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Abstract

Starting from the equivalence principle various pricing methods have been considered in insurance, each
aiming at finding a fair price and reflecting the intrinsic risk of an insurance contract at an appropriate
level. In this paper we consider first risk measures, in particular the Conditional Tail Expectation
in order to establish a risk averse price for an insurance contract. We elaborate explicit formulas for
important types of life insurance contracts and observe that distorted probability distributions play
an essential role.

In order to determine a risk averse premium the actuary is moreover interested in computing the
premium under related probability distributions. We elaborate that a suitable concept to qualify
related probability distributions is provided by the Wasserstein distance. For this distance the actuary
often is able to control and quantify the distance to the real probability distribution in an explicit way.
We elaborate the pricing issues in this context and give reliable, sharp bounds for a risk averse price,
which are easily available for the actuary.

Keywords: Risk Measures, Continuity properties, Wasserstein and Kantorovich Distance, Distortion
Function
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1. Introduction

How should one price an insurance contract? An important and fair answer to this question is
provided by the equivalence principle, that is to say the fair lump sum premium for an insurance
contract is just the expected value of its possible losses. Besides the fact that other loadings have to
be added to the premium (for, say, administration and acquisition of the contract), the realized loss
of a concrete, individual portfolio will differ from the premiums, the receipts and expenditures of the
entire company naturally differ.

Although many other financial products (other than insurance contracts) are priced by the same
method as the equivalence principle, the variance of potential outcomes was investigated significantly
earlier in insurance than in banking: Hattendorff presented his result on the variance of the realized
loss already in 1868 (cf. [Hat68], [GLS03] on Hattendorft’s Theorem). This result naturally generalizes
to the loss distribution of an entire portfolio, and insurance companies absorb individual losses, as
long as they do not exceed a specified amount: The central limit theorem justifies describing the loss
distribution of an insurance company approximately.

To account for individual insurance contracts with high individual exposure — or for reinsurance
contracts — alternative techniques or methods have been elaborated in the literature to establish an
adjusted price, a risk-adjusted, risk-averse or risk-based price. Examples include utility functions
or appropriate transforms, cf. [Den89] and [Wan00]. Other methods overvalue potential losses, for
example by employing risk measures, which have been introduced in [ADEH99] for general financial
contracts. The most prominent among those risk measure is the Conditional Tail Expectation (CTE) *
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(cf. [KRS09] for its statistical properties), which is now part of the US and Canada insurance industry
regulations.

The loss distribution is an essential ingredient for all of these computations. However, the loss
distribution is not known precisely enough in many situation of actuarial relevance, available are
typically a few empirical observations or the associated empirical distribution up to some precision.
For this reason it is essential for an actuary to understand the impact of the loss distribution on the
premium and on the reserve for both, pricing and reserving thoroughly and carefully enough, that is
to say with actuarial due diligence.

In this paper we study the impact of probability distributions on prices and risk functions. We shall
recall the notion of risk measures in Section 2 and provide explicit evaluations for important types of
life insurance contracts in Section 3. Section 5 introduces the Wasserstein distance to measure the
distance of probability distributions, and the following section addresses pricing issues (risk measures)
under ambiguity. Concrete examples throughout the paper and a numerical discussion at its end
illustrate the results.

2. Risk Measures

We consider R—valued random variables L, in the context of insurance a random variable is typically
associated with loss. Risk measures, which have been introduced [ADEH99] and discussed in a flood
of scientific papers since then, assign a real number to any potential loss L. In the following we
consider the loss functions L on spaces such as L € £ = £,(Q,E,P) for 1 < p < oo or £ =
Lo (2,3, P), although there are some topological differences. This does not matter in the present
context of insurance, as any loss distribution of practical importance satisfies L € £, C £, C 4;
however, we shall address the topological differences at the appropriate place in the paper.

Definition 1 (Risk measures). A risk measure p: .£ — RU{oo} is a function assigning a real number
(or 00) p(L) to a R—valued random variable L € .. A risk measure has the following properties (i)
- (iv):

(i) MoNoToNICITY: If Ly < Lo, then p(L1) < p(L2) 2 (L1, Ly € &);
(ii) CONVEXITY: p(AL1 + (1 = X)Lg) < Ap(L1) + (1 = XN)p(Lo) whenever 0 < A <1 (Lo, L1 € Z);
(iii) TRANSLATION EQUIVARIANCE: If y € R, then p (L +y) = p (L) +y; ?

) PosITIVE HOMOGENEITY: For A >0, p(AL) = X-p(L) (L € .&).

)

VERSION INDEPENDENCE: A risk functional p is version independent 4, if p (L1) = p (L2) when-
ever Ly and Lo share the same law, that is P (L1 <y) = P (Ls < y) for all y € R.

(v

In this definition we allow p to evaluate to co. However, throughout this paper we shall assume
that p is proper, that is there is at least one L € % for which p (L) < oo.

e Conditional Tail Ezpectation (CTE)
is sometimes also called

o Average Value-at-Risk, or conditional Value-at-Risk,
e cxpected shortfall,
e tail value-at-risk or newly

e super-quantile.

