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1 Introduction 1

1 Introduction

Consider the Dirichlet problem for a second order elliptic equation in a three-dimensional
polyhedral domain €2,

3 9%
-3 Gij o= = f inQ, w=0 on 0J9, (1.1)
0%

7,7=1

where the coefficients a;; = aj; are constant, Zij:l a;;&& > Co > 0 for all &, &5, &5 € R such
that £ + & + &2 = 1, and the right hand side f satisfies

f € LP(Q) for some p > 2. (1.2)

It € is not convex then the solution has in general singular behaviour near edges and corners.
It is well known that these singularities lead to a low approximation order of the standard
finite element method.

Two-dimensional problems with corner singularities can be treated with a certain mesh
refinement near these corners in order to improve the approximation order [6, 7, 26, 28].
This approach has been generalized to the three-dimensional case in [2, 6, 22]. The isotropic
mesh refinement as described in these papers seems to be appropriate near corners, however,
it leads to overrefinement near edges.

The anisotropic structure of an edge is reflected by an anisotropic behaviour of the
solution near the edge: The singular part of the solution can be represented by a convolution
of some two-dimensional singularity functions with a regular function in the third direction
[23, 24]. Thus it seems to be natural to treat edge singularities with meshes which are
graded perpendicularly to the edge and quasi-uniform in the edge direction. However, such
meshes are anisotropic in the sense that elements in the refinement region have an aspect
ratio which is growing to infinity for A — 0, h is the global mesh size. In [1, 5] it is shown
for the Poisson equation that this strategy is successful. But in these papers problems with
only edge singularities were considered, corner singularities were excluded.

Our aim is to treat more general operators and both corner and edge singularities. The
idea is quite obvious, we want to combine anisotropic mesh refinement near singular edges
with isotropic refinement near corners. The main difficulty is to describe and to construct
the meshes in the transition from anisotropy to isotropy. A complication is that corner
singularities can be stronger or weaker than edge singularities. In [6], where isotropic mesh
refinement was considered, this was circumvented by controlling the refinement with the
strongest singularity appearing in the problem under consideration. We try to avoid this
by allowing different refinement parameters in different regions. Moreover, in the previous
paper [1] on anisotropic mesh refinement, prismatic domains were considered only. The tensor
product character of such domains was used to describe the mesh. But these orthogonalities
are no longer available because we want to treat general polyhedral domains. Finally, we
want to assume data with low regularity. We use right hand sides f € LP(Q) with some
p > 2, see (1.2). The case p = 2 did not work but (1.2) is considerably weaker than the
assumption in [1].

To explain our approach subdivide €2 into a finite number of disjoint tetrahedral subdo-
mains, Q0 = (U, Ay, such that each subdomain contains at most one singular edge and at
most one singular corner. In this way we localize the problem and reduce all considerations
to few standard cases. Note that the singularities are of local nature only. In Section 2, we
describe the properties of the solution u in suitable weighted Sobolev spaces.

Section 3 is devoted to the meshing in the subdomains and the proof that the sub-meshes
fit together. We describe the mesh by a set of properties which are suited for both proving



2 2 Regularity results

the optimal approximation order and constructing such meshes for general domains ). We
tried to keep the properties as simple as possible; therefore we did not try to give a minimal
set of conditions and we allowed some kind of overrefinement.

Local interpolation error estimates are derived in Section 4. In the following section they
are fitted together to interpolation error estimates in the subdomains A, and then in the
domain ). Via the Céa lemma we can conclude the estimate of the finite element error in
the W2(2)-norm. With a numerical test we complete our paper.

To refer to some more literature we mention that there are several approaches to cope
with singularities. Regularity investigations go back to the pioneering work of Kondrat’ev
[18]. The theory has been developed then in two ways, namely the characterization of the
solution by weighted Sobolev spaces it belongs to, and by representation formulae. For an
introduction and overview on this topic see for example [15, 16, 19].

In any case the crucial point is the knowledge of the singularity exponents; they are also
of interest in the paper at hand because they determine the mesh grading. For edges the
exponents can in general be given analytically, but for corners an eigenvalue problem for the
Laplace-Beltrami operator has to be solved numerically, see for example [10, 20, 29].

In our paper we study the numerical solution of the boundary value problem (1.1), (1.2),
by a finite element method using anisotropic mesh refinement. Another method is the
boundary element method with anisotropic mesh refinement, see for example [27, 29]. The
singular function method is well developed for two-dimensional problems [12, 30], but it is
hard to handle in the case of edge singularities [9, 21]. Some authors calculate the leading
singular part of the solution explicitly. Additionally to the solution of the eigenvalue problem
mentioned above this includes the computation of the corresponding coefficient, the so-called
stress intensity factor [8, 13].

Finally, the notation a < b and a ~ b means the existence of positive constants Cy and
(5 (which are independent of 7, and of the function under consideration) such that a < Csb
and C16 < a < ()b, respectively.

