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Numerical Computation of Deflating Subspaces
of Embedded Hamiltonian Pencils*

Peter Benner Ralph Byers? Volker Mehrmann Hongguo Xu?

Abstract

We discuss the numerical solution of structured generalized eigenvalue problems that
arise from linear-quadratic optimal control problems, H., optimization, multibody sys-
tems and many other areas of applied mathematics, physics, and chemistry. The classical
approach for these problems requires computing invariant and deflating subspaces of ma-
trices and matrix pencils with Hamiltonian and/or skew-Hamiltonian structure. We ex-
tend the recently developed methods for Hamiltonian matrices and matrix pencils to the
general case of embedded matrix pencils. The rounding error and perturbation analysis
of the resulting algorithms is favorable.

Keywords. eigenvalue problem, deflating subspace, algebraic Riccati equation, Hamiltonian
matrix, skew-Hamiltonian matrix, skew-Hamiltonian/Hamiltonian matrix pencil, embedded

matrix pencils.
AMS subject classification. 49N10, 65F15, 93B40, 93B36, 93C60.

1 Introduction and Preliminaries

In this paper we study eigenvalue and invariant subspace computations involving matrices
and matrix pencils with the following algebraic structures.

Definition 1 Let J := [7[}71 Ié‘], where I, is the n X n identity matriz.

a) A matriz H € C*?" js Hamiltonian if (HJ7)? = HJ. The Lie Algebra of Hamiltonian
matrices in C*™2" is denoted by Hyy, .

b) A matriz H € C??" is skew-Hamiltonian if (HJ)¥ = —HJ. The Jordan algebra of
skew-Hamiltonian matrices in C*™?" is denoted by SHy,,.

c¢) A matriz pencil aS — fH € C?™2" js skew-Hamiltonian/Hamiltonian if S € SHy,, and
‘H € Hy,.

d) A matriz S € C2™?" s symplectic if STSHY = J. The Lie group of symplectic matrices
in C22" s denoted by Sop.

e) A matriz Uy € C*™?" s unitary symplectic if L{djuf = J and L{dZ/{f = Iy,. The
compact Lie group of unitary symplectic matrices in C>™?" is denoted by USs,,.

f) A subspace L of C*" is called Lagrangian if it has dimension n and ™ Jy = 0 for all
x,y € L.
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plectic Pencils”. All authors were partially supported by Deutsche Forschungsgemeinschaft, Research Grant
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2This author was partially supported by National Science Foundation awards CCR-9732671, MRI-9977352,
and by the NSF EPSCoR/K*STAR program through the Center for Advanced Scientific Computing.

3This work was completed while this author was with the TU Chemnitz.



There is little difference between the structure of complex skew-Hamiltonian matrices and
complex Hamiltonian matrices. If S € SHy, and ‘H € Hy,, then iS € Hy, and iH €
SHs,,. Similarly, there is little difference between the structure of complex skew-Hamiltoni-
an/Hamiltonian matrix pencils, complex skew-Hamiltonian/skew-Hamiltonian and complex
Hamiltonian/Hamiltonian matrix pencils. For § € SHy, and H € Hy, the matrix pencil
aS — OH is skew-Hamiltonian/Hamiltonian, the matrix pencil aS — B(zH) is skew-Hamil-
tonian/skew-Hamiltonian, and the matrix pencil &(iS) — fH is Hamiltonian/Hamiltonian.
(Here, @ = —iav and B = —if3.) However, real skew-Hamiltonian matrices are not real scalar
multiples of Hamiltonian matrices. There is a greater difference in the structure of real
skew-Hamiltonian and real Hamiltonian matrices than in the complex case.

The structures in Definition 1 arise in linear-quadratic optimal control [35, 40, 43|, Huo
optimization [20, 48] and several other areas of applied mathematics, computational physics
and chemistry, e.g., gyroscopic systems [28], numerical simulation of elastic deformation [42],
and linear response theory [37]. Here, we focus on applications in linear-quadratic optimal
control and H,, optimization.

First, we consider the continuous time, infinite horizon, linear-quadratic optimal control
problem:

Choose a control function u(t) to minimize the cost functional

AN ERINIE 0

0

subject to the linear differential-algebraic system (descriptor control system)
Ei = Ax + Bu, x(ty) = . (2)

Here, u(t) € C™, z(t) e C*, A, E€ C*", BeC», Q =Q" e C"", R= R” ¢ C™™ and
S e C™. If the (m + n) x (m + n) weighting matrix

_| Q@ S
R=[ gl

is Hermitian and positive semidefinite, then the problem is well-posed. Note that R, @ and/or
R may be singular. Typically, in addition to minimizing (1), the control u(#) must make x(t)
asymptotically stable. (Of course, if R is positive definite, then asymptotic stability of x(t)
is automatically achieved by any control for which the cost functional (1) is finite.)
Application of the maximum principle [35, 41] yields as a necessary optimality condition
that the control u satisfies the two-point boundary value problem of Euler-Lagrange equations

T x
Eo| o | =Ac| m |, alto)=2"  lim Eu(t) =0, (3)
1 U o
with the matrix pencil
E 0 0 A 0 B
ale—PBA:=a| 0 —FE7T 0| -p| @ A7 s |. (4)
0 0 0 st Bf" R



The matrix pencil (4) does not have matrices with one of the structures of Definition 1.
Nevertheless, many of the properties of Hamiltonian matrices carry over [35]. As reviewed be-
low, if E'and/or R are nonsingular, then (3) and (4) reduce to an ordinary differential equation
with Hamiltonian matrix coefficients or a differential-algebraic equation with a skew-Hamilto-
nian/Hamiltonian matrix pencil coefficients. In Section 2, we circumvent the nonsingularity
assumptions by embedding the matrix pencil (4) into a skew-Hamiltonian/Hamiltonian ma-
trix pencil of larger dimension.

If both E and R are nonsingular, then with n := —E" . (3) reduces to the two-point
boundary value problem

[?}:H{“"], 2(to) =2°,  Tim n(t) =0 (5)

n Ui t—o0

with the Hamiltonian matrix

M= { F @ ] . { E~'(A— BR™'sH) E-'BR™'BHE-H

H —FH" Q—-SR's?  —(E"Y(A-BR's)H |” (6)

This is the classical formulation found in many textbooks on linear-quadratic optimal control
like [25, 40, 43]. The solution of this boundary value problem can be obtained in many
different ways [35]. For example, let Y be a symmetric solution (if it exists) of the associated
(continuous-time) algebraic Riccati equation

0=H+YF+FIly —YGY.

Multiplying (6) from the left by the matrix [{/ ?] and changing variables to [g] = [{/ 9] [i]

one obtains the decoupled system

T F - GY G T .
In the desired solution, ¢ is identically zero. In that case, x is the solution to & = (F — GY)x
(with initial condition z(0) = %), n = —Yz, p = —F "y, and the control that minimizes

(1)isu=—-R~YSH + BIE=1Y ).

If F is singular and R is nonsingular, then (3) does not simplify quite so much, because
it is a differential-algebraic equation with nontrivial linear constraints. Substituting u(t) =
—R7Y(SHz(t) + B u(t)), system (3) does simplify to

S[ * ] :H[ . ] , x(ty) = 2, lim B pu(t) =0, (7)
I 1 t—00
with the reduced skew-Hamiltonian/Hamiltonian matrix pencil

_ “1¢H _npp-1pH
aS—BH:za{E 0 }_ﬁ{A BR'S BR'B

0o EY SR7'SH —@Q —(A-BR™'S)7 |- (8)
In this case, the corresponding generalized algebraic Riccati equation is

0 = Q-SR 'S L Fiy(A— BR'S9)
+(A-BR'S)IYE - E?Y(BR 'B!)YE, (9)



but, in general, the relationship with solutions of the optimal control problem is lost or
hidden. See [3, 26, 27, 35] for details. But even for E nonsingular, the formulation in (7)—(9)
is preferable from a numerical point of view if E is ill-conditioned with respect to inversion.

If R is singular and F is nonsingular then the situation becomes still more complicated.
Although the boundary value problem remains well defined, the Riccati equation does not.
This case has been recently studied [22, 23, 24].

At this writing, the case in which both E and R are singular has not been analyzed in
full generality.

The Euler-Lagrange and Riccati equations, their solvability and their numerical solution
have been the subject of numerous publications in recent years, see, e.g., [9, 29, 35, 40, 43]
and the references therein. In most numerical methods, the Riccati solutions are obtained
through the computation of deflating or invariant subspaces of associated matrix pencils, see
[35]. A key observation in this context, is that the Riccati solutions need not be formed
explicitly [45]. Tt suffices to work with bases of the deflating subspaces of the matrix pencil.

For example, suppose a&. — A, in (4) has an n-dimensional deflating subspace associated
with eigenvalues in the left half plane. (This can only be the case if E is invertible.) Let this
subspace be spanned by the columns of a matrix ¢/, partitioned conformally with (4) as

Ui
U=\ U,
Us

If U; is invertible, then the optimal control is a linear feedback of the form u(t) = UsU; ' (t)
and the solution of the associated Riccati equation is ¥V = UgUflE*I, see [35]. Observe
that the optimal control may be obtained without explicitly inverting E (or solving equations
with coefficient E). If E is “nearly singular”, i.e., ill-conditioned, then explicitly forming
the Riccati solution may introduce unnecessarily large rounding errors. If F is singular,
then an n-dimensional deflating subspace associated with left half plane eigenvalues may
not exist. In some circumstances, the deflating subspace can be augmented in dimension by
enlarging a basis with appropriately chosen eigenvectors and principal vectors associated with
the infinite eigenvalue, see [35]. In this case, the optimal control law may still be obtained as
u(t) = UsU; '2(t), but the Riccati solution need not exist. Examples appear in [26, 36].

Matrices and Riccati equations of a similar structure occur in H, optimization, see [20,
48]. Consider the linear time-invariant system

T = Ax+ Blu + BQ’U}7
z = 0133 + DHU + D12w, (10)
Yy = CQI+D21U+D22U),

where A € C*", B, € C*"*, C}, € C%" for k = 1,2, and D;; € C"™ for 1,5 = 1,2. Here
w € C™ denotes the control inputs, w € C™2 the exogenous inputs, y € (P2 the measured
outputs, and z € CP* the output error signals to be minimized. The H,, optimization problem
is to determine a stabilizing controller that minimizes the closed-loop transfer function T,
from w to z in the Hy, norm. Under mild hypotheses [48, p. 419], for any v > 0, there exists
an admissible controller such that |T%, |, < v if and only if the following three conditions
hold.



(i) There is a Hermitian nonnegative semidefinite solution Xo, € C™" to the algebraic
Riccati equation

CLOfT + ATX o+ Xoo A+ Xoo(v2B1Bf! — BoB )Xo = 0
and A + (7*2B1Bfl — BzBf)Xoo has no eigenvalue with nonnegative real part.

(ii) There is a Hermitian nonnegative semidefinite solution Y, € C™" to the algebraic
Riccati equation

BB 4+ Y AT + AY, 4+ Yoo (v 200 — 0y, =0
and A + Yoo (y7201CH — 0,CIT) has no eigenvalue with nonnegative real part.
(iii) 72 > p(XooYao), where p(-) represents the spectral radius.

Moreover, a controller that satisfies (i)—(iii) is determined by the linear time invariant system
having the state-space representation

flq + By,
= Cq+ Dy,

< .

where

= A+~72BBI X + B,C — BC,
= (I =7 2Yoo Xoo) 1Y CF

= —BIXx,,

= 0.

®> Q> tU> o

The (suboptimal) H,, controller determined by the above formulae is called the central con-
troller.

The Hs, optimization problem is equivalent to determining the supremum of v > 0 for
which at least one of the three conditions (i)—(iii) fails.

A difficulty in this optimization is that in the limit as v approaches the minimal H.,
norm the Riccati solutions X, and Y, may have infinite norm. Hence, typically with this
approach only suboptimal controllers can be computed numerically. The essential role played
by Xso and Y, is to represent particular right and left invariant subspaces of the Hamiltonian
matrices

oo { A ynhBﬁ-Bﬂg?]

-1 C’{I —AH
and

A -—BLBf} (11)

Koo := [72cacﬁ-cfcb —AH

respectively. The columns of [I, X..]” span a right invariant subspace of H., and the rows of
[I, Y] span a left invariant subspace of K. In [48, p. 445], conditions (i)—(iii) are generalized
in terms of an arbitrary basis of the same invariant subspaces as follows.