2For L1 and Ly random variables we write L1 < Lo whenever L (k) < Lo (k) for all samples k.
3The random variable L +y is L +y - 1 where 1 is the constant random variable, 1 (k) = 1.
4sometimes also law invariant or distribution based.
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2.1. The Conditional Tail Fxpectation, CTE,,

The most prominent example of a risk measure is the Conditional Tail Expectation, CTE. The
a-level CTE (0 < a < 1) is given via the equivalent representations

1
CTE. (D)= 1 [ Fi' )y &)
1
:;rel]]fk q—i—iliaE(L—q)Jr (2)
:sup{ELZ; ogzg(l—a)*l,Ezzl} (3)
_ LdQ 1
—sup{IEQL. 1P < la} (4)

where F; ' (o) = g, (L) = inf {q: P(L < gq) > a} is the left-continuous a—quantile (sometimes also
the Value-at-Risk or lower inverse cdf at level ).

In case that Ff, (¢4 (L)) = « (which is certainly the case if Fy, is continuous at ¢, ) the additional
formula

CTE, (L) =E [L| L>qa (L>] (5)

is often useful.

The equivalence of these different representations (1) — (5) can be found, e.g., in [RU00] and [PRO7].

The function o — (1 — «)-CTE, (L) — by (1) —is concave. It is moreover linear between neighboring
values of a € {Fp, (z) : € R}, which is an essential observation when evaluating CTE,, (L) by means
of (5) for discrete distributions.

The CTE at level 1 is defined as

CTE, (L) := lim1 CTE, (L) = esssup L.
a—

2.2. Interpretation in insurance

In the context of insurance L is a random variable associated with loss. It follows from the definition
that
CTEo (L) =EL < CTE, (L) < CTE; (L) = esssup L,

which shows that CTEq (L) is the price of the insurance contract according the equivalence principle.
CTE, (L) is a higher lump sum premium for the insurance contract, incorporating a certain loading
by judging the insurance contract to be risky for the company: According to (1) outcomes with higher
losses ({L > g }) are over-weighted with 2 > 1, whereas outcomes with smaller losses ({L < ¢q})
are not even considered, they are ignored by CTE,. Naturally the contract’s price cannot exceed
CTE; (L), as this is the maximum potential loss anyhow and no downside risk can be associated with
the premium CTE; (L) for the insurance company.

3. Applications in life insurance

An insurance contract often has a monotone payoff function: if the insured lives longer, then
she/ he will receive more cash (monotone increasing) — or less (monotone decreasing) — depending
on the contract. This monotonicity property allows to compute the Conditional Tail Expectation
for some important life insurance contracts in an explicit way, the results often come along with a
helpful interpretation, as changing the measure results in a simple modification of the life table in an
appropriate way. Moreover the results allow evaluating the CTE by employing simple and standard
actuarial tools involving just standard present values. For this we list the results for four elementary
insurance types.

The payoff L, representing the insurer’s loss, depends on the lifetime K. As usual in actuarial science
we assume the lifetime K integer valued and write Ly := L (k) when convenient in this situation. We
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employ the international, standard actuarial notation (basically following [Ger97]), such as gp, =
P (K > k) and assume throughout the paper that

P(K<oo\K2x):kawqw+k:1 (x €N). (6)
k=0

8.1. Increasing payoff functions

For an increasing payoff function L it holds that {L < L (k)} = {K < k} by monotonicity, and
hence P(L < L(k)) = P(K <k) = kg, for any fixed k € {0,1...}: The quantile for & = jq, is
Fr ' (k) = L (k).

(i)

Pure endowment

The random variable for the payoff of a pure endowment is L (K) := v" - I1g>p), which is
an increasing function in K (a step function). The lump sum for the endowment insurance,
0 ifp<ngs
according the equivalence principle, is EL = , E,. Obviously F ! (p) = 1 b a , such
" i p 2 nga
that the Conditional Tail Expectation evaluates to
nPz ,n f <
CTE, (L) ={ 1oV D@ =nb
" if o > nqs
by (1). It follows immediately for o = g, that
spevt itk < b kB itk <
CTE,q, (L) = et 7= = g0 ek = (7)
" ifk>n " if k> n,

which is the price for an endowment with sum insured due given the insured survives n years,
or dies within the first k£ years. The CTE, of a general level o can be found by appropriately
interpolating (7).