2 Regularity results

Let Q C ®? be a bounded Lipschitz domain whose boundary I' consists of plain faces. Over
this domain €2, we consider the boundary value problem (1.1) whose variational formulation

is given by:
Find u € [-i.i’l(ﬂ) such that ag(u,v) = (f,v) for all v € [‘fi’l(ﬂ) (2.1)
The bilinear form agq(.,.) and the linear form (f,.) are defined by
3
ag(u,v) = / Z a;;0;ud;vde, (2.2)
€521

(f,v) = /vadg. (2.3)

We use the abbreviations 0; for % and 0;; for 0;0;. The space [-fi’l(ﬂ) is defined, as

usual, by [-i.i’l(ﬂ) :={v e H' (Q) : v|r = 0}. The datum f is assumed to be in L?(2) for some
p > 2. The restriction p > 2, see (1.2), is necessary only in Section 5. L?(.) (1 < p < 00) are
the usual Lebesgue spaces, W*?(.) (s > 0, 1 < p < oo) the Sobolev(-Slobodetskii) spaces
(sometimes we write W?(.) for L?(.)), and H*(.) := W*2(.). — Note that the conditions of
the Lax—Milgram lemma are satisfied; thus the solution u € [-i.i’l(ﬂ) of problem (2.1) exists
and is unique.
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It is well known [15, 16, 18, 23] that u contains edge and/or vertex singularities. Since
there exists a linear change of variables y = B which transforms the problem (1.1) into the
Laplace operator with Dirichlet boundary conditions in another polyhedral domains €', it
suffices to describe the singularities of the Laplace operator. Moreover in view of their local
character, we simply need to describe them in a neighbourhood of one vertex S of 2. Without
loss of generality, we may suppose that .S is the origin of our Cartesian system of coordinates.
Let Cs be the infinite polyhedral cone of B? which coincides with € in a neighbourhood of
S; we set Gg = Cs N S?(9), the intersection of C's with the unit sphere centered at S. Then
the vertex singular exponent related to S is given by A, ¢ = —% ++/As1 + i, where Agy > 0,
ke n* = {1,2,...}, are the eigenvalues (in increasing order) of the (positive) Laplace-
Beltrami operator A’ on (s with Dirichlet boundary conditions (the associated eigenvector
will be denoted by @sx). The vertex S will be called singular if A\, s < 2 — % (note that we
always have A, s > 0). On the other hand, for any edge As; adjacent to S, 1 < j < Jg (Js
denotes the number of such edges), the edge singular exponent is simply A, s; = WWTJ, where
wg,; 1s the interior angle between the two faces containing Ag ;. Similarly the edge 7A57]4 will
be called singular if A, 5; < 2— % (remark that A\, s; > %) Recall that for the general system
(1.1), we need first to perform the above change of variables which is changing the cone Cg
and the angles wg ;.

Recall from the introduction that € is supposed to be divided into a finite number of
disjoint tetrahedral subdomains: Q = %, A/, such that each subdomain contains at most
one singular edge and at most one singular corner. For any ¢ = 1,..., L, we set \{") = \g,
if Ay contains one singular vertex S of (), otherwise we take )\g) = +oo and )\g) = Ae g if
Ay contains one singular edge As; of Q, otherwise we take Al = 4-o0.

Further, define in each subdomain A, (¢ = 1

(:chg), :1;(;), xﬁf)) with the following properties:

,..., L) a Cartesian coordinate system

o One vertex of A, is located in the origin. In particular, if A, possesses a refinement
vertex, then this one is chosen.

()

e One edge of A, is contained in the z3’-axis. In particular, if Ay possesses a refinement
edge, then this one is used.

In order to describe anisotropic regularities of the solution u € [‘fi’l(ﬂ) of problem (2.1),
we need to introduce some weighted Sobolev space of Kondrat’ev type defined as follows and
already introduced in [14, 25] (see also [22] for slightly different spaces):

Definition 2.1 Let A be a fized subdomain of Q. For a integer k >0, 1 < p < oo and two
real numbers (3,6, we set

Vﬁﬁf(A) = {v e D'(A): RI-FHllgb=ktlolpoy, e [P(A),Va e v |a| < k),

where R(x) is the distance from x to the vertices of Q, r(x) is the distance from x to the

edges of Q and 0(x) = %(% is the “angular” distance from x to the edges of Q. It is a

Banach space for the norm

o5 VES(A) = {32 IIRE 40 kel D, (o} 24)

o<k
Theorem 2 of [25] (see also Theorem 2.3 of [6]) implies that the solution u € [‘ffl(ﬂ) of
problem (2.1) with a datum in L?(f2) has the regularity u € Vég)(/\g) for any 3,6 > 0 such

that 3 5
Bo2-3 a0 suo_ 2 0
P

p
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Unfortunately, we have no extra information for the derivatives in the direction of one singu-
lar edge (if Ay contains it). In other words, the above result gives no anisotropic regularities.
Therefore our goal is to improve such results in order to get them.

As already explained before we are reduced to consider the Laplace operator in €2, so
that, until further notice, we suppose that a;; = ¢;;.

