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Gregory Ammar Christian Mehl Volker Mehrmann'

Dedicated to Ludwig Elsner on the occasion of his siztieth birthday

Abstract

We describe canonical forms for elements of a classical Lie group of matrices under
similarity transformations in the group. Matrices in the associated Lie algebra and
Jordan algebra of matrices inherit related forms under these similarity transforma-
tions. In general, one cannot achieve diagonal or Schur form, but the form that can
be achieved displays the eigenvalues of the matrix. We also discuss matrices in in-
tersections of these classes and their Schur-like forms. Such multistructered matrices
arise in applications from quantum physics and quantum chemistry.

1 Introduction

Many problems that arise in applications have structures that give rise to eigenvalue prob-
lems for matrices that are members of a classical Lie group, its Lie algebra, or an associated
Jordan algebra of matrices.

Any nonsingular matrix K € C™™ defines a nondegenerate sesquilinear form < -,- >
on C™ by

<xy>=a"Ky for z,y € C™,

where 27 denotes the conjugate transpose of the column vector x. It is natural to restrict
ourselves to the case that

<z,y>=0 ifand only if <y, x>=0.

This condition implies that K is either Hermitian or skew-Hermitian [2].
If K is Hermitian, we can perform a change of basis on C™ so that the sesquilinear form

is represented by the matrix
-1, 0
Epaq = [ Op Iq ] )
where p+ ¢ =m, p > 0, and ¢ > 0. On the other hand, if K is skew Hermitian, then the
only interesting case is that m is even, and that after a change of basis, the skew Hermitian

form is represented by the matrix

where m = 2n.

The classical Lie groups we consider here are the matrices that are unitary with respect
to J or £,, [15]. We will discuss only classes of complex matrices here, but analogous
results also exist for the real case.



Definition 1
1) The Lie group O, , of ¥, ,-unitary matrices is defined by
0,,={G e cPterte. Gy, G=1%,.}.
An important special case is the unitary group O, = Op,,.
2) The Lie group Sps, of symplectic matrices is defined by

Spa, = {G e ™. G"IG = J}.

Developing structure-preserving numerical methods for solving eigenvalue problems for
matrices in these groups remains an active area of recent research [7, 9, 10, 23], motivated
by applications arising in signal processing [1] and optimal control for discrete-time or
continuous-time linear systems, see [23] and the references therein.

Of equal importance are the Lie algebras A, , and Hs, corresponding to the Lie groups
0,4 and Spa,.

Definition 2
1°) The Lie algebra of ¥, ,~skew Hermitian matrices is defined by

A, ={Aecrtorte. 5 A+ APS) =0}

([ & G]erm-precnn-mreengeon).

A special case is the Lie algebra of skew Hermitian matrices A, = Ag .

2’) The Lie algebra of J-Hermitian matrices (also called Hamiltonian matrices or infinites-
imally symplectic matrices) is defined by

Hop={A € 22" ; JA + A" J = 0}

([ & ] rameono-cna-ml.

These Lie algebras also have great importance in practical applications, see [4, 5, 25] for
applications of ¥, ,-skew symmetric matrices and [8, 23, 20] for applications of Hamiltonian
matrices.

The third class of matrices we consider plays a role similar to that of the Lie algebras.
These are the Jordan algebras [3, 16] associated with the two Lie groups.
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Definition 3

17) C,,={C ecrterta.y, C—-CHY, =0}
— F G . — pH P,p — HH 7,9 P,q
=1 _qn H] F=F"ecrP H=H" e C?,G € C ,
is the Jordan algebra of ¥, ,-Hermitian matrices. A special case is the Jordan algebra
of Hermitian matrices C, = Co .

27) SHa,={C € c** . JC — C"J =0}
_ F G . n,n _ H _ H
=\ g g F,G,HeC",G=—-G" H=—-H },
15 the Jordan algebra of J-skew Hermitian matrices or skew Hamiltonian matrices.

For applications of these classes see, for example, [5, 26, 27].

In this paper we discuss structure-preserving similarity transformations to condensed
forms from which the eigenvalues of the matrices can be read off in a simple way. For
general matrices these are the Jordan canonical form (under similarity transformations
with nonsingular matrices), see e.g. [13], and the Schur form (under similarity with unitary
matrices), see e.g. [14]. While both the Jordan form and Schur form display all the
eigenvalues, the transformation to Jordan form gives the eigenvectors and principle vectors,
and the transformation to Schur form displays one eigenvector and a nested set of invariant
subspaces. However, the numerical computation of the Schur form is a well-conditioned
problem, while the reduction to Jordan canonical from is in general an ill-conditioned
problem, see e.g. [14].

The Jordan structure of a matrix can be computed, with considerably more effort than
computing the Schur form, by computing the Wyer characteristics, which are invariants
under unitary similarity transformations, see [17]. But if the matrix has an extra symmetry
structure, for example if it is Hermitian, skew Hermitian or unitary, then the matrix
is normal, and the Jordan form and the Schur form coincide. Consequently, complete
eigenstructure information can be obtained via a numerically stable procedure [14, 26, 28]
for matrices in these classes.

We may expect that between the general case and these special cases there are more
refined condensed forms for matrices from the classes defined above. For the classes defined
via the skew-symmetric matrix .J such forms have been discussed in detail in the context of
the solution of algebraic Riccati equations [8, 23]. We will review these results in Section 3.
In Section 4 we will then discuss analogous condensed forms for the classes defined by the
symmetric matrix ¥, .

In Section 5 we then discuss condensed forms for matrices which lie in the intersection
of two of the classes defined above. Our main motivation to work on this topic arose from
a class of matrices that occur in quantum chemistry [11, 12, 24]. In linear response theory
one needs to compute eigenvalues and eigenvectors of matrices of the form

A B
-B —-A

l, A, Bec™, A= A% B=DB". (1)
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Such matrices are clearly in Hs, N C, . A difficulty in computing the eigenstructure of
such matrices was observed in [11, 12], where the structure-preserving methods sometimes
had convergence difficulties. As we will show, these difficulties arise from the fact that the
reduction to a structured Schur form is not always possible, essentially because nonzero
vectors may have zero “length” in the indefinite form defined by the matrix £, ,. Moreover,
we will see that the eigenvalues and invariant subspaces of the matrix are already available
in this situation, even though the matrix has not yet been reduced to a triangular-like
structure.