Life Annuities

The payoff for an whole life annuity-due is L = dKiJrll = Ef:o v?, its present value is E dﬁl =
.. The payoff function k — drﬂ| is increasing, as for the pure endowment. Hence, by (5),

CTE,,, (L)

E[LIL > g | = E [z | K 2 4]

1 1

= D Qo j G5 =
> e e =

Do E j+kPx dr+k+j ak+j+1|
j=k

- Z jPz+k Qu+k+j (dg‘ +o" djﬁo = ag + 0" by (8)
3=0

This is the premium for an annuity with modified mortality, the insured is assumed immortal in
the first k£ years. By the elementary relation A, = 1 — d - d, this is equivalent to the expression

For the more general n—year temporary life annuity-due with present value ;.5 = Ed
the CTE evaluates to

min{n,K+1}|

. k . .
g + v Qo iR ifk<n

CTE,q, (L) = {
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After these illustrating examples it is evident that the general pattern for increasing payoff function L
is

CTE,,, (L) =E[L|L> L (k)] = EL,

kqx

where EL is the usual present value with respect to the measure which assumes that the insured is
immortal within the first k& years: the modified life table ¢ to compute EL as in (7) and (8) is

(j = (07 07 . . '07 Qu+ky Qut+k+1,- - ) (9)
—_———

E times

For this modified life table it should be noted that

P(K <00) = kPaterr=1 (10)
k=0
by (6), which means that any outcome will die with probability 1 under the modified measure as well.

8.2. Decreasing payoff functions

If the payoff function is decreasing then {L < L (k)} = {K > k} by monotonicity, and consequently
P(L<L(k))=P(K>k)=p, for any fixed k € {0,1...}. The quantile for o = yp, thus is given
by PWL_1 (kpw) =L (k)

(i) Life insurance
The payoff for a whole life insurance contract is L := v® 1!, its present value is EL = A,. The

payoff k + v#*1 is decreasing. Then the quantile for o = pp, is g (L) = v**1, such that
_ k+17 _ K+1 kA
CTEkPm (L)*E[L‘LZU ]—E[U |K§k]f (11)
kdx

by employing (5).

For the more general term life insurance (L = v

11 k<ny) one deduces the closed form

nde ik >p
CTE,, (L)=2{ k% = 12
wpa (L) {iﬁf ith<n (12)

for the Conditional Tail Expectation.
(ii) Endowment

Endowment insurance combines life insurance and a pure endowment by use of the decreasing
payoff I = p™in{K+1n} Tts CTE generalizes (11) and (12) by

nAz+ nEka‘q k—nQdz+n if k Z n,
CTE,p, (L) = § o4, **

kqx

if k <n.
To describe the general pattern for a decreasing payoff function L consider the modified life table

q = (qam qz+15- - - ot+k—1, 07 07' . ')7 (13)

for which P (K < 00) = g, < 1, which is in notable contrast to (10). It follows that P = 3", %51@
is a probability measure for which

CTE,,, (L) = EL.



3.3 General insurance contracts 6

3.3. General insurance contracts

The methods developed in the latter Sections 3.1 and 3.2 can be applied to general insurance
contracts, although closed forms are more involved or simply not available in many situations. Just
consider an endowment insurance with regular premium II. Its payoff

min{K,n—1}

=" Mygeomy =T >
j=0

is neither de-, nor increasing. However, the CTE, (LH) can be easily computed by appropriately
ordering the potential payoffs and applying (5):
Denote P = )", kDz Qutk - Ok =: Y, PkOx the probability measure and - +— (-) the permutation such
that
LayzLezLe =

Define
7o ﬁ ifp(l)-i-...p(k)Sl—OZ, _ ﬁ ifP(LZL(k))Sl—Oé, (14)
@0 ey epeeny=l-a |0 HP(L=Lgy)=1-a
with the supplementary requirement that EZ = 3", pi Z, = 1 for the remaining index. Then, by (3),
CTE. (L) =ELZ = Z Pz Qutk Lk Z. (15)
k

Equivalently, by employing the modified measure
15 = Z kDz qz+k Zy - 0
k
it holds — in accordance with (4) — that
CTE, (L)=EL.
The measure P can be incorporated in a life table ¢ again such that
pP= Z kPx Qutk Zk - O = Z kPx Gutk - Ok,
k k

but in this general situation the pattern is not as striking as in (9) and (13).
3.4. Pricing and adapted reserving strategies

Risk averse pricing
A lump sum premium II, can be chosen such that

CTE, (L") =0, (16)

where L := [ — I, is the loss function with incorporated premium payment at the very beginning
of the contract. It is evident from the axiom on translation equivariance in Definition 1 that I, =

CTE, (L).
For regularly paid premiums the annual premium II, as well can be chosen such that
CTE, (L") =0, (17)
where Lo = L — Tl - =5, It follows then that 0 = CTE, (L) > EL" = EL — Tadym),
ie. 7
EL
Ha 2 - - HO,
Qg7

which demonstrates that the annual premium II,, according (17) is higher than the annual premium IIy
proposed by the equivalence principle.

The equations (16) and (17) represent a risk-averse pricing strategy, a generalization of the equiv-
alence principle, which is discussed in many places of actuarial literature.



