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Abstract

Some boundary value problems yield anisotropic solutions, e.g. solutions with bound-
ary layers. If such problems are to be solved with the finite element method (FEM),
anisotropically refined meshes can be advantageous.

In order to construct these meshes or to control the error one aims at reliable error
estimators. For isotropic meshes many estimators are known, but they either fail when
used on anisotropic meshes, or they were not applied yet. For rectangular (or cuboidal)
anisotropic meshes a modified error estimator had already been found.

We are investigating error estimators on anisotropic tetrahedral or triangular meshes
because such grids offer greater geometrical flexibility. For the Poisson equation a
residual error estimator, a local Dirichlet problem error estimator, and an L, error
estimator are derived, respectively. Additionally a residual error estimator is presented
for a singularly perturbed reaction diffusion equation.

It is important that the anisotropic mesh corresponds to the anisotropic solution. Pro-
vided that a certain condition is satisfied, we have proven that all estimators bound the
error reliably.
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Chapter 1

Introduction

Many models in science and engineering lead to partial differential equations. Some of
them, the boundary value problems, are written (in the so-called classical formulation) as

Find wu : Lu = f in ,
lu = ¢ on I'p = 9N

Here L is the differential operator which is supposed to be self-adjoint and elliptic, and
[ represents the operator of the boundary conditions. We restrict ourselves to bounded,
polygonal, three-dimensional or two-dimensional domains Q C R?, i.e. d = 3 or 2. Varia-
tional analysis leads to the so-called variational (or weak) formulation

Findu eV : a(u,v)=(f,v) VoeV

with a symmetric, elliptic and continuous bilinear form «(-, -) and a functional (f, -).
In chapters 3 and 4 (where we are dealing with the Poisson problem and a singularly
perturbed reaction diffusion equation, both with homogeneous Dirichlet boundary condi-
tions) the space V = H!(f) is appropriate. Then the finite element method (FEM) can
be employed to solve this problem numerically. An approximate space V,; C V yields
the FEM formulation

Find up, € V, 5, : alup,vp) = (f,vn) Vo, € Vop

To obtain the approximate space V,;, assume a family F = {7} of triangulation T} of €.
Then let V,; be the space of continuous, piecewise linear functions over 7, that satisfy
the homogeneous Dirichlet boundary conditions.

The finite element method shall be accurate and efficient. The accuracy is assessed
by the error u — uy, in some suitable norm. The efficiency is, roughly speaking, related to
the number of elements, the degree of the basis functions, the solution method etc.

Usually the search for an accurate (approximate) solution uy, is an iterative procedure.
One constructs a sequence {uy} of FEM solutions whose error ||u — uy||. decreases until
a prescribed accuracy is obtained. The well known adaptive process has the form:

1. Estimate the error locally for a solution on a given mesh.
2. Based on this information, construct a new mesh or perform a mesh refinement.

3. Solve the arising finite element system.

4



The topic of our work is a special class of problems which can be solved very effi-
ciently by a non-classical finite element method. Some boundary value problems (arising
e.g. from fluid dynamics, weather simulation etc.) yield a solution which exhibits an al-
most one-dimensional behaviour, i.e. the solution varies significantly only in one direction
but remains almost constant in other directions. Such solutions are called anisotropic.
Examples include solutions with a boundary or an interior layer.

One feature of the classical finite element method is that the ratio of the diameters of
the circumscribed and inscribed spheres of a finite element (e.g. rectangle, tetrahedron,
or cube) is bounded. Such meshes are referred to as isotropic meshes. But when an
anisotropic solution as mentioned above occurs it is sensible to violate this condition
and to use highly stretched elements instead. One hopes to capture in this way the
important features of the solution with much less elements. Numerical evidence confirms
that problems with anisotropic solutions can indeed be solved much more efficiently on
anisotropic meshes.

A (certainly incomplete) list of engineers and scientists dealing with such anisotropic
problems include Beinert and Kréner [10], Frohlich, Lang and Roitzsch [16], Kornhu-
ber and Roitzsch [17], Nochetto [20], Peraire et al.[21], Rachowicz [22], Rick, Greza
and Koschel [24], Siebert [28], Vilsmeier, Hanel et al. [33], Zienkiewicz and Wu [35].
Anisotropic finite element methods with emphasis on a priori error estimation have been
considered for example by Apel and Dobrowolski [3], Apel and Lube [4], Apel and Nicaise
[5], Miller, O’Riordan and Shishkin [18], Roos [26], Zhou and Rannacher [34]. But al-
though anisotropic finite elements are used, its theoretical foundation is much weaker
than for isotropic elements.

An adaptive strategy that takes account of an anisotropic solution clearly involves the
following tasks.

1. Estimate the error for a solution on a given mesh.
2. Obtain information for a new, better mesh. This includes:

o Detect regions of anisotropic behaviour of the solution.

e Determine a (quasi) optimal aspect ratio and stretching direction of the finite
elements.

o Determine the element size.
3. Based on this information, construct a new mesh or perform a mesh refinement.
4. Solve the arising finite element system.

Obviously, every adaptive process has to answer questions 1 and 2 in some form. Yet
explicit and analytically based error estimators or indicators (like in [28]) are rather rare;
often estimators/indicators are hidden behind some refinement criterion or are derived by
heuristic considerations [10, 21, 22, 24].

Similarly, information of the anisotropic solution is often drawn from heuristic argu-
ments. This includes the analysis of the partial second derivatives [21, 24, 35], of the level
lines [17] or of the gradient (or gradient jump) of some values [10, 22, 28].

The next step, namely the remeshing, is done either by mesh refinement and adjust-
ment (see, e.g. [10, 11, 16, 17, 22, 24]), or a new mesh generation (for example coupled
with a background mesh, or by means of a virtual transformation, [12, 24, 33]).
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Finally, the solution of the resulting system does not seem to be too difficult compared
with these first three steps.

Our work focuses mainly on the first task, the a posteriori error estimators, although
some aspects related to the other steps are discussed occasionally.

On isotropic meshes the theory of error estimators is fairly well established (see e.g. [1,
7,8,9, 31, 36, 37]. On anisotropic meshes such estimators cannot be applied (e.g. because
an anisotropic element 7' cannot be described by a single element size hr), or they were
not investigated yet. To our knowledge, the only mathematically exact estimator is due to
Siebert [28]. He considers the Poisson equation, utilizes cuboidal, rectangular or prismatic
grids (triangulations) and modifies the well known residual error estimator.

The aim of this work is threefold. Firstly we want to derive estimators for tetrahedral
and triangular grids because of their greater geometrical flexibility. Understandably this
requires more effort than for cuboidal grids since tetrahedra do not have three natural
directions, and since they can not be aligned with the coordinate axes (in general).

Secondly several estimators (residual error estimators, local problem error estimators,
Zienkiewicz-Zhu like error estimators) and different norms (energy norm, Ly norm) are
considered.

Thirdly, several differential equations are investigated into. The Poisson equation,
being one of the simplest boundary value problems, is chosen to identify and study the
effects of anisotropic finite elements. The singularly perturbed reaction diffusion equation
in chapter 4 further reveals properties due to the anisotropy but also features that are
related to the governing equation. Furthermore, this example shall show (or at least
indicate) that an anisotropic theory can be applied to (almost) real life problems.

The paper is organized as follows. At the end of this introduction a list of commonly
used symbols is given. In chapter 2 the notation is introduced and basic relations are
derived. Chapters 3 and 4 are devoted to the Poisson equation and a singularly perturbed
reaction diffusion equation, respectively. Numerical examples are briefly discussed in
chapter 5. A summary completes this paper.



List of Symbols

The list below comprises important notation accompanied by a brief explanation and
(where possible) the page number of its definition or first occurrence. A unified notation
for the R® and the R* is used as far as it is unambiguous. Note however that some

meanings are different (e.g. T' denotes either a tetrahedron or a triangle).

Symbol page
9] bounded polygonal domain in the R® (or the R?)

d dimension of Q(d = 2,3)

I'p =00 Dirichlet boundary of €2

e; unitary vectors of R? 9
Lo, H', H! usual Sobolev spaces over {2

('7') ) ('7')w
a(.7 )
-

Moo [l

Lo(Q2) scalar product or Ly(w) scalar product

bilinear form 21, 59
Ls norm over )

Ls norm over a domain w or a face K

| - HRSXS spectral norm of a matrix 12
T triangulation of 15
Vi, Voou finite element spaces over T}, 21
P (w) space of polynomials of degree < m over domain w 17
TeT, tetrahedron (or triangle)
|T| volume measy(7T) of T
p: special vectorsof T, 2 =1...d 10
hi = hir length |p;| of vector p; 10
hmm,T = min{hLT} == hdj 10
hi(x) global function that has value h; 7 over T 10
E. Er arbitrary face of T' (or edge of a triangle T') 10
| £ meas;_1(F) of £ 10
hg, hg T length of the height over £ in a tetrahedron T' 10
wr, WE auxiliary local subdomains 14
A7 barycentric coordinates of T' 18
br element bubble function (related to T') 18
special Ly element bubble function 45
bg face bubble function (related to F) 18
special Ly face bubble function 46
Pl extension operator F.,; : P°(E) — P°(T) 18
T standard tetrahedron (see definition) 11
T reference tetrahedron 11
Fy affine linear mapping from standard tetrahedron T onto T 11
Fe affine linear mapping from reference tetrahedron T onto T 11
Ap,Crp transformation matrices of the maps Fy and F¢ 11
C(x) global matrix function that coincides with Cr over T' 11
D, (unitary) directional derivative in the direction p; 13
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Symbol page

HE (), H} 7(Q) sets of adapted functions 23

©; linear basis function of node «a;, 27
¢i(a;) = & (Kronecker symbol)

R, Clément interpolation operator H§7T(Q) — Vo 30

Py, L5 projection onto piecewise constant functions 31

re(vn) (scalar) gradient jump of a function v, € Vj, across a face 32
E

rr(vy) element residual (problem dependent) 31, 63

Dy (v3) discrete, mesh dependent norm representing the jump 32
residuals

d/on directional derivative with respect to the outer normal unit 33
vector n

NR.T residual error estimator (energy norm), problem depen- 32, 63
dent

np,T local Dirichlet problem error estimator (energy norm) 37

NR,Ly,T Lo residual error estimator 54

-1 energy norm [[|* = a(-,-) 60

Constants are denoted by c¢. They are generic constants, i.e. always independent of
the underlying triangulation or the function in question, and may have different values at
different occurrences. We write

r <y — r<c-y
T2y — r>c-y, c>0
x o~y = c-x<y<ec-uz, c>0
The notation with an explicit constant ¢ is used only when a dependence on some other

values is expressed (e.g. ¢q) or when further details are thus revealed. Also, the (sharper)
notation < is used instead of < wherever possible.



Chapter 2

Preliminaries

2.1 Notation

2.1.1 General notation

Let Q C R?, d = 2,3 be an open, bounded, polygonal domain over which the differential
equation is posed. The following spaces are frequently employed (with w being an arbitrary
open domain).

C*(w) space of k times continuously differentiable functions

Loy(w) space of square integrable functions

H* (w) Sobolev space of functions whose k" derivative is in Lq(w)

HE (w) Sobolev space of functions of H*(w) satisfying the corresponding

homogeneous Dirichlet boundary conditions
P*(w) space of polynomials of order k or less.

All norms of functions are L, norms unless otherwise stated. A norm without subscript
denotes || - || = || - |lz.(q), i-e. the Ly norm over the whole domain 2. All vectors norms
are Euclidean norms, and norms of matrices are spectral norms. The unitary vectors of
R? are denoted by e;, i = 1...d.

All considerations are made for the three-dimensional case. The application to the
easier two-dimensional case is readily possible.

2.1.2 Notation of the tetrahedron

Assume that a triangulation 7, (also called a mesh or a grid) is given which satisfies
the usual conformity conditions (see Ciarlet [13], Chapter 2). Let T be an arbitrary
tetrahedron thereof. For this tetrahedron the following notation is introduced. The four
vertices of T are denoted by Fy,..., P; according to these three conditions:

o Let Py P be the longest edge of T'.

o There exist two triangles that contain the edge Py P;. The one with largest area is

denoted by APy P P,.

o Let Fy P, be the shortest edge of AFyPyFP,. This determines which vertex is Py and

Py, respectively. Let P; be the remaining vertex.

9
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This notation is not uniquely determined if, for instance, T has two edges which are
simultaneously the longest ones. However, it turns out that then either choice of the
notation fits into the theory. Additionally we define three vectors:

® Dy §:POP1 .

e Let py be that vector in the plane of Py P, P, that points to P, and that is perpen-
dicular to pq

o Let ps3 be that vector to P; that is perpendicular to APy P, P,.

Hence py ... ps are mutually orthogonal. Figure 2.1 visualizes this notation.

P,

Figure 2.1: Notation of tetrahedron T

The length of the vectors p; is denoted by h; = h; 7 := |pi|, ? = 1,2, 3. Because of the
definition of the P; we conclude immediately hy > hy > hz. We further define

hnin, = igiﬂd{hij} = hgr

(in R® thus hming = hsz holds). Furthermore a piecewise constant function h;(x) is
defined for almost all x € ) according to

hi(X)izhi7T fOfXET,izl...d.

Analogously A, (x) is defined.

The boundary of a tetrahedron T consists of four faces (i.e. triangles). Such a face
is denoted by E, and its (d — 1) dimensional content is expressed by |E| := meas;_1(F).
The length of the height over such a face £ will be denoted by hg 1 = hg = 3|T|/|F|.
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2.1.3 Standard and reference tetrahedron, transformations and
their properties
Let T' be an arbitrary but fixed tetrahedron. Mainly we will employ two affine linear
mappings F4 and Fi which will be defined as follows.
Let Py be the (column) vector from the origin of the coordinate system to Fp, and

let PO—IBZ' be the (column) vectors from Py to P, ¢ = 1,2,3. We define the matrices
AT7 CT € RBXS by

Ap = <P0P1,P0P27P0P3 > and Cr = <p1,p2,p3> . (2'1)

Sometimes we want to refer to the matrix C'7 not only on an actual tetrahedron T but
on a larger domain. Thus we introduce a matrix (or more precisely a matrix function)
C'(x) which is defined globally for almost all x € © and which coincides with Cr on a
tetrahedron T':

C(x):= Cr forxeT . (2.2)

Additionally a matrix Hp is defined by
HT = dlag (hl, hg, hg)
Let now the affine linear mappings be

Fo:Tw—T and FC:T|—>T
Faix(p)=Ar-pt+ By Foix(p)=Cr-pt By

with g = (g1, pr2, 13)"

Definition 2.1 (Standard tetrahedron and reference tetrahedron) The standard
tetrahedron T' has vertices Py = (0,0, 0)" and P, =el |i=1...d. Enumerate the faces
E; of T such that

Ei:=TN{x;=0} ,i=1...d and Eo:=TnN{x|, =1} )

i.e. face F; is opposite the vertex P;.
The reference tetrahedron 1" is defined implicitly by the mapping Fe, i.e. T = FZY(T).

The vertices of T' are Py = (0,0,0)7, P = (1,0,0)T, P, = (#2,1,0)T and Py = (#3,793, )T
because of the definition of F=. The conditions on the F; yield immediately 0 < &5, 23 < 1
and —1 < g3 < 1. Figures 2.1 and 2.2 may illustrate this definition (the circumscribed
rectangular prisms shall facilitate the visualization).

Variables that are related to the standard tetrahedron T' and the reference tetrahedron
T' are referred to with a bar and a hat, respectively (e.g. V, 9).

The determinants of both mappings are

|det(Ar)| = |det(Cr)| = hy - ha-hs =6-|T|
The transformed derivatives satisfy
Vo = ALVu and Vb = CIvo

In order to bound the norms of some transformation matrix we state the following
simple lemma (see also [13]).
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H3 s
B |
Ps \
\ \
\ \
\ \
\ |
\\ fh2 \
\ PQ\
X A
PQ\\ _ \
~ P \
\\ // \
~ P \
N ~
Py P P Py

Figure 2.2: Standard tetrahedron T and reference tetrahedron T

Lemma 2.1 (Bound of the norm of a transformation matrix) Let A be a lin-
ear transformation that maps the (closed) domain G C R? onto G'. The spectral norm of
the corresponding transformation matrix satisfies

| Allgaes < d(G)/0(C)

with — d(G) := max ||z — yHRs and g(é) := diameter of the largest sphere S C G.
Y€

Lemma 2.2 (Norms of some matrices) The following relations hold.