(i’) There are matrices Q1, Qo, T, € C*" such that QY Qs = Q¥ Qy,



Q| | @
Hm{@z]_{qh

and T, has no eigenvalue with positive real part.

] T, (12)

(ii’) There are matrices Uy, Uy, T, € C™ such that UlU, =UlUy,
(U U K =T, [ UF U]
and Ty has no eigenvalue with positive real part.

QY1 ~1QIU,

iii’) The 2n x 2n matrix
(i) e, Ul

is positive semidefinite.

In this formulation the computation of the optimal v can be obtained numerically by comput-
ing the largest v at which one of the conditions (i’), (ii’) or (iii’) fails. This approach is more
appropriate in finite precision arithmetic. See also [48, Remark 6.14]. For the optimal v, an
admissible controller is determined by the descriptor system having generalized state-space
realization

E§ = Aq+ By,
u = Cq+ Dy,

where
E = UIQ -+ 'UIQ,,
B = Uvj'cy,
C = -ByQ@,
D = o,
A

= ET, - BCyQ, =T,F+U/'B,C.

This form avoids explicit solutions of algebraic Riccati equations and inversion of the poten-
tially ill-conditioned matrix I —~ 2Y, X,.. We close the introduction with some remarks on
the numerical solution of the eigenvalue problems for matrices and matrix pencils involving the
structures in Definition 1. Although the numerical computation of n-dimensional Lagrangian
invariant subspaces of Hamiltonian matrices and the solution of algebraic Riccati equations
have been extensively studied (see [12, 30, 35, 43] and the references therein), completely
satisfactory methods for general Hamiltonian matrices and extended matrix pencils are still
an open problem. Such methods would be numerically backward stable, have complexity
O(n?) and preserve the given structure. There are several reasons for this difficulty all of
which are well demonstrated in the context of algorithms for Hamiltonian matrices. (Similar
difficulties arise in the extended matrix pencil case.) First of all, an algorithm based upon
structure preserving similarity transformations (including @QR-like algorithms) would require
a triangular-like Hamiltonian Schur form that displays the desired deflating subspaces. (We
summarize the definitions and basic results on Schur-like forms in Section 3.) A Hamiltonian
Schur form under unitary symplectic similarity transformations is presented in [38]. Unfortu-
nately, not every Hamiltonian matrix has this kind of Hamiltonian Schur form. For example,
the Hamiltonian matrix J in Definition 1 is invariant under arbitrary symplectic similarity
transformations but is not in the Hamiltonian Schur form described in [38]. A characterization



of Hamiltonian matrices that do admit a Hamiltonian Schur form under unitary symplectic
similarity transformations was conjectured in [31] and proved in [32]. (We summarize that
result in Section 3.) Schur-like forms are characterized for skew-Hamiltonian/Hamiltonian
matrix pencils in [33, 34] and for the other structures in [32]. A second difficulty comes from
the fact that even when a Hamiltonian Schur form exists, there is no known structure pre-
serving, numerical method to compute it. It has been argued in [2] that, except in special
cases [13, 14], QR-like algorithms are impractically expensive because of the lack of a Ha-
miltonian Hessenberg-like form. For this reason other methods like the multishift-method of
[1], the structured implicit product methods of [4, 5, 6, 46] do not follow the QR-algorithm
paradigm. (The implicit product methods [5, 6] do come quite close to optimality. We extend
the method of [5] to skew-Hamiltonian/Hamiltonian matrix pencils in Section 5.) A third
difficulty arises when the Hamiltonian matrix or the skew-Hamiltonian/Hamiltonian matrix
pencil has eigenvalues on the imaginary axis. In that case, the desired Lagrangian subspace
is, in general, not unique [36]. Furthermore, if finite precision arithmetic or other errors per-
turb the matrix off the Lie algebra of Hamiltonian matrices, then it is typically the case that
the perturbed matrix has no Lagrangian subspace or does not have the expected eigenvalue
pairings, see, e.g., [6, 46].

To simplify notation, the term eigenvalue is used both for eigenvalues of matrices and
for pairs (a, 3) # (0,0) for which det(aE — fA) = 0. These pairs are not unique. If 5 # 0
then we identify (o, ) with («/3,1) and A = /3. Pairs («,0) with « # 0 are called infinite
eigenvalues.

By A(E, A), we denote the set of eigenvalues of aF — A including finite and infinite
eigenvalues both counted according to multiplicity.

We will denote by A_(E, A), Ag(E,A) and A, (E, A) the set of finite eigenvalues of aA —
BE with negative, zero and positive real parts, respectively. The set of infinite eigenvalues
is denoted by Ao (E, A). Multiple eigenvalues are repeated in A_(FE, A), Ag(E, A), AL (E, A)
and A (F, A) according to algebraic multiplicity. The set of all eigenvalues counted according
to multiplicity is A(E,A) := A_(E,A) UAo(E,A) UAL(E,A) UA(E,A). Similarly, we
denote by Def _(E, A), Defo(E, A), Def (E, A) and Def ..(F, A) the right deflating subspaces
corresponding to A_(E, A), Ag(E,A), AL (E,A) and A (E, A), respectively.

Throughout this paper, the imaginary number /—1 is denoted by i. The inertia of a
Hermitian matrix A consists of the triple In(A4) = (7, w, ), where 7 = 7(A4), w = w(A) and
v = v(A) represent the number of positive, zero and negative eigenvalues, respectively.

2 Embedding of Extended Matrix Pencils

It is important to exploit and preserve algebraic structures (like symmetries in the matrix
blocks or symmetries in the spectrum) as much as possible. Such algebraic structures typically
arise from physical properties of the problem. If rounding errors or other perturbations destroy
the algebraic structures, then the results may be physically meaningless. Not coincidentally,
numerical methods that preserve algebraic structures are typically more efficient as well as
more accurate. Preserving and exploiting structure recommends using the Euler-Lagrange
equations in the form of (5) and (6) or (7) and (8).

On the other hand, reducing to the form of (5) or (7) using finite precision arithmetic may
be ill-advised. For the purpose of finite precision computation, it is desirable to obtain the
solution directly from the original data without explicitly forming matrix products and in-



verses. Otherwise, there is a real danger of numerical instability by transforming the problem
to an equivalent but more ill-conditioned one, i.e., transforming the problem to one that is
more sensitive to perturbations. The matrices E and/or R may be singular. Even if they are
nominally nonsingular, they may be “nearly singular”, i.e., ill-conditioned. Even if £ and R
are not ill-conditioned, forming “matrix-times-its-transpose” products like BR™!BH suffers
from the same kind of well-known numerical instability as forming the normal equations to
solve least squares problems. (See, for example, [19, Example 5.3.2].) Hence, it may happen
that the transformed coefficient matrices in (6) or (8) are so corrupted by rounding errors
that the control u(t) computed from them is of limited value. This recommends using the
Euler-Lagrange equations in the form of (3) and (4) in case small rounding errors can not be
guaranteed a priori when forming BR~'BT.

In this section, we show how to reconcile the superficially contradictory requirement to
avoid explicit products and inverses (by working directly with (3) and (4)) with the require-
ment to preserve and exploit special structure (by working directly with (5) and (6) or (7) and
(8)). This is accomplished by embedding (3) and (4) into an extended differential-algebraic
boundary value problem involving a skew-Hamiltonian/Hamiltonian matrix pencil of larger
dimension. Solutions of the extended system display solutions of (3) and (4). For this ap-
proach, no nonsingularity assumption is required and only unitary matrix products are formed
explicitly.

The extension requires an even number of controls. If the number of controls m is odd,
then the control system (2) must be extended with one or more artificial control variables.
Let v € C* be a vector of artificial controls with k& chosen so that m + k is even. If m is
even, then £ may be set to zero and v becomes void. We will see that even if k > 0, changing
the linear-quadratic optimal control problem appropriately, v will have no influence on the
optimal solution u. Introduce the control matrix B € C** corresponding to v. (If k& > 0, then
we may take B = 0.) With the artificial control vector, the descriptor system (2) becomes
the extended system

Ei=Av+[ B B]H], 2(ty) = 2°. (13)

Introduce an artificial Hermitian positive definite weighting matrix R € C** in (1) to obtain
the extended cost functional

s [ (1) S 0 x(t)
S, = / u(t) ST R 0| | ut) | a, (14)
o | w(t) 0 0 R v(t)

where minimization is now performed with respect to (u,v) € R™ x RE. (If k > 0, then R
may be taken to be the identity matrix.)

H vH]H into two parts u; and wuy of equal dimension ¢ :=

Now we repartition [u", mT‘H“

Then we may repartition [B, B] and the cost functional weighting matrix conformally as

1 1
P[] -l
m k C o0

n [B B] := n [Bi B (16)



and

n m k n l 14
n Q S 0 n Q Sl SQ
m SH R 0 = /[ SIH R11 R12 . (17)
E|lo0 0 R ¢ | S Ry Ry

In this notation, the extended descriptor system (13) becomes

Ei=Ar+ | B By | H;Eg } 2(to) = 2°,

and the cost functional becomes

H

50 x(t) Q Sl SQ x(t)
Se = / U1 (t) S{I RH R12 ul(t) dt.
to U (t) SQH R{{Q Rys U9 (t)

After a reordering of variables and equations, the Euler-Lagrange equations (3) for this ex-
tended linear-quadratic optimal control problem become

T x
e | U1 | _ ge| w1 _0 : H _
EE |l L | = AL , x(tg) =, lim BV u(t) =0, (18)
fi I (=0
1),2 U9

with the skew-Hamiltonian/Hamiltonian matrix pencil

E 0‘ 0 0 A B ‘ 0 By
0 0] 0 O si  RHE | B R
e __ € ._ _ 2 12 2 22
e —PA= GG TR o | TP Tog s [ —AT -, (19)
0 0] 0 0 -SH —Ry | -B® —Ryy

Numerical methods working directly with (18) and (19) can preserve and exploit the skew-
Hamiltonian/Hamiltonian structure while avoiding the explicit matrix inverses and products
required to form (5) and (6) or (7) and (8).

There is some freedom in the choice of k, B and R. How best to use the freedom is an
open question, but some guidelines are appropriate.

e To avoid increasing the complexity of the problem much, it may be best to choose k
as small as possible, i.e., £ = 0 if m is even and k£ = 1 if m is odd. However, if the
dimension of the problem is small, then k£ = m may also be a suitable choice.

e If B =0 and R is positive definite, then for (u,v,) € R™ x R¥ minimizing S, in (14),
it is clear that v.(¢t) = 0 and u, is a solution to the original problem.

e Tt is important that R and B be chosen so that the matrix pencil (19) is regular, i.e.,
for some (a, f) € C x C, det(a& — BAS) # 0. Otherwise, the two-point boundary
value problem of differential-algebraic equations (18) may not have a unique solution
for all consistently chosen initial values 20, see [27]. If the original extended Hamiltonian
matrix pencil (4) is regular and B = 0, then (18) is also regular. Note that (4) can be
made to be regular by appropriate preprocessing of the system [15, 27, 35].



e The matrices R and B should be chosen so that the matrix pencil (19) has a struc-
tured Schur-like form. Such forms are characterized for skew-Hamiltonian/Hamiltonian
matrix pencils in [33, 34] and for the other structures in [32].

e If possible, R and B should be chosen so that the problem of computing the desired
invariant subspace should not be more ill-conditioned than that for the original matrix
pencil (4). If B =0 and (4) has well-conditioned deflating subspaces, (e.g., if E and R
are nonsingular and well-conditioned, and the reduced Hamiltonian matrix in (6) has
no purely imaginary eigenvalues), then the deflating subspaces of (19) are likely to have
well-conditioned deflating subspaces also.

There is a certain philosophy behind this embedding. First of all, the extension is an
approximate “dual” operation to the reduction of the extended problem (3) to the problem
(7). Furthermore, from a behavioral point of view [47, 27|, i.e., if control variables and state
variables are interchangeable, then the partitioning (15)—(17) is not unnatural [15, 16, 27].

A similar embedding may also be constructed for the Hamiltonian matrices in H, opti-
mization.