Since we are working with data in L?(€) with p not necessarily equal to 2 and since (2
may have singular edges, it is not direct that A(nu) belongs to LP(2) for any cut-off function
n. Therefore we first solve this localization problem along the edges.

Lemma 2.2 Let € be a fized interior point of one edge A of Q and let n be a cut-off function
such that n = 1 in a neighbourhood of & and n = 0 in a neighbourhood of the vertices and
the other edges. Take the xs-axis parallel to the edge A. Then

ndsu € LP(Q) Vp' < 6. (2.5)
Proof Set V = suppnN. Let us consider a certain v € D(V') and fix the unique solution
ye H' (V) of
av(y, w) :/ owdze Ywe (V). (2.6)
v
Introduce for & > 0 the finite difference operator

U(l’l, L2, L3 + h) - U(l’l, L2, 1’3)

h

5hv(l’1, Lo, 1’3) —

Then for h > 0 small enough, we clearly have é;(nu) € [‘fi’l(V). Applying (2.6) with w =
on(nu), we get

/V vép(nu) dz = aq(y, dn(nu)),

where § means the extension of y by 0 outside V' which is still in HI(Q), because V has a
Lipschitz boundary. Using a change of variable and the symmetry of aq, we arrive at

[ vontn) dz = ea(én(@).m) = [ g6n(3) da.

because nu is solution of (1.1) with the datum g = —A(nu) := nf —2Vn-Vu—ulAn € L*(Q).
Using the Cauchy-Schwarz inequality and Lemma 2.2.2.2 of [16], we get

) d
[ o
Finally as y is solution of (2.6), we have

lys H (VIS Hlos HTH VIS [fos L7 (V)]

< g L2l H Q)] (2.7)

for ¢’ > 1 such that ]%—I—l, = 1, since the Sobolev embedding theorem yields [-i.i’l(V) — Lp/(V),

g
for all p’ < 6. Inserting this estimate into (2.7), we obtain

‘/V on(nu)v da

Because Lq/(V) is the dual space of Lp/(V) this means that
161 (n); L (V)] S llg: ()],
because (2.8) holds for all v € D(V). Finally since é65(nu) — ds(nu) in D'(V) as h — 0, we

get the conclusion. O

< llgs 2 (D)lllos 7 (V). (2.8)
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Corollary 2.3 Let the assumption of Lemma 2.2 be satisfied, and take the cut-off function
n introduced in Lemma 2.2 in the tensorial form n(x1, g, x3) = n12(21, x2)ns(xs). Then

Anu) € LP(Q), if p < 6. (2.9)

Proof Using the Leibniz rule we have A(nu) = uAn + 2Vy - Vu 4+ nAu and it remains to
show that V- Vu € LP(Q). In the interesting strip where Vi does not vanish we are either
far from the edge or dyn = dyn = 0. Thus only dsndsu plays a role, and the previous lemma
gives the assertion. O

The previous corollary shows that for p < 6, we can always localize our problem in a
neighbourhood of an edge. Therefore, we can apply Theorem 2.2 of [5] to nu to get the
(anisotropic) edge regularity of nu and then of w. This is summarized in the next theorem.
Note that § ~ r in V.

Theorem 2.4 Let A be a fized edge of Q) and let n be a cut-off function as introduced in
Corollary 2.3. Denote by A, the edge singular exponent associated with A. Then for p < 6,
one has

nu € Vo (Q), (2.10)
for any 6 > 0 such that 6 > 2 — % — Ae. If moreover 1 — % < A, then
Os(1u) € Vo (Q). (2.11)

This theorem gives the desired regularity near the edges. We now attack the same
problem near a fixed corner S. For the sake of simplicity, we drop the dependence with
respect to S if no confusion is possible. Let us now fix a cut-off function y such that y =1
in a neighbourhood of S and y = 0 in a neighbourhood of the other vertices. We further
suppose that Y = x(R), that means, y depends only on R (here R means the distance to ).

Lemma 2.5 Assume that 1 — % < Aesj, forall g € {1,...,Js} and p < 6. Then
A(yu) € LP(Cy). (2.12)

Proof Direct consequence of Theorem 2.4 using the Leibniz rule (the hypothesis on p
implying that we may choose § < 1). a

We are now in position to apply the results of section 7 of [17] to yu, the solution of
—A(xu) =g € LP(Cs), xu=0 on dCs, (2.13)
in the cone Cs. Using these results in our framework, we get the following decomposition:

Theorem 2.6 Assume that . s; = u% + 2 — %, for all k € W*, j € {1,...,Js} and
Asp # 2 — ]%, for all k € N*. Then the solution xu of (2.13) admits the decomposition

XU = U, + ue + Uy, (2.14)
where u, € W*P(Cg) is the regular part, u. is the edge singularity given by

Ue = Rz_%v(ln]%,w), (2.15)
with v € [‘jrl(R x (i) being a function satisfying (t =1n R)

0% , »
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Finally, u, is the usual vertex singularity given by

U, = ST aRYrpsi(w), (2.17)

—;—</\S,k<2—%
where ¢, € R.