1AzCr g = [|C7' Ar|jgere S 1 (2:3)
lCr AT e = 147" Cr[lgexs S 1 (2:4)
|CrHT |gexs = [[HrCr'||gexs = 1 (2.5)
1z g = 1C7 |gexs = Frbnr (2:6)
A7 lgoxe ~ Aot (2.7)

Proof: Let T—]% be the tetrahedron T shifted by —]3;. The mappings Az, C;' and
Cr YAp act as follows:

T A (T— ]3;) IC—;> T and thus T OIE—A>T T

i.e. C7'Ar maps the standard tetrahedron T onto the reference tetrahedron T. The
lemma from above implies immediately (2.3) and analogously (2.4).

Because of C% - Cr = H% from (2.1) we conclude (HrC;"T - HrCO7' = I and
(CTH:FI)T . C’TH:F1 = [. Thus (2.5) is derived. Note that HC:FIHTHRSXS # 1.

The equality HHT_IHRSXB’ = h;ﬁnT is obvious. Equality (2.6) follows immediately
from ||C7!||go%e = Amax (CFLCFT) = Amax (H72) .
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The inequalities HCEIHRB’XS = HC:FIAT-A;IHRSM < HC:FIATHRSXS . HAj_leRSXS
and [|AZ|pexs = |47 Cr- Ot |[goxe < || A7 Cr|[goxs - [|C7 | gexe and (2.3)-(2.6) finally
imply (2.7). ]

Finally, a norm || - ||z over an actual tetrahedron T is often transformed into a norm

over the standard tetrahedron T or the reference tetrahedron 7'. The following relations

hold. Let v € Ly(T) and T'C R®. For a mapping Fa(p) = Ar - p+ ]3; one obtains

/T VA(x)dx =

S

) fdet Arl du = 0|7 [ o)
T

T
or [ollz = /6IT]-||0]l¢
and similarly lvllr = V/6|[T]- 9]l
and [vlle = v |E|/1E]- o]l

2.1.4 The directional derivative D,

In order to motivate the derivatives D; consider rectangular or cuboidal finite elements
(cf. [28]). There are three (or two) natural directions that correspond to the coordinate
axes. The partial derivatives that correspond to these axes too are thus sufficient for an
error analysis.

In contrast to this a tetrahedron or a triangle does not possess these natural directions.
However the (normalized) directions py,p2, and ps that correspond to Cr will prove to
be useful. This leads to the following definition.

Definition 2.2 (Directional derivative) Let v be a function in H'(T). The direc-
tional derivative D; 1 ts defined by

Dyrv | = H'CE- Vo ;v € HY(T). (2.8)

Here this derivative DLT is defined for a fived tetrahedron T'. Hence we introduce a
derivative D; which is defined globally for almost all x € Q, and which coincides with D; 1
on a tetrahedron T':

D;v(x):= D;rv(x) for xeT

Note that this derivative D; depends on the triangulation 7, and it is defined separately
over each tetrahedron T

When considering each component in the definition above, the directional derivative
is equivalent to

DLTv:h;l-(pi,Vv) 1=1...d

i.e. DLT is the (unitary) directional derivative along the direction p;.
The orthogonality of the vectors p; and the definition h; = |p;| implies that H:'C%
is an orthogonal matrix. Thus
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d
Y (D) = Vol 17 Cr Vel = |IVolr (2.9)
or

d
CrVol? Y Dol = 1CTVoll7. (2.10)

d
and Z hf(f)zv)z
=1

The last equations indicate that derivatives can be written either component-wise in
terms of D;, or they can be written in the compact form of CIv.

In this work all results and proofs are given in this compact form since CZV on the
actual tetrahedron T' is related (via F) directly to V on the reference tetrahedron 7.
Main results however are also given in terms of D; for two reasons. Firstly this might
facilitate the understanding of the underlying principles, and secondly an extension to
rectangular or cuboidal finite elements is then readily possible.

With the help of (2.9) and (2.10) any term involving derivatives can be expressed
easily in either form.

2.1.5 Auxiliary subdomains

Two auxiliary subdomains that occur in many estimates are defined now. Let T € T, be
an arbitrary tetrahedron. Let wy be that domain that is formed by T and all (at most
four) adjacent tetrahedra that have a common face with 7"

J r
T'nT=E

Let F be an inner face (triangle) of Ty, i.e. there are two tetrahedra Ty and T, having the

common face F. Let the domain wg := Ty UT;. Figure 2.3 depicts both domains for the
two-dimensional and the three-dimensional case.

=

Figure 2.3: Auxiliary domains wy (left) and wg (right) for @ C R* and Q C R®
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2.2 Requirements on the mesh

Let aq,...,axn be the nodes of the triangulation 7. In addition to the usual conformity
conditions of the mesh (see Ciarlet [13], Chapter 2) we demand the following assumptions.

1. The number of tetrahedra that contain the node a; is bounded.

2. The dimensions of adjacent tetrahedra must not change rapidly, i.e.

hi,T’Nhi,T \V/T,T/WIthTmT/%Q,Zzld . (211)

Remark 2.1 Assume that 7" and 7" are adjacent tetrahedra. If in any inequality the
terms h; 7 or h; r occur then assumption (2.11) implies that both terms can be exchanged
mutually. The inequality constants are then still independent of 1" or 7;,. This feature is
exploited to some extend, e.g. for inequalities written component-wise.

Assumption (2.11) implies in particular that we can use a term h; 7 = h; for describing
the dimension h; of a local subdomain like wy or wg. Additionally, for wy = T} U T; we
can simply write hg instead of hg 1, or hg 1. O

2.3 Basic tools

In this section some basic tools and inequalities are listed.

2.3.1 Anisotropic trace inequalities

The first trace inequality is readily obtained by standard scaling techniques.

Lemma 2.3 (First trace inequality) Let T' be an arbitrary tetrahedron and E be a
face of it. Forv e HY(T) the trace inequality
lll% S A" (ol + 107 Vvl7) (2.12)

~

holds. The component-wise form is

d
lollz S kg - (HUHQTJFZIT?,THDWHZT>
=1

Proof: Consider the transformation F)4, the standard tetrahedron 7', the face £ of T

and the function v := v o Fy € H'(T). The trace theorem gives
1ol S ol = lollz +11Vollz
The transformation into the actual tetrahedron (via Fy) yields
2170 el S 1T (ollz + 147 Vel17)
From (2.3) and (2.10)
[ATVollr = |A7CF" - C2Volly < AZCH [[gexe - [|C2Vollr S 11C7 Vol

can be derived. Utilizing 6 |T'| = |E|- hg results in the trace inequality (2.12). u
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The second, improved trace inequality in the isotropic version (i.e. on the standard
tetrahedron) is, to our knowledge, due to Verflirth [32]. We state this inequality and, for
self-containment, repeat the proof.

Lemma 2.4 (Second trace inequality) Let T' be an arbitrary tetrahedron and E be a
face of it. Forv e HY(T) the trace inequality

ol < A5 llollz - (lellr + 1C7 Vo) (2.13)

holds. The component-wise form is

d
lolly S kgt ol (HUHT + D hir HDWHT>
=1

Proof: Again standard scaling arguments will be used. Therefore consider first the
standard tetrahedron 7.
Let v € H*(T) vanish on FEy. Then

10ll5, < 2-llollz - |00/ 0wz
holds for & = 1...d. To derive this consider a fixed index k. Since v vanishes on FEy we
obtain for all y € £},
1=|yh

) = o)l = lo(y + (1 = [yh)es)|” = —2/ v(yirtek)-aimv(yirtek)dt

0

since y + (1 — |y|i)er € Eo. Integrating over Ej, invoking Fubini’s theorem and the
Cauchy-Schwarz inequality establishes the desired estimate.

Consider now a function v € H*(T') that vanishes on an arbitrary face F; ,0 <1 < d.
Let £ be a face of 7. Then

ol < llellz- Vel

~

To prove this assume E # F; since otherwise the inequality is trivial. We employ an affine
linear mapping F; which satisfies

Fi o x(p)=F-p+p, F e R
F o Tw—T and Ey— E;

Assume that the face £}, is mapped onto £, with k& # 0. The function v := v o F; vanishes
on Fgy and thus the previous inequality implies

lolly, < 2-lollz - 90/ 0xxllr

Lemma 2.1 yields readily || F||paxa $ 1, and |E]/|Ex| < 1is obvious. The transformation
back to v results in the desired inequality

lollz < llollz - lleg £ Vollr < Jollz - leg 2 g - [IVolle < llollz - [Vollz
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Consider finally an arbitrary function v € H'(T). Let E be any of the faces of T', and
enumerate the vertices of T' such that the vertices of FE are numbered first. Denote by
A1 -+ - Agyq the barycentric coordinates of T'. Then Ay +--- 4+ Ay =1 on F, and thus

d d

1/2 1/2

lolls < D Ixvle < DI vl 2 IV o)l
=1 =1

K3

since \; - v vanishes on F;. The chain rule, the Cauchy-Schwarz inequality, the actual
representation of A;, and |A;| < 1 imply

4 O\ v |2
2 ¢ L . 2 . 2
IV -0)l7 = Z o + A oe |, < 4 llF + 2 [ Vo|[7
71=1
yielding lollz < el - (lollz + 11Vellz)

This constitutes the trace inequality on the standard tetrahedron 7. The transformation
onto the actual tetrahedron T is completely analogous to the proof of the first trace
inequality and therefore omitted here. [ ]

2.3.2 Inverse inequalities for finite element functions

In several proofs the following inverse inequalities for a finite element function vy € V3 (T')
are required. Let P"(w) be the space of polynomials of degree (at most) m over some
domain w.

Lemma 2.5 Let T be an arbitrary tetrahedron, E a face of it, and v, € V,(T) = PY(T)
a finite element function over T'. Then

1CEVvllr S lvnllr (2.14)
[onlloor S T2 fJonllr (2.15)
[0nl[see S BT onlle (2.16)

hold. The component-wise form of (2.14) is
| Dsvllr < hip - llonllr i =1...d.

~

Proof: The proofs are again based on the transformation technique. The norm inequality
IVorllr Sllonllz Yon € Vi(T) = PYT)

holds on the standard tetrahedron T since both norms act on the finite dimensional space
PI(T). The transformation via F gives for an arbitrary v, € V,,

ATV onllr S Hloal|r
From (2.4) we obtain
ICEVorllr = |CFAZ" - ApVun|lr < [|CFAT [[gexe - 14TV unllr S A7 Veullr

and thus the first inequality.
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The next two inequalities are derived analogously. From

loaller = lonllsoz < llonllz = [det Az|™" - floa]l7

00, T~

one readily obtains (2.15). For a face £ one similarly derives
[onlloo, S 1EI7Y2 - Nlonlle

Note that, strictly speaking, inequalities (2.15) and (2.16) constitute norm equivalences
(over finite dimensional spaces) whereas (2.14) does not. [ |

2.3.3 Bubble functions and their inverse inequalities

Bubble functions and the so-called inverse inequalities related to it play a vital role in
our finite element error analysis. Of course different bubble functions can (and have to
be) employed for different classes of problems and norms involved. Nevertheless we define
here the probably most versatile and commonly used bubble functions. The corresponding
inverse inequalities are given and proved.

Other bubble functions that are utilized for an L, estimate alone are introduced in
the appropriate section 3.4

Let T € T, be an arbitrary tetrahedron, and denote by Ary,---, Ar4 its barycentric
coordinates. The element bubble function by € P*(T) is defined by

bT = 256 )\T,l . )\T,2 . )\T,S . )\TA on T . (217)

Let F be an inner face (triangle) of 7, and let T and Ty be the two tetrahedra that

contain F. Enumerate the vertices of 1} and 7% such that the vertices of F are numbered
first. The face bubble function by is then defined by

bE =27 )‘Ti,l . )\Ti72 . )‘Ti73 on TZ,Z == 1,2 . (218)

This definition is extended in the obvious way for boundary faces £ C 012, i.e. by is then

defined only on one tetrahedron. For simplicity assume that b7 and by are extended by

zero outside their original domain of definition. Note that bg is piecewise cubic on wg.
Both bubble functions satisty

0 < bp(x),bp(x) <1 , max by = max by = 1
The following examples of the corresponding two-dimensional bubble functions give some
impression of their shape.
Let £ be a face (triangle) of a tetrahedron 7. An extension operator F.; : IF’O(E) —
P°(T') is given by
Feot(@) A1, Ar o, Ars, Ara) == @(x) = const for any x € I . (2.19)

Then the following inverse inequalities hold.
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Figure 2.4: Element bubble function by and face bubble function bg (in Rz)

Lemma 2.6 (Inverse inequalities for bubble functions)
Assume that or € P°(T) and ¢r € P°(E). Then

lerllz ~ 1167 rliz (2.20)
IVOr - en)llr S hing - ezl (2.21)
leele ~ 16 rlle (2.22)
1Fenilor) - bpllr S h*-lleells  for E€T (2.23)
IV Eilon) - bpllle S hif* hibr - leple  Jor B €T (2.24)
Proof: For all inequalities the transformation technique is applied.
Obviously HblT/2 - ||7 and || - ||¢ are equivalent norms on the finite dimensional space

P°(T). The transformation from the unitary tetrahedron T to the actual tetrahedron T
leads directly to (2.20). Inequality (2.22) is proven in exactly the same way.

Similar to (2.14) one obtains the inequality ||CEVY |z < ||| for all o € P*(T).
Together with (2.9) we derive

IV (br - or)llz = 1HF ' CEN (b - or)llr S bt - 1CEV (b1 - o)l S bk - b7 - 1]l
This proves (2.21) since 0 < by < 1. The inequality
[Fect () - bell7 = 6IT] - | Fee(95) - bgll7 S 6IT1- eells = ke - lvslE

holds for all ¢ € P*(E) since || - ||z and ||bg - Frpi(+)||7 are equivalent norms over a finite
dimensional space of polynomials. Thus (2.23) is proven. Finally (2.24) is obtained using
the same techniques as for (2.21) and (2.23). ]

An even stronger result which will be useful occasionally is given in lemma 2.7.

Lemma 2.7 (Equivalence relations for bubble functions)

IVorlle ~ kb IT1V? (2.25)
IVbgllr ~ bt |TI"?  YEeT . (2.26)
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Proof: Standard scaling arguments and C% - Cy = H2 imply
IVorlz = 67 -IC7 T Vbr |
= 6|T|-[©T8T-C;10;T-©8T = 6|T|-/$T8T-H;2-$ET
T T

~ 2
obr
6|T|-h2 .-
| | min, T /1; (ag)

The reference tetrahedron 7' is uniquely determined by its vertices (0,0,0)T , (1,0,0)T ,
(22, 1,0)T, and (23,93, 1), with 0 < 29,%3 < 1 and |3] < 1 (cf. section 2.1.3). Define the
compact set

\

§i= {{Gninde) ¢ 0<inda<l, |i <1)

which covers all possible tetrahedra 7 (and some more). Obviously H@?)T/aé'HT varies
continuously over S and thus attains its minimum. This is positive since dby/dz cannot
vanish everywhere on 1. Therefore

IVOorll7 2 b T

~ “min,T

which, together with (2.21), implies the assertion. For by proceed analogously. [ ]

Remark 2.2 Bubble functions b1 or by which are transformed via Fgl become the cor-
responding bubble functions on the standard tetrahedron 7', respectively, i.e.

bT:BT = broFy and bE:?)E = bp oty

A similar relation holds for the transformation Fi. O



Chapter 3

The Poisson equation

3.1 Analytical Background
The classical formulation of the Poisson problem reads

Find v € C*(Q) N C(Q) : ~Au = f inQ
u = 0 on I'p = 0N

Under suitable smoothness assumptions on the data (i.e. f and Q) it yields a unique
solution. In practice, however, the data are rarely as smooth as required. Then the
variational or weak formulation is more appropriate:

Find u € HX(Q) : a(u,v) = (f,v) Yo e HH Q) (3.1)
with a(u,v) = /VTu-Vv = (Vu, Vo)

and H}(2) being the usual Sobolev space of functions from H'() whose trace on the
Dirichlet part I'p of the boundary (here the whole of 9€) vanishes.