3 Hamiltonian Triangular Forms

In this section we briefly review the results on the existence of structured Schur forms for
Hamiltonian matrices and skew-Hamiltonian/Hamiltonian matrix pencils.
We call a matrix Hamiltonian block triangular if it is Hamiltonian and has the form

F G
o o]

If, furthermore, F is triangular then we call the matrix Hamiltonian triangular. The terms
skew-Hamiltonian block triangular and skew-Hamiltonian triangular are defined analogously.
If a Hamiltonian (skew-Hamiltonian) matrix H can be transformed into Hamiltonian (skew-
Hamiltonian) triangular form by a similarity transformation with a unitary symplectic matrix
U € USy,, then we say that U HIUL has Hamiltonian Schur form (skew-Hamiltonian Schur
form).

Not all Hamiltonian matrices have a Hamiltonian Schur form. All real skew-Hamiltonian
matrices (but not all complex skew-Hamiltonian matrices) have a skew-Hamiltonian Schur
form [46]. For Hamiltonian matrices that have no purely imaginary eigenvalues the existence
of a Hamiltonian Schur form was proved in [38]. The general result was suggested in [31]
and a proof based on a structured Hamiltonian Jordan form was recently given in [32]. The
results were extended in [33, 34] to skew-Hamiltonian/Hamiltonian matrix pencils. In this
section we summarize the results from [32, 33, 34] needed for the analysis and development
of the numerical methods below.

The following theorem gives necessary and sufficient conditions for the existence of a
Hamiltonian triangular form under unitary symplectic similarity transformations. If this form
exists, then we have also a Lagrangian invariant subspace that may be used to decouple the
boundary value problem (5) [36]. Note that here and in the following, by abuse of notation,
we identify a subspace and a matrix whose columns span this subspace by the same symbol.

10



Theorem 2 [32] Let H be a Hamiltonian matriz with v pairwise distinct, nonzero, purely
imaginary eigenvalues iay, iy, ..., tay, and associated invariant subspaces Uy, Us, ..., Uy,
respectively. The following are equivalent.

(i) There exists a symplectic matriz S such that S~'HS is Hamiltonian triangular.
(ii) There exists a unitary symplectic matriz U such that UTHU is Hamiltonian triangular.

(iii) Fork=1,2, ..., v, U JUy is congruent to a copy of J of appropriate dimension. (If
v =0, i.e., if H has no nonzero, purely imaginary eigenvalue, then this statement holds
vacuously.)

For regular skew-Hamiltonian/Hamiltonian matrix pencils the situation is similar, see
[33, 34]. The structure of skew-Hamiltonian/Hamiltonian matrix pencils is preserved by .J-
congruence transformations [33, 34], i.e., if aS — fH is skew-Hamiltonian/Hamiltonian then
for any nonsingular matrix Y, JY? 7T (aS — BH)Y is also skew-Hamiltonian/Hamiltonian.

Theorem 3 [33, 3] Let aS — H be a regular skew-Hamiltonian/Hamiltonian matriz pencil,
with v pairwise distinct, finite, nonzero, purely imaginary eigenvalues tay, ias, ..., iq, of
algebraic multiplicity p1, p2, .., Pu, and associated right deflating subspaces Q1, Qs, ...,
Q.. Let ps be the algebraic multiplicity of the eigenvalue infinity and let Q4 be its associated
deflating subspace. The following are equivalent.

(i) There exists a nonsingular matriz ), such that

St 512]_ﬂ{H11 Hiyy ]

0o sH 0o -—-H (20)

IVETT (a8 — BH)Y = a {
where S11 and Hy1 are upper triangular while Sio is skew-Hermitian and Hqo is Her-
mitian.

(ii) There exists a unitary matriz Q such that jQHjT(ozS — BH)Q is of the form on the
right-hand-side of (20).

(i) For k=1,2,...,v, QX JSQy is congruent to a py x py copy of J. (If v =0, i.e., if
oS — BH has no finite, nonzero, purely imaginary eigenvalue, then this statement holds
vacuously.)

Furthermore if poo # 0 then QL TH Q.. is congruent to a poo X poo copy of 1.7 .

The results covering real Schur-like forms of real Hamiltonian matrices and skew-Hamil-
tonian/Hamiltonian matrix pencils are similar [32, 33, 34].

Theorems 2 and 3 give necessary and sufficient conditions for the existence of structured
triangular-like forms. They also demonstrate that whenever a structured triangular-like form
exists, then it also exists under unitary transformations. This fact gives hope that these forms
and the eigenvalues and deflating subspaces that they display can be computed with structure
preserving, numerically stable, unitary transformations. The following sections propose such
numerical methods for the computation of eigenvalues of Hamiltonian matrices and skew-Ha-
miltonian/Hamiltonian matrix pencils.
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4 Skew-Hamiltonian/Hamiltonian Matrix Pencils

The skew-Hamiltonian/Hamiltonian matrix pencils (8) and (19) have the common charac-
teristic that the skew-Hamiltonian matrix S is block diagonal. In this case (and also other
cases), the matrix S factors in the form

S=7g2"g"z (21)

where J is as in Definition 1. For example, if S = [Sj EUH] where £ € C*", then Z =
diag(I, EM) in (21).

Consider the indefinite inner product on C?" x C?>" defined as (x,y) = 27 Jy. If Z €
C?2n then for all z, y € C*", ((Zx),y) = (x, (T ZH TT)y), i.e., the adjoint of Z with respect
to (.,.) is TJZHJT. Because J' = —J, the adjoint may also be expressed as JZ7 J7T.
From this point of view, (21) is a symmetric-like factorization of S into the product of Z and
its adjoint 7 ZJ7. By analogy with the factorization of symmetric matrices, we will call (21) a
skew-Hamiltonian J-Hermitian factorization and we will use the term 7 -semidefinite to refer
to skew-Hamiltonians matrices which have a skew-Hamiltonian J-Hermitian factorization
(21). A J-definite skew-Hamiltonian matrix is a skew Hamiltonian matrix that is both [J-
semidefinite and non-singular.

As seen in the skew-Hamiltonian/Hamiltonian matrix pencils (8) and (19) J-semidefinite-
ness arises frequently in applications. We show below that all real skew-Hamiltonian matrices
are J-semidefinite. We also show that if a skew-Hamiltonian/Hamiltonian matrix pencil has
a skew-Hamiltonian/Hamiltonian form as in Theorem 3, then the skew-Hamiltonian part is
J-semidefinite.

Although J-semidefiniteness is a common property of skew-Hamiltonian matrices it is not
universal. The following lemma shows that neither 7 nor any nonsingular, skew-Hamiltonian
matrix of the form iJLLT is J-semidefinite. (Later, Lemma 5 will show that i 7 LL” fails to
be J-semidefinite for any L # 0.)

Lemma 4 A nonsingular skew-Hamiltonian matriz S is J-definite if and only if iJS 1is
Hermitian with n positive and n negative eigenvalues.

Proof. If S is J-definite, then Z in (21) is nonsingular and the Hermitian matrix i 7S is
congruent to —iJ" =iJ. It follows from Sylvester’s law of inertia [18, p. 296] that (7S is a
Hermitian matrix with n positive eigenvalues and n negative eigenvalues.

Conversely, suppose that ¢ 7S is Hermitian with n positive and n negative eigenvalues. The
matrix .77 also has n positive and n negative eigenvalues, so, by an immediate consequence
of Sylvester’s law of inertia, there is a nonsingular matrix Z € C>™?" for which iJS =
ZH(GigT)Z. Tt follows that (21) holds with this matrix Z. 0O

Lemma 4 suggests that J-semidefiniteness might be a characteristic of the inertia of 17 S.
The next lemma shows that this is indeed the case.

Lemma 5 A matriz S € SHy, is J-semidefinite if and only if iJS satisfies both m(iJS) < n
and v(iJS) < n.

Proof. Suppose that S € SHy, is J-semidefinite. For some Z satisfying (21), define
S(e) by S(e) = J(Z + e)" JT(Z + €I). For € small enough, Z + €I is nonsingular, and, by
Lemma 4, 7(iJS(e)) = n and v(iJS(€)) = n. Because eigenvalues are continuous functions
of matrix elements and S = lim._.o S(¢), it follows that 7(17S) < n and v(iJS) < n.

12



For the converse, if 7(i7S) = p < n and v(iJS) = ¢ < n, then, there exists a nonsingular
matrix W for which 178 = WH LW with signature matrix

p n—-p ¢ n—g
P I, 0 0 0
L_n—p 0 0 0 0
q 0 0 —1I, 0
n—q [0 0 0 0

Because p < n and ¢ < n, £ factors as £ = Ldiag(I,,—1I,)L (where I, is the n x n identity
matrix). The matrix diag(l,,—1I,) is the diagonal matrix of eigenvalues of iJ’, so £ =

LUTGTTUNL, where U = (1/1/2) [5’; fl’}n] is the unitary matrix of eigenvectors of i 77 .
Hence, (21) holds with Z =ULW. O

The following immediate corollary also follows from [17].
Corollary 6 FEvery real skew-Hamiltonian matriz S is J-semidefinite.

Proof. If S is real, then JS§ is real and skew-symmetric. The eigenvalues of JS appear
in complex conjugate pairs with zero real part. Hence, the eigenvalues of ¢S lie on the
real axis in £ pairs. In particular, 7(iJS) = v(iJS). It follows from the trivial identity
7(1TIS) +w(iTIS) +v(iJS) = 2n that 7(iJS) <n and v(iJS) <n. 0O

The next lemma and its corollary show that [J-semidefiniteness of both § and ¢H are
necessary conditions for a skew-Hamiltonian/Hamiltonian matrix pencil S — 3H to have the
skew-Hamiltonian/Hamiltonian Schur form of Theorem 3.

Lemma 7 If S € SHy,, and there exists a nonsingular matriz Y such that

TYITSY = { o ]
with S11, S1o € C™™, then S is J-semidefinite.

Proof. Let 7 be the Hermitian matrix
0 iSH ]

T = yH(ZjS)y = [ —1S11 —1iS19

and set 7(e) =7 + ¢ { IO f" ] For e sufficiently small, both €I, — iS5 and €l,, — iSy; are
n n
nonsingular and 7 (¢) is congruent to
—(EIn — iSll)(GIn — i512)_1(€fn — iSll)H 0
0 (EIn — islz) '

By Sylvester’s law, the inertia of the negative of the (1,1) block is equal to the inertia of the
(2,2) block. This implies 7(7 (¢)) = v(7 (¢)) = n. Continuity of eigenvalues as ¢ — 0 implies
7(7T) <nand v(7T) < n. The lemma now follows from Lemma 5. 0O

Corollary 8 If H € Hy,, and there exists a nonsingular matriz Y such that

Hyy  Hy ]

H +T _
Ty JHy—[ N

with Hyy, Hiy € CV™, then iH is J-semidefinite.

13



Proof. Apply Lemma 7 to the skew-Hamiltonian matrix :H. DO

It follows from Lemma 7, Corollary 8, and Theorem 3 part (ii) that if «S—GH is a skew-Ha-
miltonian/Hamiltonian matrix pencil that has a skew-Hamiltonian/Hamiltonian Schur form,
then S and iH are J-semidefinite. As noted above, the factor Z in (21) is often either given
explicitly as part of the problem statement or can be obtained as in the proof of Lemma 5.
The next theorem shows that if S is nonsingular, then the skew-Hamiltonian/Hamiltonian
Schur form (if it exists) can be expressed in terms of block triangular factorizations of Z and
H without explicitly using S. This opens the possibility of designing numerical methods that
work directly on Z and ‘H and avoid forming S explicitly.

Theorem 9 Let aS — fH be a skew-Hamiltonian/Hamiltonian matriz pencil with nonsingu-
lar, J-semidefinite skew-Hamiltonian part S = JZH JT Z. If any of the equivalent conditions
of Theorem 8 holds, then there exists a unitary matriz Q and a unitary symplectic matric U
such that

H | Zu Zi
uizo = |7 7e ). (22)

H 4T _ | Hu1  Hyp
gegtne - | Aa ). (23)

where Z11, Z3 and Hyy are n x n and upper triangular.

