlined in Section 7.1.

Figure 1: An example of inconsistency of the Average Value-at-Risk at fixed level and its resolution.
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7.2 Time consistent decisions

In this section we discuss the question which coherent risk functionals allow consistent decisions
already at an earlier stage, when the usual conditioning (and not the extended) is used.

In what follows we elaborate that (18) is a general pattern of practically relevant risk functionals
R: in general, the order relation incorporated by R, when applied at a previous stage without
modification, is destroyed. Here is the formal definition of time consistent decisions.

Definition 25. A version-independent risk functional R allows time consistent decisions if
R(Y|F)<RY'|F) as. = R(Y)<R(Y') (20)

for all Y and Y’ and all sigma-algebras F, where the same risk functional R is repeated on condi-
tional basis.

Remark 26. Notice that we require here that the conditional risk functionals are the usual condi-
tional versions of the same functional R and not the extended conditional risk functionals in the
sense of Definition 16. Risk functionals allowing time consistent decisions, as addressed in Defini-
tion 25, aim at ranking a strategy Y higher than Y’ already after revelation of partial, conditional
outcomes. (A similar type of consistency as considered here has been introduced by Wang in [36,
Section 4.1].)

Property (20) is a necessary property for risk measures to qualify for objectives in time-consistent
multistage optimization problems (cf. Shapiro [33, p. 437]): the decision problem is said to be time
consistent if a partial solution can be fixed, and this solution will never be subject to changes
when considering the problem conditioned on the partial, fixed solution. Time consistency has
been further studied in the context of dynamic programming (cf. Carpentier at al. [8], as well
as Shapiro [32]) and Markov decision processes (cf. Ruszezyriski [26]). While the latter papers
consider nested structures of conditional risk functionals, we investigate property (20) here for just
one measure R and its conditional version R(:|F). It is well known that the following functionals
have property (20).

(i) the expectation operator E (-) = AVQR, (-), as

E(Y'|F) <E(Y|F) = EQ{') <E(Y);

(ii) the max-risk functional esssup (-) = AV@QR; (+), as

esssup (Y'|F;) < esssup (Y|F;) = esssup (V') < esssup (V).

One might think that functionals, which allow (time) consistent decisions, form a convex set.
This is not the case: even the simple functional

R(Y):=0-X)-E(Y)+ X-esssup (V)
does not allow consistent decisions whenever 0 < A < 1, as Figure 2 shows.

We give a final example to elaborate that even general, positively homogeneous risk functionals
do not allow consistent decisions in the sense specified by Definition 25. For this consider the
version-independent risk functional

1
R(Y)=#S£[ /0 AV@R,(Y) p(dev),

where the expectation and the essential supremum are excluded by the following assumptions:
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» y! (1 - NE+ Y (1 —-MNE+

A esssup Aesssup
<25% —A } S —1—/\} 0
2% 1—\ 2 1—A\
2
2% —A } 1-2 X }
down 2 > 0
<25% 1—A 2_

(1= NE(Y') + Aesssup(Y) = 122 < (1 A)E(Y) + Aesssup(Y) = 153 4 (=

Figure 2: This example addresses the risk functional R (Y) := (1—X)-E(Y) + X -esssup(Y) for an
arbitrary A € (0,1). This risk functional has higher conditional outcomes for Y’ in comparison to Y’
(% > 0). However, if we take into account all outcomes simultaneously, then the result reverses.

(i) There is an € > 0 such that

inf 1— 0
Jnf p(le,1—el) >

and
(i)
sup p([v,1]) =0
neM

whenever v — 1.