The Lax-Milgram lemma [13] answers the question of the existence and uniqueness of
a solution to the positive provided that

o felH)(Q)] =HT(Q)
e a(-, ) is elliptic,i.e. Jpy > 0: a(v,v) > py - HUH%F(Q) Vv e HY Q)
e a(-, ) is bounded, i.e. |a(v,w)| < pz - HvHHg(Q) . HwHHg(Q) Vo, we HYQ)

For the whole of our investigation we demand a stronger smoothness of the right-hand
side, namely

f S L?(Q) 9

thus the first assumption is satisfied. The second and third assumption are automatically
valid with a domain dependent constant gy = p1(2) and gz = 1.

For convex domains (2 the right-hand side f € Ly(2) implies u € H*(£2), but otherwise
one obtains u € H'**(Q) with 0 < a < 1 (in general).

Assume now a triangulation 7T}, consisting of tetrahedra (3D) or triangles (2D). Let V},
be the space of piecewise linear functions over T,. Let V,; C Vj, be the subspace of those

21
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functions of V}, with homogeneous Dirichlet boundary conditions, i.e. V,, := V, N HX(Q).
The approximate or FEM solution wuj, is obtained via

Find up, € V, 5, : alup,vp) = (f,vn) Yo, € Vo ) (3.2)

The Poisson equation is one of the simplest boundary value problems, and error esti-
mators for it are long known and well established. Therefore this problem has been chosen
to investigate how error estimators perform (or have to be modified) if one encounters an
anisotropic solution or utilizes an anisotropic mesh.

Let us specify the framework of this chapter. We try to bound the error v — uy in

e the energy norm ||jv]||5 := a(v,v) = ||Vv|? which coincides with the H' seminorm.
e the Ly norm.

Furthermore different error estimators are investigated. The residual error estimator
(section 3.2) and the local Dirichlet problem error estimator (section 3.3) estimate the
error in the energy norm. The Ly error estimator (section 3.4) is self-explanatory.

A anisotropic Zienkiewicz-Zhu like error estimator which aims for the energy norm has
been derived as well. Unfortunately this estimator can only be applied to fairly simple
meshes of tensor product type (in the sense that the estimator fails to estimate the error
on non-tensor product type meshes). Despite much research we did not find an estimator
that meets our expectations. Therefore we discuss our estimator only briefly in section
3.5.

At present the author is investigating a local problem estimator which bounds the
error in the L5 norm.

Last but not least it should be mentioned here that certain interpolation error esti-
mates play a vital role in our analysis. The kind of the interpolation estimate is apparently
strongly related to the FEM error estimate to be obtained. Yet our interpolation error
estimate does not hold for arbitrary functions. Roughly speaking, it holds only when the
anisotropic mesh corresponds in some way to the anisotropic solution (or more precisely,
to the error u — uy,). This condition is supported by heuristic arguments — it seems sen-
sible that the tetrahedra are stretched along that direction where the solution varies little
(i.e. when the solution shows an almost lower-dimensional behaviour). Sections 3.2.1,
3.2.2 and 3.4.3, 3.4.4 are devoted to this topic.

Despite this knowledge we are still not able to guarantee this condition by some com-
putable values since it involves the (unknown) exact solution u. Nevertheless numerical
experiments indicate that a ‘sensible’ mesh yields useful error estimators.
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3.2 Residual error estimator

Residual error estimators have been known for a long time, and they were probably the
first estimators ever to be analysed [7]. Since then much work has been devoted to this
type of error estimator for various problem classes. Verfiirth [29] derived lower bounds of
the error.

Residual error estimators suitable for anisotropic meshes have been first investigated
into by Siebert [28]. There cuboidal and prismatic grids were considered.

The estimator presented here works on tetrahedral and triangular grids which are more
difficult to deal with. Moreover, Siebert’s estimator is improved slightly (cf. remark 3.5
on page 36).

Because of some (possibly not only technical) reasons the anisotropic error estimator
can not be applied to an arbitrary mesh with an arbitrary solution. The mesh and the
solution have to correspond in some way. Section 3.2.1 is devoted to this topic.

In order to derive an upper bound of the error, anisotropic interpolation estimates
play a vital part. They are derived in section 3.2.2.

Finally, in section 3.2.3 the anisotropic error estimator is defined, and lower and upper
bounds on the error are proven.

3.2.1 The set H;() of adapted functions

In order to derive interpolation estimates on anisotropic meshes we have to assume that
the function to be interpolated corresponds to that mesh. More precisely, terms of the
hir

min, T
arbitrarily large. The set H3-({) is introduced to achieve this.

form HDZUHT have to be bounded although the aspect ratio h; 7/hminr can be

Definition 3.1 (Adapted function) Let ¢, > 1 be a fized constant. Similarly to [28]
the mesh (or the triangulation Ty,) is said to be adapted to the function v € H*(Q) iff

Y bt ICTVoll7 < o Vol (3.3)

min, T

TeTh

holds. The component-wise form reads as
52

d d
SN Dl < e Y0 3 Dol

TeT, i=1  min,T TET;, i=1

We also say that the function v is adapted to the mesh (or the triangulation). For a family
F of triangulations {7} the set of adapted functions is denoted by HX(L).

Let H} +(0) := HF(Q)NH(SY) be the corresponding set of functions with homogeneous
Dirichlet boundary conditions.

Remark 3.1 Note that although HZ () is a set of functions it does not constitute a
subspace itself since the difference of two adapted functions is not necessarily an adapted
function again. Furthermore it seems that (3.3) is not only a technical condition. 4
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3.2.2 Anisotropic interpolation estimates

Interpolation estimates are a major tool in the error analysis performed here. Since
the interpolation has to act on functions v € H}(2) we cannot use the usual Lagrange
interpolation. Therefore the interpolation operator introduced in this section follows the
lines of Clément [14] instead. All estimates, however, are derived for the use on anisotropic
meshes.

A local Ly projection, along with approximation estimates, will be presented first.
Then the Clément interpolation operator is constructed. Finally it is modified in such a
way that homogeneous Dirichlet boundary conditions will be preserved.

The local L, projection
Consider a node a;. A so-called macro element M; of this node a; is defined by
M= JT |
T3ay

i.e. M; consists of all tetrahedra containing «;. For simplicity the subscript j will be
omitted in the next lemma and proof.

Lemma 3.1 Let a be a node of Ty, and M the corresponding macro element. Let Vi,(M)
be the space Vi, restricted to M. Let the local Ly projection P : HY(M) s P°(M) be
defined by

/M(v—Pv)-c,o:() Y€ P (M)

Then the relations

o= Pollar < lvlla (3.4)
lv = Polly S 1CT(x) Vol (3.5)
ICT )V (0 = Po)lly = [|[CT(x)Vollw (3.6)
hold. The component-wise form of (3.6) is
d
IDi(v = Po)lln < hiags D bl Devlly i=1...d
k=1

with h;ar explained in remark 2.1 on page 15.

Proof: The first inequality is readily obtained using the projection orthogonality:
o= Polly = [ (0= Po)to=Po) = [ (0= Po)-v < o= Pollu- ol
M M

since Pv € P*(M).

The second inequality requires a closer investigation. A continuous mapping Fp that
maps a reference domain M € M onto the macro element M will play an important role
in the proof. Furthermore, the set M of reference domains shall be finite. For a start we

will construct the reference domains M.

Assume that the macro element M is the union of K tetrahedra 7 ...7Tx. Let the
nodes of M be ay...ay (apart from node a), where L is bounded because of the mesh
requirements. Two macro elements M and M’ are said to belong to the same class iff
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e they consist of the same number of tetrahedra, i.e. K = K,

o the tetrahedra and the nodes can be numbered such that for all ¢ = 1... K the fol-
lowing holds: If the tetrahedron 7} has the nodes a, a;,, a;,, a;, then the tetrahedron
! !

! ! !
T/ has the nodes o, d’; ,a’ . a’, .

This condition implies that the triangulations of both macro elements are topologically
equivalent. The number of such topologies is bounded since K is bounded. Therefore the
number of classes of macro elements is bounded as well. For a fixed class an arbitrary
macro element will be chosen whose node @ coincides with the coordinate origin. This
macro element is said to be the reference domain of this class. All reference domains
form the (finite) set M. Note that a condition on the size of the reference domains is not
necessary.

Let now M be an arbitrary macro element and M be the corresponding reference
domain. Because of the construction of the reference domain there exists a continuous,
piecewise linear mapping Fp that satisfies

Fg @ M—M
Fg=F : x(p)=Bp+a on T;, B; € R acR?
with F. : T, T, affine linear, 2 =1... K

Temporarily T; and 7} shall denote the i-th tetrahedron of M and M, respectively, and
a denotes the vector corresponding to node a. Variables that are related to the reference
domain will be denoted by a ~ (small check).

The Poincaré inequality holds for the domain M. Its inequality constant can be chosen
independent of M since the number of reference domains M € M is bounded. Thus for

u e HY (M)
2
/ 25‘/& +/Wu

For a function v € H'(M) define an averaging operator I : H*(M) — P°(M) by

K
Tv:=|M|™". Z/ v-|det B;|7' = const.
=1 T

Set ¥ :=wvo Fg € H'(M). The definition of I gives
_ K
Tv=|M| - Iv = /v-|detBi|_1:/ 0
/]\Z 2221: T; M

V(Iv) =0

2

U

and

Inserting now @ := v— [v in the Poincaré inequality results in

/ T;—]vv|2§/ Vo
N N

Obviously ¢ < |TZ| < ¢ since the number of reference domains M is bounded, and each

2

M consists only of a bounded number of tetrahedra 7;. Hence

~ hLTz‘ hszi h37Ti
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Since the h; 7 cannot change rapidly one obtains
|detBi|~|detBj| \V/TZ',T]‘CM
Applying the transformation Fg: M — M gives

~

/M(v—]v)2 - g/ﬂ(v_mﬁ:g/ﬁ(@_ v)? | det Bi|

< max {|detBZ»|}-/ (6= Iv)?
i=1...K Wi

< max {|detB¢|}-/ Vo2
i=1...K WY
K

< Z/ V5| - | det Bj
=1 T

K K
_ Z/ |B;vv|zzz/ BIC;T - L]
=1 T; =1 T;

K
< SB[ |CETof
=1 v

Lemma 2.1 on page 12 is now utilized to bound the norm of BZ»TC:ET. Let T; — a be the
tetrahedron T; shifted by —a. By definition the mappings B; and Ci,l act as follows:

. B, Cil o
Ti — (TZ — a) — Ti7
. CL'B; .

T; — T;

The number of tetrahedra Tj C M is bounded. Hence the diameters of the inscribed
spheres of all tetrahedra T} can be bounded uniformly from below, i.e. o (TZ) 2 1. The
longest edge of T; is bounded from above by V6 (see definition of the mapping Cr,).
Lemma 2.1 yields readily

B0 g = lC7 B,

R3><3 S d(Tz)/Q(Tz) 5 1
and further

K
/(U—JU)Q < Z/ (CEvo” = |07 (x) Vo3
M =1 T

The orthogonality property of the projection and Pv — [v € Vj, then imply

o — Pol|3, = /(v—Pv)(v—Pv) = /(U—Pv)(v—]v)
M M

lo = Pollar - [lo = o]l

lo = Tvllr S ICT () Vel

~

<
and |lv — Po|la <

finishing the second part of the proof. Recall that C'(x) is the global matrix function
defined in (2.2).

The last inequality is obvious since Pv € P*(M). [ ]
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Remark 3.2 In the case Q C R? the reference domains can be chosen easily. Assume
that the macro element consists of K triangles. When « is a inner node then choose M
to be a regular K-polygon with the midpoint in the coordinate origin. Figure 3.1 may
serve for visualization.

T T
. Fg

M — M

. F;

T; — T;

Figure 3.1: Continuous, piecewise affine linear mapping Fp for Q0 C R?

If a is a boundary node then let M be the union of those K (congruent) triangles whose
vertices have the polar coordinates (0,0), (1,(z — 1)x/2K) and (1,ix/2K),i=1... K.
The regular polygon is chosen here only for the convenience of the description, but
otherwise completely arbitrary. Any other reference domain could serve the same purpose.
The case Q C R? is more difficult since generally no regular polyhedra exist. Thus we
had to utilize the more technical definition of the reference domains here. O

The [ interpolation operator

Now the Clément interpolation operator is constructed. Let P; be the aforementioned
local Ly projection over the macro element M; of a node a;. The interpolation operator

R is defined by
N

Ro = (Pjv)(a;) - ¢

7=1
with ¢; being the (piecewise affine linear) basis function related to node a;. Then the
following theorem holds.
Lemma 3.2 The interpolation operator R : H'()) — V}, satisfies
lv—Roll < Il Vve H(Q)
If additionally the mesh is adapted to v, i.e. v € HX(Q) then

1/2
(%) - (0 = RU)|| = (Z hmmTHv—RszT) S Vol

TeTh

1/2
1 () - CT(x) V(0 = Ro)|| = (Z hot x| C7V (0 — Rv)HT> S Vol

TeTh
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hold. The component-wise form of the last inequality is

foralli1=1...d.

2

1/2
. hi,T D —R 2 < v
=1 > . 1Dl = Ro)lz ) SV

TET, min, T

hZ(X)

R D;(v — Rv)

Proof: Let T be an arbitrary tetrahedron, and denote the set of its nodes by Np. Let ay
be an arbitrary but fixed node of Np. Then R can be represented over T as

Ro - Z (Pjv)(aj) - ¢, o Pro . + Z (Fjo = Peo)(aj) - ¢ 7
GJENT a]ENT
since Pv . = Z (Prv)(aj) - ¢; .
ajENT

The inverse inequality (2.15) and the triangle inequality imply

[(Pv — Pyv)(ay)| | Pjv — Prv|oo,r
7712 || Pjo — Pov|r

71772 (o = Pollr + o = Peo]lr)

VANRR ZANRVAN

The bound ||p;]|7 < |T']'/? gives

[(Pjv — Pro)(a;) - eillr = (P — Po)(a;)| - ||lellr
S (lo = Pollr + Jlo = Prvliz)

Applying this inequality to the representation of R leads to

lo=Rollz < Jlo=Peolle + || 3 (Pio = Po)(a) - ¢,

T
a]ENT
< o= Peollr + 3 (o= Pollr + o = Prollr)
a]ENT
< D v=Pollr £ > v = Pivlly,
a]ENT a]ENT

The local approximation inequality (3.4) results in

(3.4)
lv—Rollz <Y vl ~ ol

a]ENT

with M(T):= |J M; = [J T’ This holds since every tetrahedron 7" is contained
a;€NT T/NT#0
in at most four macro elements M;. Then

o= Rell? = 3 o - Rl £ 3 ol ~ llel?
TeTh TeTh

because every tetrahedron T" appears only a bounded number of times in the sum. Hence
the first inequality is obtained.
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For the second inequality we apply (3.5) instead of (3.4) and obtain

(3.5
v — Ro||r S > CTx) Vol ~ I1CT(x) Vol [ar)

a]ENT

Similarly this yields

1A () - (v = Ro)|?

Z hmznT HU - RUH%« ~ Z hmzn THCT vaM

TeTh TeTh

TeTh

since hpin 1 does not change rapidly for 7" C M(T).
In order to bound this last sum we have to assume v € H3 (). Recalling the definition
of this set (cf. (3.3)) yields

ok (36) - (0 = RO S Y btz - IIOT Vol S Vol
TeTh

Thus the second result is proven.

The last part is derived similarly, and for this reason only major inequalities are given

here. As before
CIV Rv

=CIV P
T T KU

. > (Piv = Pw)(a;) - C1 Vg, ,

a;€NT
Recalling the inverse inequality (2.14)
1C7Veillr S lwilly ~ 1T
leads to
“(Pjv—ka)(aj)-C%V<,oj = |(Pjv— P)(a HC%V(,QJHT

S (o= Pollr + Hv - Puole)

(e

analogously as before. Similarly to the second part one obtains

[CEv = Ro)|, < [|CEV@-Pw)|, + H > (P = Pao)(a,) - CE Ve, |
a;ENT
(3.6) , ,
< etevelly, + ¢ Vel
S HCT(X)VUHM(T)
and hence
Z hmzn THCYTv RU HT ~ Z hmzn THCT vaM Z hmzn THC%VUH%
TeT, TeT, TeT,

Utilizing v € HX () results immediately in
1h7 (%) - CT(x) V(v = Ro)l| S [ Vo]
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The H! interpolation operator

The interpolation operator R introduced above has the disadvantage that it does not pre-
serve homogeneous Dirichlet boundary conditions. This is remedied in the next theorem.