2 Preliminaries
In this section we give some preliminary results.

Proposition 4

1. Let M € O, , and Mx = \x with x # 0. Then X s also an etgenvalue of M, and
MH(S, x) = A"HZ,x). If 295, o #0 then |\ = 1.

2. Let M € A,, and Mz = \v with v # 0. Then —\ is also an eigenvalue of M, and
MH(S, x) = =N, ). If 'S, ;o # 0 then A = —\.

3. Let M € Cpq and Mz = Av with x # 0. Then z 18 also an eigenvalue of M, and
MH(S, x) = NE, 7). If 2SS, o #0 then A = ).

Proof. The proof follows directly from the definitions of the Lie group, Lie algebra, and
Jordan algebra. 0O

Similar results are also known for the Lie group of symplectic matrices and the corre-
sponding Lie algebra and Jordan algebra, see e.g. [23, 20].

There exist a vector space isomorphism between the Lie algebras and the associated
Jordan algebras:

Proposition 5 The map A — A is a vector space isomorphism between the Lie algebra
A, (or Han) and the associated Jordan algebra C,, (or SHa,, respectively).

Proof. The proof follows directly from the definitions. O

We will use similarity transformations that retain the structure to transform the ma-
trices from the Lie groups, Lie algebras and Jordan algebras to a condensed form from
which the eigenvalues can be read off in a simple way. These are symplectic similarity
transformations for Sps,,, Ha, and SHy, and the ¥, ,-unitary matrices for O, ,, A, , and
Cpq- In order to use such transformations for numerical computation, we would prefer that
these transformation matrices also be unitary, since then the methods can be implemented
as numerically backwards stable procedures. These classes are characterized as follows.
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Proposition 6

1. Unitary symplectic matrices, i.e., matrices in Spy, N Os,, are of the form

U, U,
U, U |’

2. Matrices in O,,N O, (n=p+q) have the form
Qu 0
0 Q@ |’

Matrices in all the Lie groups and their intersections can be generated as products of
elementary matrices in these classes, see e.g. [2, 5, 23]. Unfortunately, the class of matrices
0,4 N O, is not big enough to perform the reduction to the condensed forms. As an
extra class of elementary ¥, -unitary transformations, the hyperbolic rotations H,(c, s)
are needed. These matrices are equal to the identity matrix except for the 2 x 2 submatrix

where Q11 € O, and Q2 € O,.

in rows and columns 1 and p + 1, given by [ ; i ], with |c|2 — |s|> = 1.

3 J-Schur-like forms

In this section we recall some of the known results concerning Schur-like forms for matrices
in the classes defined by .J. We will call these J-Schur-like forms.

Theorem 7
i) Let M € Hy,. Then there exists a symplectic matriz () € Spay, such that

(2)

QMQ = [Tl - ]

0 —TH

where Ty, Ty € C™", Ty 1s upper triangular and Ty is Hermitian, if and only if every
purely imaginary eigenvalue A of M has even algebraic multiplicity, say 2k, and any basis
X € €% of the mazimal invariant subspace for M corresponding to \ satisfies

10 (3)

XPIX, ~° {

Here '~¢’ denotes congruence.
it) Let M € SHa,. Then there exists a symplectic matriz Q € Spy, such that
T, T
-1 _ 1 12
Q'MQ = [ 0 T ] ,
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where Ty, Ty € C™™, T 1s upper triangular and Ty is skew Hermitian, if and only if every
real eigenvalue X\ of M has even algebraic multiplicity, say 2k, and any basis X, € C*>™2k
of the mazximal invariant subspace for M corresponding to A satisfies (3).

i11) Let M € Spy,. Then there exists a symplectic matriz Q) € Spa, such that

T, T, ] | 5)

QIMQZ[ 0 T

where Ty, Ty € C™", Ty 1s upper triangular and Ty is Hermitian, if and only if every
unimodular eigenvalue A of M has even algebraic multiplicity, say 2k, and any basis X €
22k of the maximal invariant subspace for M corresponding to \ satisfies (3).

Proof. This result was first stated and proved in [22]. O

Note that there are also more refined Jordan-like forms for matrices in Hs,,, SH,, and
Span, which do not have a triangular structure, see [21].

It follows from a result in [6] that the matrices @ in each part of Theorem 7 can
be chosen to be unitary symplectic. However, matrices in the .J classes exist for which
the forms (2)—(5) can be achieved only via non-symplectic transformations or not at all.

0 I
—IQ 0

For example, for the matrix ] a J-Schur-like form can only be achieved with

1

non-symplectic matrices, while for the matrix [ _01 0 ] no J-Schur-like form exists.

4 X, ,Schur-like forms

In this section we present results analogous to Theorem 7 concerning Schur-like forms for
matrices in the classes defined by X, , under similarity transformations from the group
O, We will call these forms ¥, ,-Schur-like forms.

Of course, if p = 0 or ¢ = 0, then the matrices in question (unitary, Skew-Hermitian,
and Hermitian matrices) are all normal, and their Schur forms under unitary similarity
transformations are diagonal. So, unless explicitly mentioned, we will assume that p and
q are both positive (and m =p+ ¢ > 2).