We demonstrate that R does not allow (time) consistent decision making.
Indeed, choose € > 0 according to (i) and let 0 < p < €. Let the random variable Y be given by

v — Y1 with probability ¢
Y2 with probability 1 — g,

where
p
iz W. pr. 1 —57
Y, = 2?" w. pr. s, and Yo =0w. pr. 1,
_2n £
- w. pr. §
ep

(the constants ¢ and n (n < 2(1_5)) are specified later).
The random variable Y’ is given by

v/ — Y] w. pr. q
Yy w.pr.1—gq,
where

-1 w. pr.
Y] = W P D, and Yy =0w. pr. 1.
0 w.pr. 1 —p

Notice that Y (Y, resp.) have the distribution

iz w.opr. (1-e)g,
2

v — = w.opr. 4, and v/ — 0 w. pr. 1—pq,
0 w. pr. 1 —gq, 1 w. pr. pq.
—2?" w. pr. o,
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Calculating the Average Value-at-Risk we find that

ﬁ forl —e < a,
AV@R, (Y1) = { EE2IES0) for £ < <,
’;ﬁfzg‘ for e < a,
and
1 for1—p<
AV@R, (Y{)={ O P=¢
2 fora<1-—p,
moreover
= forl—qg(l—¢)<a
pq6+277(1(1_f‘_)q0_5)) forl—q(1-%5)<a<l-gq(l-e¢),
AVAR. (Y) = § gprm g
S fOI‘q<oz<1fq<1 5),
% for a < ¢
and

AV@R, (Y') =

T2 for a <1 - gp.

{1 forl —gp < a
1

We show that 77 > 0 and ¢ > 0 can be chosen in such way that
R(V1) > R(Y{) and R (Y5) > R (Y3),
but the unconditional random variables show the opposite inequality,
R(Y)<R(Y').
It holds that

AV@R, (Y1) > AV@R, (Y{)  ifa<e,
AV@R, (V1) < AVGR, (Y])  ifa>e,

and
AV@R,, (Y) < AV@R,, (Y) fa<l—q(-¢)),
AV@R, (Y) > AV@R, (Y')  ifa>1-—q(l—¢).

Therefore

/ 1 AV@R, (Y1) —AV@R, (Y7) 1 (da)
0

:</ /26 /28>AV@R (Y1) — AV@R,, (Y7) i (da)

S7+0 p([2¢,1])

1— 1- )(1—25)

By assumption (i) 7 > 0 can be chosen small enough such that the latter expression is strictly

negative. Therefore
R(1) <R(Y]). (21)

On the other hand,
1
/AV@RQ(Y) AV@R,, (Yy) p (da) = 0,
0
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is such that
R(Y2) < R (Y3). (22)

For the unconditional variables, however,

/ 1 AV@R, (Y) — AV@R, (Y') i (dav)
0

- (/O +/;q+/11 )AV@R(X (Y) — AV@R, (Y') pt (da)

a0+ 52 u([%1-d) - n-a1)).

which again, by (ii), can be made strictly positive by choosing ¢ small enough. It follows, that

R(Y)>R(Y').

Together with (21) and (22) it becomes apparent that the risk functional R reverses the pref-
erence for the two random variables Y and Y”: the risk functional R thus does not allow (time)
consistent decisions.

In summary, one may say that time consistent decisions can only be expected in the following
situations

(i) if the risk measure is either the expectation or the essential supremum;

(ii) if the risk measure is a nested composition of conditional measures in the sense of Rusz-
czynski [26];

(iii) if the risk measure is randomly adapted according to the available information, i.e., if it is
based on the extended conditional versions, as it is shown in this paper.

8 Summary And Outlook

The present paper introduces a new, general concept of conditional risk functionals. The extended
conditional risk functional defined in the new sense respects the history of already available infor-
mation, but in addition it reflects the initial risk functional without any modification. The extended
conditional risk functional is consistent with the past and the future in a way, which is clarified by
the main decomposition result, Theorem 21. This is a positive result for time consistent decision
making when involving coherent risk functionals.

The theory is elaborated with the help of convex conjugate (or dual) functions. The first part
of the paper characterizes version independent risk functionals by use of dual representations. This
representation is used then to define extended conditional risk functionals in a sufficiently broad
context, which is key for the decomposition result. The presented, new concept appears to be able
to substitute dynamic extensions or artificial compositions of risk functionals.

Finally, numerical examples are used to further outline and illustrate the results of the proposed
methodology. It is demonstrated that the usual (i.e., non-extended) conditional risk functionals
lead to time-inconsistent decisions, a problem which disappears when using the etxended form.