Definition 3.2 (Clément interpolation operator) Let Ny be the set of all inner nodes
of the triangulation. The Clément interpolation operator R, : H(Q) — V, , is defined by

Ryvi= Y (Pp)(a;) ¢,

aJEN]

The following anisotropic interpolation estimates are valid.

Theorem 3.3 The interpolation operator R, : HX(Q) — V, ;. satisfies
lv =Rl S ol Vv e Hy(Q)
If additionally the mesh is adapted to v € H}(Q), i.e. v € H] 7(Q) then
i (%) - (v = Bov)l| S IV

1 (x) - CT =)V (0 = Rov)|| < [IV]]

hold. The component-wise form of the last inequality is

‘ hi(x) -

Di(v— R,
hmzn(x) (v v)
Proof: The definition of the interpolation operator R, implies

Ryo = Ro — Y (Po)(a;)- o

aJEFD

S [Voll

foralli1=1...d.

(3.7)

(3.9)
(3.10)

Since we want to utilize the previous lemma it is sufficient to bound terms of the form
I(P;v)(a;) - @;llr and ||(Pjv)(a;) - CEV ]|z for boundary nodes a; € T'p

Thus let a; € I'p be fixed. Let T'C M; be an arbitrary (but fixed) tetrahedron with

a boundary face £ 5 a;. The inverse inequality (2.15) yields

(Pyo)(a)] < |Pvlleop S 7172 1Pllr < 7172 (ol + llo = Biollz)

The estimate of the local Ly projection, and |¢;||z < |T|"/? give
[(Piv)(a;) - @ille < Nvlla, VT CM;

~

Applying this estimate results in

2
| > o) wf = X | X e
G,JGFD TﬁFD;Ié@ (IJGTOFD
< 4 Y NP el
a;€0p TCM;

S D el ~ )’

aJEFD

2
T
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following the same arguments as in the previous proof. Finally the first inequality is
obtained:
lo = Rovll < o= Rl + || 32 (Po)a) -] < ol

aJEFD

The second inequality is derived similarly and thus only major estimates are given.
The inverse inequality (2.16) and the trace inequality (2.12) yield

(Po)ag)l < Ppwllers S 1ET2IIP]E
= |E[7V*||v = Pollp since v =0o0n K

S T2 (o = Polle + ICF9 (0 = Po)llr)

~

Recalling the estimates (3.5) and (3.6) of the local Ly projection leads to

(Po)(a)l S 1712 ICT () Vol

~

and  [[(Pv)(a)) - gillr S ICT =)V, YT CM;

as in the lines above. Applying this estimate results in

S 4 Z Z hmznTH PU (a]) @]H;

2

|t 3 (Proa)) - o

aJEFD aJEFD TCM
5 Z hman HCT(X)VUH?WJ
aJEFD
TeTh

and and thus the second inequality is proven.

In order to derive the last part of the theorem we proceed analogously. From

1CTV e S sl < |T1H?2

(e

we obtain

[(Pv)(a;) - C2V @il SNCT (=) Vel

for a boundary tetrahedron 7'. The remainder of the proof is similar to the lines above
and the previous proof and thus it will be omitted here. [ ]

Iy 2

Remark 3.3 Note that v € H§7T(Q) is required for the last two interpolation estimates
(3.9) and (3.10) but not for (3.8). O

3.2.3 Anisotropic residual error estimator

Consider a tetrahedron T. Let Pp, be the Ly projection from L9(£2) onto the space of
piecewise constant functions over the triangulation.

Definition 3.3 (Element and jump residual) Let v, € V., be an arbitrary finite
element function. The element residual over a tetrahedron T is defined by

rT(vh) = PL2f + Avh . (311)
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The gradient jump or jump residual of a function across some (interior) face E is

defined as

vp(x +tng) — 0 vp(x — tnE)} , (3.12)

8nE

re(on)(z) = lim { 0

t—+0 | Ong

with ny L E being any of the two unitary normal vectors and x € E.
For the convenience of the notation a discrete, mesh dependent norm is defined by

1/2
D (vn) = (Z it lre( vh)HE> m =12 (3.13)

EeQ
where i1 is from one of the two tetrahedra that contain E (cf. remark 2.1 on page 15).

Obviously ry(vy) = Pr,f holds for piecewise linear basis functions as considered
here. The definition above however allows to extend this theory readily to quadratic basis
function. Moreover, this residual of vy is related to the strong form of the differential
operator and as such problem dependent.

Definition 3.4 (Residual error estimator) The local residual error estimator ng r(us)
for a tetrahedron T is defined by

1/2
nrr(n) = hong - | lre(u)3 + Y gt llre(u)l; : (3.14)

EcdT\T'p

Theorem 3.4 (Residual error estimator) Let u € H(Q) be the exact solution and
up € V, 1, be the FEM solution.

Then the error is bounded locally from below by
nrr(un) SV =)oy + hming - |[f = Pr, fllor (3.15)

for all T €Ty,
Assume further that the mesh is adapted to the error v — uy, i.e. u — uy € H§7T(Q).
Then the error is bounded globally from above by

1/2
IV (u = i) S (Z Nrar(un) + > W IIf = PL2fH2T) (3.16)

TeTh TeTh

or, alternatively

IV (u = un)ll S [[Fmin (%) FII 4+ D (un)

Proof: Firstly, estimate (3.15) will be proven. We start with the norm ||ry(up)||z of
the element residual r¢ = ry(uy) := Pr, f 4+ Auy. Since we use linear ansatz functions

rr € P°(T) holds. For x € T let

w(x) = rr(up)(x) - br(x) cPYT)n HXT)
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Integration by parts yields

/TT'U}
T

[rree] < IS G= il (90l + 1 = Pl ol
T

/T(f+Auh)-w—|—/T(PL2f—f)‘w
- /TvT(u_uh)-Vw+/T(PL2f—f)-w

Recalling (2.20), (2.21), and 0 < by <1 gives the following bounds

TW“’:HW”M%ZWM%
IVole = VG- r)le < hohop - lrelle (3.17)
|wllz = b - rrllr < |lrrllr
that result in
el S IV (= wnliz - hrbog - Iezlle + ILf = Peaflle - lrelle
and W lrrld S IV =)l + B IS = Profllb

Now we aim for a bound of the norm ||rg(up)|| g of the gradient jump across some inner
face (triangle) E. Since we use linear ansatz functions rg € P*(E) holds. Let T; and T
be the two tetrahedra that K belongs to. Assume that the right hand side f = —Aw 1is
in Ly(Q). Integration by parts yields for any function w € H}(wg)

0 = /WEVTqu—/WEw-f
wd = [ersm) - Z/w@a_zz(/wv+/w)
_ g(/TiVTquh ¥ /Tiw-<rTi—PL2f>>
_ g(/TiVTwV(uh—u) +/Tiw-<rTi+f—PL2f>>

Let now the function w € H!(wg) be defined by
w = Fe(rp(un)) - bs

with Fi;; being the extension operator of (2.19). Because of w|, = rg- bg|, we conclude

‘/ TE Ti>

The function w is piecewise cubic on wg. The inverse inequalities (2.22) — (2.24) imply

/T?EbE
E
|

and ]

waﬂmT

(

Tz‘)'

1/2
= (6 el 2 el

r < WP el

= [V (Feu(rp) - bp)
| Fewt(rE) - bE

7, S b el
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and subsequently lead to

2

el S Y (I (=)

=1

+(

12
0) - i rslls)

The dimensions hy = hg 1, and hy, 7, cannot change rapidly for adjacent tetrahedra.
Recalling the bound of ||r7||r from above we conclude

Irelle S il bt (I9Ge = w)lloy + Aminit S = Praf o)

For a fixed tetrahedron T' = Ty we sum up over all (inner) faces £ C 9T \ I'p and obtain

2.

EC3T\T'p

h727’LZ7’L
= (e} S <HV(U—W)H3T + i 1 = Prf1I5,
hE

This accomplishes the proof of (3.15).

Secondly, in order to derive (3.16) we utilize the orthogonality property of the error
(V(u—up), Vor) =0 Vup € Vo
Integration by parts gives for all v € H} 7(Q)

(V(u—wup), Vo) = (V(u—up), V(v — Ryv))
= Z (f +Aup,v — Ryo)r — Z(TE(uh), v— R,v)g

TeTy EeQ
r 1
= Z (f —I_ Aufm v — Rov)T - 5 Z (TE(U}L), v — ROU)E:|
TeT, E€dT\I'p
[ 1
< Z _Hf + Aupllr - ||v — Rovllr + 3 Z e (un)l|e - |lv— ROUHE}
TeT, EedT\T'p
< Z hin,z || f + Aupllz - kit pllo — Rovllr
TeTh
/2
1 hmznT hlET
ty 2 aEHlre(e)le 3o~ Rolls).

EeaT\lp "E,T
Applying the Cauchy-Schwarz inequality yields

(V(u—up), Vo) <

(Z hmmTHfMuhH%) (Z hmmTHv—RovH%) s

TeTh TeTh

(Z 2. WfT\rEuhHE> (Z > hET Hv_Rongf.

TeT, E€dT\I'p TeT, E€dT\I'p i, T
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The second root term is readily bounded by means of the H! interpolation theorem 3.3

1/2
1 (%) - (v = Rov)] = (Z hmznT!\v—RovWT) S Vol

TeTh

In order to bound the last term the trace inequality (2.12) is applied to ||v — R,v||g giving

hE,T
Y o= Rovlln S bk (lo = Rovllz + ICTV (0 = Rov)|[7) -

2 ~ "“min,T

Recalling again the H! interpolation theorem results in

hET
> Z lv = Rovlly < A (%) (v = Rov)|?

TeT, E€AT\I'p Miin,

+ 1z (x) - CT(x) V(0 = Rov)||*
< Ivel®

Combining all inequalities yields

(I

(V(u—up), Vo) < (Zh;m,THHAuhH?T + Di,1> [Vl

TeTh

Substituting v := u — u, € H] 7(Q) gives the second formulation of the upper bound
of the error. Note that Auy = 0 on T since we are using linear basis functions, but this
notation indicates how to modify the estimator for higher order basis functions.

Finally, utilizing the triangle inequality || f + Aunllr < ||re(u)|lr + |f — Pr, fllr
results in the first upper bound of the error. [ ]

Remark 3.4 The term Pr,f appears both in the definition of the element residual
rr(up) as well as in inequalities (3.15) and (3.16).

Assume for the moment that this term is replaced by an arbitrary function from
Ly(2). Then one would obtain an upper bound of the error similar to (3.16) but (3.15)
would no longer hold. Choosing f instead of Pr,f would, for example, result in

IV (u = u)||? ZURT U)
TeTh

with re(uy) = f‘ which is exactly the second formulation of the upper bound.
T

There are two reasons for using P, f. Firstly, this term (or a similar one) is required
to derive a lower bound of the error.

Secondly, it may be difficult to evaluate exactly the norm ||r¢|| or the integrals over
f, respectively. If f is suitably smooth (e.g. f € Ly N CY(T)) then Pf may represent a
quadrature rule. For example, the midpoint quadrature rule is equivalent to P : Ly(7T) N
Co(T) — PY(T) . Pf(x):= f(Xmidpoint) on T. The term ||f — Pf]|| then assesses
the quality of the quadrature error.

The main feature of all quadrature rules is that P f always maps into a finite dimen-
sional space. The proofs for different quadrature rules would be similar to the one here.
Hence the Ly projection serving as P = Pr, may suffice. O
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Remark 3.5 Siebert [28] proposes a similar error estimator for rectangular or cuboidal
finite elements. There the factor of the gradient jump in the definition of the error
estimator equals hp instead of A2, /hg as in our work (cf. (3.14)). Thus Siebert has to
impose an additional condition on u; to give a reliable lower bound of the error. This
renders our estimator slightly more general. O

Remark 3.6 The condition v — uy, € H§7T(Q) 1s discussed in more detail in section 5.2.1
on page 70. U
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3.3 A local Dirichlet problem error estimator

3.3.1 Introduction and definition

Local problem error estimators have been known for a long time [8, 9, 30, 31]. In this
section we demonstrate on the example of a local Dirichlet problem that these error
estimators can be applied to anisotropic meshes as well. As far as we know this is the
first rigorous analytical investigation into this type of anisotropic error estimator.

The basic idea is to solve a local problem with a higher accuracy. The difference to the
finite element solution serves as error estimator. The remainder of this section is devoted
to the definition of the local problem and to the estimator. Then theorem 3.6 states the
equivalence of this local problem error estimator np r and the residual error estimator
nrr. Lower and upper bounds are given as well. The proofs conclude that section.
Finally, in section 3.3.3 it is shown that the local Dirichlet problem is well-conditioned.

Recall that a(-,-) = (V-,V-) is the bilinear form associated with the weak formulation
of the Poisson problem. Again, v and uj denote the exact and the FEM solution, respec-
tively. Let T" be an arbitrary but fixed tetrahedron. Recall that the domain wr is formed
by T and all (at most four) adjacent tetrahedra that have a common face with 7. The
true error e = u — u;, then satisfies

a(e,v):a(u—uh,v):/ f-v—/ VTu,Vo Vo e H}(wr)

A straightforward approximation of the space H!(wr) by some local, finite dimensional
space V7 leads to the problem:

Find er € Vi : aler,vr) = a(u — up,v7) Vor e Vr
or, equivalently, / V%ierVor = fror— / Vu,Vor Yor € Vr
wr wr wT

Then ||Ver|lw, could serve as error estimator.
From the isotropic error analysis (e.g. [31]) it is known that the local space

VT = span{bT/,bE : T/ C wr , E C 6T\FD} C Hg(wT)

is well-suited, with by and bg being the element and face bubble function defined in (2.17)
and (2.18), respectively.

Finally, for reasons that were explained in remark 3.4 on page 35 we want to use Pr, f
instead of f. Thus the local problem and the estimator are defined as follows.

Definition 3.5 (Local problem error estimator) Find a solution ey € Vi of the lo-
cal problem

/ VTGTVUT = / PL2f VT — / VTuthT \V/UT € VT
wr wr wr
or, equivalently,  a(er,vr) = a(u— up,vr)+ / (Pr,f—f)-vr Yor e V.
wr
Then
.1 = || Ver|lu, (3.18)

is said to be the local Dirichlet problem error estimator.
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The weak formulation in the definition above can be seen as the discrete analogue of
the local Dirichlet problem

—AS‘Q = PL2f n wr

© = u on Jwr

which is solved on the manifold uy + Vr.

3.3.2 Equivalence and bounds of the local problem error esti-
mator

Consider an arbitrary tetrahedron T'. Let the four tetrahedra of wy \ T' be denoted by
Ty ... Ty. Denote the faces of T' by E; := T'NT;. The modifications for T" being a boundary

tetrahedron are obvious. The next lemma facilitates the proof of the actual theorem.

Lemma 3.5 The following inequalities hold for all vy € Vr.

(o7 llor S Pming - |Vor|lwp (3.19)
5 S hE" b | Vorlln (3.20)

7

[or]

Proof: Let us start with inequality (3.19). Assume that vy € V7 is represented as

4 4
UT:ao‘bT+Zai‘bTi+Zﬂi‘bEi a;, B € R.