We describe the 3, ,-Schur-like forms in terms of a block 2 x 2 matrix

p q
-~ p|A C
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with the partitioning

D1 D2 D3 Pa - Ds Uil q2 qs e -+ qQ
1 [An 0 0 0O ... 0 0 0 0 o ... 0 W
P2 | 0 Ay Ay Ay ... Ay 0 Coy Cy Cy ... Cy
D3 0 A32 A33 0 Ce 0 0 032 0 0 Ce 0
P4 0 A42 0 A44 e A4s 0 042 0 C44 e C4l
Ps 0 As? 0 As4 N Ass 0 Cs? 0 054 N Csl

, (7)

7l 0 0 0 0 0 B 0 0 0 0
q2 0 D22 D23 D24 D2s 0 B22 B23 B24 B2l
qs 0 D32 0 0 0 B32 Bg3 0 0
d4 0 Dy 0 Dy Dy 0 By 0 By By
qr L 0 Dlg 0 Dl4 e Dls 0 Blg 0 Bl4 Ce Bll J

where 32, p; = p, S qe = ¢, and such that
1. For odd 7, p; > 0, ¢; > 0, and the blocks A;; and B;; are each either diagonal or void;
2. for even i, p; = ¢; € {0,1}.

Theorem 8
i) Let M € O, ,, then there exists Q € O, , such that

p q
—1 _ D A C
is in the form (7). For odd indicies i, the blocks A;; € O,, and B;; € O,, are either void or

diagonal (with eigenvalues of modulus 1). For the even indicies i, the blocks A;;, B;; are
either both void or both 1 x 1. Furthermore, if these blocks are not void, then

Agioi+Coini = Daigi+ Baigi = A,

> (®)
Agioi — Daioi = DBaigi—Caoi = N
and
A2i+1,2i C2i+1,2i B2i+1,2i D2i+1,2i
As 2 Cs 2 By 5 D i

(9)

|: AZi,Zi—i—l et AZi,s ] - [ D2i,2i+1 et DZi,s ] )

[ BZi,Zi—i—l et B2i,l ] - |: CQi,Zi—i—l e CZi,l ] .

\]



Moreover the eigenvalues of M are the eigenvalues of the matriz obtained by deleting
all the off-diagonal blocks in A, B,C, D.
ii) Let M € A, ,. Then there ezists Q € O, , such that
_ A C

with B = —B", A = —A" and A, B,C structured as in (7), where for the blocks with
odd numbered indices, A; € A,, and B;; € A,, are diagonal with purely imaginary eigen-
values or void and the even numbered blocks Ay, B;; are either both 1 X 1 or are both void.
Furthermore, if these blocks are not void, then

Az 9i + Cy;9i = 621’,21‘ + Byigi = A. (11)

Again the eigenvalues of M are the eigenvalues of the matriz obtained by deleting all the
off-diagonal blocks in A, B, and C.
iii) Let M € C,,. Then there exists Q € O, , such that
- A C
Q IMQ:[_CH B]a (12)

with B = B2, A = A" and A, B,C structured as in (7), where for the blocks with odd
numbered indices, A;; € Cp,, Bii € C,, are diagonal with real eigenvalues or void and the
even numbered blocks A;;, B;; are either both 1 x 1 or are both void. Furthermore, if these
blocks are not void, then

Agioi + Ty 9i = —Uzi,% + Baigi = A. (13)

Again the eigenvalues of M are the eigenvalues of the matriz obtained by deleting all the
off-diagonal blocks in A, B and C'.

Proof. i) The proof proceeds via induction on the dimension m = p + ¢. The case
m = 1 is trivial, since in this case p = 0 or ¢ = 0. Assume that p and ¢ are both positive.

Let A be an eigenvalue of M, and let x = il # 0 be an associated eigenvector, with
2

1 € CP and 2y € €7, and let Q11 € O,, Q2 € O, be such that

H H
Q11$1 = (€q, sz% = 2€p41,

where oy = [|z1]|, ay = ||z2|| are real and nonnegative and e; denotes the i-th unit vector,
e.g. [14].

If oy and a5 are both nonzero, then we cannot eliminate another element using a matrix
in O, ,NO,,. So if we wish to retain that the matrix remains in the group, we have to use
hyperbolic rotations.



If ay # s, then a hyperbolic transformation can be applied to further reduce the
transformed vector. We then have to consider the three cases ay > s, ay = ay # 0 and
a1 < az. The case that both parameters are 0 cannot happen, since x # 0.

If oy > an, then there exists a hyperbolic rotation 2 i € Oy such that

ap | B
al=1v )
with 3 = (o — a2)!/2 > 0.

If oy < an, then there exists a hyperbolic rotation such that

s
c

L —
» Ol

with 3, = (a2 — a?)/2 > 0.

In the third case, a; = as, no hyperbolic rotation exists that eliminates either of the
two elements. Then we set c =1, s =0.

Having chosen ¢ and s, set

H
0
-1 ._ 11
Q7 .—Hp(c,s)[ 0 ol €0,y
It follows that
T
[ﬂl 0 ...000 ... 0] Ly > g,
L T
QR v = [00...0&0...0]; ap < g,
T
[ozl 0 ... 0 ag O ... 0] i =y # 0.

In the first case, we see that
QT 'MQ1er = ey,

so that o
~ _ A w
M:=Q7' M@, = l Y ] (14)
and since M € O,,, we obtain [\| =1, w=0,p, =1, ¢ =0, and M' € O, 4.
In the second case, we have
QT ' MQieps1 = Aepy,
so the transformed matrix takes the form
B My 0 M3
M=Q,'MQ,=| v X wf |, (15)
Mz 0 Mss



and since M € O, 4 we obtain [A| =1, w; =0, wg =0,p =0, ¢ =1, and M' =
My M3
le M3 € Ong-t
In the third case no further reduction of the vector Qflx = ae) + eyt is possible
with a hyperbolic rotation. In this case we have

mi1 wg m1,p+1 wﬁ
M= M@ =| v Meoowm o M (16)
Mpyr1,1 W3z Mpripr1 Wiy
Ya1 My Ya3 My
and M(alel + azepi1) = (areg + azepir)A. From a; = oy we obtain that
Mit + Mipp1 = Ay Mpi11 + Mpgipin = A (17)
and
Ya1 + Y43 =0, Y21 + 23 = 0. (18)

By Proposition 4 we have that ¥, ,(e; + e,41) = €1 — e,41 is a left eigenvector associated

with the eigenvalue 2~ Hence we obtain

—1 ~—1
M — Mpy11 = A, Mipi1 + Mpr1pi1 = A (19)
and
w2 — wzz =0, wig —wss = 0. (20)
We immediately obtain that the submatrix i pt1 ] has the eigenvalues ), P
Mp+1,1 Mpt1pt1
If we consider the unitary matrix
r \/571 \/571 1
1
U= L (21)
_\/571 \/571 )
1
_ 1]
then we obtain from the identities (17) through (20) that
A wh o0 wh
- 0 M. M.
UMUY = G R (22)
0 0 A 0
0 My ysz My
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As a consequence we obtain that the spectrum of M is equal to the union of the spectra of

T M l and M' = l Moz Mos l Furthermore, from (18) and (20) it is easy

Mpt11 Mp1 pt1 My My

to see that M' € O,_y 4—1. In this case, py = ¢ =0 and py = ¢ = 1.