We first look at the regularity of the edge singularity. We introduce the following notation
(see [22]): For any j € {1,...,Js}, denote by s ; the angle between a point x of C's and the
edge Ag; and for a fixed (sufficiently small) constant v > 0, set Cs; = {a € Cs : 0s; < v}
(v > 0 is chosen sufficiently small such that Cs; does not contain the other edges of Cy).

Theorem 2.7 Let the assumptions of Theorem 2.6 be satisfied. Fiz j € {1,...,Js} and a

Cartesian system of coordinates (11, xq,x3) such that the xs-axis contains the edge Ag;. If
1 — % < Aes,j, then we have

akue € ‘/O{ép(CSJ)y k - 1727 a?)ue € ‘/01770])(057],)7 (218)
for any 6 > 0 such that
2
6>2——— )\6757]‘. (219)
p

Proof Since v € [-i.i’l(R x (ig) is a function satisfying (2.16) in the cylinder R x (g, we can
proceed as in the proof of Theorem 2.2 of [5]. (Here, the operator has variable coefficients
with a principal part frozen at 6g; = 0 equal to the Laplace operator, consequently in the
arguments of [5] we use Theorems 10.2 and 10.3 of [23] instead of Theorems 4.1 and 7.2 of
[23], respectively.) Using the coordinates (t,60s;,s;) (near As;, (0s;,¢s;) plays the role
of polar coordinates on (ig) and fixing a cut-off function xs; on Gg which is equal to 1 near
Ag; and equal to 0 near the other vertices of GGg, this yields

Xs 4eg+,’f—2ﬂ LP(Rx Gs), VI<k+(<2
R 99§,j999§,j 7 o -7
0*v
e —_ ) 1 10 VeE+/0=1
XIS D0k 07k, R Gs), VE+E=1,
0w
XSJHS}E € LP(R X Gs),
0*v
X&jw & LP(R X GS),

for any 6 satisfying the assumption of the theorem. Performing the change of variable R = €,
and going back to the Cartesian system of coordinates introduced in the theorem, we get

0% Opue € LP(Csy), Yk (=12,
ak?)ue E [/])(CYS'7]‘)7 \V/k — 17 27 37
agjle_lakue - Lp(CSJ‘)’ \V/k = 17 27
05:R0su. € LP(Csy).

This leads to (2.18) since ng is bounded on Cyg ;. a
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Theorem 2.8 Let the assumptions of Theorem 2.6 be satisfied. Fiz j € {1,...,Js} and
a Cartesian system of coordinates (w1, 12, x3) such that the xs-axis contains the edge Ag;.
Then we have

XOju, € Vii(Csy), j=1.2 (2.20)
XOsu, € Vid(Cs), (2.21)
for any 6 > 0 satisfying (2.19) and any > 0 such that
3
6 >2— - — )‘%57]‘ (222)
p

Proof Direct calculations using the fact that in C's;, the vertex singularity u, behaves near
S like RYv.55057. 0
In summary, we have obtained the following regularity result near the corner S:

Theorem 2.9 Let the assumptions of Theorem 2.7 be satisfied. Then, for j € {1,...,Js},
the solution u of problem (1.1) admits the following decomposition near S:

U = Ur + Us,
where u, € W*?(Cs) and
XOjus € V3E(Csy),  j=1,2, (2.23)
Xsus € V38 (Cs ), (2.24)
for any 6 > 0 satisfying (2.19) and any > 0 satisfying (2.22).

Proof We have simply set u; = u. + u, and we remark that u. also satisfies (2.23) and
(2.24) since R” is bounded on the support of y. O

Remark now that Theorems 2.4 and 2.9 are also valid for the general problem (1.1) using
a linear change of variables (note that one edge of € is transformed into one edge of ). As a
consequence of that results and the definition of the subdomains A, as well as the Cartesian

(0 (5 (0)

system of coordinates (xy’, 3, x5’ ), we clearly have the

Theorem 2.10 Let the assumptions of Theorem 2.6 be satisfied. Fiz ¢ € {1,...,L} and
assume that 1 — % < A9 and p < 6. Then the solution u of the general problem (1.1) admits
the following decomposition in A,:

U= U, + u,, (2.25)
where u, € W*P(A;) and
Ou .
— € Vi), j =12 (2.26)
Oug 1p
—ax(g) S V@O (Ag), (2'27)
3

for any 3,6 > 0 satisfying

5>2—§—A5f>, 5>2—%—A§>.

p p
Proof If A, does not contain a vertex of () this is a consequence of Theorem 2.4. On
the other hand if A, contains a vertex of Q this follows from Theorem 2.9 (recall that if A,
contains a singular edge of €} then the :chf)—axis is chosen parallel to this edge, otherwise it
does not matter). O
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3 The finite element mesh

The freedom in the choice of the finite element mesh is restricted by the following three
needs:

A. general admissibility conditions arising from the finite element theory and the subdo-
main approach,

B. refinement conditions, such that the global error estimates can be proven,

C. geometrical conditions on the elements such that anisotropic local interpolation error
estimates can be proven.

We will now elaborate a set of conditions that satisfies all the needs. Afterwards we give
simple examples how one can construct such a mesh. We point out that we do not attempt to
give a minimal set of conditions. Rather, we want to describe a set of conditions that is both
sufficient for our error estimates and simple to be verified for our examples. We also admit
(but do not request) overrefinement in certain regions if the mesh generation algorithm can
be kept simple then.