4
We split the domain wy in wy = |J T; U T. The following table outlines the two kinds
=1
of subdomains of wr, the corresponding representation of vy and the estimates that we

want to prove. Note that, on the subdomain T', the norms of the left-hand side and the
right-hand side are taken over different domains (cf. also remark 3.7 on page 41).

subdomain of wr representation of vy estimates
T; vr| = a; by, + B by, lorlln < hpin,r - [|Vor||
T
% %

T vrT

4
. OéoT—l-Z:ﬂ Ei, T

=1

18: - bl S
lao-brllr S Poin, - [[Vor|lwr
S

Poing - ||Vor| T,

= |lvr|lr Pomin,T * [|VOT |0y

Let us first consider a tetrahedron 7; over which v is reduced to

vr| = ;- br, + Bi- b,
T; T;
Without loss of generality a scaling o + 32 = 1 is assumed here.
In this proof the transformation from the reference tetrahedron T; onto T} is utilized.
The reference tetrahedron T is uniquely determined by its vertices (0,0,0)T , (1,0,0)T |
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(22, 1,0)T, and (23,93, 1), with 0 < 29,%3 < 1 and |3] < 1 (cf. section 2.1.3). Define the
compact set

§ = {(indsis0nf) 0 0<indy <1, [dsl <1, a2+ 52 =1
Let 0/0% be the partial derivative corresponding to the third coordinate axis. Obviously
o7l = |l br, + B; - b, 7,
and H 95 P .
0z T, 0z gz 7,

vary continuously over S and thus attain their maximum and minimum, respectively. The
terms by, /82 and @by, /0% are polynomials of order 3 and 2, respectively. Thus dy/d%
could only vanish everywhere in T; if 7 = 0. This is impossible since o? + 3? = 1, and
therefore the minimum of ||J97/02]| ;. over S is positive. Hence

0

A

vT \V/UT e Vr

0z

T;

The transformation Fp : TZ — 1% results in

lorllz; S lles - CF, - Vor|n, < |[Cr, - es||ge - [[Vorllr,  Yor e Ve
Because of ||Cr, ‘egHRS = Hpg,HRS = hminT; ~ hmins We obtain
HUT T 5 hmm,T . vaTHTi Yor € Vr , Vi=1...4 . (321)

This last inequality does not hold for T" instead of T; (cf. remark 3.7 below), and the
arguments from above cannot be utilized. This is due to the fact that do7/0% can vanish
(everywhere in T) over a set S defined similarly. Hence a more sophisticated investigation
1S necessary.

The representation of vy over T is

4
T = ;ﬁlez

The terms 3; - bEi‘ and ag - by are dealt with separately.

vr

+ ag - br
T

In order to bound the first term we apply exactly the same arguments as above for
(3.21) and obtain on the tetrahedron 7;

13- b1 S Pmin,7 - V(0 - b, + Bi - b,)

for all vy € V. The estimate
185 - bt S N1Bi - bl S Poin, - || Vor|| 7 Vor € Vr (3.22)
is readily obtained since ||bg,||7, = /27/280 - |T;|"/? and |T| ~ |T;|. Note that the left

norm is over T' but the right one over T;.

7, = hming - || Vor|z

Secondly we want to prove that

HOéo . bTHT < hmm,T . HVUTHWT Yor € Vr . (323)

~

The case ag = 0 is trivial so we assume ap = 1 without loss of generality. We distinguish
two cases.
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L Vit |Bi] < o= £REV55 .

We consider the compact set
S o= { (T3, B, B o, 1) 1 0 <y < 1, sl <1, 1] < o

Obviously ||ag - bTHT is constant. The term HavT/az:HT varies continuously over S

and thus attains its minimum. Furthermore dby /92 and by, /% are polynomials of
order 3 and 2, respectively. Thus 907/d% does not vanish everywhere in T if ao # 0.
Hence the minimum of the norm [|007/0Z||4 is positive which results in

J .
0z

lao - brlly < \ A
T

The transformation onto 1" is as before and yields
oo - brllr < hpin,1 - || Vor||r Yor € Vr

Thus the desired result is obtained.

2. 3i: 3] > o = £REV55
Here the compactness argument cannot be applied. But a straightforward calcula-
tion gives

3
—V35

. 64
HbTHT = —\/ﬁ and T = 140

3465

and thus

lao - brlly = co-

The transformation and the application of the previous result (3.22) yield

7 < hing - ||Vor|z Yor € Vr

~

and hence the desired inequality.

Recalling inequalities (3.21) — (3.23) and the representation of vy results in

4
lorl2, = > llorll7 + llao-
=1

4
< 3 lerlf + 5 oo brl

S hzan IVor|2,
Hence inequality (3.19) is proven.
Inequality (3.20) follows from
- 3. hil.l/ 2,
and 13; - < hginr - | Vorn Vor € Vr

which was proven above.
Finally it is easily verified that both inequalities also hold if T" is a boundary tetrahe-
dron. |
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Remark 3.7 Note that in inequality (3.19) the norm over the whole domain wr is nec-
essary. Especially the inequality

ozl < hoing - || Vor|lr Yor € Vr

does not hold.

Consider for example a tetrahedron T with vertices Py = 0, P, = ey, P, = ey, and
Ps = h-es with b — 0. Choose vy := bg, + bg,, with by, = 272y(l — 2 —y — z/h) and
bg, = 27xyz/h being two face bubble functions. Then

lor|lr = /27/560 - h'/?

h3/2
and i - [Vorllr = VI35 g

Thus the abovementioned inequality does not hold with a multiplicative constant inde-

pendent of h. Note also that the corresponding isotropic estimates are much easier to
derive. O

Remark 3.8 If one knows that the domain wr is contained in a rectangular prism with
minimal side length [ ~ A7 then (3.19) coincides with the Friedrichs inequality. But
we have not shown such a geometrical condition and thus had to proceed in the way
described above. O

Now the main theorem will be stated and proven.

Theorem 3.6 (Local problem error estimator) The local problem error estimator is
equivalent to the residual error estimator npr in the following sense:

mr S Z NR,T (3.24)
T/CWT
nRT S NDT - (3.25)

The lower bound of the error is

np1(un) < |V(u—up)llwy + ¢ bmint - [|f = Pryfllor - (3.26)

Finally assume that the mesh is adapted to the error, i.e. u — uy € H§7T(Q). Then the
error is bounded globally from above by

1/2
IV (= un)|| S (Z nx + Y M I = PL2fH2T) : (3.27)

TeTh TeTh

Proof: Let T' be an arbitrary but fixed tetrahedron throughout the proofs.
For the first inequality recall the definition (3.18) of npr and rr(uy). By integration
by parts we obtain

3.18
= [Ver|?, (2 / P f-er / VT Ver

= Z/ (Prof+ Dup)-er — ) / (un)

T'Cwr ECoT\I'p

1/2
(Z HTT’(uh)H%’> Nezlloy + Y lre(un)le - ller]s.

T/ Cwr ECaT\I'p

IA



42 CHAPTER 3. THE POISSON EQUATION

Now ||er||wy and ||er||g are bounded using lemma 3.5 on page 38 which results in

by S iz | Y o)l + Y R lre(u)lle | - I Verllu,

T/ Cwr ECaT\I'p

Recalling np 1 = ||Ver|lu, proves the desired inequality (3.24)

UDEADS Z IR, T
T/CWT

For the proof of the second inequality we require bounds of ngr, and thus of ||rg||7
and ||rgllg. Let T" C wr be an arbitrary tetrahedron. Recall definition (2.17) of the
bubble function by and set vys := by - rg € Vp. Inverse inequality (2.20) and integration
by parts imply

lrzl3 S 116 vl = / T U
T/
= Pr 4 Auy) - vp since vy € HY(T'
2 o
T Cuwrp "

= / PL2f vt — / VTU}L . VUT/ (SéS) / VTGT . VUT/
wp wp wr

< WVerllor - [Vorlog
The inverse inequality (2.21) states
INori||zr = [V (brr - rr)llre S bt o - llr|
Combining both inequalities yields
lreller S b -ipr - VI € wr

since fpin, 1 does not change rapidly across adjacent tetrahedra 77.

The bound of ||rg||g is obtained similarly. Recall the definitions (2.18) and (2.19)
of the bubble function bg and the extension operator F', respectively, and set vg :=
bg - F(rg) € Vp. Inverse inequality (2.22) and integration by parts imply

Ou
belle 5 Il = foreens = 30 [ Gt
E

on
T'Cwy ot

— T

= E / Auh-vE—l—/ Vuh-VvE
T/CWE aT/ wg

(3.18)

= E rTe s VO — VTGT . VUE

T/CWE aT/ wg

< Y ol llosllz + 1IVerllor - Vo5l

T/CWE
The inverse inequalities (2.23) and (2.24) imply

1/2
logllzr = Nbg- Flre)lle S b2 |lrslle

IVogllr = |V(bg- Fre)lle S bl htop - lrells

~
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The last three estimates and the previous bound of ||r¢||7/ result in

1/2 _
lrelle < bbb o npr

since hpin 1 does not change rapidly across adjacent tetrahedra 7”. Finally the desired
estimate (3.25) is obtained:

77]2%,T = hzmnT 7|7 + Z hg' - lrellz | S U%),T
ECOT\I'p

In order to prove the third estimate, recall again that

(3.18)

B = [Ver|?, 2 / P f-er / VT Ver
wp wp

= [ VTu—w) Ve +/ (Piof—1)-er
wr wr
< WV —un)llor - IVerllor + I1f = Profllor - ez llor
Applying estimate (3.19) of lemma 3.5 on page 38 to ep € Vp results now readily in
npr(un) < IV —w)li, + ¢ hipr-If = Prfl,

Note that here the only constant appears at approximation term.

Finally inequality (3.27) follows immediately from (3.16) and (3.25). ]

3.3.3 Condition number of the FEM matrix of the local problem

The error estimator np 1 requires the solution of a local finite element problem. It can
be shown easily that this problem is well-behaved, i.e. the condition number of the corre-
sponding FEM matrix is bounded independently of the aspect ratio of the elements under
consideration.

Let T' be an interior tetrahedron. An arbitrary function vy € Vp can be written as

4 4
UT:ao‘bT+Zai‘bTi+Zﬂi‘bEi a, i€ R
=1 =1

For the remainder of this section, define
V= (04070417042,043,044,51,52753754)T cR?
By means of the FEM isomorphism
vr € Vr — veR

one obtains
a(vr,wr) = (Krv,w) Yop,wr € Vp

Here Ky € R?? is the usual FEM stiffness matrix which is symmetric and positive
definite.
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Theorem 3.7 (Condition number) The condition number k(Kr) of the local problem
stiffness matriz Kt is bounded independently of T:

K([(T) 5 1 \V/T S 77L
Proof: We start with
([X’TV,V) = G(UT,UT) = HVUTHZ;T

Lemma 2.7 on page 19 states

r ™ HVbTHwT ~ HVsz wr |T|1/2

mzn a1

since |T;| ~ |T| for adjacent tetrahedra. Thus

4

IVorl2, < llao- Vbrl2, + > llei - Vbr|?
=1
S hin 111 VIR

On the other hand one has from (3.19)

IVorlley 2 hoin g - Izl

4
Decompose the domain wr = | J T; U T as above. A straightforward calculation yields

=1
- o

:6|Ti|‘<4096 o, 16 ﬂ+_ﬂ>

= e

155925 % 525 560
> T (a? + B}

ernatively, a similar compactness argument as before could be employed. nalo-
Alt tively, a simil pact g t as bef Id b ployed.) Anal
gously

lorl7 = Jlao - b
=1 =1
331547 — 17+/33 671493
> 6|7 Zﬁ
9979200

(The constants have been evaluated using a computer algebra system.) Together with
|T;| ~ |T| one eventually obtains
) mznT | | ) HVHEQE’

Mo 1T Ve S IIV0zll, = (Krv,v) S btz - |T] - IvIge

IVorlle, 2 b (HUTHT

and thus

which implies the bounded condition number of K7. The case of T" being a boundary
tetrahedron is dealt with analogously. |
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3.4 L, error estimator

An L; error estimator for non-uniform isotropic meshes has been derived by Eriksson and
Johnson [15]. Here we will propose an L, error estimator that is suitable for anisotropic
meshes. Some ideas of the aforementioned work have been utilized and extended to our
case. To our knowledge, an anisotropic L, error estimator has not been analysed before.

The framework of the proofs is similar to the one of the residual error estimator of
section 3.2. Special bubble functions which are required to prove the lower bound of the
error are introduced in section 3.4.1. For these bubble functions inverse estimates similar
to (2.20) — (2.24) are desired. This leads to an additional assumption on the mesh which
will be discussed in section 3.4.2. This mesh requirement might be purely technical and
be due to the techniques used here. Nevertheless it seems to be fairly natural from a
heuristic point of view. Section 3.4.3 is devoted to the relation between the anisotropic
mesh and the anisotropic solution. Interpolation error estimates are derived in section
3.4.4. The Ly error estimator is given in section 3.4.5. Firstly, however, some useful
notation is introduced.

Let M := (m;;)?

¢i21 be a matrix of L, functions m;; € Ly(w). Let |M|2 :=

d d
S |lmi ]| be the usual Ly norm of M, and define |M|* := > |m;;|*. Let D?*v :=

7,7=1 7,7=1

d
9*v
2,7=1

Finally,7note that in sections 3.4.1 and 3.4.5 special bubble functions are used that
differ from the general bubble functions defined previously in section 2.3.3. For simplicity

the same notation b1 and bg is used here.

3.4.1 Special L, bubble functions

For the proof of the lower bound of the error we utilize bubble functions of a higher
smoothness, i.e. we now demand by € H*(T) and by € H:(wg).

Let T € T, be an arbitrary tetrahedron, and denote by Ary,---, Ar4 its barycentric
coordinates. The element bubble function by € P*(T) N HZ(T) is defined by

br:=4%- A5 My Afs AL, onT . (3.28)

We also need a bubble function bg defined on wg = 17 U T,. The technical definition
is due to the smoothness requirement by € H2(wg). More precisely, we will construct
(a whole class of) bubble functions bg that depend on a guide vector ag associated with
the face E. The following definition of the (class of) bubble functions is given for general
guide vectors ag. The flexibility in the choice of the guide vector is exploited in the next
section when the guide vector will be specified.

Consider an arbitrary inner face (triangle) E of T, and the domain wg = Ty U Ts.
The bubble function is defined separately on each tetrahedron; so let 7" be any of the
two tetrahedra. Via the transformation A7' it is mapped onto the unitary tetrahedron
T with a face F. Let the barycentric coordinates of T be numbered such that the ones
associated with the three nodal points of £ are Ay ... \s.

Firstly we define three cut-off functions b; € H*(T), : =1...3, by

— 19823 4 48)\2 if A, <1/4
bi = bi()\17)\27)\37)‘4) = { 1 ' * Z 1f)\ ; 1?4
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A function by z € [*(E) is defined by

by 7 1=
0.8 0 otherwise

{ 125 a =L e = e =12 i e e > 1
Let ag € R® be a so-called guide vector with <(ag, E) # 0. Define the transformed
and normalized vector a := A7 (ag)/ ‘A}l(aE)‘Rs. (Note that a depends on ag and T'.)

A function by € H*(T) is then defined by
bo(xp +1-a) := by g(xg) Xz € B, t€R such that xz +t-a€ T
A bubble function on the unitary tetrahedron T is defined by
b1 = by - by - by bs

By means of the coordinate transformation with A7 we obtain a bubble function by 7 =
FA(?)ET on the actual tetrahedron 7.

Finally consider the two tetrahedra T} U T, = wg, and define the face bubble function
b € H?(wg) by

L bE,Tl (X) ifxée Tl
bip(x) = { oy kel (3.29)

In order to visualize the construction of the face bubble function in the two-dimensional
case, figure 3.2 shows a cut-off function b; as well as by and bg. They are depicted on the
standard tetrahedron with the choice ag = (2,1).

< <N
, N N

A i

A Y

4 /I
00 00

Figure 3.2: Functions by, by and bg (on a single triangle)

Note that (although not reflected by the notation) by depends on the guide vector
ap. Strictly speaking, one had to write bg », instead of by. The actual choice of ag is
discussed in the next section.

To end off, it is easily seen that

0<br,bg <1 and max by(x) = max bg(x) = 1
xeT XEwp

holds.
Remark 3.9 To use the same guide vector ag on T} and T, guarantees continuity of the

derivative of by and b across E which implies by € C'(wg) N H2(wg). The functions
by ...bs act as cut-off functions to meet the zero boundary conditions of H2 on 9T\ E. O
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3.4.2 Additional mesh requirement for the lower error bound
and inverse inequalities

The lower bound of the error relies heavily on the use of bubble functions. The smoothness
assumption by € H2(wg) lead to the technical definition of the bubble function bg in the
section above. Eventually we want to employ inverse inequalities similar to (2.20) — (2.24).
For that reason a further requirement on the mesh is necessary.

Consider an inner face £/ and wg = 1 U T5. Let the bubble function bg be defined as
above. Both tetrahedra T and T, are now transformed, each one via the corresponding
matrix Ag,. Thus the guide vector ag (which is the same for T and T, in the original
space) is transformed into two different guide vectors on Ty, and Ty of the transformed
spaces. For unambiguous reference, denote the transformed and normalized guide vectors
Azl (ag)/ ‘A}l(aE)‘Rs on Ty and Ty by ar, and ar,. Consider the angles <(ar, E)

between a7, and F, ¢ = 1,2. The additional mesh requirement then reads as follows.