The reserves corresponding to risk averse premiums

It is tempting to define the balance sheet reserves (net premium reserve) after A years in line with
the pricing formulae (16) and (17) as Va = CTE, (L] K > A), where the measure is restricted to the
future lifetime {K > A} and the payoff Lg is adjusted to account for the future cash flow. This is just
in line with the net premium reserve for the equivalence principle. But this is misleading, the setting
violates important time-consistency constraints ([Shal2]), which may cause undesirable jumps in the
company’s annual balance sheets, and consecutive profit and loss accounts. The proper adjustment
has to accept an annually adjusted level aa. The reserves, adjusted for time consistency and in line
with (16) and (17), are

Va :=CTE,, (LX|K > A) =E (LE| K > A),

where P is the modified measure.
For a comprehensive discussion and justifications of these settings, in particular for a time consistent
choice of the sequence aa we refer to [PP12b] and [PP12a].

4. Further risk functionals
It is obvious that averaging risk functionals, for example
px (L) := (1 —=X)CTE,, (L) + ACTE,, (L),
(where A, ag, a1 € [0,1]) are risk functional again, and so is

pg (L) :=suppy (L),
geqg

where p, is a risk measure for every g € G.
Kusuoka’s theorem states that every risk functional can be obtained by combining the latter two
operations, provided it is version independent.

Theorem 1 (Kusuoka). Any law invariant, positively homogeneous and lower semi-continuous risk
functional p on £ obeys the representation

:sup/ CTE, (L) p (da) ,

neH

where M is a set of probability measures on [0, 1].
Moreover

— sup / Fr' (a) h (o) da, (18)

hest

where J€ is a set of positive, continuous, bounded and increasing functions h satisfying fol h(a)da=1.
For positive loss functions P (L > 0) = 1 the representation

p(L) = sup /Ooo Hy, (Fr, (q)) dg,

holds in addition, where Hp, (« f h(p

Proof. As for the proof cf. [Kus01] and [Pfl06]. The latter statement follows from (18) by means of
integration by parts and substitution. O

Kusuoka’s representation demonstrates that the Conditional Tail Expectation is indeed central, as
all other risk measures can be expressed by employing the CTE at different levels o. This observation



fosters the central role of the CTE. Moreover it is inherited from the Conditional Tail Expectation
that
EL <p(L) <esssupL,

which makes p (L) a candidate for a more involved insurance price: As above, the price according
the equivalence principle, E L, is a lower bound for the risk-adjusted price. Moreover any of these
risk measures p overestimate the impact of expensive losses in relation, and in contrast to comparably
cheap losses.

Example. A comprehensive list of Kusuoka representations for important risk functionals is provided
in [PRO7]. A compelling example is the absolute semi-deviation risk measure for some fixed ¢ € [0, 1],

pe(L):=E[L+c-(L-EL),],

assigning an additional loading of ¢ to any loss L exceeding the price EL, computed according the
equivalence principle. Its Kusuoka representation is (cf. [Shal2, SDR09])

pe(L)= sup (1—=cA)EL+cX -CTE;_»(L).
0<A<1

5. Ambiguity

In the previous sections we have proposed p (L), in particular CTE,, (L) as a risk averse premium
for an insurance contract. It was an important observation, which is already intrinsic in (4), that the
probability measure can be exchanged in order to evaluate the Conditional Tail Expectation of a loss
distribution L.

The following point on L’s distribution function has to be made as well: To compute E L, CTE,, (L)
or p (L) the distribution function Ff, (x) = P (L < z) has to be known precisely: In order to price a
contract the actuary has to be sure about the loss distribution F7.

In a real world situation this is, however, not often the case. The loss distribution may result from
empirical observations, may have errors in measurement or may be derived from other observations
related to the risk of interest. In extreme situations the loss distribution may even be derived by
scientific arguments without any observations. In order to price a contract the responsible actuary
thus will compute the prices for other possible loss distributions Fy,, say, as well and compare the
resulting premiums.

The actuary is interested in the question: What is the price CTE,, (L) for the given loss function
L, but subject to a different probability distribution? To investigate this question a notion of distance
of probability distributions is advisable. Various distances have been proposed in the mathematical
literature, [Rac91, RSF11] provide an impressive overview and aggregation (applications can be found
in [PP11] and in [LDSSL12]). In the present actuarial context the Wasserstein distance is appropriate,
as it obeys a sequence of properties one would intuitively request from a distance of probability
measures having applications in insurance in mind.

Definition 2 (Wasserstein distance). Let (2,3, P) and (é, 3, ]5) be probability spaces and d: Ex= —
R a distance function. The Wasserstein r—distance (r > 1) is

d. (P,P)" := igf/ d(¢,€)" 7 (d¢,df),

=X

[

where the infimum is among all probability measures m which have marginals P and P, that is
7 (AxZ) =P (A) and 7 (E x B) = P(B) whenever A€ ¥ and B € ¥.

Mathematical and topological details for the Wasserstein distance can be found in [Villani Vil03].
In the Russian literature (cf. [Ver06]) the Wasserstein distance is usually called Kantorovich distance.
We adopt the concept with actuarial applications in mind.