The proof now follows by induction. In each of the above three cases, we perform
a similarity transformation based on the given eigenvector, and produce a matrix in a
smaller group whose eigenvalues are the remaining eigenvalues of the original matrix. By
induction, there is a ¥, y-unitary matrix V' such that V='M'V is in the form of (7)—(9).
Partitioning V' compatibly with (14), (15) or (16), and embedding the partitioned matrix
into a ¥, ~unitary matrix @ in the obvious fashion, we see that @ 'MQ has the desired
form, where @ = Q1Q)>.

The proof for ii) is analogous while iii) follows from ii) using Proposition 5. 0O

Remark 9 We see from the fact that we have to use a unitary transformation U ¢ O, ,
to obtain appropriate 0-blocks that the class of transformation matrices O, , is too small
to bring every matrix in O, (in A, , or C,,) to upper triangular form via similarity. On
the other hand, the form (7) displays all the eigenvalue information. The columns of the
part of the matrix that cannot be eliminated have length 0 in the indefinite scalar product
defined as < u,v >, ,= uf'S, 0.

We also see that, in contrast with the symplectic case, we cannot obtain the condensed
form using transformations in O, ,N O,,, again since this class is too small to perform the
necessary reductions.

Remark 10 In some cases we can reduce the form (7) further if subparts in the off-
diagonal blocks of the top and bottom part do not have equal length. But since we can
never eliminate in these blocks completely and since the eigenvalues are displayed, we may
as well avoid further reduction.

Analogous results can also be obtained in the case of real matrices in all three classes. To
obtain these results, we always combine complex conjugate pairs of eigenvalues and the
associated eigenvectors.

We have presented structured condensed forms from which the eigenvalues can be read
off in a simple way. These results simplify considerably in the case that the matrices have
multiple structures. We will discuss Schur forms for such matrices in the next section.

5 Schur-like forms for multi-structured matrices.
In some applications one needs the computation of eigenvalues of matrices that have more

than one structure. In this section we present Schur-like forms for matrices from intersec-
tions of two of the classes introduced in Section 1.
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5.1 Intersections of two X, , classes.

Let us first consider the intersections of classes defined by X, , and X;;, where p + ¢ =
p+q¢ = m and, w.l.o.g., p > p. Directly from the definitions we obtain the following

structures.

Proposition 11
i) Matrices in A, , N Az 4 have the form

A A 0 G
—AM Ay 0 G
0 0 B 0
ci cH 0 B,

Al A2 Cl
with —Ag Az Oy € Aﬁ,q and By € Aq_q.
cit i,

i) Matrices in C,, N C; 4 have the form

A A 0 G
A Ay 0 G
0 0 B 0
_CH _CH 0 B,

Al A2 Cl
with Ag‘r A3 CQ € Cﬁ,q and B1 S Cq_q.
—C' =Gy B

iii) Matrices in O, , N Op 5 have the form

Ay A 0 Gy
Ay Ay 0 Oy
0 0 By 0
Dy Dy, 0 B,

All A12 CI
with A21 AQQ CQ € 0131(1 and Bl € Oq_q.
D, D, B,

i) Matrices in A, , N Cs4 have the form

0 0 (& 0
0 0 c, 0
chocl 0 B
0 0 —BF 0

(25)

(26)



The intersection of a group with one of the algebras does not show any obvious structure.
In cases i)-iii), the problem reduces to two smaller problems, each having a single structure
for which the results of Section 4 apply. For case iv) the computation of the eigenvalues
reduces to the computation of the singular values of the matrix [ cth ci B ] An

important special case that arises in particle physics [18, 19], is the case p = ¢ and p = 0.
In this case the matrices have the form

0o C
e o 1)
where C' € CP*P. Again, the eigenvalues can be determined via the singular values of C.

5.2 Intersections of a J class and a ¥, class, p # n.

In this subsection we consider matrices with a multiple structure related to both .J and
Y., With p+¢ = 2n and w.L.o.g. p > n. We obtain the following obvious structures which
follow directly from the definitions.

Proposition 12
i) Matrices in Hy, N A, have the form

A 0 Cp O

0 A, 0 C
¢y 0 A 0| (28)
0 Cy 0 A
: A C Ay, C
with l _Cl,l Ai € Hg(n,q) N AQ(n,q) and l Cz Az € Hyq N Aq,q.
i) Matrices in Hy, NC, 4 have the form
Ay 0 C 0
0 A 0 Cy
c 0 -4 0 | (29)
0o —-Cy, 0 —A
: A C A C
with [ Ci _/L ] € Ho(n-g) N Con—gq) and [ N 52 _jz € HyyNCyy
iii) Matrices in SHs, N A, , have the form
Ay 0 1 0
0 A 0 Cy (30)

¢, 0 —-A 0 ’
0o —-Cy, 0 —A

A Gy
Cl _Al

. A, C
with [ l € SHogu—g) N Ay and [ N 52 _22 ] € SHayy N Ay

13



i) Matrices in SHy, N C,, have the form

Ay 0 Cy 0 7
0 A, 0
—C 0 A 0 | (31)
0 Cy 0 Ay ]
_ A, ¢ Ay Cy ]
with l O, A € SHom—q) N Co(n—gq) and Cy Ay € SHyyNCyy.