Additional mesh requirement (analytic form)

Consider an inner face & and wgy = Ty UTy. There has to be a guide vector

ag such that <(ar,, F) and <(ag,, E) are both bounded from below by some  (3.30)
angle ag > 0. This has to be satisfied for all inner faces E of Ty, with the

same smallest angle ayg.

In the proof of lemma 3.9 it will be shown that this additional mesh requirement ensures
that there exists always a bubble function by satisfying inverse inequality (3.37). Firstly,
however, this mesh requirement will be closer investigated into.

It would be desirable to have not only an analytic condition on 7;, which just demands
the existence of some guide vectors. Thus we seek an equivalent condition which can be
verified. The following geometric condition turns out to be sufficient for (3.30) but it may
not be necessary. Nevertheless it seems to be fairly close to a necessary condition (at least
from heuristic arguments). We have to start with some additional (temporary) notation.

Consider an inner face F, and denote its midpoint by M. Denote by A and B the
vertices of 77 and Ty which are not in E, respectively. The upper part of figure 3.3 depicts
this notation.

Consider the plane ¢ that contains A, B and M (if A, B, and M are on a straight
line then any plane € can be chosen, and (3.30) and (3.31) are naturally satisfied). Its
intersection with wg is depicted in the lower part of figure 3.3. Let )1 and )2 be the
intersection points of ¢ and the boundary of the face (triangle) F, respectively. Enumerate
()1 and )5 such that (s is closer to AB. Define €' := AB N (Q1(),. Let A; and By be
those points that satisfy A1 By || AB,M € A1By, and A; € AQ4, By € BQ;.

The geometrical mesh requirement then reads as follows.

Additional mesh requirement (geometric form)
With the notation from above we demand

QM|
>
Q0] =

>0 , (3.31)

with |Q1 M| being the length of the line segment Q1 M. This has to be
satisfied for all inner faces E of Ty, with the same c.

Lemma 3.8 The geometric assumption (3.31) implies the analytic assumption (3.30).
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A

Figure 3.3: Notation of wr =Ty U Ty, and intersection of wg and ¢

Proof: Consider any of the two tetrahedra, say Ty. The transformation via Ail (or more
precisely, via F7') maps T; onto the standard tetrahedron 7). Assume, without loss of
generality, that A is mapped onto the vertex A = (1,0,0)T, and F is mapped onto the
opposite face E. The transformed point M is still the midpoint of E. the points Q; lie
on the boundary of E, and A; € AQ, is situated somewhere on the boundary 97} \ E.
Figure 3.4 may visualize this.

—

Choos§ now fhe guide vector ag in the direction MA}. Theiradius of the inscribed
circle of F is o(E) = 1/(2 4+ v/2). The distance between A; and E equals

T thE 7/71 A M
dist(A, By = StALE) QL@ @]

dist(A, B) QA QA o] =

since the linear transformation Ail preserves above’s ratios of line segments, and because

of the similarity theorem (cf. figures 3.3 and 3.4).
Basic geometry then implies

diSt(Al, E)
o(£)

d(ar, F) > ap = arctan((2 + \/5) - ¢o)

> (2+\/§)'Co

tan <(ag,, £)

i.e. the angle <(ar,, £) is bounded from below by some angle ag > 0. The other three
cases where A is mapped onto an other vertex of T" are treated completely analogously.

A similar consideration verifies <t(ar,, £/) > ag. Thus ag satisfies the analytic mesh
requirement (3.30). ]
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T3
\
\
\
\
_ \ To
E _
N @
~ ~
Ql ~
~
7 ~
A, S Q
~ _
A e

Figure 3.4: Mapped standard tetrahedron 7}

Remark 3.10 In the two-dimensional case the condition and the proof are similar. Then
the lower part of figure 3.3 may be utilized if ()1 and )5 are replaced by both endpoints
of E. O

Let now 7, be a triangulation where either the analytic mesh requirement (3.30) or
the geometric mesh requirement (3.31) is satisfied. Then one can fix appropriate guide
vectors ag for all inner faces £. Fach of these guide vectors determines a concrete bubble
function from the whole class of functions defined by (3.29).

From now on, we consider these very bubble functions. All inequalities and constants
hereafter are such that they do not depend on the actual choice of the bubble functions
(or guide vectors, respectively) but only on the (global) minimal angle ag of (3.30).

Several inverse inequalities are comprised in the lemma below.

Lemma 3.9 (Inverse inequalities) Let either the analytic mesh requirement (3.30) or
the geometric mesh requirement (3.31) be satisfied. Let F. be the extension operator of
(2.19). The following inverse inequalities hold for all o7 € P°(T) and o5 € P°(E).

W lleslls forEeT
Wl h o lesls  Jor E€T

| Fewt(wE) - bE||T
|A(Feee(0E) - bE)||7

lerllz ~ 16y erlr (3.32)
lbr - orllr < lerllT (3.33)
1Ay - en)llr S hyltg ezl (3.34)
leele ~ 16 eele (3.35)
(3.36)

(3.37)

AR AN

Proof: The inequalities (3.32) and (3.35) are derived analogously to inequalities (2.20)
and (2.22) of lemma 2.6. Inequality (3.33) results immediately from 0 < by < 1.
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In order to prove (3.34) we utilize the transformation technique which yields for general

we H*(T)
Bulfy < 31Dl = 3 [ 1477 A D Ar- A7
T
S 147 [ 14F- DY AP
T
— 47 e det Ae] - [ D

T

For x € T set now
w(x) 1= or(x) - br(x) € IF’S(T) N HA(T)

The bound HA}IHRsxs < hit 5 of (2.7) and the equivalence of norms over the finite

min, T

dimensional space P°(T) 3 o7 imply

[D*wlly = D*(er-br)llr < llerllr
and  Aw|lr S kg ldet Ar[V2 - florlle = bt lerllr

Thus (3.34) is obtained.

Inequality (3.36) utilizes the facts that 0 < by < 1 and that pp € P°(E) is a constant
function. This yields

1Feai(pr) - billr < 171 Jop(x)] S hif® - llesls
and the desired estimate is obtained.

Inequality (3.37) requires a closer investigation. Let E be a face of T and ag be a
guide vector. The transformation via A7' maps T onto the unitary tetrahedron T'. Again,
denote by E and a the transformed face and (normalized) guide vector, respectively.

Let 1; and 15 be two orthogonal unitary vectors in that plane that contains F, i.e. [l;| =
1,1; L1y, B C span(l;,1y). The transformed guide vector has been defined such that
|€1|R3 = 1. The three vectors 1;,1; and a form the basis of a coordinate system which is
denoted by (13,15, a).

We now investigate the function by. Its definition from above yields

‘ 0%by by

<1 .7 =1.2 d — =
St sz wa Qe

where 9?/01; 01; denotes the second partial directional derivatives with respect to 1; and
;. Thus the matrix D(211 I.) bo of the second derivatives (with respect to the system
(1;,13,a) ) is bounded for all x € T, i.e. all matrix entries are bounded.

We introduce a second COE)I’diHELte system with the basis (ly,13,13) and I3 :=1; x 15.
Note that |I3] =1 and 13 L E. The bases of both coordinate systems are linked via

(Li,1z,a) = (I1,1p,15) - B

1 0 (aly)

with B = 0 1 (aly)
0 0 (als)

and (a,1;) = cos <(a,l;) being the usual R? scalar product of two vectors.
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The analytic mesh requirement (3.30) (or the geometric mesh requirement (3.31) to-
gether with lemma 3.8) guarantees that the angle <(a, E) between the transformed guide
vector a and F is bounded from below by some angle oy > 0. Thus we conclude

|<I(57 l3)|
13)| = |cos<(a,ls)]
Lyiads |

AR | IR N )

<
>

| ( 7
—(a,
—(

IN

1 0
HB_IHRSXS = 0 1 a
0 0 1

The matrices of the second derivatives with respect to both coordinate systems are
related according to

D(211712713) bo = B_T ) D(211,12,5) bO : B_l

Because of

| DG, 1 1) b0l S HBqﬂﬁwz|Dhbalm|< 1

the matrix D(211 115 bo of the second derivatives (with respect to the system (1,15,15) ) is

also bounded for all x € T. A rotation of the coordinate system does not change the sum
of the squared second derivatives. Thus we can switch from (Ii,1,13) to the standard
coordinate system of T and obtain for all x € T

|D(211,12,13)50| = |D2 bO| 5 1

Analogously |D'bo| < 1 is derived, and by < 1 is obvious. Additionally the cut-off
functions by, by, b3 and their first and second derivative are bounded, i.e. for all x € T

6] <1 , 1D b <1 , |D*b;| <1 i =1,2,3

All this implies
|D2 (bo . bl . bg . bg)| - |D2 6E| 5 1
forall x € 7.
Let now w := F..(¢E) - bg . Since pg € IF’O(E) is a constant function we conclude
1D? 0|z = |D? (Feiler) - bo)llr = les(x)|- D bellz S leosls

Now we utilize an inequality of the proof of (3.34) from above giving

[Awl] 1AT oo - | det Az |2 || D* w7

S
< byt |det ApV2 gk g

min,T °

12
it bl |leslle

Thus the desired estimate is proven. [ ]



52 CHAPTER 3. THE POISSON EQUATION

3.4.3 The set H7(Q) of L, adapted functions

For the error estimator we require that the anisotropy of the solution of the dual problem
is reflected in the mesh in some way. This leads to the following

Definition 3.6 (L, adapted function) Let ¢, > 1 be a fized constant. Then a function
v € H*(Q) is said to be Ly adapted to the mesh if

Y hiar - ICT - Do - Crll7 < - |[D™] (3.38)
TeTh

holds. Denote the set of Ly adapted functions by H*(1).

3.4.4 Anisotropic interpolation estimates

The imbedding theorem for Sobolev spaces impliesiﬂz(ﬂ) — (). Hence for a function
v € H*(Q) the Lagrange interpolate Int(v) € C°(Q) is well-defined.

First we state well-known interpolation estimates on the unitary tetrahedron 7.

Lemma 3.10 Let v € H*(T). The following estimates hold:
[0 —Intolly < [[D%|z
V(o —Into)lly < 1Dz

~

Note that all derivatives are with respect to the reference coordinate system.
Using scaling arguments we now obtain interpolation estimates for an L, adapted
function on the actual tetrahedron T'.

Lemma 3.11 Let v be an Ly adapted function, i.e. v € H3(Q). The interpolation esti-
mates

Y it - llo = Intol[F S |0
TeTh

Y b ICEV (0 = Into) |7 S D%l
TeT;,

hold with a constant ¢ independent of v or Ty,
Proof: The transformation technique yields
v — Intv||7 = |det Ag| - ||o — Into||% < |det Ag| - || D*0||%
The second derivative is transformed via
D*v = AL. D% Ay

resulting in

|det Ap| - ||[D?0]|5 = |det Ap]- / | D?*v]?

T
= / |AL - D*0 - Ap|? = / |ATCET C% -D*v-Cp-C7 Ar)?

S NP Aalies [ 1F D20 o S CE DRl
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Recalling v € H%(Q) completes the first part of the proof:

Z hmznT ‘U—IﬂthT ~ Z hmznT ‘C%DvaTH% 5 HDZUHEZ
TeTh TeTh

The second part of the proof utilizes (2.4) giving
IC7 - V(o —Into)||7 = [|C7AF" - A7 - V(0 —Intv)|7
< NOT AT [ - 1AT - V(v — Intv) |7

2.4

< [det Ar - V(0 — Into)[3 S [det Ar|- | D*0[3
R (& 0 e

as above. Recalling v € H7(§)) we conclude

Y b ICEV (0 = Into)|l7 S Y At - ICF - Do Crlly S D%l
TeTh TeTh

analogously to the first part of the proof. [ ]
Lemma 3.12 Let v be an Ly adapted function, i.e. v € H2(Q) N HX(Q). The estimates

1/2
(f,v=TInto)] S (thm HfH%) D*lle V€ L)

TeTh

1/2
hfnzn
(T, Vo = Tnto))| < (Z e Hw(w)H%) D%l Yn € Vi

EeQ

hold.
Proof: The first result is readily obtained by Cauchy’s inequality and lemma 3.11.

(fro—Tnto)] = |32 / [ (v—TIno)
TeTy,
S Z hmzn THfHT hmznT ‘U - InthT
TeT;,
1/2 1/2
< (Z Ropin, 7 Hﬂ\%) (Z Wt o — Inth2T)
TeT, TeT,
1/2
5 (Z hfnin,T HfH2T> : HDQUHQ
TeT;,

To prove the second estimate we integrate by parts and apply Cauchy’s inequality to
conclude for any g € H()

VonVe) = X [ Fovg = 30 [ Ty =3 [ s

TeT, TeT;, EeQ

hmznT h1/2 hE '
< > T llretwn) |- 7z l9lle < Dra(wn) - > h lgllz | -
> h man, T man, T
Q0 B EeQ
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Utilizing the trace inequality (2.12)

ol < h%" (lgll + 1C7Vll7)

and rewriting the sum over all faces F as a sum over all tetrahedra T implies

h
> ol Y7 ko (lolis + 10T Vall3)

FeQ min, T TET,

Substituting ¢ := v — Intv € H}(Q), recalling v € H#, and applying lemma 3.11 results
immediately in

hE
> —lelE < 1Dl

Eeq “mn,T

Thus the desired estimate is proven. [ ]

3.4.5 Anisotropic L, error estimator

Definition 3.7 (L, error estimator) For an arbitrary tetrahedron T' let the Ly error
estimator ng,r, v(uy) be defined by

1/2

hfninT
() = | b - Irr(un) 7+ > = s (un)ls - (339)
EedT\I'p B

In order to obtain an upper bound of the L error we utilize the Aubin-Nitsche trick
[6, 19]. The following theorem is valid.

Theorem 3.13 (L, error estimator) Let u € H!(Q) be the exacl solution and u; €
Vor be the FEM solution.

If the additional mesh requirement (3.31) is satisfied then the error (in the Ly norm)
is bounded locally from below by

1/2
mrcar(en) S (= will2, + Wi 1 = PLafI2,) (3.40)

for all T €Ty,
Assume that Q0 is a convex polygonal domain. Let vp € H*(Q) be the solution of the
dual problem
—Avp =u—wuy, in €, vp=0 on J9N.

Suppose that vp is an Ly adapted function, i.e. vp € H¥(Q). Then the error (in the Ly
norm) is bounded globally from above by

1/2
lu —un| < (Z N, r(un) + Z Roim L = PszH?F) (3.41)

TeTh TeTh

or, alternatively

[ = wnll S Mgin (%) FII + Da(un)
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Proof: Firstly, estimate (3.40) will be proven.
We start with the norm ||r¢(uy)||r of the element residual rp = re(up) := Pr, f+ Auy,.
Since we use linear ansatz functions rp € IF’O(T) holds. For x € T' let

w(x) = rr(up)(x) - br(x) c P¥(T)n HA(T)

Integration by parts and w € H2Z(T') then results in

[rrow = [tr+smo+ [rr-n-

— /T(uh—u)-Aw + /T(PLQf—f)‘w

[rreu| < ke laele + 1 = 21l - ol
T

Recalling the inverse estimates (3.32) — (3.34) we conclude

Irell7 S Nu—uwnlle - byl llrelle + If = Poofllr - llrzlle

~

and hfnin,T ) HTTH% 5 Hu - uhHT + hmznT Hf - PL2fH§“

Now we aim for a bound of the norm |[rg(up)||z of the gradient jump across some
inner face (triangle) £. Since we use linear ansatz functions rg € P°(E) holds. Let T}
and T3 be the two tetrahedra that £ belongs to. The additional mesh requirement (3.31)
and lemma 3.9 on page 49 imply that there exists a bubble function by which satisfies the
inverse inequalities (3.35) — (3.37). Let the function w € H?(wg) be defined by

w = Fe(rp(un)) - bs

with Fi.,; being the extension operator of (2.19). Assume that the right hand side f =
—Au isin L2(9). Integration by parts yields

_/Ew.rE(uh) — / VWV (uy — u) +Z/ (rr, + f = P, f)
_ /wAw w— ) _|_Z/ (rry+ f— P, f)

Because of w|, = rg - bg|,; we conclude

2

Utilizing the inverse inequalities (3.35) — (3.37) results in

(I

Tz)’

2

ety < (1

=1

1/2h2

+ r) - byl Irllx)
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The dimensions hy = hg 1, and hy, 7, cannot change rapidly for adjacent tetrahedra.
Recalling the bound of ||r7||r from above we conclude

Irslle S Al b2y - (= wnllog + B2 = Pra Sl )

For a fixed tetrahedron T' = Ty we sum up over all (inner) faces £ C 9T \ I'p and obtain

4

Poin
> sl S =l b 1~ P S,
ECoT\I'p E

This accomplishes the proof of (3.40).
Secondly, in order to derive (3.41) we integrate by parts, utilize the dual solution
vp € H3(), and apply lemma 3.12 yielding

lu —unl|* = (u—up, —Avp) = (V(u—up),Vop) = (V(u—up),V(vp — Intvp))
= (f,vp—Intvp) — (Vuy, V(vp — Intovp))

1/2
S (Zhim,T-HfH%) + Dya | - |1 D*op|

TeTh

1/2
S (Z Roin,T - HfH%) + Dy | -+ llu— |

TeT;,
since |[|[D*vp|| < cq - ||Avp|| = ¢q - ||u — ux|| holds. This corresponds to the second
formulation of the upper bound of the error. Utilizing the triangle inequality ||f|lr <
| Pr, fllz + ||f = Pr, f||z results in the first upper bound of the error. u

Remark 3.11 The problem in applying this error estimation lies clearly in verifying the
assumption vp € HZ(Q) for the solution of the dual problem.