Remark 1. If P = Y. p;id¢, and P = >_; Djdg, are discrete measures, then the Wasserstein distance
can be computed by the linear program (LP)

minimize
(in ) Zu di imij = Exd"
subject to > Mij = DPi, (19)
2 Tij = Dis
mi5 = 0,

where d; ; is the matrix with entries d; ; = d (&,&;). As any linear program it has a dual program,
which can be stated as

maximize -
(in A, 1) doipidi + 3Dy =EpA+Epp (20)
subject to Xi+p; <d

r
— "

In all situations relevant for insurance we have that = = = is a vector space, and d is a norm, that
isd (f, {) = Hf — fH In this situation the following holds true.

Lemma 1. Let 2 = E be a vector space and the distance d a norm. Then
lep —epll < dvr (P, P), (21)
where ep := [ xP (dz) is the barycenter under P.

Proof. By Jensen’s inequality,
lep = epll = | [ o @) = [ o )|
= H/x -y w(dx,dy)” < / |z — y|| 7 (dz,dy) ,

whenever 7 has the right marginals according to Definition 2. Taking the infimum with respect to all
possible measures 7 reveals (21) for r = 1. The general case deduces from

d, (P,P) <d. (P,P) (r<r),
which is a consequence of Holder’s inequality. O

Interpretation of the Wasserstein distance in life insurance
In life insurance the probability measure P = )", kps @otr - 0; is usually given via a life table.

To compare life tables it is natural to employ the function d (k,k) = |k — l~€|, which measures the
difference in age of two sample-individuals. For this choice (21), i.e.

lep —ep| < d, (P, P),

relates the average life expectancy under P and P, as ep = Yk k- kPaluyk is the average life ex-
pectancy (under P): The average life expectancy under different measures will not differ more than
their Wasserstein distance.

The following example further supports the interpretation that d, (R ]5) reflects the average dif-
ference of life expectancies of different generations.

Example. The life table of a different generation is in practical situations often approximated by
an age-shift of, say, A years (age-adjusted life expectation). The shifted probability measure is P =
> & kP2 Qo+k * Ox+a. Then the Wasserstein distance recovers the age-shift,

d, (P, P) = A, (22)
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when employing the distance function d (k, IZ:) = |k — l::| representing the natural difference in age.
pe ifk—k=A

and observe that 7 is feasible for (19) with the
0 else

To accept (22) choose m 1 = {

objective Exd" =3, 1 m & ’k - l~c|r =Y, pA" =A",sod, (P, ﬁ) < A.

On the other side choose A, := k- 7A™" ! and pj := — (r — 1) A" — k- rA"™"'. Then X\ + yj, =
A"+ AT (k- k— A) < ‘k; — 125’7 by convexity of y ~ |y|". The dual variables A and u thus are
feasible for the dual program (20). The objective for the dual is EpA + Epp = > kP qerukrA™1 +
> ok kDz Qotk (AT (I—-r)—(k+4) rArfl) = A", which shows that d, (P, P) > A: the duality gap
thus vanishes and d, (P, P) = A.

In the context of insurance the loss function L is always R—valued, such that the image measure
(pushforward measure) P* := P o L™! is a measure on R. The following lemma to compute the
Wasserstein distance for measures on the real line facilitates evaluating the Wasserstein distance in
many situations of practical actuarial importance.

Lemma 2. For measures P and P on R it holds that
~N\T 1 ~ T
drUZP):i/ |[F~ (o) = F7' (a)| da,
0

w{lere F(z) = ) [f . P(p), F(z) = [*_P(dp) and F~'(a) =inf{g: F(q)>a}
(F~' (o) = inf {q: F (q) > a}, resp.) are the quantiles.

Proof. The proof is contained in [Vil03, Theorem 2.18 and the following remark] or [AGSO05] in a more
general context. O

This initial and preparing discussion of the Wasserstein distance on probability measures enables a
comprehensive treatment of actuarial pricing under distorted probability measures, where the potential
distance is a model parameter which can be interpreted and estimated by the actuary. The next section
addresses a thorough mathematical treatment of this approach.

6. Ambiguity risk measures

We have proposed in the previous Section 2 p (L) as a price of an individual insurance contract,
where p is a version independent risk measure. We are ready now to address the question of ambiguity:
The loss function L is known precisely and described in the insurance contract. But Fp, its distribution,
is not known entirely, but only up to some gap which is specified in terms of the Wasserstein distance.

Definition 3. Let K > 0 and p(L) = sup,ce [ F; ' (a)h(a)da be a version independent risk
measure. The K—ambiguity risk measure is

pr (L):= sup pqo(L),
d.(PQ)SK

where pg (L) = sup,c. fol FélL (o) h () da and FélL (o) =inf{q: Q(L < q) > a}.
We have the following theorem.

Theorem 2. For any K > 0, px is a version independent risk measure.