No obvious simplified structure occurs in intersections of A, , or C,, with Sps, or of
Hspn or SHy, with O, ,. In all four cases of Proposition 12 the treatment of the smaller
matrices is relatively easy. The first submatrices in each of the cases are discussed in detail
in [8] while the second submatrices will be discussed in the next section.

5.3 Intersections of a J class and a X, class, p = ¢ = n.

In this section we discuss the most important multi-structured case in applications, p =
q=n.

Theorem 13
i) Let

MEO"’”HS“":{W Z] ovt Vvl =1, UVH:VUH}

Then there exists Q € O, N Spop, such that the eigenvalues of

(32)

Q_lMQ:lU Vl‘

vV U

are given by u;; + v, where u; and v;; denote the i-th diagonal element of U and ‘7,
respectively. Furthermore we have (w;; + vy)(uwy; — v;) = 1.

i) Let
A B
B A

Then there exists Q@ € Oy n N Spay, such that the eigenvalues of

MeAn,an%:H ]:A:—AH,B:BH}.

4 B]. (33)

-1 o
Q' MQ = [ 5o
are given by a;; +b;;, where a; and by denote the i-th diagonal element of A and B, respec-

tively, Furthermore +b;; is the real part and —i - a;; the imaginary part of the eigenvalue
;i £ bi;.

14



iii) Let
A B
B A

Then there exists Q@ € Oy n N Spay, such that the eigenvalues of

Mecn,nmsmnz{[ ]:AzAH,B:—BH}.

4 Bl. (34)

-1 o
Q 'MQ = [ e
are gwen by a; + by, where a; and b;; denote the i-th diagonal element of A and B,

respectively. Furthermore a;; is the real part and Fi-b;; the imaginary part of the eigenvalue

u v
VU

T
1)

Proof. i) Let M = [ ] € O,.nNSp2,, and let [ ] # 0, with 2, x5 € C", be an

eigenvector associated with the eigenvalue A of M. It follows immediately that Tt T l

T+ T2
is also an eigenvector of M associated with the eigenvalue . Let @ € O, be such that
Q" (z1 + 22) = ael™, where o # 0. If we form

U1 Z{L{ V11 21{{
- _ | Q" 0 Q O] _| vu My wo M,
M o [ 0 QH M 0 Q o V11 ZI{{ U111 25 ’

yv Mv yu Mu
whe~re uyy, vy € Cand M,, M, € c»Dx(=1) then we see that e§2n) +e£ff:f is an eigenvector
of M associated with the eigenvalue A, i.e., we have

ERIHEHE

The eigenvalues of [ :}LH ZH are u11+vq,. Furthermore we have y,+y, = 0. Similarly, by
1 Ui

Proposition 4 the vector eg%) —e,(ff% is a left eigenvector of M associated with the eigenvalue

__ . w M,

) 1, so that z/7 — 2/ = (0 as well. Hence we obtain l MM l € On_1,n-1NSPagn_1y and

uUir Y11
U111 U1

] € 011 N Spy. Since the latter matrix is symplectic, we have

(wis + vig) (wig — vii) = 1.

If we consider

1 0 0 0
|0 Ly 0 0
=l 0 o1 0 |

0 0 0 I,



then we obtain

0 20 vy 2H

—1 17 _ 0 Mu Yu Mv
STMS = o 0 o0 o [’

0 M, y. M,

. ~ . M, M,
i.e., the spectrum of M is equal to the union of the spectra of YT and .
U1y Uy M, M,

The rest of the proof follows by induction.

The proof of ii) is analogous to the proof of i) noting that A is skew-Hermitian and
that B is Hermitian. The proof of iii) follows from ii) and Proposition 5. [

The intersections of algebras with groups again does not give any particular structure,
so it remains to discuss the final class which motivated our interest in analyzing multi-
structured matrices. Matrices from the set

_ A B | | H o pH
o= {[ 4, 7| a=anp ] -

arise in linear response theory in quantum chemistry [11, 12, 24]. By definition, similarity
transformations with matrices from O, ,, N Spa, will preserve the structure. The elements
of H,, have the eigenvalue-symmetry '\, —\’ while we find the eigenvalue-symmetry ’\, \’
for the matrices from C,,. Therefore the eigenvalues of M € Hy, N C,, will occur in
quadruples "X\, =\, A, =\’ unless \ is real or purely imaginary. So we expect 4 x 4-blocks
to occur in Schur-like forms for these matrices. Before we formulate the main result let us
state some properties of the matrices under consideration.

A B
-B —A

T

Proposition 14 Let M = l -
2

] € HonNCy o, let x = l ] # 0, with xq,xy € C",

X2

be an eigenvector of M associated with the eigenvalue N\ of M and let y := l -
1

] . Then

1. y s an eigenvector of M associated with the eigenvalue —\.

2. [ ol —olf ] is a left eigenvector of M associated with the eigenvalue —\.
3. If X is not purely imaginary, then ¥z, — 2t xy = 0.

4. M(z+y)= XNz —y) and M(x —y) = XMz + y).

5 l 11 + X9

. l assoctated with the eigenvalue i)\.
1Ty + X1

. . B A
is an eigenvector of A _B

Proof. 1., 2., /. and 5. are easy to verify. Furthermore we have by 2. that
Motz —2fzy) = A [ it —af ] l = l

16



e, A+ N)(zfa —aflzy)=0. O

Theorem 15 X
i) For each M € Hy, NC, ., there exists Q € Spa, N O, ,, such that the matric
[ Ay Ay - Ay Bny By, -+ By W
Ay Agy oo+ Ay By By, -+ DBy,
. . A A e A B B ... B
10 — k1 k2 kk k1 k2 kk
@ @ —By =By -+ =By, —An —Ap oo —Ag |7
—By1 =By -+ =By, —Ay —Ayp - —Ay
—Byi —Bry -+ —Bp —Ap A o —Aw J

with A;j, B;; € C"*™ and n;,n; € {1,2}, has the following properties:

1. The eigenvalues of M are the eigenvalues of the matrixz obtained by deleting all the
off-diagonal blocks in A = [A;;] and B = [Bjj].