The general conditions on the triangulation 7, = {Q;}7, are:

Al. Q is exactly triangulated by tetrahedra Q;, Q = ™, Q.

A2. The triangulation is such that the subdomains A, are resolved exactly, A, = Uier, Q.
(=1,...,L, where L, C {1,...,m} is an index set.

A3. The elements are disjoint, ; N Q; = 0 for i # j.

A4. Any face of any element (); is either a face of another element (1; or part of the
boundary.

A5. The number m of elements is related to the global mesh parameter h by m ~ h=3.

To describe the refinement conditions we need some further notation. Recall from Section
2 that we introduced in each Ay a Cartesian coordinate system (:chg), :1;(;), xﬁf)). For each finite
element Q; C Ay we denote by

. 4 l % .
r; = xlgél [(xg))z—l_(x(?))z] 9 L= 17"'7m7
Ry o= inf (o)) + (@) 4 @)7]7, i= 1,

the distances of €); to the :chf)—axis and the origin. Note that R; > r;. Moreover, we introduce
in each A, refinement parameters p,, v, € (0, 1] corresponding to the refinement edge/vertex,
respectively. If there is no refinement edge/vertex we let y, = 1 or v, = 1, respectively.

As mentioned above we want to admit overrefinement. Therefore we distinguish between

size parameters h;, H; (i =1,...,m),
hi = hﬁi_ lf " 07 Hz = he if 0 < RZE hﬁv
hr; 7" it r; > 0, KR A Ry > b,

and actual mesh sizes 711,2'7 /~127Z», iNL;),J' which are defined as the lengths of the projections

of ;, C A, on the xﬁ“)-, :1:(;)—, or :zjgf)—axis, respectively. (The tilde is used because this

definition is different from the mesh sizes hy ;, ha, hs; as used for example in [3].) Note that
1 1

h¥e ~ hR} ™" for R; ~ h¥.

The relation between these sizes is given by condition B1:
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B1. If He < 1 thep }NLLZ' ~ hi, ilgﬂ' ~ hi, ilgﬂ'
demand that hs; ~ H; if r; = 0.

If o = 1 then 71]2 <H; (t=1,...,m,j=1,2,3) and in particular 71]2 ~ H;if R, =0.

< H; (0 =1,...,m). But in particular we

~

Note that Assumption A5 is indeed a condition but not a consequence of B1. That was
different in our previous paper [5] where overrefinement was not allowed. In this sense we
will also demand two similar conditions:

B2. The number of elements ; C A, with r; = 0 is of order A71.

B3. The number of elements €); C A, such that 0 < R; < h”l_/z is bounded by h”Lf_z. In
particular, there is only one element ); with R; = 0.

Though further conditions on the parameters u, and v, are imposed in the following
section, we want to ensure a priori that h; < H; for pu, < 1:

B4. If yy <1 then e <wvy ({=1,...,1L).

The next set of conditions is imposed to prove anisotropic local interpolation error esti-
mates which are needed in subdomains with a refinement edge. Such estimates are usually
proven on a reference element )y (or a finite number of reference elements) and then trans-
formed on the finite element €2; via a linear coordinate transformation

209 = pi)(3) = BOg, (3.1)
& = (&1, 9,23), BY = (by,)g)?kzl € R**3 and 29 = (:I;Y’g),x(;’g),x(i’g)) is a local Cartesian
system of coordinates. For our application we need that the elements bgz,)g and the elements
bgf}g_l) of (BM)~! satisfy the relations

(i) H, itj=kF=3,
bl < { h else, (3.2)
| ],k| | 7'k | ~ JyJ s = 1,4,9. ( . )

We will show in Lemma 4.8 that these rather abstract relations can be concluded from Bl
and the following conditions.

C1. The finite elements €; must satisfy the maximal angle condition [1]: The maximal
interior angle vz, of the four faces as well as the maximal angle vz ; between any two
faces of ); is bounded by a constant v, < 7: vp; < Ve, VB < Ysr ¢ = 1,..., M.

C2. If Ay contains a refinement edge then all elements (); C A, have two vertices such that
the straight line through them is parallel to the :zjgf)—axis.

C3. If A; does not contain a refinement edge then all elements are isotropic, that means,
they have bounded aspect ratio.

Note that we proved (3.2), (3.3) in [3] under the maximal angle condition C1 and a
coordinate system condition which is very technical.

To keep notation short we will omit from now on the indices ¢ and ¢, if the considerations
are local in one element €); or one subdomain Ay, respectively.
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3 3
2 2
0 0
1 1
Case 1: Equidistant mesh. Case 2: Refinement towards a corner
(v =0.67).
3 3
2 2
0 0
1 1
Case 3: Refinement towards an edge Case 4: Refinement towards a corner
(e =10.5). and an edge (v = 0.67, p = 0.5).