Proof. Let Ly < Lo, then Q (L1 < ¢q) > Q (Ly < q), and FQ_;lL1 () < FélLQ (a) for every measure @,
from which the monotonicity property follows.
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As for convexity notice that every measure pp.q (L) = fol F(;L (o) h (o) dex is convex for every Q

and h € 7. Thus

pr (1 =X Lo+ XLi)= sup sup pro((1—A) Lo+ ALy)
dr(P,Q)<K het

< sup  sup (1—A) priq (Lo) + Apnsq (L)
d(P,Q)<K he#

<(l1-X) sup sup pn.o (Lo) + A sup sup pn;o (L1)
d - (P,Q)<K he# d.(P,Q)<K he#
= (1= XA) px (Lo) + Apx (L1) -

Translation equivariance follows from FélL te = C+ FQ_;lL7 and positive homogeneity follows from
FQi;le () =X~ FC;}L () whenever X\ > 0.
It remains to show that pg is version independent. But this is evident by the equivalent expression

1 H—1 . . . .
~ h € #, F~+ an increasing and l.s.c. quantile with
pK<L>sup{/ F1 (a)h (a) da | on increasing ! } (23)
0 Jo lFrt (@ = F (@) da < K

which holds by means of Lemma 2. O
The K—ambiguity measure px depends on r, the parameter of the Wasserstein distance. To

investigate the impact of this parameter we shall write r explicitly as pg, in the following Lemma. It
turns out that the highest deviation is to be expected for the parameter r = 1.

Lemma 3 (The role of the parameter r). It holds that
prcr (L) Z prcr (L) (r <17).
Proof. Recall that d,. (P,Q) < d,» (P,Q) whenever r < r’, hence

pra (L) = sup  po(L)< sup pq(L)=px.,(L),
d,/ (P,Q)<K d.(P.Q)<K

which is the assertion. O
The following theorem particularly holds for the Conditional Tail Expectation.
Theorem 3. If p is generated by a single function h, that is p (L) = fol FL_1 () h () dev, then
K = pk (L)
18 concave.

Proof. Recall from (23) that

1
P(1—2\) Kot ri, (L) = sup {/ F (@) h(a)da: ||[Fp'—F7'| < (1—-X Ko+ AKl}
0

where we assume here and in what follows implicitly that F1 needs to be a quantile function.
Let two quantiles satisfying HFE1 — F(ler < Ky and HFE1 — Fler < K be chosen and define

Foli= (=N Ey A FTE

Then
HFL_1 7]5/\_1”7- < (1= X) Ko+ MKy,
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such that

1
p(l—)\)K0+)\K1 (L) >Sup{/ ﬁ‘;l (a)h(a) da: ||Fljl — F61||r é }'{()7 ||F£1 — Ffl“r S Kl} .
0
1
:Sup{(l—)\)/ Ey M (@) h(a)da: ||FL1—}7“01HT<KO}
0

1
—l—sup{)\/ F7H (@) h(a)da: ||FL1—F11||T<K1}.
0

Now the assertion
PA-NEKotaEK, (L) = (1= A) pry (L) + Ak, (L)

is immediate. O

It turns out that the smoothness of the loss function is of importance when evaluating risk measures
with different probability distributions. For this recall the following definition.

Definition 4. A function L is Holder continuous with exponent 0 < 3 if there is constant C' > 0 such
that |L (z) — L(y)| < C-d(z, y)ﬁ. The smallest of these constant is denoted Hg (L), such that

L (z) — L(y)| < Hg (L) - d(z,y)°

For 8 = 1 the notion of Holder continuity coincides with Lipschitz continuity and H; (L) is L’s
Lipschitz constant.

In addition it should be noted that S > 1 makes sense whenever the space is discrete (any
[—continuous function is constant on [0, 1] whenever 8 > 1).

Example. The Holder constant for an annuity (L (k) = Z;Hré v¥) is Hg (L) = v < 1, and for a pure

life insurance with loss function L = v**! the Hélder constant is Hg (L) = v — v? = v d.

Theorem 4 (Continuity of risk measures with respect to changing the measure). Let P and P be
probability measures and L Hélder-continuous with exponent § < r and constant Hg (L). Then

lpp (L) = pp (L)] < ||All, - Hy (L) -d, (P.P)’

! T
where s > 5

Proof. First let 7*23 = Tiﬁ and define rg := % , such that i + 72 = 1. Then, by Hoélder’s inequality,

0
s(/ollFL‘l(p)—F;( ’”ﬁdp) (/h de)

Note now that P* = PoL~! and P* = PoL~! are measures on the real line R for which, by Lemma 2,

1
(P, PL)" = i \F. ' (p) — Fr 't (p)] " dp.

Moreover
d,, (P*. PM)" :/|x P (L (dx), L7 (dy)
— [1L@ - L) 7 e < [ (8 (@) d(ww)’)” 7 (o dy)

=Hp (L /dxy (dz,dy),
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and thus d,, (P¥, JSL)W < Hg(L)"” -d, (P, P)T when passing to the infimum. Hence
5\ B
pp (L) = pp (1) < [, - Ha ()&, (P.P)’

The same inequality can be derived with the roles of P and P exchanged, from which the assertion
follows for 7}, = Tfﬂ.