H
Proof. With Q as in Theorem 3 part (ii) we obtain (23) and JQHJ77SQ = [Sal S”]

S11
Partition Z = ZQ as Z = [Z1, Z3], where Z;, Zy € C2"", Using S = 727 77T Z, we obtain
g 0 S
zH gz = [ 11 ] : 24
=S =512 (24)

In particular, Z177; =0, i.e., the columns of Z; form a basis of a Lagrangian subspace and
therefore the columns of Z; form the first n columns of a symplectic matrix. (It is easy to verify
from Definition 1 that, using the non-negative definite square root, [Z;, —J Z(ZH Z,)~1/?]
is symplectic.) It is shown in [11] that Z; has a unitary symplectic QR factorization

o, _ | Zu

where U € USsy, is unitary symplectic and Z1; € C™" is upper triangular. Setting

H H5 AVRNAD)
U zZ2Q=U Z—[O Zzz]
we obtain from (24) that ZJ£Z;; = Si;. Since S11 and Z;; are both upper triangular and Z;
is nonsingular, we conclude that Z41 is also upper triangular. 0

Note that the invertibility of Z is only a sufficient condition for the existence of I/ as in
(22) and (23). However, there is no particular pathology associated with Z being singular.
The algorithms described below do not require Z to be nonsingular. (The unitary symplectic
matrix U is closely related to the Hermitian solution of the generalized algebraic Riccati
equation (9), see [7]. However, when Z is singular, the relationship to Riccati equations is
complicated [27].)

If both § and H are nonsingular, then the following stronger form of Theorem 9 holds.

14



Corollary 10 Let aS — fH be a skew-Hamiltonian/Hamiltonian matriz pencil with nonsin-
qular J-semidefinite skew-Hamiltonian part S = JZH JT Z and nonsingular J -semidefinite
Hamiltonian part iH = IWHITTW. If any of the equivalent conditions of Theorem 3 holds,
then there exists a unitary matriz Q and a unitary symplectic matriz U such that

VATRRVAT:

Utz =
< {0 729

}’ UHWQ:[WM W12},

0 W

where 711, Zg and Wi, Wg are n X n and upper triangular.

Proof. Similar to the proof of Theorem 9. D

We will obtain the structured Schur form of a complex skew-Hamiltonian/Hamiltonian
matrix pencil from the structured Schur form of a real skew-Hamiltonian/skew-Hamiltoni-
an matrix pencil of double dimension. Consequently, we need the following theorem that
establishes the existence of a structured real Schur form for these matrix pencils.

Theorem 11 If oS — SN is a real, reqular skew-Hamiltonian/skew-Hamiltonian matriz pen-
cil with S = jZTjTZ, then there exists a real orthogonal matriz Q € RZ%2% gnd a real
orthogonal symplectic matriz U € R*™?>™ such that

AT/
uze — [An 7e ], (25)
Jo"I'NG = HJ“ %ﬁ] (26)

where Z11 and ZQTQ are upper triangular, Ny11 is quast upper triangular and Nyi2 is skew-
symmetric.
Moreover,

TOT T (a8 = BAN)Q = a { Z3Zn 2371 — 21y 7 ] _ 3 { Nip o Nig

0 ANWAY 0 N ] 27)
is a J-congruent skew-Hamiltonian/skew-Hamiltonian matriz pencil.

Proof. A constructive proof for the existence of Q and U satisfying (25) and (26) is
Algorithm 3 in Appendix A. To show (27), recall that ¢/ is orthogonal symplectic and therefore
commutes with 7. Hence,

JorTh(gz" g 2)Q
= JorTgN Tz TTu)u"zQ)
JUzQ)T T WU 29).

JoTgrso

Equation (27) now follows from the block triangular form of (25). 0O

Note that this theorem does not easily extend to complex skew-Hamiltonian/skew-Ha-
miltonian matrix pencils. In the complex case, there is little difference in the structure of
Hamiltonian and skew-Hamiltonian matrices, because a skew-Hamiltonian matrix is just a
scalar multiple (by i) of a Hamiltonian matrix. Real skew-Hamiltonian matrices have a
fundamentally different structure than real Hamiltonian matrices.
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A method for computing the structured Schur form (27) for real matrices was proposed in
[39]. If S is given in factored form, then Algorithm 3 in Appendix A is more robust in finite
precision arithmetic, because it avoids forming S explicitly.

Neither the method in [39] nor Algorithm 3 in Appendix A applies to complex skew-Ha-
miltonian/Hamiltonian matrix pencils because those algorithms depend on the fact that real
diagonal skew-symmetric matrices are identically zero. This property is also crucial for the
structured Schur form algorithms in [5, 46].

Algorithm 1 given below, computes the eigenvalues of a complex skew-Hamiltonian/Ha-
miltonian matrix pencil aS — AH using an unusual embedding of C into R? that was recently
proposed in [7]. Let aS— H be a complex skew-Hamiltonian/Hamiltonian matrix pencil with
J-semidefinite skew-Hamiltonian part S = JZH 7T Z. Split the skew-Hamiltonian matrix
N =iH € SHy, as iH = N = N + iNs, where N is real skew-Hamiltonian and N3 is real

Hamiltonian, i.e.,

F1 Gl
M = {Hl FIT], Gi=-Gi, H =-H],
F, G

and F;,Gj, H; € R™*™ for j =1, 2. Setting

V, = @ Iy, ily,
c 2 IZn _iIQn
I, 0 0 0
o o 5, o0
Po= o I, 0 0 |’ (28)
0o 0 0 I,
X. = Y.P, (29)
and using the embedding By = diag(N, N) we obtain that
F, -F | G -G
F F G G
c ._ yH _ 2 1 2 1
By = X By X, = o —i, | FT T (30)
Hy, Hy |-FI' FI
is a real skew-Hamiltonian matrix in SHl,,. Similarly, set
[ Z 0
[ gz gt 0
= _ 2
BT i 0 jZHjT ) (3 )
(S 0
Bs := 0 S } = BrB:z. (33)

Hence,
S — 0
O‘BS‘QBN:[Q ) 045—5./\7}'
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We can easily verify that

B = XMB:zx., (34)
By = X'Brx.=7J(Bs)"T7,
B: = XMBsX.=J(B%)"T"Bs (35)

are all real. Therefore,
aBs = BBy = X(aBs — fBy)Xe

is a real 4n X 4n skew-Hamiltonian/skew-Hamiltonian matrix pencil. For this matrix pencil
we can employ Algorithm 3 in Appendix A to compute the structured factorization (26), i.e.,
we can determine an orthogonal symplectic matrix ¢/ and an orthogonal matrix Q such that

Ac c z z

By = UTBZQ:[ o zﬂ (37)

By = jQTJTBj"\/Q=[AQI xlﬁ] (38)
11

Thus, if B := J(B%)T JTB%, then
aBg - By = a(7Q" T B5Q) - B(T Q" T B Q)

is a J-congruent skew-Hamiltonian/skew-Hamiltonian matrix pencil in Schur form. By (36)
and the fact that the finite eigenvalues of aS — SN are symmetric with respect to the real
axis, we get

A(S,H) = A(S,—iN) = A(23, 211, —iN1).

In this way, Algorithm 1 below computes the eigenvalues of the complex skew-Hamiltoni-
an/Hamiltonian matrix pencil aS — fH = aS + iN.

We can also extend the complex skew-Hamiltonian/Hamiltonian matrix pencil aS — fH
to a double size complex skew-Hamiltonian/Hamiltonian matrix pencil aBBs — 3By, where

H o0 ] 59)

BH:[O ~H

and Bg is as in (35). The spectrum of the extended matrix pencil aBBs — 3By consists of two
copies of the spectrum of S — fH [5]. If

BS, = X1 By X, (40)
then it follows from (37) and (38) that

B = uTngz[Z” Z”],

0 222

B, = J9"JITB5Q— [ —iN11 —iN72 },

0 —(—iN1)H
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and the matrix pencil aBBg — 8BS, := aJ(B%)" JTBS — 8BS, is in skew-Hamiltonian/Hamil-
tonian Schur form. We have thus obtained the structured Schur form of the extended complex
skew-Hamiltonian /Hamiltonian matrix pencil aBg — 3B%,. Moreover,

aBs — pBs, = JoTTT(aBS — BBS,)Q

0 a5+ |9 (41)

is in skew-Hamiltonian/Hamiltonian Schur form.

We have seen so far that we can compute structured Schur forms and thus are able
to compute the eigenvalues of the structured matrix pencils under consideration using the
embedding technique into a structured matrix pencil of double size.

To get the desired subspaces we generalize the techniques developed in [5]. For this we
need a structure preserving method to reorder the eigenvalues in the structured Schur form.
This reordering method is described in detail in Appendix A. The method shows that the
eigenvalues can be ordered along the diagonal of structured Schur form so that all eigenvalues
with negative real part appear in the (1,1) block and eigenvalues with positive real part
appear in the (2,2) block.

The following theorem uses this eigenvalue ordering to determine the desired deflating
subspaces of the matrix pencil aS — FH from the real structured Schur form (41).

Theorem 12 Let aS — fH € C*™?" be a skew-Hamiltonian/Hamiltonian matriz pencil with
T -semidefinite skew-Hamiltonian matriz S = JZH JT Z. Consider the extended matrices

Bz = diag(Z,2),
Br = diag(72"g",g2HJT),
Bs = BrBz = diag(s,S),
By = diag(H,—H).
Let U, V, W be unitary matrices such that

H [ Za Zi | _
U"BzV = 0 2 =Rz,
[ Ty Th
o _ n T2 | .
WiB = | } — Ry, (42)
H [ Hu Hi |
T i

where A_(Bs, By) C A(T11211, Hi1) and A(T11 211, H11)NA L (Bs, By) = 0. Suppose A_ (S, H)
contains p eigenvalues. If [“2] € C*"™ are the first m columns of V, 2p < m < 2n — 2p,
then there are subspaces Ly and Ly such that

rangeV; = Def (S,H)+1L;, L; CDefy(S, H)+ Defoo(S,H),

rangeVa = Def(S,H)+ Ly, Ly C Defo(S,H) + Defor (S, H). (43)
If A(Th1 211, Hut) = A—(Bs, By), and [g;], [%;] are the first m columns of U, W, respec-
tively, then there exist unitary matrices Qu, Qv, Qw such that

Ul = [P(;aO]QUa U2 = [OaP[—]i—]QUv
i = [P\;vo]QVv Vo = [Ovp\}F]QV?
Wi = [Py,0]Qw, Wy = [0,P}]Qw
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and the columns of P, and P_‘J} form orthogonal bases of Def_(S,H) and Def, (S, H), re-
spectively. Moreover, the matrices Py, P{}', Py, and P‘,"‘} have orthonormal columns and the
following relations are satisfied

ZP, = PyZu, J2Z"Jg"P;, = PyTu. HP, = PyHy,

v o= s v Sw v e 44
ZPf = Py Zy, JZVITTP = PyTw, HPy = —Py Hay. .

Here, Zklc; Tkk‘ and Er}ck; k = 1,2, satisfy A(THZH,EIH) = A(TQQZQQ,E[QQ) = A,(S,H)

Proof.
The factorizations in (42) imply that BsV = WRsRz and ByV = WRy. Comparing
the first m columns and making use of the block forms we have

SVi = Wi(Tuu2u), HVi = WiHi,

L A St — — 45
SVQ = WQ('THZH), HVQ = _WQHH- ( )

Clearly range Vi and range V3 are both deflating subspaces of aS — 3H. Since
A_(S,H) CA_(Bs, By) € AMTi1 211, Hin)
and A(771211, H11) contains no eigenvalue with positive real part, we get

Def_(S,H) + L, L C Defo(S,H) + Defoo (S, H),
Def (S, H) + 1y, L, C Defo(S, H) + Defoo (S, H).

rangeV; C
c

rangevg
We still need to show that
Def (S,H) C rangeVy, Def, (S, H) C range V5. (46)

Let V; and V3 be full rank matrices whose columns form bases of Def (S, H) and Def (S, H),
respectively. It is easy to show that the columns of [Vl g] span Def_(Bgs, By). This implies

0 W,
that ~
Vl 0 V1 :|
range —=— | Crange .
2 Va
Therefore,
rane{vl} range g Crane[vl]
g O Y g ‘/2 = g ‘/‘2 Y

and from this we obtain (46) and hence (43).

If A(T11 211, H11) = A_(Bs, By), where p is the number of eigenvalues in A_(S,H), then
from (43) we have m = 2p and

range V) = Def _(S,H), rangeVs = Def, (S, H).