. Ay By 2 2 ;
2. If n; = 1, then the eigenvalues of l B, A, ] are £4/ Az — B5. In particular
these eigenvalues are both real or both purely imaginary.
3. If n; = 2, let m, denote the (1,2) element of A;; and my, denote the (1,2) element
of Bi;. Then the eigenvalues of _Ag__ _B;” are either m, &= my, and —m, + my,

where my, is real and my, is purely imaginary, or +imy, where my s real.

ii) Let M € SHy, N A, = {l _AB _BA ] A= —A" B = —BH) Then there exists
Q € Spon N O,,0, such that the matriz
Ay A -+ Ay By By -+ By W
Ay Ay -+ Ay By By --- By,
. . A A oA B B ... B
170 — k1 k2 kk k1 k2 kk
@ @ —Byw =By -+ =By, —An —Ap - SAp |
—By1 =By -+ =By, —Ay —Ayp - —Ay
| —Bri —Bra - —Bpe —Ap A 0 —Awe J

17



with A;;, Bij € C"*"% and n;,n; € {1,2}, has the following properties:
1. The eigenvalues of M are the eigenvalues of the matrixz obtained by deleting all the
off-diagonal blocks in A = [A;;] and B = [Byj].

Ay By
=By —Ay
etgenvalues are both purely imaginary or both real.

2. If n; = 1, then the eigenvalues of l are A; = By;. In particular these

3. If n; =2, let m, and m, denote the (1,2)-element of A;; and By;, respectively. Then
A By
=By —A;

purely imaginary and my s real, or £my, where my, is real.

the eigenvalues of l are either m, + my, and —m, + my, where m, is

. A B
Proof.l)LetM—[_B 4 Ml#o,

with z1, 29 € C", be an eigenvector of M associated with the eigenvalue \. We will use

l with A" = A, B7 = B € ™" and let | "'

transformation matrices that are either of the form [ 602 22 ] with @ € O,, or hyperbolic

rotations H,(c, s) with ¢, s € R. We have to distinguish two cases:

1. x7 and x5 are linearly dependent. If we assume w.l.o.g. that x; # 0, then there exists
v € C such that 2y = yxy. (In the case x; = 0 we consider [ ? and —\, according
1

to Proposition 14.1.)

Let e§"> denote the i-th unit vector in C", and choose a unitary matrix @) € O,, such
that Q7 z, = ael™, where a # 0. Then we obtain

(n)

H n
Q" e = yaey

and hence we have

. my yl my 7
M _ Q 0 M Q 0 _ Ya Ma Yp Mb
0 Q 0 Q —my _?/1{{ —My, _yf

—Yo _Mb —Ya _Ma

where ma, my € C and M,, M, € c(m=Dx(=1) Gince ¢{*™ +’ye£l2fi is an eigenvector of

M associated with the eigenvalue ), we have
ma(1—7*)=(1++)A and (1—~%)y, =0.
(a) If 42 =1, i.e., v = 1, then A = 0 and
mg, +ym, =0 and y, + yy» = 0.

18



Hence, using

10 0 0
10 L,y 0 0
5= v 0 1 0
0o 0 0 I,,4
we obtain
0yl my oy
1y 0 M Y M,
1 _ a b b
STMS = 0 0 0 0 ’
0 —M, —y, —M,
. . . n my
i.e., the spectrum of M is the union of the spectra of [ m m ] and
— Ity T

M, M,
_Mb _Ma .

(b) If 4% # 1, then l ’1Y ] and l ;Y l are linearly independent and by Proposition 14.1

they are eigenvectors of mﬂ‘; ﬂ;; l associated with the eigenvalues A\ and
— Iy Tt
—\. Forming
1 0 v 0
|0 I,y 0 O
5= v 0 1 0 ’
0o 0 0 I,
we obtain
A 0 *
~ 0 M, 0 M,
-1 o a b
SOMS = 0 *x =X % '
0 -M, 0 —M,
. ~. . n my
i.e., the spectrum of M is the union of the spectra of [ m " ] and
— 1y T g

M, —M, —m, € Hy N Cyq, we find by symmetry that

A must be real or purely imaginary.

[ M, My ].Since [ mniz Mo
—my

2. If oy and x5 are linearly independent, (i.e., in particular n > 2), then this also holds
for xy + fr9 and xy — fag, where [ # 0.

(a) If X is not purely imaginary then we have by Proposition 14.3. that zfz; —
H

iy = 0. Therefore, 3 = /Z~ € R yields

mf:rg
(1 + ﬂ@)H(xl — fBx,) = 35{1% - 521'5[1'2 + 5(1'5%1 - xfl'z) = 0.

19



Consequently there exists () € O,, such that
QY (w1 + fy) = alegm and Q" (z) — fx,) = azeé”),

where oy and ay are positive and w.l.o.g. a3 > ay (otherwise we exchange the
first two columns of ). Considering

" n X my *
7= Q 0 Y Q 0 _ * M, * M, ’
0 @ 0 @ —my * —Myg *

* _Mb * —Ma

with mg, my € C**? and M,, M, € EC("”)X("*?), we see that aje; + asey +
%enﬂ — %enw is an eigenvector of M associated with the eigenvalue A:

~ Qg &%)
M(arey + azes + ?enJrl - ?en+2)

]HM[$1+5952+%—5$2]

%!L‘l +l’2 — %l’l +!L‘2

" 2x
|l
Q 01" 22,
0 Q 21’2

Qq (D)

= Mage; + azes + 3 Cntl — ?6%2)-

i. If B # 1, there are hyperbolic rotations l i 'Zl ], t =1, 2, such that

7 7
C1 51
S1

ap || ag €2 S2 ) |
g=l e [ ]l =15

Since aq, as, f € R, we can choose ¢; and s; to be real. Transforming M and
the eigenvector associated with A\ analogously, we have reduced the problem
to the case 1.(b). In particular it follows that A is real or purely imaginary.

ii. If § = 1, there exist no hyperbolic rotation as before. Then let m, :=

[ Tal e ] and my = Tbl b2 ] . The relevant eigenvector is e; +
Mea2  Ma3 Mp2  Mp3
€s+€ni1—€nya, because f = 1 yields ay = ay. Thus, using Proposition 14.4
we obtain:

Ma1  Ma2 My Mg 1 0

Maa Mgz Ty M3 0] A\ 1

—Myr —Mpz —Mar —Mg2 1| 0

Ty —Mpz —Mg2  —Mg3 0 —1

20



and

Mgl Mgz My Mp2 0 1
Ma2  Me3z M2 M3 I A\ 0
—Mp1 —Mpz —Mg1 —Mg2 0 1
—Mpy —Mpz —TMaz  —Mg3 -1 0

In particular we have mgs + my = A and mg — myy = A, i.e., m,o is real
and mpy is purely imaginary. If mgeomye # 0 it follows that A is neither

real nor purely imaginary, so the eigenvalues of Ma =TT ] are \, —\, A

b — Mg
and —\. This also holds in the case that mg.ms = 0, since the eigenvalues
depend continuously on the entries of a matrix and, and replacing m,o by
M2 + €4 and myo by mys + @ - g3, respectively, where ¢,,5, € R, does not

H
change the eigenvector [ 111 -1 ] . Forming the unitary matrix

! 1 0 1 -1 0
1 1 0 -1 1 0
1 0O 0 I, 0 0 0
S::[Sl"'SQn]:§ 1 _1 02 1 1 0
-1 1 0 1 1 0

0 0 0 0 0 I, ]

and noting that according to Proposition 14 1. the columns s; and s,
are right eigenvectors of M associated with the eigenvalues A resp. —\ and
according to Proposition 14 2. the columns s, and s, are left eigenvectors
of M associated with the eigenvalues —\ and X, we obtain

)\***0***}
0O =X 00 0 0 00
A
11 ro
SMS_O***—)\* x x|’
0O 0 00 O X 00
0 0 x
_0*_Mb0*_M“J

i.e., the spectrum of M is the union of the spectra of the 4 x 4 matrix
My mb]and[Ma Mb]

—My My —-M, —M,
(b) If A = —iu is purely imaginary, then it follows from Proposition 14 5. that
i!L‘l + Z9 . . A . . .
l iy + 11 l is an eigenvector of l A _B ] associated with the eigenvalue pu.

Transforming this matrix as in the case 2.(a), yields analogous results for M,
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U
VU ] € 0, N Spy, that

A e P
R | A ]

Note that the element m, in the case 2.(a) is now real.

since we have for all transformations [

Ma Mb
_Mb _Ma
proof follows by induction.

The proof for ii) follows directly from Proposition 5. 0O

In all cases we have ] € Hop NCrp with k =n —1o0r k =n—2. So the

Remark 16 In general the remaining 4 x 4-blocks in Theorem 15 cannot be divided further
into two 2 x 2-blocks. This is possible only if the eigenvalues are real or purely imaginary.

Remark 17 As we see from the proof of Theorem 15, the only time we need hyperbolic
rotations is when we want to split certain 4 x 4-blocks into two 2 x 2-blocks. That means
that we are able to achieve a Schur-like form whose eigenvalues are displayed by at most
4 x 4-blocks by using only unitary transformations. This result does not hold in the real
case.

6 Conclusions

We have discussed Schur-like forms for matrices with one or more algebraic structures
arising from a classical Lie group, Lie algebra or Jordan algebra. In all cases we obtain a
structured Schur-like form that displays all the eigenvalues. In particular, we have obtained
such Schur-like forms for multi-structured matrices which arise in quantum chemistry.

References

[1] G. S. Ammar, W. B. Gragg, and L. Reichel. Determination of Pisarenko frequency
estimates as eigenvalues of an orthogonal matrix. In F. T. Luk, editor, Advanced
Algorithms and Architectures for Signal Processing II, pages 143-145. SPIE, 1987.

[2] E. Artin. Geometric Algebra. Interscience Publishers, New York, 1957.
[3] H. Braun and M. Koecher. Jordan-Algebren. Springer-Verlag, Berlin, 1966.

[4] A. Bunse-Gerstner. Der HR-Algorithmus zur numerischen Bestimmung der Eigen-
werte einer Matriz. Dissertation, Universitat Bielefeld, Bielefeld, Germany, 1978.

22



[5]

[16]

[17]

[18]

[19]

A. Bunse-Gerstner. An analysis of the HR algorithm for computing the eigenvalues
of a matrix. Linear Algebra Appl., 35:155-173, 1981.

A. Bunse-Gerstner. Matrix factorizations for symplectic QR-like methods. Linear
Algebra Appl., 83:49-77, 1986.

A. Bunse-Gerstner, R. Byers, and V. Mehrmann. Numerical solution for algebraic
Riccati equations. In S. Bittanti, editor, Proceedings of the Workshop on The Ric-
cati Equation in Control, Systems and Signals, pages 107-115, Bologna, Italy, 1989.
Pitagora Editrice.

A. Bunse-Gerstner, R. Byers, and V. Mehrmann. A chart of numerical methods for
structured eigenvalue problems. STAM J. Matriz Anal. Appl., 13:419-453, 1992.

L. Elsner. Neuere Verfahren zur Bestimmung der Eigenwerte von Matrizen. In An-
sorge, Glashoff, and Werner, editors, Numerische Mathematik. Birkhauser, Basel,
1979.

L. Elsner. On some algebraic problems in connection with general eigenvalue algo-
rithms. Linear Algebra Appl., 26:123-138, 1979.

U. Flaschka. Fine Variante des Lanczos-Algorithmus fiir grofle, diinn besetzte sym-
metrische Matrizen mit Blockstruktur. Dissertation, Universitat Bielefeld, Bielefeld,
Germany, 1992.

U. Flaschka, W.-W. Lin, and J.-.. Wu. A kqz algorithm for solving linear-response
eigenvalue equations. Linear Algebra Appl., 165:93-123, 1992.