A key motivation for the present investigations is the use of risk functionals as decision criteria
in stochastic optimization problems. The relation of properties of risk functionals to properties of
stochastic optimization problems formulated with the help of these functionals is very important
for applications. However, the implications for stochastic optimization is beyond the scope of the
present paper and we leave them for a separate discussion.
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Appendix

An Example of a Decomposition of a Risk Measure

Figure 3 addresses the risk functional
R(Y):=2 AVQRy7 (V) + 2 AV@Ry4 (Y), (23)

the conditional probabilities are displayed in the tree’s nodes. We demonstrate that the optimal
conditional risk functionals are &

R (Ju) =2 -AV@Ry 7 (-) + 2 - AV@Ro4 (1),
R (-|m) =0-AV@R, (-) +1-AV@R, 7 (-) = AV@Rg 7 (-), (24)
R (|d) = 22 - AV@Ry 5 (-) + 22 - AV@R, () = 2L - AV@Rg 3 () + 22 - esssup () ,

which is a different risk functional at each node. Note that not just the risk levels differ in between
and from the original risk functional (23), but the weights differ as well.

The associated spectral density for Kusuoka’s measure 1 = 200.7 + 280.4 is (cf. (2))
o (@) =2 Tz (a)+35 T (a).
We consider first the Average Values-at-Risk for both levels, which evaluate to

AV@R07 (Y) = 6.5 and AV@R04 (Y) == 46,

84 (up) stands for Y € {1,7,8}, m (mid) for Y € {0,3} and d (down) for Y € {4,9} such that F; = {u,m,d}.
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such that R(Y") = 5.74 by (23).

The corresponding dual variables Zy 7 - Z} ; (Zo.4 - Z{ 4, respectively), as well as its conditional
version Zo.7 = E (Zo.7Z} 7| Ft) (E(Zo.4|Ft), resp.) with respect to the filtration induced by the tree,
are displayed in Figure 3.

Next we compute both conditional Average Value-at-Risk at random level 1 — (1 — 0.7) - Zp.7
and 1 — (1 —0.4) - Zp 4 for Y, which have the outcomes

AV@Rg 7 (Y|u) =7.33
AV@R:_(1_0.7).2,.. Y|F:) = S AV@Ry (Y|m) =3
AV@R, 3 (Y|d) =43/7
and
AV@Ry 4 (Y|u) =25/6~4.17
AV@R;_(1_0.4).7,, Y|F) =S AV@Rg 7 (Y|m) =3
AV@R, (Y|d)  =5.5.

Notice now that

E (Z0_7 . AV@R].—(l—O.?)'Zoj (Y“Ff)) =6.5= AV@RQ7 (Y) and
E (ZO,4 -AVAR_(1-0.4).- 70 (Y\]:t)) =4.6 = AVQRy 4 (Y),

which is the content of the decomposition Theorem 21 for the Average Value-at-Risk at its respective
levels @ = 0.7 and o = 0.4.

Next consider the random variables Z = [ Z,u (do) = %Zo,7+%ZO_4 and ZZ' = [ ZoZ! pu(da)
320227 + 2204244 — built according to (15) and depicted in Figure 3. ZZ' is feasible and it
holds that

R(Y) = 2AV@R 7 (V) + 2AV@Ry 4 (V) =574 =EY ZZ'. (25)

According to the proof of Theorem 21 and (17) one needs to consider

[ ZaAVER, 10z, (Y|]:t) (de)

72 (Y
3. AV@R 7 (Y|u) + 2. AV@R 4 (Y]u) =91/15~6.07
=<¢0-AV@R; (Y|m) +1- AV@RO 7(Yim) =3 (26)
2L AV@Rg 3 (Y]d) + 12 - AV@R, (Y|d) =184/31 ~ 5.94.

At each node in (26) the corresponding risk functionals in its respective Kusuoka representation
are given by (24). These risk functionals in general differ from the initial risk functional (23).
However, any of these risk functionals is built of at most two AVQR’s, as is (23), and they are
version independent (law invariant).

It is evident that the risk functionals (24) have different risk levels «, but they have different
weights as well (Kusuoka representation).

The representation theorem (Theorem 21) finally ensures that

R(Y)=E(Z-Rz(Y|F)) =5.74,

which is in accordance with (25).
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