Hence, rank V1 = rank V3 = p and furthermore 771, Z1; and Hi; must be nonsingular. Using
(45) we get

HV, = SVi((Ti1Z11) "Hi),
HV, = =SV ((Ti12Z11)" " Hir).
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Let Vi = [P;;,0]Qv be an RQ decomposition [19] with P, of full column rank. Since
rank Vi = p we have rank P, = p. Partition V,Qi = [Py, P‘J}] conformally with V; Q. Since

the columns of [“2] are orthonormal, we obtain (P;f)” P, = I, and hence rank Pif = p.
Furthermore, since rank V5 = p we have

range Py C range P‘}" = range V5,

and using orthonormality, we obtain Py = 0. Therefore, the columns of Py, and P—‘}" form
orthogonal bases of Def (S, H) and Def (S, H), respectively.
From (42) we have

ZW =012, JZ"T7"Uw=WiTn, HWV = WiHi, (47)
and
ZVh=ThZn, JZ"J'U,=WyTn, HVa=-WyHi. (48)
Let Uy = [P,,0]Qu and W, = [P,,,0]Qw be RQ decompositions, with P, P, of full
column rank. Using Vi = [P;;,0]Qyv and the fact that ZP;;, SP;; and HP}, are of full rank
(otherwise there would be a zero or infinite eigenvalue associated with the deflating subspace
range P, ), from the first and third identity in (47) we obtain
rank P;; = rank Py, = rank P, = p.

Moreover, setting

Z=QuzZnQl, T=QwTuQlf, H=QwHuQ,

= Zi1 0 - Ty 0 5 Hyp 0
2= 00 2] Tl A A=l A
where all diagonal blocks are p x p.

Set U,QH =: [PU,PJ], WLQl =: [PW,PVJ{,] and take 1,QH =: [O,P‘J}]. The block forms
of Z, T and H together with the first identity of (48) imply that Py 7y = P—(}"Zm. Since
the columns of [g;] are orthonormal, we have (P;f)7 Pl = I, and (P )? Py = 0. Hence,
Z:21 = 0, and consequently Py = 0. Similarly, from the third identity of (48) we get Py =0,
Hy1 = 0 and from the second identity we obtain T3 = 0. Combining all these observations,

we obtain

we obtain
zol[p, 0] _ [Py 0 Zn 0
o 2|l o P~ | 0 Pf 0 Zy |’
JzhgT 0 J[Pr 0] _ [Py O Ty 0
0 JZHgT || 0 P | 0 P 0 Ty |’
H oo [P, 0] _ [Py O Hy 0
0 -H||l 0o PRf| | 0 P 0 Hy |’

which gives (44). O
(We remark that (42) can be constructed from (41) by reordering the eigenvalues properly.)
Theorem 12 gives a way to obtain the stable deflating subspace of a skew-Hamiltonian/Ha-
miltonian matrix pencil form the deflating subspaces of an embedded skew-Hamiltonian/Ha-
miltonian matrix pencil of double size. This will be used by the algorithms formulated in the
next section.
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5 Algorithms

The results of Theorem 12 together with the embedding technique lead to the following
algorithm to compute the eigenvalues and the deflating subspaces Def (S, H) and Def (S, H)
of a complex skew-Hamiltonian/Hamiltonian matrix pencil aS — SH.

In summary, Algorithm 1 proposed below transforms a 2n x 2n complex skew-Hamilto-
nian/Hamiltonian matrix pencil with J-semidefinite skew-Hamiltonian part into a 4n x 4n
complex skew-Hamiltonian/Hamiltonian matrix pencil in Schur form. The process passes
through intermediate matrix pencils of the following types.

2n x 2n complex skew-Hamiltonian/Hamiltonian matrix pencil
aS — fH with S = 720 g7 Z.
Y
Equation (36)

Y

4n x 4n real skew-Hamiltonian/skew-Hamiltonian matrix pencil
aBS — BB, with B = J(B5)" T Bz
Y
Algorithm 3 in Appendix A

Y

4n x 4n real skew-Hamiltonian/skew-Hamiltonian matrix pencil in Schur form
aBS — BB, with B = J(B)TJTBS
and B = UTBS O = [251 2;] as in (37) and (38)

Algorithm 4 in Appendix A
U
4n x 4n complex skew-Hamiltonian/skew-Hamiltonian matrix pencil in Schur form
with ordered eigenvalues.

The required deflating subspaces of the original skew-Hamiltonian/Hamiltonian matrix
pencil are then obtained from the deflating subspaces of the final 4n X 4n complex skew-Ha-
miltonian/skew-Hamiltonian matrix pencil. (Unfortunately, if there are non-real eigenvalues,
then Algorithm 4 in Appendix A (the eigenvalue sorting algorithm) reintroduces complex
entries into the 4n x 4n extended real matrix pencil.)

Algorithm 1 Given a complex skew-Hamiltonian/Hamiltonian matriz pencil oS — fH with
J-semidefinite skew-Hamiltonian part S = JZH T Z, this algorithm computes the structured
Schur form of the extended skew-Hamiltonian/Hamiltonian matriz pencil aBg — BBg,, the
eigenvalues of aS — fH, and orthonormal bases of the deflating subspace Def (S, H) and the
companion subspace range P, .

Input: Hamiltonian matrix H and the factor Z of S.
Output: P, P; as defined in Theorem 12.

Step 1:
Set N = ¢H and form matrices Bg, Bf as in (34) and (30), respectively. Find the
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structured Schur form of the skew-Hamiltonian/Hamiltonian matrix pencil aBS — 3B§,
using Algorithm 3 in Appendix A to compute the factorization

5 Zn Z

c _ 1Tprco— 11 212

B = U"B%Q { 0 Zy ] )

Nll N12
0 N

)

By = JQTJTvaQz{

where Q is real orthogonal, I/ is real orthogonal symplectic, 21, Z4, are upper triangular
and N7y is quasi upper triangular.

Step 2:
Reorder the eigenvalues using Algorithm 4 in Appendix A to determine a unitary matrix
Q and a unitary symplectic matrix &/ such that

“Hpe A Z~11 Z~12
U'BzQ = { 0 222 ] ,
JOMN 7T (—iB) O T Hl?q :

with 211, Z}%, ‘H11 upper triangular such that A,(j(B%)HjTZ?‘:’Z, ~—zl§f\/-) is contained
in the spectrum of the 2p x 2p leading principal subpencil of a2 21, — Hy;.

Step 3:
Set V = [I,, 0]X.QQ [Iap], U = [I,, 0]X.UlU [Igp] (where X, is as in (29)) and com-

pute Py, P, orthogonal bases of range V' and range U, respectively, using any numer-
ically stable orthogonalization scheme.

End

A detailed flop count shows that this algorithm needs approximately the same number of
flops as the periodic QZ algorithm [10, 21] applied to a7 ZHJTZ — BH.

If S is not factored, then the algorithm can be simplified by using the method of [39] to
compute the real skew-Hamiltonian/skew-Hamiltonian Schur form of aB% — 3B, directly.

Algorithm 2 Given a complex skew-Hamiltonian/Hamiltonian matriz pencil oS — fH. This
algorithm computes the structured Schur form of the extended skew-Hamiltonian/Hamiltonian
matriz pencil aBg — BB5,, the eigenvalues of oS —FH, and an orthogonal basis of the deflating
subspace Def_(S,H).

Input: A complex skew-Hamiltonian/Hamiltonian matrix pencil aS — fH, with § € SHy,,,
H € Hy,,.

Output: P, as defined in Theorem 12.

Step 1:
Set N = 7H and form the matrices Bg, BS, as in (35) and (30), respectively.
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Find the structured Schur form of the skew-Hamiltonian/Hamiltonian matrix pencil
aBg — BB§, using Algorithm 5 in Appendix A to compute the factorization

N { S ] ,
11
> Nll NIQ
Bc — jQTjTBC Q — |: :| 7
N N 0 N

where Q is real orthogonal, 81 is upper triangular and N7 is quasi upper triangular.

Step 2:
Reorder the eigenvalues using Algorithm 6 in Appendix A to determine a unitary matrix
Q such that
- o Sn S
JogTBsQ = | TN G,
0 S
x Se \ A H H
JOM 7T (—iB5)0 = 11 1%1 ,

with 811, Hi1 upper triangular and such that A,(Bg, —zéf\f) is contained in the spec-
trum of the 2p x 2p leading principal subpencil of aS11 — fHq1.

Step 3:
Set V' = [T, 0]X.QQ0 [ISP] (where X, is as in (29)) and compute Py, , the orthogonal

basis of range V', using any numerically stable orthogonalization scheme.
End

The algorithm can also compute range Py, if S = JZHgT Z by computing the orthogonal
basis of ZPy,. However, if Z is near singular, then in finite arithmetic, the isotropy of the
subspace, i.e., that (P(j)HjP[j = 0, may be lost or poor.

Algorithm 2 needs roughly 60% of the flops required by the QZ algorithm applied to
aS — [fH as suggested in [45].

In this section we have presented (complex) structured triangular forms and numerical
algorithms for the computation of these forms. In the next section we give an error analysis
for these methods. The analysis is a generalization of the analysis for Hamiltonian matrices
in [5, 6, 7].

6 Error and Perturbation Analysis

In this section we will give the perturbation analysis for eigenvalues and deflating subspaces
of skew-Hamiltonian/Hamiltonian matrix pencils. Variables marked with a circumflex denote
perturbed quantities.

We begin with the perturbation analysis for the eigenvalues of aS —H and a7 Z7 77 Z -
BH. In principle, we could multiply out JZ7 772 and apply the classical perturbation
analysis of matrix pencils using the chordal metric [44], but this may give pessimistic bounds
and would display neither the effects of perturbing each factor separately nor the effects of
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structured perturbations. Therefore, we make use of the perturbation analysis for formal
products of matrices developed in [8].

If Algorithm 2 is applied to the skew-Hamiltonian/Hamiltonian matrix pencil aS — H,
then we compute the structured Schur form of the extended skew-Hamiltonian/Hamiltonian
matrix pencil aBg — 3B5,. The well-known backward error analysis of orthogonal matrix
computations implies that rounding errors in Algorithm 2 are equivalent to perturbing a5 —
(B5, to a nearby matrix pencil aég — ﬂB%, where

B: = BS+Es, (49)
BS, = B+ Exn, (50)
with £s € SHy,, Ex € Hy, and
|€sly < ese|Bsly, (51)
1Ex)ly, < cne|Bil, - (52)

Here ¢ is the unit round of the floating point arithmetic and cs and ¢y are modest constants
depending on the details of the implementation and arithmetic. Let x and y be unit norm
vectors such that

Hz = a1y, Sr = 51,% (53)

and let A\ = a1/ be a simple eigenvalue of oS — 3H. If ) is finite and Re A # 0, then — X is
also a simple eigenvalue of S — fH. Let u,v be unit norm vectors such that

Hu = agv, Su = Byv, (54)
and as/B> = —\. Then we have
—Hi = —ap7, St = 7. (55)
Using the equivalence of the matrix pencils aBs — 3B, and aBBs — 3B, and setting
wan [10] e [7 0], -

we obtain from (53) and (55) that
c ap 0 c ﬂl 0
BHZ/{2=U1{ 0 —0@]’ BSU2=U1{ 0 52}’

which implies that A is a double eigenvalue of aBg — BB5, with a complete set of linearly
independent eigenvectors. Similarly, —\ is a double eigenvalue of aBg — 3B5, with a complete
set of linearly independent eigenvectors and

. « 0 . By 0
BHV2=V1{ 02 —041]’ BSV2=V1{ 02 51]’
where
0 0
Vlzxf{g y], V2:XCH[3 x] (57)

Note that the finite eigenvalues with non-zero real part appear in pairs as in (53) and (54),
but infinite and purely imaginary eigenvalues may not appear in pairs. Consequently, in the
following perturbation theorem, the bounds for purely imaginary and infinite eigenvalues are
different from the bounds for finite eigenvalues with non-zero real part.
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Theorem 13 Consider the skew-Hamiltonian/Hamiltonian matriz pencil «S—FH along with
the corresponding extended matriz pencils aBs—BB5, = XH (aBs—BBy)X,, where Bs is given
by (33), By by (40), X. by (29) and BS by (35). Let ozl;’g. — ﬂlg’% be a perturbed extended
matriz pencil satisfying (49)-(52) with constants ¢y, cs and let € be equal to the unit round
of the floating point arithmetic.

If X is a simple eigenvalue of oS — fH with vectors x and y as in (53) and vectors u
and v as in (54), then the corresponding double eigenvalue of aBg — B%, may split into two
eigenvalues A1 and A\ of the perturbed matriz pencil ozl;’g. — ﬁl’;’%, each of which satisfies the
following bounds.