The general situation rj; > 7 derives from the fact that |[A]|, < ||[|,, whenever r <r’, completing
the proof. O

The latter theorem allows the following helpful estimate for the K —ambiguity risk measure.

Corollary 1. Let P and P be probability measures and L Hélder-continuous with exponent f < r and
constant Hg (L). Then
p(L) < prc () < (L) + K- 1], - H (L)

! T
where T > . B

For the Conditional Tail Expectation the spectral function is h () = t2=1(4.1] (-), for which Hh||r;3
can be given explicitly by

/ l/T/ 1—r
L1\ ’ e 1
, = _— = 1— " =
Al (/a (1_a> dA (1—a) ™ 1—a)y”

(cf. [PWO09] for an initial statement in this direction).
The Conditional Tail Expectation allows the following improvement.

Theorem 5. For the Conditional Tail Expectation,

r

11—«

CTEqk (L) — CTE, (L) < - H, (max {L, ga}),

where max {L, ¢} is the function x — max {L (z), qa} and g, = FL_1 (@) is the a—quantile under P.
Proof. Let P be chosen such that d, (P, ]5) < K. Recall (2) for the Conditional Tail Expectation, thus
1

-«

Ep (L - Qa)+

1
CTE,.p (L) = CTE.p (L) =inf §+ ——Ep (L —q), —inf ¢+
’ q -« q 1

1 Ep (L - Q)+

1
11—«

1
—inf 4+ ——FEs(L—q), — qo—
l% q + 1—a« P( Q)+ q
where we have used that the infimum in (2) is attained at the quantile ¢, (L). Hence
1 1
CTEa;P (L) — CTEq;p (L) < qa+ 1 Ep (L_qa)Jr — Qo — i a
1

- 1—a(EP(L_QQ)Jr_]EP(L_qa)Jr)'

Ep (L - qa)+

—

By Holder continuity
(L(y) = o)y — (L(2) = ga)y < Hr (L = ga)y) - d(z,y)"
and in view of the duality relation (cf. (20)) it follows that
Ep(L—0a)y —Ep(L—qa), <H, (L—qa),) d- (P,P)",
such that

s

CTE,p (1) ~ CTEup (E) < 7= H, (L~ 4a),) -, (P, P)"

Finally note that H, ((L - qa)+) = H, (max {L, g, }), which completes the proof. O
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The next theorem finally elaborates that the bound in Theorem 5 is the best possible bound, at
least for discrete measures and for small perturbations K.

Theorem 6. For a discrete probability measure P = > paly with py > 0 an a discrete set X there is
K > 0 such that

r

K
CTEu.kx (L) = CTEq.p (L) + liHr (max {L, ¢a})
-

for every K < K.

max{L(z),qa }—max{L(z1),qa

ToFTe d(20.21)" ! and observe that

Proof. Choose (g, 1) € argmax
L(zo) — L(z1) > d(zo,21)" - Hr (max {L, ga}) -

Define the measures
P(zo) + A ify =,
P(y):==qP(@)—-A ify=ua,

1
P (y) else
(A < P(x1)) and
A if x = x; and y = xo,
_ JP(x1)—A ifr=2and y = 4,
Try = p (z) if vg #x =y,
0 else

such that P (z) =}, 7, and P(y) =3, Ty Moreover
dr (Pyp)r S Z”Tm,yd(xay)r :A'd(xhx())r (24)
wly

S P(l‘l) 'd(ﬂ?l,xo)r

by the choice of A.
Next, let the dual variable Z (EZ = 1, 0 < Z < %) be chosen such that CTE,, (L) = ELZ.

l-«
l-«a

Without loss of generality one may assume P (Z = #) = a, as otherwise the atom {0 < Z< ﬁ}

can be split into two atoms with the desired property. }
As L (xg) > L(x1) > qo it follows hence that Z (zo) = Z (1) = =, and consequently EZ = 1.

1—a?
Next,
A
CTE,p (L) = CTEq;p (L) = EpLZ —EpLZ = +—— (L (v0) — L (21))
H, (max{L, qq r
_ Hi( 1X—{a da}) ‘A d (o, 31)

In combination with (24) it follows that

H, (ma{L, 4a}) 4 (p p)",

CTE,.5 (L) — CTEqp (L) >

1—«

that is
H, (max{L, ¢o})

CTEa;K (L) — CTEa;p (L) Z T Kr7
—
provided that K < P (z1) - d (z1,20)" =: K. By Theorem 5 hence
Hr La «
CTEQ;K (L) - CTEOL;P (L) = (maX{ 4q }) KT

11—«
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As an immediate application we mention the particular case r = 1, as it can be used to give
immediate upper bounds for the price of insurance, allowing distortions in the Wasserstein distance
up to a value of K.