Additionally one may argue that the dual solution procedure is inappropriate for an
anisotropic solution where probably even singularities occur. O
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3.5 An anisotropic Zienkiewicz-Zhu like error esti-
mator

An (isotropic) error estimator that is based on an averaged gradient has been proposed
first by Zienkiewicz and Zhu [36]. The analysis shows this estimator to be equivalent to
a modified residual error estimator. (Strictly speaking, one has to show first that the
modified residual ‘error estimator’ is an estimator indeed.) Later the estimator has been
improved by the ‘superconvergent patch recovery’ [37]. We tried to derive an anisotropic
version of the earlier estimator but failed for the general case. Because of that we present
only the results of the anisotropic version of the original estimator and do not consider
the latter one.

3.5.1 Cuboidal or rectangular mesh

Although cuboidal meshes do not fit into the framework of this paper we will present the
results for two reasons. Firstly, no anisotropic Zienkiewicz-Zhu like error estimator has
been derived so far, and secondly, the structure of this estimator might give some clue for
tetrahedral meshes.

An analysis of this estimator for an isotropic mesh which consists of rectangles (2D)
and bilinear basis functions is done by Rank and Zienkiewicz [23]. The extension to
rectangular prisms (3D) and trilinear basis functions is obvious.

The modification of the estimator for anisotropic rectangular or cuboidal meshes is
almost straightforward. In order to get some impression of the kind of these modifications
our result is stated here.

Assume a rectangular prism T whose edges are aligned with the coordinate axes.
Denote the edge lengths by hy gz, hor, hsr, and define Hy := diag(hi 7, har, hs ). Let
hmm = min{hLT, h27T, h37T}.

Define the recovered gradient V*uy, as the trilinear Lagrange interpolate at the nodes
of the mesh. The nodal value at x is given by

1
VRuh(X) = 3 Z Vuh‘T

(For a boundary node set the recovered derivative which is normal to the boundary equal
to the true derivative). Now define the anisotropic Zienkiewicz-Zhu error estimator by

nza(un) = hoing - [ Hz" (Vi = V) ||z
and the modified residual error estimator by
1/2

nar(un) = howr- | Y gt llre(un)l} 7

EcdT\T'p

i.e. only the jump residuals are utilized here, and the element residual is omitted. Sim-
ple algebra shows the anisotropic Zienkiewicz-Zhu like estimator to be equivalent to the
modified residual error estimator, i.e.

Nzr ~Ter

which is also true when suitable different weights (non-negative and bounded away from
0) of the recovered gradient are used.
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3.5.2 Tetrahedral mesh of tensor product type

For isotropic triangular grids (in two dimensions) a proof completely different from above
is given by Rodriguez [25]. We have extended his ideas to the isotropic three-dimensional
case and arbitrary non-negative weights of the recovered gradient, and corrected a minor
mistake.

Unfortunately we failed to obtain an error estimator for general tetrahedral, anisotro-
pic meshes. Only tensor product type meshes can be considered, i.e. where six tetrahedra
can be found that form a rectangular prism. Hence we do not achieve the geometri-
cal flexibility that we were aiming for by using tetrahedral elements. Because of this
unsatisfactory result we omit the derivation and only present the estimator.

For the remainder of this section assume a tetrahedral mesh of tensor product type.
Assume further that the tensor product mesh is aligned with the coordinate axes (i.e. each
circumscribing rectangular prism). Denote by h1 T h2 T h3T the side lengths of the cir-
cumscribing rectangular prisms of a tetrahedron T'. Set HT = dl&g{hl T, h2 T h3 T}

Define the modified residual error estimator and the estimator based on a recovered
gradient by

hmznT
ngr(un) = > = rp(u)||E
EeoT\T'p
nzr(uy) = hmm,T'HﬁfT (VRuh—Vuh)HT )

respectively. For the proof we require node-related quantities which can be derived easily.
With Nr denoting the set of nodes of T', one has

2
n%,T(uh) = mznT HH vRuh_vuh> T
2
~ B TS | (= V) () e
zENp
implying the definition
2
2 =T (R
= Vi~ V| )
e = D < un = Vun| ) (X)| g
T:x€Np
From
R: . -
Mpolon) = D S rwun)lp = 3|71 Y =55 ri(un)
EeaT\rp P EeaT\rp E

one easily identifies the node related quantity as

nRx : Z h :.
E>zx

E¢Tp

Theorem 3.14 Assume a tetrahedral, tensor product type mesh which is aligned with the
coordinate axes. Then the following relations hold.

T]Zvl’ ~ T]R,l’ ?

Z U%,T ~ Z 7712%,T ’

TeTh TeTh

nzr S Y M and Nar S D nar
T'NT#0 T'OT#0



Chapter 4

A singularly perturbed
reaction—diffusion equation

4.1 Analytical Background

Important real life problems where anisotropic solutions can occur include diffusion-
convection-reaction problems, for example convection dominated problems or singularly
perturbed problems. There so-called interior layers or boundary layers (of different kind)
with strong anisotropic behaviour can evolve. In order to decide if error estimators can
be applied in conjunction with anisotropic meshes, we have chosen the following model
problem.

Let us consider the singularly perturbed reaction diffusion equation whose classical
formulation reads

Find v € C*Q)N C(Q): —cAut+u = f in Q,

u = 0 on I'p = 00 (4.1)

The positive parameter ¢ is supposed to be very small, ¢ < 1, and has much influence
on the solution. Under suitable smoothness assumptions on the data (i.e. f and Q) the
differential equation (4.1) yields a unique solution. The corresponding variational or weak
formulation is

Find v € H}(Q) : a(u,v) = (f,v) Vve HX Q) (4.2)
with a(u,v) = /5 VTuVo + uo
Q

(o) = [ 10

The Lax-Milgram lemma ensures that there exists a unique solution of (4.2) provided that
o fEH] =H(Q)
e a(-, ) is elliptic, i.e. a(v,v) > uy - HUH%L%(Q) Vv e HY Q)
e a(-, ) is bounded, i.e. |a(v,w)| < py - [|v|[m1(q) - [w|lm (o) Vo, we HYQ)

For the whole of our investigation we demand a stronger smoothness of the right-hand
side, namely

f S L?(Q) 9

39
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thus the first assumption is satisfied. The second and third assumption are automatically
valid with constants gy = ¢ and pp = 1.
The finite element method is exactly the same as in section 3.1, i.e.

Find up, € V, 5, : alup,vp) = (f,vn) Yo, € Vo ) (4.3)
Note that the energy norm is defined by the bilinear form and depends on e:
ol := a(v,0) = &][Vo|[* + |[v]|*

The model problem (4.1) is of interest since one can usually expect boundary layers
when a non-vanishing right-hand side f meets homogeneous Dirichlet boundary condi-
tions. Inside © and sufficiently far away from boundary the solution in usually smooth
provided f is smooth enough too. Thus the boundary layers mark the domain of interest,
and their resolution requires increased numerical effort. Note however that (4.1) is only
a model problem insofar as

o the differential operator is still symmetric and elliptic.

e it can be solved using standard FEM, i.e. no modifications like the Galerkin least
squares method or the streamline diffusion method are necessary.

For a more detailed introduction to the analysis and numerical treatment of singularly
perturbed differential equations (convection-diffusion and flow problems) see Roos, Stynes
and Tobiska [27], and the literature cited therein. Miller, O’Riordan and Shishkin [18]
investigate singularly perturbed problems with emphasis on numerical methods and «
priori estimates.

We are interested in error estimators in particular. Isotropic estimators for diffusion-
convection-reaction problems can be roughly divided into two major classes. A prior:
error estimators (in conjunction with adapted numerical methods) are known for some
time.

For a posteriort error estimators, however, the knowledge has been unsatistactory for
a long time. Most estimators yield upper and lower bounds on the error that are not
asymptotically equivalent. By this we mean that the upper and lower bound differ by a
factor that increases, for example, as the discretization parameter A — 0, or as ¢ — 0
in the case of a singularly perturbed problem. The first a posteriori error estimate with
asymptotically equivalent upper and lower bound on the error is, to our knowledge, due
to Angermann [2]. He measures the error in the somewhat strange norm

a(v,v)

ol = sup
vevo |[v]lm
which is weaker than the energy norm, i.e. /= ||v]l| < ||vllvy < Jlvfl|l- Angermann himself
stated that estimates in this norm are mainly of theoretical interest.
Only recently Verflirth [32] derived the first a posteriori error estimator in the energy
norm for the model problem (4.1) where upper and lower bounds are asymptotically
equivalent.

In the remainder of this chapter an a posteriori error estimator for model problem (4.1)
is derived that can applied to anisotropic meshes. The upper and lower error bounds
involve the same terms and are asymptotically equivalent. Our estimator is partially
influenced by Vertirth’s isotropic version.
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4.2 Residual error estimator

4.2.1 Special face bubble functions

In this section special face bubble functions are defined, and the corresponding inverse
inequalities will be derived. The definition and the proof are given first for the standard
tetrahedron T" and then for the actual tetrahedron T

Consider the standard tetrahedron T and the face F; thereof. For a real number
6 € (0,1] define a linear mapping Fj : R? — R by

Fs(aq,...,x,) = (6-21,229,... ,l’n)T
or Fs(x) = Bs-x with Bs = diag{é,1,...,1) € R
Obviously this yields
|det Bs| = ¢ and HB(S_IHRdxd =6

Set T := Fg(T), i.e. Ts is the tetrahedron with the face F; and a vertex at & - ey.
Let by, be the usual face bubble function of £y on T (cf. (2.18)). Define the special
face bubble function bs by
65 = BEMS = ?)El 0 F5_1

ie. bsis tbe usual faﬁce lzubble function of the face £ on the tetrahedron Tj. For clarity
we recall bs = 0 on T'\ Tj.

Then the following inverse inequalities hold.

Lemma 4.1 (Inverse inequalities on the standard tetrahedron)
Assume p € P°(Ey), and let F.,; be the extension operator of (2.19). The following
inverse inequalities hold.

165 - PPz S 62+ llollm,
IV (s FeorloDlle S 6712 llells,

Proof: We employ standard scaling techniques via Fi and utilize the inverse inequalities
(2.23) and (2.24) on T. Hence the desired estimates

S
S

b Fd@llz = llbs- Pl @iz, = ldet Bl [[br, - Fuoa()2
(2.23)
< Jdet B2 h L glle, = 62 |9l
and IV (bs - Fert(@)llz = IV(bs - Fent(9))| 7,
= |det B5|1/2 . HB(S_T . V(bEl . Fext(@))HT
< 8B Igexa - IV (bs, - Fenn(2) I
(224) 12 12 . - —1/2 -
SO kg b elle ~ 0T lelle,
are obtained. "

Remark 4.1 All inverse inequalities of this previous lemma are valid for any face E of
T (i.e. not only for F,) if the face bubble function bs is defined correspondingly. O



62 CHAPTER 4. A REACTION-DIFFUSION EQUATION

Consider now an actual tetrahedron 7. The special face bubble function bs = by s €

HY(T) of a face E of T is defined by
b(g = bE75 = EE,S 0 Fgl . (44)

Lemma 4.2 (Inverse inequalities on the actual tetrahedron)

Let E be an arbitrary face of T. Assume ¢r € PY(E). The following inverse inequalities
hold.

6 b Nl (4.5)
T e (4.6)

1bs - Fewe(pr)||T
IV (bs - Fewi(wr))|IT

AR AN

Proof: Standard scaling arguments and the previous lemma readily imply

165 - Fear(op)llz = 61T - lbs - Fewi(@p)llz S OIT[- 6 @ply =6 - he - lepl

The other inequality is derived completely analogously and thus left to the reader. [ ]

4.2.2 Anisotropic interpolation estimates

The interpolation estimates sought contain the energy norm |||-||| on the right-hand side.
For this reason the term e (which is related to the differential operator and not to the
interpolation operator) enters the left-hand side. More precisely, define the auxiliary term

ar = min{1,€_1/2 oing ) (4.7)
The following lemma is valid.

Lemma 4.3 Let R, be the Clément interpolation operator defined in (3.7). Assume that
the mesh is adapted to v, i.e. v € H§7T(Q). Then the interpolation estimates

Yo it llo =Rl 5 lloll? (4.8)

TeTh

hET
D DRD DR e e 2 R (1.9)

TeT, E€dT\T'p

hold.

Proof: The definition of ay implies

-1 _ 1
ap = max{l,e Noin T

The anisotropic interpolation estimates of theorem 3.3 on page 30 result in

Yoarlv—Rellp = Y lle—Reoli + Y ehilgcllo = Rovllh
TeTh TGTh TGTh
12e hmzn T 1<e: hmzn T
< o= RBovll* + & [lhy(x) - (v = Rov)||*
S lell® + e 1Vel® = (ol

which proves the first inequality.
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For the second estimate the trace inequality (2.13) is invoked giving
hir - |lv = Rovlly S o= Rovllz - (v = Rovllr + [|C7V (v = Bov)|r) -

Utilizing the first result (4.8), the Cauchy—Schwarz inequality, and theorem 3.3 on page 30
results in

h
ey > sl =Rl S
TeT, E€dT\T'p min,T

< Y Jart o= Rovlle - bilar - (o = Rovllr + 1CFV(0 = Bov)r) |

min, T
TeTh
1/2
S & (Z ap” v - RwH%) '
TeTh

(k%) - (0 = R)|PP + [k (x) - CT(x)V (v = Ryo))?)?

min min

S Pl -1Vl < el

~

Hence the second estimate is proven. [ ]

4.2.3 Anisotropic residual error estimator

Let the element residual over a tetrahedron T' be defined by
rT(vh) = PL2f — (—5 . Avh + vh) . (410)

Obviously this residual of vy is related to the strong form of the differential operator.
Therefore the definition of r¢ is problem dependent and in particular different to the
definition for the Poisson equation.

Definition 4.1 (Residual error estimator) The local residual error estimator ng r(us)
for a tetrahedron T is defined by

1/2

hmin
nrr(un) = | o |ro(un)|7 + €2 ar - § , T s (un)|? . (411)
F
EeoT\I'p

Theorem 4.4 (Residual error estimator) Let u € HX(Q) be the exact solution and
up € Vo1, be the FEM solution. Then the error is bounded locally from below by

1/2
mra(un) S (M = will?, + o 1If = PradI2,) (4.12)

for all T €Ty,
Assume further that the mesh is adapted to the error u — uy, i.e. u — uy € H§7T(Q).
Then the error is bounded globally from above by

1/2
e —wnlll S (Z Nha(un) + Y ap-|If - PLQfHQT) : (4.13)

TeTh TeTh
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Proof: The proof of the first estimate (4.12) employs some standard techniques already
utilized for the Poisson equation. A more detailed investigation can be found there.