1. If X is finite and Re A # 0, then

3 C
< (2 i+ S sk +OED, k=12

2. If X is finite and Re A = 0, then

N — )
A

A=Al < (e[l + csINIS]) + O, k=1,2.

£
1Bl Ty

3. If A = o0, then
RS cs | Sl

— <. %P o2y, k=12
Bl = STy O

Proof. We first consider the case that A is finite and Re A # 0. Let U; and Us be defined
by (56) and V; and Vs be defined by (57). Using the perturbation theory for formal products
of matrices (see [8]), we obtain

A=A 1
— | £ min <H<V§’Ju103>IVéqJ(XeH—ss)uQ :
2
1
H(ijul)—lvfj(x&{—55)u2081 ) + 0(£?).
2
Here, Cs = [%1 /892} and VI TU, = [ XjXH[ ] = [“Hojy rT(}f)]' The second

equation in (54) implies ul s = BQUHJ. Combining this with the second equation of (53)
we get Fov! To = puf’ Jy. Hence,

A=\
—| < H(Vfﬂfﬁcs) -7( Ex — Es)a| + O(£?)
2
< vt gucs) ™, 5H Es +0(52)
1 1€, ||<‘3s||2> 9
+ +0
Wy (wm B ) O

€

< g (2 1ML+ 1Sl ) + 0

If X is purely imaginary or infinite, then the bounds are obtained by adapting the classical
perturbation theory in [44] to a formal product of matrices (for details see [8]) and by replacing
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(55) with —HZ = —a;§ and ST = 317 as well as replacing u, v, ag and 3 by x, 3, a; and
(1, respectively. O

The bound in part 1 appears to involve only u, y, ay and i but not v, x, ag and [s.
However, note in the proof that Fovf 7o = piu Ty, so the bound implicitly involves all the
parameters.

If S is given in factored form, Algorithm 1 computes the triangular form of the perturbed
matrix pencil

aBg — B85, = a(Bs + Ez) — (B + Ex) (58)

where
€20, < czeBSly,  1E1], < ene |Byl, (59)

and ¢ is the machine precision and cz and ¢y are constants. The eigenvalue perturbation
bounds then are essentially the same as in Theorem 13.

Theorem 14 Consider the skew-Hamiltonian/Hamiltonian matriz pencil oS — fH with J -
semidefinite skew-Hamiltonian part S = JZHJTZ. Let aBs — BB, = XH(aBs — By)X.
be the corresponding extended matriz pencils, where BG = j(B%)HJTB%, Bz is given by
(31), By by (39), and X, by (29). Let aBBg — BB’% be the perturbed extended matriz pencil
in (49)-(52) with constants cy, cs and let = be equal to the unit round of the floating point
arithmetic.

Let X be a simple eigenvalue of aS — fH = aJZ7 JTZ — BH with Re X # 0, and let x,
Y, 2, u, v, w be unit norm vectors such that

T2 7T = avy, Hz=py, Zz=mz, (60)
with A\ = th , and
171
TZH 7T = agv, Hw = Pov, Zw = yu, (61)
with —\ = a/BZ .
272

The corresponding double eigenvalue of aBg — BB%, may split into two eigenvalues A\ and
Ao of the perturbed matriz pencil ozl’;’g — ﬂlg’%, each of which satisfies the following bounds.

1. If X is finite and Re A # 0, then

A=)\
A

CH cz ,
S\ o g e T2 55 z )—l—Os .
(it 1M1+ 2 oy 121 06

2. If X\ is purely imaginary, then

A . 2[A|cz )
A=A <e| ——- 2Pez o o2,
| | ¢ <|a171ijZ| ”H”2 + |’)/1UH._7.’17| ” ”2 + (6 )

3. If A\ = o0, then |/A\|_1 = 0(e?).
Proof. The perturbation analysis follows [8]. If A is finite and Re A # 0, then

A=)\

A

1

/\V?{{ngu3)

+ O().
2

< H(v{ﬁu@1(6*16*3)1(v§fg§ju103 + CHUl 78:Us —
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v T2 0

From VQHJU3 = { , it follows that

0 y' Jw
A—a|  max{nl el €21, + g7 1€, 1€z, ol
— —— £%).
A | T min{|agYu? Tz|, laryiw Ty} min{|axv? Tz, jarwf Ty|}

From (60) and (61), we also have
av? Tz =y Tx, u Jr = aw Ty, B Tz = -piw Ty (62)

It follows that
|agFev™ T2 = [Fonu Ta| = |yraqw? Ty|.

Hence,
maX{|’71|7|’y2|} _ 1
min{[az720 772l Tyl win{|@e T2 arw Tyl
Al minflayyoe” 2] Jarnw® Tyly = |s” Tyl
and K
A=A CH 2z > ,
S e\ a7y 2 i z + O(e%).
A - (wlejm ” ”2 m1n{|a2vH.7z|,|oz1ijy|} ” “2 ( )

Equation (62) implies that apv? 72 = yyuff Jx. The first part of the theorem follows.

If X is purely imaginary, the proof is analogous.

If A\ = oo, then a; = 0 or 4y = 0. Using the first equation of (62), we have a;y” 7z =
vz T, where we have replaced u, v and oy by x, y and a1, respectively. Since \ is simple,
ie., y" 72 # 0 and 2" Jx # 0, we have oy = 4 = 0 and hence, C; = C3 = 0. Using the
same argument as in Theorem 13 gives + = O(¢?). O

To study the perturbations in the computed deflating subspaces we need to study the
perturbations for the extended matrix pencil in more detail. As mentioned before, by applying
Algorithm 2 to aB%5 — B3, we actually compute a unitary matrix Q such that

TJOM T (aB% — BB5)Q = aRs — R~
. S S _ Hi Hio
"“[o sH} ﬂ[o —HH} (63)

where Bg and B% are defined in (49) and (50), and A(Sy1, Hi1) = A,(Bg, lg’%) If we assume
that the matrix pencil S — fH has no purely imaginary eigenvalues, then by Theorem 3
there exist unitary matrices Q1, Q9 such that

ST ST H H
7ol es —mei=a| § (i |-Gt |

with A(ST;, Hy;) = A_(S,’H), and

TJOXTT (a8 — fH)Qy = a

shosho1_,
EL

Hf,  Hj
0 —(H!
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with A(S;}, H{}) = A4 (S, H), respectively. Set Q = X diag(Q, Q2)P with P and X, as in
(28) and (29). Then Q is unitary and

TJoM T (aBs — BB5)Q

S; 0| S, 0 H; 0 H, 0
0 Sh| 0 St 0 -Hi| o0 —H,
- 0 0 | (S)F 0 B 0 H)T 0
0 0 0 (Si)H 0 0 ‘ 0 (H)A
S S Hyy H
oSl S @)
=: O/RS — BRH-

This is the structured Schur form of the extended skew-Hamiltonian/Hamiltonian matrix
pencil aBg — 3B5,. Moreover, A(S11,Hi1) = A_(BS, BY,).
In the following, we will use the linear space C»" x C™" endowed with the norm

[(X, V)| = max{[| X[, [Y]}-

Theorem 15 Let oS — BH be a regqular skew-Hamiltonian/Hamiltonian matriz pencil with
neither infinite nor purely imaginary eigenvalues. Let Py, be the orthogonal basis of the
deflating subspace of aS — FH corresponding to A_(S,H), and let 75‘; be the perturbation of
Py, obtained by Algorithm 2 in finite precision arithmetic. Denote by © € C*" the diagonal
matriz of canonical angles between Py, and 75‘;

Using the structured Schur form of the extended skew-Hamiltonian/Hamiltonian matriz
pencil aBS — B3, (as in (35) and (40)) given by (64), define 6 by

|(HEY + YHH;, SHY —YHS))|

"=y VT, (%)
If
81(Es, Ex)l (8 + (S12, Hiz)l) < 67, (66)
then
1ol, < ¢ ||(5Sa65H)|| < Cbg”(CSS,&CHH)”’ (67)

where cs and ¢y are the modest constants in (51)-(52) and ¢, = 8(v/104+4)/(v/10+2) = 11.1.

Proof. Let aRs — Ry, Q be the output of Step 2 in Algorithm 2 in finite precision
arithmetic, where Bg, Bf, satisfy (49) and (50). Let Q be the unitary matrix computed by
Algorithm 2 in exact arithmetic such that

T T (aBs - pB3)Q = aRs— BRx
ol S S| 3 Hit Hi
0 S 0 —H{ |’
with A(Sy1, Hir) = A (Bg, B5,). Since (64) is another structured Schur form with the same

eigenvalue ordering, there exits a unitary diagonal matrix ¢ = diag(G1,G2) such that Q =
QG. Therefore, we have

G2 P} = 1S, M2
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and for ¢ given in (65) we also have

H(ﬂﬁy + YH,):{H, S‘II{Y — YHS‘H)H

6= min
YeC?n2n\{0} 1Y,
Let
; - T : - T
Fo e HTe A . 11 12]’ - H 7Tg ::[ 11 12 ]
s =J0" T " EsQ {521 el ni=TJQ T EnQ For —FH

and set v = ”(5217.7:21)”, n = H(gm +512,7:[12 -I-flg)H and 5 = - 2”(5117.7:11)”. Since we
have H(ES,SH)H — |(Es, E)], condition (66) implies that

~ 3
6 > 6—2 ”(53357'{)” > 163

and clearly,
41(Es, Ex)l 1(St2, Haz)l < 6% = 46 (€5, E)] -

Hence

mo_ ”(5«‘575?!)”{H(Smaﬂm)H+||(53,£H)||}

N (6 = 21(Es, En)])2
[(Es, Er)I” + (8% — 48 |(Es, En))/4 _ 1
(6 = 21(Es, En)l)? 4

Following the perturbation analysis for a formal product of matrices in [8], it can be shown
that there exists a unitary matrix

W(+WHW)™ s (T+WWH)™3

(I+WHW)™3 —WH(I+WWH)%]

with

<

v 8«
- 68

W, <2} <37 <3
such that

T QW) T" (aBs - BB3,)(QW)
is another structured Schur form of the perturbed matrix pencil. Since there are neither
infinite nor purely imaginary eigenvalues, (63) implies that O QW is unitary block diagonal.

Without loss of generality we may take Q = QW If X. as in (29) and XCQ = [g; 8;2},

then it follows from Theorem 12 that Py, = range Qy;. Clearly 75; = range{(Q11+ Q12 W)(I+
WHW)_% }. The upper bound (67) then can be derived from (68), by using the same argument
as in the proof of Theorem 4.4 in [5]. O

If § is given in factored form, then we obtain a similar result. In this case by using
Algorithm 1 we compute a unitary matrix Q and a unitary symplectic matrix U such that

“Hpe A_H . 211 212
Z/{BZQ—RZ_.[ 5 222],
JOHTTB 0 =Ry = | 1 T (69)
0 _Hll
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where B% and 5’% are defined in (58) and (59), and A(Z8 2, Hy1) = A,(Bg,B%), where
Bs = J(BL)H T B,

Analogous to Theorem 9, if S — fH has no purely imaginary eigenvalues, then there
exist unitary matrices @1, 2 and unitary symplectic matrices Uy, Us such that

_Zl_l Z1_2_

H _ H +T _ [ ]
with A((Zy)"Z;1, Hy;) = A (S, H), and
H [z Z§ H 4T _ [ Hf} H
U2 ZQ2 - I O Z;é ] 9 jQQ ‘7 HQ2 - I O (Hili)H P

with A((Z5)2 Z4, Hi) = A (S, H), respectively. Set
Q = X diag(Q1,Q2)P, U = X[ diag(Uy,T)P,

where P and X, are as in (28) and (29). Then Q is unitary and U € USy,, and a simple
calculation yields

n 0 12y 0
0 = |2 z |- [Zon Zi}‘% (70
0 0 ‘ 0 7
Hy 0 | Hp o
P N S TR (RS
0 0 0 (H)"

This leads to the structured Schur form of the extended skew-Hamiltonian/Hamiltonian ma-
trix pencil a7 (B%)" J7BS — 8BS, with A(Z35 211, Hi1) = A_(BS, BS,).