The ingredients of the following corollary are often easily available for the actuary and provide a
quick bound for the lump sum premium.

Corollary 2. It holds that

K
sup CTE(){,K (L) S CTEOL;P (L) + 7H1 (max {L7 Q(I})a
& (P,P)<K -«

with equality for K in a neighborhood of 0 and Hy (max {L, q,}) denoting the Lipschitz constant. In
particular we have
sup EL<EL+K-H (max{L, ¢.})
di (P,P)<K

for the price according the equivalence principle.

7. Numerical analysis and treatment

An explicit formula for the CTE, is available just for selected types of insurance contracts, and a
more general procedure to compute CTE, is provided by (15). The CTE can be computed equally
well by the linear program (LP)

maximize

(in Z) >k kL Zy,
subject to YoebPeli =1,
0< Zy, Z < 1=,

where we have employed the measures

PZZkaa:Qw+k'5k:Zpk'5k (Pr = P (K = k) = kD Gutk)
k k

as above.

To illustrate the results we have computed the Conditional Tail Expectation for important types
of insurance in line with 3.1 and 3.2, they are depicted in Figure 1.

Equally well can the risk measure p;, be naturally evaluated by

/P’ a)da=ELZ = EZMLM%
where the optimal dual variable Z is provided by
1 1=pay—Pr—1)
Z( k) ‘*&—m h (p) dp.

p(k‘) 17p(1>7...p(k)

It is significantly more difficult to evaluate the K —ambiguity risk measure — even for CTE,.x (L),
the K —ambiguity Conditional Tail Expectation. This problem can be stated as

maximize

(in 7 and 2) 25 T LiZ; EZL
subject to Z Tij = Di m(Ax X)=P(A)
;5 > 0, ™ a probability measure (25)
Do 7rl7]d” <K~ d, (P,P) <K
O<Z< 0<z<+

Zl,j TrZJZ - ]' ]EZ = ]-7
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(a) The CTEq (small values of «) for the pure endowment 29 E19 = 64.6 % (left) and the annuity t40.35) = 166 % (right).
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(b) The CTE, for the life insurance 20A40 = 6.8 % (left) and the endowment A

10:35) = 71.4% (right).

09

0.

07

06

0.4

0.4

03

0z 1 1 1 1 L 1 1 L L ! 24 1 1 1 1 1 1 I 1 1 |
1] . . . . i

(¢) The Conditional Tail Expectation at level « = 0.3, CTEq.3, for the life insurance 29 A4 (left) and the annuity deo
(right; notice, that dfo\ ~ 29). Displayed is the concave map K — CTEg 3,k (L) for values of K up to 5 for the respective
loss functions. The order for the Wasserstein distance is r = 1 and r = 2.

Figure 1: Conditional Tail Expectation CTE,. The computations are made for the German life table
2008T M/F (for which 29qs0 = 8.6 %), and an interest rate of 1.75 %.
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where we have indicated the conditions on the right again, subject to the new measure P = > j Do

(p; = >, mij), which is at a distance of d, (P, ]5) < K. It should be noted that (25) is not a linear
program, as it involves multiplications as m; j - Z; in its constraints as well as in the objective (the
problem is bilinear). This fact significantly complicates the computations.

To escape this difficulty and to obtain reasonable computing times we propose to handle the problem
in the same way, as bilinear problems are usually treated, that is by iteratively improving (25): In an
iteration step fix Z in (25) and compute 7, next keep 7 fixed in (25) and compute Z (or — even quicker —
compute Z by employing (14)). Any of these problems then is a linear program, which improves the
objective. The described procedure can be proved to converge, provided that L > 0, what is the case
for a typical payoff in insurance.

8. Summary and outlook

In this paper we address the problem of pricing insurance contracts under ambiguity. An ambiguous
situation is an every day situation for an actuary, as the distribution of a loss function is not known
precisely in a typical situation.

In a first part of the paper we address general risk measures, in particular the Conditional Tail
Expectation as a pricing strategy. These risk measures incorporate designed loadings for the premium
of an insurance contract. To illustrate the impact of the design parameter for the CTE the compu-
tations are made explicit for usual types of life insurance contracts, as, surprisingly, simple explicit
expressions are available in these situations by changing the life table.

The second part of the paper is dedicated to evaluate these risk measures in ambiguous situations.
Closed forms are not available here, but sharp bounds allow to precisely estimate the results. These
bounds are designed in a way to serve as a quick guideline for an actuary when pricing a contract
in a situation, where the distribution of the loss function is known only at an insufficient level. The
concept to have a notion of distance on probability measures available is the Wasserstein distance.

Finally some relevant examples are used to demonstrate the impact of these pricing methodologies
in concrete situations.

Ambiguity was studied in a different context — in finance — recently, it is an essential ingredient to
prove key properties of the 1/N investment strategy [PPW12]. These fundamental results demonstrate
the particular importance of considerations on ambiguity and justify further research in the direction,
they reveal very natural, useful and capable estimates.
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