We start with the norm ||rz(up)||7 of the element residual r¢ = Pr, f 4 ¢ - Auy, — uy).
Since we use linear ansatz functions rp € IF’O(T) holds. For x € T' let

w(x) = rr(up)(x) - br(x) cPHT)YN HNT) )

with by being the usual bubble functions introduced in section 2.3.3. Integration by parts
yields

/TTT-w = /T(f—l—e-Auh—uh)-w—l-/T(PLQf_f)'w
_ /Tg.vT(u_uh)-Vw+(u—uh)-w+/T(PLQf—f)‘w

/TT'W‘ < e IVu—w)lr - IVellr + e =l - fwllr + 1 = Pro fllr - [lwllr
T

Bounds of UT rr - w‘ ,|IVw||r and |Jw||r have already been derived in (3.17). Hence one
readily obtains

lrrllz S & i IV (w —wn)ll7 + = willz + [1f = Pr.flI7
ap - |lrrll7 S minde- Ao, p, 1} e V(v — w7 +
+ar - lu—wnllz + o7 |f = P fll7
< e [V —u)l7 + v —wnllz + of - If = P fll7

e = wnllly + oF - IIf = Pr.fllz (4.14)

Now we aim for a bound of the norm ||rg(up)|| g of the gradient jump across some inner
face (triangle) E. Since we use linear ansatz functions rg € P*(E) holds. Let T; and T
be the two tetrahedra that I belongs to. Assume that the right hand side f = —cAu+u
isin Ly(€2). Integration by parts yields for any function w € H}(wg)

0 = / eViuVw + v-w — f-w
2

2
— /ETE(uh)'w = EZ;/QTiw-%:aSZ/ (VTuth—l—Auh-w>

i=1 VT

2
= Z/ <€VTU}LVU) + (rTi - PL2f + Uh) ) w)
i=1 7T

= Z/T‘@VT(uh—u)Vw + (up—u)-w + (TTi‘|‘f_PL2f)'w>

since eAup = rp, — Pr, f 4+ up on T;. Let now the function w be defined by

w = bgs, - Fewt(rp(un)) on 1j
' bgs, - Feat(rp(un)) on 1% ’

with F.,; being the extension operator of (2.19) and bg s, being the special face bubble
functions defined above. The real numbers §; will be chosen later.
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Note that w € H}(wg) since bg s,

= bE‘ . Hence we conclude

=bgs,
E E E

e Jleg > rillE < Z(

The inverse inequalities (4.5) and (4.6) are used to bound ||w]||7, and ||[Vw]|z, , respectively,
and subsequently imply

(

Ti)'

2
Irells 5 Do (hd, 67 IV (0= )

+e e

)

Now we choose §; := /2. h;inTl ~ar, <1 and insert estimate (4.14) which provides a
bound of ||rz,||7;. One obtains

hmin
Peag - = rp(u) [ <

e

2
S Qe IV(u—w)lf +af, |

=1

—I_aT Hf_PL2

S Mu—wills, + of - IIf = Pr.fIIE,

since Ay 1, and ag, do not change rapidly across adjacent tetrahedra, and since ar, < 1.
Summing up over all faces £ of T', recalling the definition of g r(uy) and applying (4.14)
finishes the proof of the lower error bound (4.12).

Secondly, in order to derive (4.13) we utilize the orthogonality property of the error
a(u—up,v) = 0 Yo, € Vo
Integration by parts gives for all v € H] +(Q)

a(u — up,v) = alu —up, v — Ryv)
= e(V(u—up),V(v—Rw)) + (u—up,v— Rv)
= Z(f—l—eAuh—uh,v—Rov)T — 5Z(TE(uh),v—Rov)E

TeTy EeQ
1

= Y trrlw) + S = P o= Royr = 56 30 (rw(wn), v~ Rov)s]

TET, EedT\I'p
< ) {OKT(HTT(uh)HT +|f = P, fllr) - a7t |lv — Rovllr +

TeTh

1/2 1/2
1 1 thznT —1/2 h
ty > @l R sl - Mar S o~ Rl

EedT\I'p ET min,T
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The Cauchy-Schwarz inequality and the interpolation estimate (4.8) yield

> ar(llrr(un)llr + I1f = Poo fllz) - o7 lo = Rovllr <

TeTh
1/2 1/2
< (2% ad(leli+1r - rf)) - (X allo - foli)
TeTh TeTh
1/2
S (Xt (el + 17 = Prsli) ) llel

TeTh

since v € H} +(2). Analogously

12 h1/2
1/2 "“men,T —1/2
SN P ) e PR o - Rovlls <
TeT, EedT\I'p hE M hmzn T

< (S”Z 2, @ W”TurE<uh>HE)1/2-

TeT, EcoT\I'p

3 1/2
(Y ¥ ey E,’TTHv—RovH%>

TeT, E€dT\T'p

1/2
mznT
< (3/22 Y oo \m(uwr@) ol

TeT, EcoT\I'p

is derived with the help of interpolation estimate (4.9). Combining these estimates results

in

alu— upv) < ( S [ (Iretun)lf + 17 = PsIF) +

TeTh

b 1/2
P S T )

EcdT\T'p

Substituting v :=u — uj, € H} () finishes the proof. |



Chapter 5

Numerical examples

5.1 Scope of and introduction to the numerical ex-
periments

After the introductory words of chapter 1, the reader certainly expects an example where
an adaptive anisotropic strategy and its superiority is demonstrated. Hopefully the reader
is not too disappointed that we will not proceed that way. In order to justify this, recall
the steps of an adaptive anisotropic strategy, namely

1. Estimate the error for a solution on a given mesh.
2. Obtain information for a new, better mesh. This includes:

o Detect regions of anisotropic behaviour of the solution.

e Determine a (quasi) optimal aspect ratio and stretching direction of the finite
elements.

o Determine the element size.
3. Based on this information, construct a new mesh or perform a mesh refinement.
4. Solve the arising finite element system.

We have investigated task 1 and will test our error estimators numerically.

The second step, the extraction of mesh information, is much less clear. As far as
we know only heuristic considerations are invoked. For example, the analysis of the par-
tial second derivatives is frequently employed (cf. [21, 24, 35]). In practice however, this
partially yields unrealistic and unpractically high optimal aspect ratios, and therefore an
artificial maximum aspect ratio has to be specified. Other approaches suffer similar draw-
backs, e.g. it is not clear how to extend the use of Lagrange multipliers (see e.g. Rachowicz
[22]) in order to obtain the stretching direction.

The third task is to construct or refine an anisotropic mesh. It requires much pro-
gramming effort and a sophisticated and efficient data structure. We could not afford to,
and did not want to dedicate the whole energy to this remeshing. Also, we did not have
access to an anisotropic mesh construction tool (which might be a topic of future work or
collaboration). Mainly because of these reasons we do not present an adaptive strategy
but focus mainly on error estimators instead.

Finally, the FEM system is solved using a standard FEM package, and not much
thought is devoted to this step yet.

67
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Based on the scope of and our ability for numerical validation we have chosen two
examples. They include the following tasks and tests.

1. Utilize two anisotropic meshes which were constructed on a prior: knowledge.
2. Test if the condition v — uy, € H§7T(Q) is satisfied.
3. Test the lower and upper bound on the error for

e the residual error estimator np 7,
e the local Dirichlet problem error estimator np 7,

o the L residual error estimator ng 1, 7.

The following two-dimensional Poisson problem is chosen as test problem.

—Au = f in Q@ =1[0,1] x [0,1] )
u = 0 on I'p = 0N

The exact solution u is prescribed to be
u(x,y) = (1 —e T —(1—e9) :1;) Ay (1l —y)

with a parameter o = 1000. The right-hand side f is chosen accordingly. The exact
solution exhibits an exponential layer with an initial steepness of @ = 1000 along the
boundary at @ = 0. Figure 5.1 shows a rough image of wu.

Figure 5.1: Exact solution u

We also have to mention the present shortcomings of the tests in order to distinguish
between what the numerical experiments can tell us and what still remains hidden. The

shortcomings are:
e Some three-dimensional experiments were carried out but they are not shown here.

e We do not consider a family F of triangulations 7, but only one given mesh at a

time.

e The error estimator for the singularly perturbed problem is not investigated.
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e Since the exact solution u is known a priori, the condition v — uy, € H§7T(Q) can
be tested numerically. Usually this is not possible. Furthermore, the assumption
vp € H3(Q) for the Ly error estimator can not be tested since the dual solution is
not known.

We are aware that our two very limited examples give no numerical validation of our
estimator but we did not aim at that at present. More precisely, we want to show that
error estimators can be applied to anisotropic meshes, despite the theoretical shortcoming
u—u, € H} £(Q) or vp € HF(Q), respectively. Thus further research in this topic is
justified.

5.2 Two numerical examples

Let us consider the two meshes depicted in figure 5.2. The adaption to the boundary
layer can be seen clearly.

Mesh 1 (the left one) is an unstructured mesh and has been designed to give a small
error in the H' seminorm. The largest interior angle of its triangles is about 179.77 degree.
Mesh 2 is a structured, tensor product type mesh and shall result in a small error in the
Ly norm.

|
I\\\\\ |

Figure 5.2: Mesh 1 and mesh 2

The following table displays some additional details of both meshes.

Mesh 1 Mesh 2
Number of elements 7796 8192
Number of nodes 4020 4225
Maximum aspect ratio 1091.9 210.3
Nodal L., error 7. 767E-3 1.614E-3
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5.2.1 The condition on u — wuy

If the residual error estimator (for both the Poisson problem and the singularly perturbed
reaction diffusion problem) or the local Dirichlet problem error estimator is to be applied
in order to obtain reliable upper bounds on the error, one has to assume u—uy, € H37T(Q).
In explicit writing, the inequality

Y bt ICT V= wi)lff < e V(=)

TeT;,
has to hold with a bounded constant ¢,. (Recall that, strictly speaking, this has to hold
for a family F of triangulations).

For real life problems this condition can not be tested since the exact solution u is not
known. Therefore we have spent much time to find a computable assumption that implies
the condition above. Unfortunately, however, we failed despite much research.

Our investigations and several examples strengthened our impression that the con-
dition reflects indeed how good the anisotropic mesh is adapted to (or matches) an
anisotropic solution. In particular, heuristic considerations (for the stretching direction,
the aspect ratio etc.) usually lead to anisotropic meshes where error estimators pro-
vide acceptable and useful error bounds. In this sense we are aware that the condition
u—u, € H§7T(Q) cannot be tested numerically but we equally think that nevertheless
error estimators should be applied.

For our examples, the smallest possible constant ¢, has been evaluated by dividing
the left-hand side of above’s inequality by ||V (u — uy)]|?.

Mesh 1 ¢, = 3.351 ,
Mesh 2 ¢, = 2.702

The constants equal

Since ¢, 1s always larger than 1, one can certainly state that ¢, is not too large and thus
u—up € H§7T(Q) is satisfied.

5.2.2 Error bounds in the energy norm

The condition u — uy € H§7T(Q) is satisfied for our meshes, as we have seen. Then the
upper bound of the error for the residual error estimator or the local Dirichlet problem
error estimator are both of the form

1/2
IV (= un)|| S (Z nr(un) + Y W I - PLQfHZT)

TeTh TeTh

where 7, 7 is either npr or np 1, respectively. For the validation of the error bound we
computed the following quantities.

Term Formula Mesh 1 Mesh 2
Exact error IV (u — )| 0.3863 0.4923
1/2
Residual error estimate < > n%T(uhD 1.8774 2.5020
TeTy 7 y
1/2
Local problem error estimate < > 77%)7T(Uh)> 0.6130 0.7947
TeT;,
1/2
Approximation error < > i I — P@f“%) 0.1798 0.0487
TeT;,
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These numbers show that, for both examples, the error is bounded from above indeed.
More precisely, the error is overestimated. The approximation term plays a minor role
although the right-hand side f is very large in the boundary layer.

The lower bounds on the error hold unconditionally, and they are of the form
nrr(un) S V(v =un)llor + hmins - |f = Profllor
and  qpr(un) < [V =un)llur + ¢ hming - |f = Profllor

Therefore we consider the following ratios which have to be bounded from above, and also
give the range of its value over all elements T'.

Ratio Mesh 1 Mesh 2

IR,T 0.34...3.6  0.24...3.2
V(v =)oy + hming - |f = Pry fllor

'ID.T 0.15...1.0  020...1.0
V(v =)oy + hming - |f = Pry fllor

These values clearly validate the lower bounds of the error.

5.2.3 Error bounds in the L, norm

In order to obtain an upper bound on the error, the condition vp € H%(Q) on the dual
solution vp has to be satisfied. This condition can not be tested but it appears that
both meshes reflect the anisotropic solution well enough. Thus we hope that the error
estimator yields realistic bounds. The upper bound is of the form

1/2
il < (z o)+ Y g PLm@)

TeTh TeTh

For the validation of the error bound we computed the following quantities.

Term formula Mesh 1 Mesh 2
Exact error |lu — wal| 3.768E-03 3.285E-04
1/2
L, error estimate < ST nh I, T(uh)> 4.234E-02 2.567E-03
TeTh ' '
1/2
Approximation error < > R I — P@f“%) 7.279E-04  2.292E-05
TeTh

These numbers show that the error is again overestimated. The approximation error is
negligible compared with the exact error.

The lower bound on the error holds if the additional mesh requirement (3.30) is sat-
isfied, which is the case for both meshes. The error bound then reads

nrLyr(un) Sl —upllor + hoir - I1f = Pryfllor

Therefore we consider the following ratio which has to be bounded from above, and also
give the range of its value over all elements T'.
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Ratio Mesh 1 Mesh 2
mjw 0.16...24  0.05...16
Hu_uhHWT + hmin,T' Hf_PL2fHWT

Although the lower bound is validated, the range of the corresponding ratios is much
larger now.

5.3 Conclusions

The first test has been aiming at the condition u — up € H} (1) which is satisfied for
both meshes. This means that this condition can be satisfied. Moreover, what is done
heuristically by anisotropic mesh generation seems to correspond to (or be reflected by)
this condition.

Secondly, the energy error estimators show the anticipated behaviour. The local
Dirichlet problem error estimator performs better than the residual error estimator. This
coincides with the different quality of the lower bounds on the error, cf. (3.15) and (3.26).
Note however, that the local problem estimator requires more computational effort.

Lastly, the L, residual error estimator yields less sharp bounds. This might be partially
due to the fact that the energy norm is naturally related to the differential equation but
the choice of the L, norm is somewhat arbitrary.



Chapter 6

Summary

This work has been aiming at error estimators suitable for anisotropic tetrahedral or
triangular grids, respectively.

Several estimators known from the isotropic case have been investigated as to whether
they can be modified for and applied to simplicial anisotropic meshes. The anisotropic
residual error estimator has been derived and proven to be equivalent to the error. The
condition u — uy, € H§7T(Q) has been discussed in section 5.2.1.

Several more estimators have been devised for the Poisson problem. The local Dirichlet
problem error estimator has been shown to be equivalent to the residual error estimator
and thus, to the error too. A general Zienkiewicz-Zhu like error estimator could not be
derived; only special cases have been considered and proven. An L, error estimator
is given as well. The conditions to guarantee the L, error bounds are, however, rather

difficult.

As promised in the introduction, a singularly perturbed reaction diffusion equation has
been investigated into too, and an anisotropic residual error estimator has been found.
It is apparent that the error estimator (and the proofs of the error bounds, of course)
depend rather strongly on the underlying differential equations.

Two simple numerical examples have shown that error estimators can be applied
successfully to anisotropic meshes. Hence further research is, in our opinion, justified.

6.1 Open points and future work

The present state of research suggests that the following topics could be investigated in
the future. Partially they are already under consideration.

1. It would be very desirable to find means to guarantee the condition u—uy € H37T(Q).
If not possible, this condition should be tested thoroughly numerically.

It could be sensible to approximate the term V(u— uj) appearing in the condition
by some heuristically chosen value, for example by means of a recovered gradient

VRuh — VU;L.

2. Other boundary conditions (i.e. Neumann and Robin boundary conditions) have
already been considered but not been applied yet.

3. At present a local problem error estimator for the Ly norm is investigated into.
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. All estimators will be tested extensively (including 3D).

. An adaptive strategy would be desirable. For this, mesh information have to be

extracted, and a remeshing is necessary.

. Investigations on error estimators based on the complementary energy principle

could possibly yield upper bounds on the error with a constant 1.
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