Theorem 16 Consider the reqular skew-Hamiltonian/Hamiltonian matriz pencil oS — fH
with nonsingular, J-definite skew-Hamiltonian part S = JZ" JT Z. Suppose that oS — fH
has no eigenvalue with zero real part. Let the extended skew-Hamiltonian and Hamiltonian

matriz BS and B§, be as in (34) and (40), respectively with structured triangular form given
by (70) and (71). Define 6, as

H(HﬁY + Y M, X2 — Z22Y)H
6p = min
(X,Y)EC2nm2n % C2n:2n\ {(0,0)} I(X,Y)],

Define errors £z and Ey by (58) and (59). Let Py, Py, 75; and 75(} be the deflating subspaces
computed by Algorithm 1 in exact and finite precision arithmetic, respectively. Denote by
Oy,0y € C"" the diagonal matrices of canonical angles between Py, and 75;, Py oand 755,
respectively.

If

81z, Ex)ll (6 + 1(Z12, Ha2)]) < 65,

then
I€2. 80l _ , lezZ.cntt)]

Op op

[©vl, . 1©ul, < c

with ¢y as in Theorem 15.
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Proof. The proof is analogous to the proof of Theorem 15. O

It follows that all the described numerical algorithms are numerically backwards sta-
ble. The different methods compute the eigenvalues and the deflating subspaces Def_(S, H),
Def, (S, H) of a skew-Hamiltonian/Hamiltonian matrix pencil aS — fH. These algorithms
can also be used to compute deflating subspaces which contain eigenvectors associated with
infinite or purely imaginary eigenvalues. By Theorem 12 we get partial information also in
these cases, but we face the difficulty that the desired deflating subspace may not be unique
or may not exist. (See the recent analysis for Hamiltonian matrices [36]).

7 Conclusion

We have presented numerical procedures for the computation of structured Schur forms,
eigenvalues, and deflating subspaces of matrix pencils with matrices having a Hamiltonian
and/or skew-Hamiltonian structure. These methods generalize the recently developed meth-
ods for Hamiltonian matrices which use an extended, double dimension Hamiltonian matrix
that always has a Hamiltonian Schur form.

The algorithms circumvent problems with skew-Hamiltonian/Hamiltonian matrix pencils
that lack structured Schur form by embedding them in extended matrix pencils that always
admit a structured Schur form. For the extended matrix pencils, the algorithms use structure
preserving unitary matrix computations and are strongly backwards stable, i.e., they compute
the exact structured Schur form of a nearby matrix pencil with the same structure. Such
structured Schur forms can always be computed regardless of the regularity of the original
matrix pencil.

It is still somewhat unsatisfactory that the algorithms do not efficiently exploit the micro
structures of the extended matrix pencils, as for example in the matrix Bf, in (30). How best
to use these micro structures is still an open question.
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A Algorithmic Details

In the following we describe the details of the factorization algorithms. We employ elementary
orthogonal and orthogonal symplectic transformation matrices.
We denote an m x m Givens rotation matrix by

Iiy
cos () sin(f)e~
G(Za]797¢) = Ij—i—l )
— sin(f)e’® cos(6)
e

where 1 < i < j <m,0¢€[0,2r) and ¢ € [-7/2,7/2). If ¢ = 0, then the rotation matrix
is a real orthogonal matrix. In this case we drop the fourth argument ¢, and use the three
argument notation G(i,7,0) = G(i,7,60,0). If m = 2n, j = n+ i and ¢ = 0, then the
rotation matrix is a real orthogonal and symplectic. In this case we also drop the second
argument j, and use the two argument notation G4(i,60) :== G(i,n+1,0) = G(i,n+1,6,0). If
z € C", then the j-th component of the product G(7,j,arctan(|x;/xz;]), (x;|zi])/(|z;|x;))z is
zero. (Here we use the convention that 0/0 = 0.) If z € R”, then the j-th component of the
product G(i, j,arctan(x;/x;))z is zero. For brevity, we will use the arctangent formula when
describing algorithms. In practice, no transcendental functions are needed. For efficiency and
numerical stability, rotations should be constructed as described, for example, in [19].
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Another elementary orthogonal symplectic matrix that we will use is

G(i7j7 97 ¢) 0

Gd(i,j797¢) = 0 G(l7]a9a¢) ’

where G(i,7,0,¢) is n x n.
For 0 # w € C*, we denote an n x n Householder matrix (n > k) by

-~ H
ww ~ 4T
H(k,w) :In—Qm w=[0,w"]",
where w is obtained from w by prepending n — k zeros. If w = 0, then we take H(k,0) = I,.
For ease of explication, the algorithms below explicitly assemble and multiply rotations
and reflections as full size matrices. In actual implementation, one would store and use these
elementary unitary matrices in the efficient way described, for example, in [19].

A.1 Schur Forms for Skew-Hamiltonian/Hamiltonian Matrix Pencils and
Skew-Hamiltonian/skew-Hamiltonian Matrix Pencils

In this subsection we describe the computation of the structured Schur forms for complex
skew-Hamiltonian/Hamiltonian and real skew-Hamiltonian/skew-Hamiltonian matrix pencils.
We first give the method for computing the structured factorization of a real skew-Hamilto-
nian/skew-Hamiltonian matrix pencil as in (25)—(27).

Algorithm 3 Given a real skew-Hamiltonian/skew-Hamiltonian matriz pencil oS — SN with
S =JZTJTZ. The algorithm computes an orthogonal matriz Q and an orthogonal sym-
plectic matrix U such that UTZQ and TOTTTNQ are in the block triangular forms as in

(26).
Input: A real matrix ' € SHy, and a real matrix Z € R?™?",

Output: A real orthogonal matrix Q, a real orthogonal symplectic matrix U4 and the struc-
tured factorization (26).

Step 0 Set U = Q = Iy,.

Step 1 By changing the elimination order in the classical RQ) decomposition, determine an
orthogonal matrix Q; such that

z . Zle:[ZH Z12}7

0 Zyp

where 711, Z1, are upper triangular. Update @ := QQj and N := JOTJTN Q.
Step 2 FORk=1,...,n—1
% L Annihilate N(n +k,k+1:n—1) as well as N(n+k+1:2n—1,k).
FORj=Fk+1,....n—1
a) Use G(j,j + 1,01) to eliminate N,y j from the right. Set
N = JG(j,j+1,00)"T"NG(j,j +1,61),
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Z = ZG(j,j +1,01),
Q = QG(j,j +1,61).
b) Use G4(j,j + 1,02) to eliminate Z;, ; from the left. Set
Z = Gq(j,j+1,62)"Z,
U = UGq(j,j +1,05).

¢) Use G(n+j,n+j+1,0s) to eliminate Z,,4; 4 j+1 from the right.
Set
Z = ZG(n+j,n+j+1,03),

N = jG(n+j7n+j+1,93)TJTNG(n+j,n+j+1,93),
Q = QG(n+j,n+j+1,03).
END FOR j

%  II. Annihilate ./\/',H_;m (and, due to the skew-Hamiltonian
% structure, simultaneously annihilate Ny, 1 ).

a) Use G4(n, ¢1) to eliminate N, 4, from the right. Set
N = TGs(n, )" TTNGy(n, ¢1),
Z = ZGs(n,¢1),
Q = QGy(n,¢1).
b) Use G5(n, ¢2) to eliminate Zy, , from the left. Set
Z = Gy(n, )7 Z,
U = UG (n,d).

% I Annihilate N(n + k,n + k + 2 : 2n) (and, due to the skew-
%  Hamiltonian structure, simultaneously annihilate N'(k +2:n,k)).

FOR j=n,n—1,...,k+2

a) Use G(n+j —1,n+ j,1¢1) to eliminate N, 4k nt; from the right.
Set

N = JGn+j—-1,n+jp)) T NGn+j—1,n+j,1¢1),
Z = ZG(n+j—-1,n+j11),
Q == QG(n+j—1,n+j,¢1).
Use G4(j — 1,7,12), to eliminate Z,4;_1 n4; from the left. Set
= Ga(j —1,4,42)" 2,
= UG4(j — 1, ], 12).

zZ
U
c) Use G(j —1,7,3) to eliminate Z;;_; from the right. Set

Z = ZG(j - 1,5.),

N = JG(G —1,5,¢3)"TTNG(j —1,54,13),

Q := QG(j —1,7,13).

END FOR j
END FOR k&
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| Zn Zao | Nit Nyp»
% NowZ—[ 0 Z22],N—[ 0 N{‘q]

Step 3 Apply the periodic QZ algorithm [10, 21] to the matrix pencil aZQT2Z11 — BN11 to
determine orthogonal matrices Q1, Qo, U such that UT Z11Q1, QT Z1,U are both upper
triangular and Q3 N1;Qy is quasi upper triangular.

Set Ul = dlag(U7 U), Q2 = diag(Ql, Qg)
Update Z := U] ZQs, N := JOYTTNQy, Q = QQs, U := Ul.
END

The next subroutine is the eigenvalue reordering method for a complex skew-Hamiltoni-
an/Hamiltonian matrix pencil «S—fH, with S = 7 Z H 7T Z which is in structured triangular
form. We first introduce some subroutines to deal with 2 x 2 problems.

Subroutine 1 Given a reqular 2 X 2 matriz pencil T Z — BH with T, Z, H upper triangular.
This subroutine determines unitary matrices Q1, Q2, Q3 such that Q?TQQ, QfZQl, QgIHQl
are still upper triangular, but the eigenvalues are in the reversed order.

Input: 2 X 2 upper triangular matrices 7', Z, H.

Output: The 2 X 2 unitary matrices Q1, @2, Q3 described above.

Set v = t11211ha2 — ta2202h11
IF~ =0
% oTZ — BH has a double eigenvalue

Set Q1 = Q2 = Q3 = .

ELSE
Compute Q1 = G(1,2,arctan(6/v), arg(y) — arg(d))
with 6 = t11212h92 + t12202h22 — ta2222h12.
Compute Q2 = G(1,2,arctan(6/v), arg(y) — arg(d))
with 6 = t12211has — t2a211h12 + ta2212h11.
Compute Q3 = G(1,2,arctan(6/v), arg(y) — arg(d))
with § = —t11211h12 + ti1zi2h11 + ti2222h41.

END IF

END

The second subroutine deals with 2 x 2 triangular skew-Hamiltonian/Hamiltonian matrix
pencils.

Subroutine 2 Given a reqular 2 x 2 complex skew-Hamiltonian/Hamiltonian matriz pencil
aS — BH with S = TZHJTZ, where Z = [ arE ] H = [ hu

0 299 0 —h11
tine determines a unitary matric Q and a unitary symplectic matriz U such that UM ZQ,
(ijT)HHQ are both upper triangular but the eigenvalues of (ijT)H(ozS —BH)Q are in
reversed order.

}. The subrou-
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Input: 2 X 2 upper triangular matrices Z, 'H with H € Hj.

Output: The 2 x 2 unitary matrix @ and a 2 x 2 real orthogonal symplectic matrix U
described above.

Set v = 2Re (h11211222).

IFy=0
% a8 — fH has a double purely imaginary eigenvalue
Set @Q=U = I.
ELSE

Compute U = G(l, 2, arctan(é/v)) with 6 = |211|2h12 —2Re (hIQZHZQQ).
Set [ ‘u ci ] —ufz.
221 222
Compute Q = G(1,2,arctan(Z99/211), arg(z11) — arg(Za2)).
END IF

END
Now we are ready to formulate the algorithm.

Algorithm 4 Given a regular 2n x 2n complez skew-Hamiltonian/Hamiltonian matriz pencil
aS — BH with J-semidefinite skew Hamiltonian part S = JZH g7 Z,

(7] e ]

and Z, TH and H upper triangular. This algorithm determines a unitary matriz Q and a
unitary symplectic matriz U such that UTZQ and TOH TTHQ still have the same triangular
form as Z and H, respectively, but the eigenvalues in A_(S,H) are reordered so that they
occur in the leading principal subpencil of 7Q" T (aS — BH)Q.

Input: A Matrix Z and a Hamiltonian matrix H in triangular form (72).

Output: A unitary matrix Q and a unitary symplectic matrix ¢/. The matrices S and
‘H are overwritten by U"z9 and jQHJTHQ, respectively. that the eigenvalues of
jQHjT(aS — fH)Q are in the desired order.