Figure 3.1: Illustration of the meshing of the subdomains (n = 4).

We will now give a constructive proof that one can always generate meshes which satisfy
all the assumptions made. To do this we will start with the meshing of one subdomain A,
and then we discuss the satisfaction of Condition A4 after gluing together the meshes of
the subdomains. We distinguish four cases: 1) A, contains neither a singular corner nor a
singular edge, 2) A, contains a singular corner but no singular edge, 3) A, contains a singular
edge but no singular corner, 4) A, contains both a singular corner and a singular edge.

The meshing in these four situations is illustrated in Figure 3.1. A mathematical de-
scription of this mesh generation procedure can be given as follows: Introduce barycentric
coordinates Ag,...,As (A, > 0, Z?:o Ai = 1) in Ay such that the refinement vertex has the
coordinate A\g = 1 and the refinement edge is described by A\; = Ay = 0. Let n € N be an
integer such that A ~ n=1

Case 1: The vertices P, have the coordinates

M=i =1L =k 0<itjit+k<n

n?

The tetrahedra are described as quadruples of vertices; they are

(P,],k7Pz+1,],k7P',j+1,k7Pi,j,k+1)7 0<:i4j)+k<n—1,
(Pi1,ks P ,J-I-l k> Pijrtts Pyt 1) 0<i+j5+k<n-—2,
(Piit1s Pijrtrs Pivt bty Pijt k1), 0<:i4)+k<n—-2,
(Pit1,ks Priji1 by Pt ji1 ks Pir1,jkt1),s 0<i:+j+k<n—-2,
(Pijt1ks z+1,]+1 ks Piv1jkt1s Pt kd1), 0<i:+j+k<n—-2,
(Pit1j41.6> Piv1 1y Pijrrkrts Pt jrres1), 0<i+j+k<n-—3.
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Case 2: The topology is as in Case 1 but the coordinates of the vertices P, ; change to

)\1:%(%)—1+57 )\2:%(#)—1+57 )\3:%(#)—1+57
0<i4j54+k<n.
Case 3: We introduce here a larger set of nodes P,
0<i4+j53<n, 0<k<n if 24+jy3<n, k=0 if 14+j5=n,

with the coordinates

O D W ) M e VP W W

n n n n

The tetrahedra are described in three cases:

Subdivision of pentahedra:

( 7]7k7 Z+17]7k7 P'7j+17k7 PZ7]7k+1)7 0 S Z —I_] S n— 27
( 2+Ly,k7 4,5+1, kvpi,j,k—l—lapi+1,j,k+1), 0<e4+y9<n—-2,
(Pijt1ks Pijists Pig1 g1, Pijt k1), 0<i14+jy)<n-2,
(Pit1,k> Prjs1 ks Pt 416y Pi1 k1), 0<14+y)<n-3,
(Pi i1,y z+1 ks Pit ikt Prjan k), 0<i:+7<n-3
(Pit1,j41.8 Piv1 b1y Pijrrkrts Pvt i), 0<i4+j<n—3,
0<k<n-—11n all cases.
Subdivision of pyramids:
(Pi—l—l,j,kv Pi,j-l—l,ka Pi+1,j,k+17 Pi-l—l,j—l—l,O)a n—2<i+j5<n-—2,
(Pijires Pt jrrts Pijrrpers Pigrjyio), n—2<i+j5<n—2,

0 <k <n—11n both cases.

Remaining tetrahedra:
(Pijgs Pijir1s Pv1j0. Pijyr0), n—1<i4+j<n—-1, 0<k<n—1.

Case 4: The topology is as in Case 3 but the Az-coordinate of the points P, ;j changes to
1
s = (£) (1= = Aa).

We have now to prove that such a mesh satisfies all conditions: A1, A2, A3, and A5 are
obvious. Assumption A4 is equivalent to the necessity that faces A, N Ay are meshed in the
same way. This leads in general to some cascade effect: Let M C 0§ be a connected set of
singular edges and vertices (edges are considered as closed sets), then we have to choose

pe =ve=pp forall : A, N M#D.

That means that the refinement is determined by the strongest singularity in this region.
An exception is the case when the face A3 = 0 is part of the boundary 9€2. Then v, can be
chosen larger than p,. We remark that the cascade effect could be avoided by using mortar
elements [11].
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The coordinate transformation Ag,..., A3 +— xq,..., 23 is independent of h. Therefore,
Assumption Bl can easily be verified noting that

(S—I—h)i —Si ~ hs'TH,
MA+X+As ~ R,
)\1 + )\2 ~ T

Indeed, in Case 2 all elements are isotropic, that means k., is of the size of the distance of

the two planes Ay = (%)% and Ay = (%)%7

. L 1 RN
B ~ (FEEEEELYY (BN R (= 1,2,3).
In cases 3 and 4, the projection of the element into the Ay, As-plane is isotropic, that means
. TN L
o (SR = ()"~ (= 1,2),

Finally, we see in Case 4 that

hs < As(Pgy1) — As(Px) + (ih + }le)
s (5 =B+
< hzt™Y 4 hrl™v
5 th—u7

because v > p.