F. Gantmacher. The Theory of Matrices, Vol. 1. Chelsea, New York, N.Y., 1959.

G. Golub and C. Van Loan. Matriz Computations, 3rd ed. Johns Hopkins University
Press, Baltimore, 1996.

S. Helgason. Differential Geometry, Lie Groups, and Symmetric Spaces. Academic
Press, New York, 1978.

N. Jacobson. Structure and Representation of Jordan Algebras. Colloq. Publ. 39,
American Mathematical Society, Providence, 1968.

B. Kagstrom and A. Ruhe. An algorithm for the numerical computation of the Jordan
normal form of a complex matrix. ACM Trans. Math. Software, 6:398-419, 1980.

F. Karsch and E. Laermann. Numerical simulation in particle physics. Rep. Prog.
Phys., 56:1347-1395, 1993.

J. Kogut and L. Susskind. Hamiltonian formulation of Wilson’s lattice gauge theories.
Phys. Rev., D11:395 ff., 1975.

23



[20]

[21]

[22]

[23]

[24]

[25]

P. Lancaster and L. Rodman. Algebraic Riccati Equations. Clarendon Press, Oxford,
1995.

A. Laub and K. Meyer. Canonical forms for symplectic and Hamiltonian matrices.
Celest. Mechanics, 9:213-238, 1974.

W.-W. Lin and T.-C. Ho. On Schur type decompositions for Hamiltonian and sym-
plectic pencils. Technical report, Institute of Applied Mathematics, National Tsing
Hua University, Taiwan, 1990.

V. Mehrmann. The Autonomous Linear Quadratic Control Problem, Theory and Nu-
merical Solution. Number 163 in Lecture Notes in Control and Information Sciences.
Springer-Verlag, Heidelberg, July 1991.

J. Olson, H. Jensen, and P. Jgrgensen. Solution of large matrix equations which occur
in response theory. J. Comput. Phys., 74:265-282, 1988.

M. Paardekooper. An eigenvalue algorithm for skew symmetric matrices. Numer.
Math., 17:189-202, 1971.

B. Parlett. The Symmetric Eigenvalue Problem. Prentice Hall, Englewood Cliffs, N.J.,
1980.

C. Van Loan. A symplectic method for approximating all the eigenvalues of a Hamil-
tonian matrix. Linear Algebra Appl., 16:233-251, 1984.

J. Wilkinson. The Algebraic Eigenvalue Problem. Oxford University Press, Oxford,
1965.

24



Other titles in the SFB393 series:

97-01

97-02
97-03
97-04

97-05

97-06

97-07

97-08

97-09

97-10

97-11

97-12

97-13

97-14

97-15

97-16

97-17

97-18

97-19

P. Benner, V. Mehrmann, H. Xu. A new method for computing the stable invariant sub-
space of a real Hamiltonian matrix or Breaking Van Loan’s curse? January 1997.

B. Benhammouda. Rank-revealing "top-down’ ULV factorizations. January 1997.
U. Schrader. Convergence of Asynchronous Jacobi-Newton-Iterations. January 1997.

U.-J. Gorke, R. Kreiflig. Einfluifaktoren bei der Identifikation von Materialparametern
elastisch-plastischer Deformationsgesetze aus inhomogenen Verschiebungsfeldern. March
1997.

U. Groh. FEM auf irregularen hierarchischen Dreiecksnetzen. March 1997.

Th. Apel. Interpolation of non-smooth functions on anisotropic finite element meshes.
March 1997

Th. Apel, S. Nicaise. The finite element method with anisotropic mesh grading for elliptic
problems in domains with corners and edges.

L. Grabowsky, Th. Ermer, J. Werner. Nutzung von MPI fiir parallele FEM-Systeme.
March 1997.

T. Wappler, Th. Vojta, M. Schreiber. Monte-Carlo simulations of the dynamical behavior
of the Coulomb glass. March 1997.

M. Pester. Behandlung gekriimmter Oberflichen in einem 3D-FEM-Programm fir Paral-
lelrechner. April 1997.

G. Globisch, S. V. Nepomnyaschikh. The hierarchical preconditioning having unstructured
grids. April 1997.

R. V. Pai, A. Punnoose, R. A. Romer. The Mott-Anderson transition in the disordered
one-dimensional Hubbard model. April 1997.

M. Thess. Parallel Multilevel Preconditioners for Problems of Thin Smooth Shells. May
1997.

A. Eilmes, R. A. Romer, M. Schreiber. The two-dimensional Anderson model of localization
with random hopping. June 1997.

M. Jung, J. F. Maitre. Some remarks on the constant in the strengthened C.B.S. inequality:
Application to h- and p-hierarchical finite element discretizations of elasticity problems.
July 1997.

G. Kunert. Error estimation for anisotropic tetrahedral and triangular finite element
meshes. August 1997.

L. Grabowsky. MPI-basierte Koppelrandkommunikation und Einfluf} der Partitionierung
im 3D-Fall. August 1997.

R. A. Rémer, M. Schreiber. Weak delocalization dueto long-range interaction for two
electrons in a random potential chain. August 1997.

A. Eilmes, R. A. Romer, M. Schreiber. Critical behavior in the two-dimensional Anderson
model of localization with random hopping. August 1997.



97-20 M. Meisel, A. Meyer. Hierarchically preconditioned parallel CG-solvers with and without
coarse-matrix-solvers inside FEAP. September 1997.

97-21 J. X. Zhong, U. Grimm, R. A. Romer, M. Schreiber. Level-Spacing Distributions of Planar
Quasiperiodic Tight-Binding Models. October 1997.

97-22 W. Rehm (Ed.). Ausgewéhlte Beitrage zum 1. Workshop Cluster-Computing. TU Chem-
nitz, 6./7. November 1997.

97-23 P. Benner, Enrique S. Quintana-Orti. Solving stable generalized Lyapunov equations with
the matrix sign function. October 1997

97-24 T. Penzl. A Multi-Grid Method for Generalized Lyapunow Equations. October 1997

97-25 G. Globisch. The hierarchical preconditioning having unstructured threedimensional grids.
December 1997

The complete list of current and former preprints is available via
http://www.tu-chemnitz.de/sfb393/preprints.html.