Step 0 Set Q =U = Iy,.
Step 1 % Reorder the eigenvalues in the subpencil «T" Z — BH.
Set m_ =0, my =n+ 1.
% L Reorder the eigenvalues with negative real parts to the top.
Set k= 1.
WHILE k£ <n DO
IF tpzir) # 0 and Re (hpr/(tkkzir)) <0
FORj=k—-1,...,m_+1
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a) Apply Subroutine 1 to the matrix pencil

o | i tivn Gio Gan | gl b hign
0 4141 0 2Zj41541 0 hjtij+1

to determine unitary matrices 1, Q2, Q3.

b) Set Q = diag(ijvalaL‘t*jflvIj*laQ?nIn*j*l)v
U= diag(Ij_l, QQ, In—j—lan—la QQ, In—j—l)-

c) Update 2 = U"zQ, H = JO"JTHO, U = Ul,
Q = Q0.
END FOR j
m_ = m_+1
END IF
E=k+1
END WHILE
%  II. Reorder the eigenvalues with positive real parts to the bottom.
Set k = n.
WHILE k£ > m_ +1 DO
IF tep2er) 7 0 and Re (hgr/(Ter2ke)) > 0
FOR j=k,...,my —1
a) Apply Subroutine 1 to the matrix pencil
N { tii  titig ] [ %jj  Zig ] 5 [ hij hjjn
0 tjr15m 0 Zjt154+1 0 hjt1j+1
to determine unitary matrices Q1, Q2, Q3.
b) Set Q = diag(‘[jflv Q1, In*j*lv Ij*la Qs, In*j*l)v
U= diag(Ij_l, QQ, In—j—la Ij—la QQ, In—j—l)-
c) Update 2 = U"zQ, H = JO"JTHO, U = Ul,
Q = Q0.
END FOR j
my = my —1
END IF
E=k—-1
END WHILE
%  The remaining n — my + 1 eigenvalues with negative real part are now
in the bottom right subpencil of S — fH.
Step 2 % Reorder the remaining n — m4 + 1 eigenvalues

FOR k=mn,...,m4
1. Exchange the eigenvalues between two diagonal blocks

%
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END

a) Apply Subroutine 2 to the 2 x 2 matrix pencil
o 2?m‘z —Wnn Znn Wnn | ﬂ I dl‘m
0 2nn 0 tnn 0 _hnn

C

S .
and a tary sym-
. E] n unitary sym

to determine a unitary matrix Q = {

plectic matrix U = [ v ]

—uz U
b) Let Q1 = diag(1,...,1,¢), Q> = diag(0,...,0,s),
U1 :diag(l,...,l,ul), U2 :diag(O,...,O,ug).
S Q1 Qo ] y [ Uy U ]
Set Q = =7, U= .
Q [ Q2 -U; U
¢) Update 2 = UHZO, H = JOHITTHO, U = UD, Q = Q0.
%  II. Move the eigenvalue in the n-th diagonal position to the (m_ + 1)
position
m_ = m_+1
FORj=n—-1,...,m_
a) Apply Subroutine 1 to the matrix pencil
[ i Fii+ ] 3 [ hjj  hije
0 Zzj41541 0 hjti1j+1

o | T tivng
0 4141

to determine unitary matrices Qq, Q2, Q3.

b) Set Q = diag(‘[jflaQlaInfjfla-[jflaQ?nlnfj*l)v
U= diag(Ij_l, QQ, In—j—lan—la QQ, In—j—l)-

¢) Update 2 := UHZO, H = JOHIJTHO, U = UU, Q :
END FOR j
END FOR k

I
@)
(Or

A.2 Subroutines Required by Algorithm 2

In this appendix we present the subroutines used in Algorithm 2. First we recall the following
algorithm from [39].

Algorithm 5 Given a real skew-Hamiltonian/skew-Hamiltonian matriz pencil oS — SN
This algorithm computes an orthogonal matriz Q such that 7QT JTSQ and JQTTTNQ
are in skew-Hamiltonian triangular form.

Input: Real matrices S,N € SHy,,.

Output: A real orthogonal matrix Q which reduces S and A to skew-Hamiltonian triangular

form. S and A are overwritten by JQOT 77SQ and JQOT TN Q, respectively.

Step 0 Set Q = I,.
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Step 1 %

Reduce S to skew-Hamiltonian triangular form
FORk=1,...,n—1

a) Determine a Householder matrix H(n—k, ) to eliminate S(n+k, k42 :
n) (as well as S(n + k + 2 :2n,k)) from the right. Set

Q = diag(H(n_kvx)aIn)a S = jQTstéa N = jQTjTNéa Q = QQ
b) Determine G(k +1,() to eliminate S, ;41 (as well as Sp4441%) from
the right. Set

S = Gs(k + ]., C)TSGs(k + 17 C)v

N: Gs(k‘l‘l,C)TNGs(k-"]-vC)v
Q = QGs(k"']-aC)

c¢) Determine H(n — k + 1,y) to eliminate S(n+k,n+k+1: 2n) (as well
as S(k+1:n,k)) from the right.

Set Q = diag(I,,H(n — k+ 1,y)).

Update § := JOTJTSO, N = JQTI"NQ, Q = QO.
END FOR k

Step 2 %  Reduce N to skew-Hamiltonian triangular form
FORk=1,...,n—1

%

L Annihilate N(n +k,k+1:n—1) as well as N(n+k+1:2n —1,k).
FOR j=k+1,...n—1

a) Use G(j,j + 1,01) to eliminate N,y ; from the right. Set
N = JG(,j+ 1,0 T"NG(,j+1,61),

S = JG(,j+1,00)TTTSG(j,j +1.61),

Q = QG(j,j +1,01).

b) Use G(n+j,n+j+1,6;) to eliminate Sy; ;41 from the right.
Set
N = JGn+jn+j+1,0)TTTNGn+j,n+j+1,0,),
S —

= JGn+jin+ji+1,00)TTTSG(n+j,n+j+1,0,),
Q = QG(n+j,n+j+1,09).
END FOR j

%  II. Annihilate Nyykn (and simultaneously Ny, i ).
Use G(n, ¢1) to eliminate N,y , from the right. Set
N = Gu(n, 1) NGi(n. ).
S = Gy(n,¢1)"SGs(n, ¢1),
Q = QGy(n,¢1).
%

III. Annihilate N(n +k,n +k+2:2n) as well as N(k+2:n, k).
FOR j=nn—1,...,k+2
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a) Use G(n+j —1,n+ j,11) to eliminate N, 4t n4; from the right.
Set

N = JGn+j—1n+j, )T T NGn+j—1,n+j,91),
S = JGn+j—1,n+j)TTTSG(n+j—1,n+ j,1),
Q == QG(n+j—1n+j).

b) Use G4(j —1,7,v2) to eliminate S; ;_; from the right. Set
N = JG( = 1,5,42)" T"NG(j = 1,j,¢»),

S = jG(] - 17j7w2)TjTSG<j - 17j7 w2)7
Q = QG(]—L]J%)
END FOR j
END FOR k&
N 811 512 o Nll N12
% NowwehaveS—{ 0 Sipl],/\/—[ 0 Nﬂ]

Step 3 Apply the QZ algorithm [19] to the matrix pencil aS11 — 3N11 to determine orthog-
onal matrices Q1, Q2 such that Q1S;;Q; is upper triangular and QT N11Q; is quasi

upper triangular.
Set Q = diag(Q1, Q2).
Update S 1= JOTJTSO, N = JOTTTNOQ, Q := Q0.
END

We also need an eigenvalue reordering method for Algorithm 2. We first introduce some

subroutines.

Subroutine 3 Given a regular 2 x 2 matrixz pencil oS — BH with S, H upper triangular.
This subroutine determines unitary matrices Q1, Q2, such that Q¥ (aS — BH)Q, is still

upper triangular, but the eigenvalues are in reversed order.
Input: 2 x 2 upper triangular matrices S, H.
Output: The 2 X 2 unitary matrices Q1 and ()2 described above.
Set v = s11ha2 — s22h11.
IFy=0
% S — BH has a double eigenvalue

Set Q1 = Q2 = Is.
ELSE

Compute Q1 = G(1,2,arctan(6/7), arg(y) — arg(d)) where 6§ = s12ho2 — s22h12.

Compute Q2 = G(1,2,arctan(/7v), arg(y) —arg(6)) where § = —s11h1a + s12h11.

END IF
END
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Subroutine 4 Given a reqular 2 x 2 complex skew-Hamiltonian/Hamiltonian matriz pencil

_ : _ | su1 os12 | huir a2
aS — fH with § = [ 0 5y ],H— [ 0 —hu
matriz Q such that jQHjT(aS—ﬁH)Q 18 upper triangular but the eigenvalues are in reversed
order.

]. This subroutine determines a unitary

Input: 2 x 2 upper triangular matrices S € SHy, H € Hs.

Output: The 2 x 2 unitary matrix Q described above.
Set v = 2Re (h11§11).

IF~=0

% S — BH has a double purely imaginary eigenvalue
set ) = I».

ELSE

Compute @ = G(1,2,arctan(arctan(6/7), arg(y) — arg(é)) with
v =211 and 6 = §11h1o + s12h11-

END IF
END

Using these subroutines, we now present the eigenvalue reordering algorithm for a complex
skew-Hamiltonian/Hamiltonian matrix pencil.

Algorithm 6 Given a regular 2n x 2n complex skew-Hamiltonian/Hamiltonian matriz pencil
aS — OH of the form
S w H D

with S and H upper triangular. This algorithm determines a unitary matriz Q such that
the matriz pencil JQETT (aS — BH)Q remains in triangular form but the eigenvalues in
A_(S,H) are reordered in the leading principal subpencil.

Input: Matrices S € SHy,, and ‘H € Hl, in triangular form (73).

Output: Unitary matrix Q such that the eigenvalues of 7Q” 77 (aS — #H)Q are in the
desired order. S and H are overwritten by JOHTTSO and jQHjTHQ, respectively.

Step 0 Set Q = Iy,.

Step 1 % Reorder the eigenvalues in the subpencil oS — SH
Set m_ =0, my =n+1.
% L Reorder the eigenvalues with negative real parts to the top
Set k=1.
WHILE k£ <n DO
IF s # 0 and Re (hgr/skk)) <0
FORj=k—-1,...,m_+1

43



a) Apply Subroutine 3 to the matrix pencil

ol S5 s | gl ki hign
0 sj415+1 0 hjr1im

to determine unitary matrices @1, Q2.
b) Set Q = diag(l;_1,Q1,In_j 1,1 1,Q2,In_j 1).
¢) Update S = JOHITSO, H = JOHTTHO, Q = QO.
END FOR j
m— = m_+1
END IF
E = k+1
END WHILE
%  II. Reorder the eigenvalues with positive real parts to the bottom
Set k = n.
WHILE k& > m_ +1 DO
IF s # 0 and Re (hgg/skr) > 0
FORj=Fk,...,m4 —1
a) Apply Subroutine 3 to the matrix pencil
S.is S h .. h ..
gAY R K et

to determine unitary matrices Q1, Q.
b) Set Q = diag(lj—1,Q1, ln—j—1, [j—1,Q2, Tn—j—1).
¢) Update S = JOHJITSO, H = JOHJTTHO, Q:= Q0.
END FOR j
my = my —1
END IF
k= k-1
END WHILE

%  The remaining n — my + 1 eigenvalues with negative real part are
now in the bottom right subpencil of aS — H.

Step 2 % Reorder the remaining n — m4 + 1 eigenvalues
FOR k=mn,...,m4

% I Exchange the eigenvalues between two diagonal blocks
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a) Apply Subroutine 4 to the 2 x 2 matrix pencil
a Snn Wnn | 3 hnn dl‘m
0 gnn 0 _hnn

. . . c
to determine a unitary matrix QQ = [

o W
| I

—S
b) Let Q1 = diag(1,...,1,¢), Q2 = diag(0,...,0,s) and
s [ @ Q2

set Q= { —Q2 @1

¢) Update S = JOHITSO, H := JOHTTHQ, Q = Q0.

% 1. Move the eigenvalue in n-th diagonal position to the (m_ + 1)
position
m_ = m_+1

FORj=n—-1,...,m_
a) Apply Subroutine 3 to the matrix pencil

ol S5 S | gl ki hign
0 sjt15+1 0 hjt1j+1

to determine unitary matrices @1, Q2.
b) Set Q = diag(l;_1,Q1,In_j 1,1;-1,Q2, In_j 1).
¢) Update § := 7Q" 778SQ, H := Q" JTHQ, Q := QQ.
END FOR j
END FOR k&

END
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