Condition B2 is satisfied by construction. B3 is checked by realizing that the number of
elements is of order i* where i satisfies (%)i < (%)%, that means ¢ < n'~v. Condition B4 is
independent of our meshing strategy. Conditions C1-C3 are also satisfied by construction.
Note that overrefinement is accepted in Cases 3 and 4 near the edge Ay = Ay = 0 and due to
the cascade effect described above.

Note that the number of elements is n® for Cases 1 and 2, and 3n> — 3n? + n for Cases
3 and 4. We introduced the richer topology in the latter cases to ensure the maximal angle
condition C1. However, we can use the topology of Cases 1/2 if p = v < 1, compare Figure
3.2. The vertices P, have then the coordinates

= ()T = ()7 = () o

0<i+j+k<n.

We point out that also simpler meshing strategies can be applied where overrefinement
takes place in more regions. Figure 6.1 shows an example where artificial refinement edges
are introduced. Moreover, we introduced the Assumptions A1-C3 in order to allow other
refinement strategies which are not based on the domain decomposition approach, see Figure
3.3 for an example with a coordinate transformation.

We introduce now the finite element space V}, of all continuous functions whose restriction
to any ; (¢t =1,...,m) is a polynomial of first degree. Furthermore, we let V4, be defined
by Vor := {vn € Vi : vplag = 0}. Note that Vj, € H'(Q) and Vg, C [‘fi’l(ﬂ) The finite
element solution of problem (1.1) is defined by:

Find uy, € Voi, such that ag(un,vy) = (f,vn) for all vy, € Vo, (3.4)

Since the assumptions of the Lax—Milgram lemma are fulfilled this problem has a unique
solution.
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—_

Figure 3.2: Modification of Case 4 for p =v < 1.

Figure 3.3: Tensor product domain with mesh refinement near the singular edge and the
corners.

4 Local interpolation error estimates

As motivated in the Introduction, we are interested in local interpolation error estimates for
anisotropic elements. In [1], the case of classical Sobolev spaces was treated, while in [5],
the case of weighted Sobolev spaces with a weight which is the distance to one edge was
considered. The first case is useful far from the edge and the corners, and the second one far
from the corners, but both cannot be applied for the tetrahedra along one (singular) edge
and hitting the corners. In this section, we shall extend these results to weighted Sobolev
spaces with two weights: one is the distance to the corner and the other one the angular
distance to the edge. For two-dimensional interpolation error estimates in weighted Sobolev
spaces, we refer to [28].

We consider first estimates on a reference element Qg € R where R = {Q,,Q,} is the set
of reference elements discussed later, see Figure 4.1.

Using a similar notation as in [1, §2] we denote by P a space of polynomials, and since
each monomial z® = x{" 25?25 can be identified with the multi-index o0 € V%, we also identify
P with the corresponding set of multi-indices. The hull P of Pistheset P:= PU {a+¢;:
a€ P i=1,2,3} ({e;}2_, denotes the canonical basis of R?) and the boundary 9P of P is
the set P\ P. Note that max p|a| =1 + max.cp|al.

We introduce now weighted Sobolev spaces on : For a finite set P C N? with 0 € P
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and for 3,6 € R we set Vﬁpgp(ﬂo) = {v e D' (Q) : ||v; Vﬁp(’sp(ﬂo)H < oo}, where
los Vi Q) s= 3 [ |RIHG T Do d
aeP

k= maxaep |af, D¥ := 391052097, R(2) := (4% + &2 + 22)7, #(2) := (#2 4 #2)7, and 0 = i
is the angular distance to the edge ; = 25 = 0. (Note that the case when there is no Welght
with respect to 0 is also available by simply putting 0 = 1 in the rest of this section. ) For

v € Vﬁﬁ (Qo) we also introduce the seminorm
VIO = 3 [ R e g
’ Jq,
a€dP

For P = {(0,0,0)} U {e;}iz123, we denote Vﬁ]i’sp(ﬂo) by V P(Q9). The space WP(€)
is introduced in analogy to Vﬁpé (Qo) by omitting the Welghts. Note also that the space
V 7 (Qo) coincides with the space Vﬁ P(€) introduced in [5].

Lemma 4.1 Let P C N°, P finite with 0 € P. Then we have the compact embedding
VIE(Q0) <5 VP (Q0).

Proof The proof of that Lemma is analogous to that of Lemma 3.1 of [5] using spherical
coordinates (]%,(9,(,5) and the compact embedding W'(Qy) < L?(Qp) (Rellich-Kondrasov
theorem). 0

Now using the Holder inequality and again spherical coordinates, we can show the fol-
lowing result (see Lemma 3.2 of [5]).

Lemma 4.2 Let P C N°, P finite, such that 0 € P. If 3 <3 — ]%, and 6 < 2 — ]Z), then for
all v € V F(Qo) the following relation holds:

D%v € LY(Qp) for all a € P. (4.1)

From Lemmas 4.1 and 4.2 and using the same arguments as in [1, Lemma 2], we obtain
the following lemma.

Lemma 4.3 Let P C N° be a finite set of multi-indices with 0 € P. If 3 < 3 — z% and
o< 2— %, then

103 V3 (Q0)]] < o3 Vi ()], (4.2)
for all v € Vﬁ]}p(ﬂo) satisfying [q, D®vdi =0 for a € P.

We are now ready to give the interpolation estimate, first in a very general form, then
especially for our purposes.

Lemma 4.4 Letﬂ<3—% and5<2—%, and let P,QQ C N* and v € N° be such that 0 € Q
and QQ +~ C P. Further introduce a linear opemtor I:C*Qy) — P, p €N, and assume

that there are linear functionals F; € (Vﬁé (Qo)) ,e=1,...,7, 7 =dimD"P, satisfying

FA(DVIv) = F(D") (i=1,....5) for all v € C*(Q) N VIT(0y), 43
Fi(D7q) =0 foralli=1,...,) = D7¢=0 for all ¢ € P. '

Then _ _
1D (v — Tv); VAP ()] S [D7v; VAP ()]

for all v e C*(Q) N ngw’p(ﬁo)-
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Proof We follow the proof of Lemma 3 of [1], since Lemma 1 of [1] can be extended to the
spaces Vﬁ]}p(ﬂo) (owing to Lemma 4.2), while Lemma 2 of [1] is replaced by Lemma 4.3. O

Theorem 4.5 Suppose that 0 < g <1 — ]1—), 0<6<1— ]1—), p > 2, and let v be the linear

Lagrangian interpolant of v with respect to the vertices. Then for all v € C() such that
ov € Vﬁ{gp(ﬂo) fori=1,2 and O3v € Vﬁ{’g(ﬂo), then we have

| 27710 0w = 10); 17(90) " < /J%zpﬁépénamu|aziv|p+|agiv|p] di,
Qo

| 277107 050 = To); £7(00)] " < /QJ%W[|algv|p+|923v|p+|633v|p] di.

Proof Weset ) := {(0,0,0)}, Q := {(0,0,0)}U{e; };=1.2.3 and remark that the assumptions
are simply that d;v € Vﬁ%’p(ﬂo) (: =1,2) and Osv € Vﬁ?dp(ﬂo). To prove the assertion we
apply Lemma 4.4 with P = Q, v := ¢; and Fi(v) := [, vdx;, where E; is that edge of €
which is parallel to the x;-axis, which exists due to the choice of the reference elements. It
remains to prove the continuity of Fj.

For 7 = 1,2 we use that v € Vﬁ{’g)(ﬂo) implies

RO € WhP(Qg) s WIT2/PP(E)) — LP(E;), i =1,2.

Y

Using the Holder inequality, we conclude for 11_9 + 5 =1 that
/ o] day < || B0 LI(E|| | BPv; LPCE | S |1 BP07%5 LB [lo; Vg ()]
E; !

Using that R0~ € Li(E;) for g < % =1- 11_9 and 6 < %, we get the conclusion.
The case 1 = 3 is treated in the same way by replacing 6 by 0. Note that 6 = 0 is essential
here because for both reference elements § = 0 on FEs. O

Remark 4.6 In our application, we have § = 2 — % — A t+eand 6 =2 — % — A + € with
an arbitrarily small positive real e. That means § < 1 — ]1—), o< 1— 11_9 are equivalent to
1 — % < Ay and 1 — 11_9 < A, respectively, so that for p close to 2 this condition always holds
because A, >0 and A, > %

Corollary 4.7 Under the assumptions of Theorem 4.5, the next estimates hold:

10i(v = Tv); LP(Q0)[|”

AN

/ BoP07 (|90 + 0aiv [ + |9siv]7] d, (4.4)
Qo

[03(v = Tv); LP(Q0)[”

AN

/Q B2 |00 + 930" + |Dss0]?] di. (4.5)

Proof The assertion follows from the two estimates of Theorem 4.5, since the weights on
the left hand side are bounded from below by some constant C' > 0. a

Now we are going to transform these estimates to the actual finite elements ); of any
subdomain A,. As usual, we use a linear transformation (3.1) such that ©Q, = F(i)(ﬂo). In
our case we consider two reference elements €2, and €, as given in Figure 4.1 (see [3] for a
similar point of view).
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0 1 [%1 0 1 :%1

Figure 4.1: Basic reference elements for anisotropic interpolation error estimates in the
three-dimensional case.

We first give a sufficient condition on €2;, fulfilled by the elements ; such that the
edge parallel to the :chf)—axis is of length > h;, and more flexible that the coordinate system
condition in [3], ensuring that the relations (3.2)—(3.3) hold.

Lemma 4.8 Assume that p, < 1. Let Q; be a finite element of Ay such that ils edge es;
parallel to the vs-axis satisfies |es;| > h;. Then there exist two other edges e ;, es; such that
6]‘72' N 6372' 7£ @ and |€j,i| ~ hi, j = 1,2

Moreover, there exists a local Cartesian system of coordinates () = FO(z) = Bz
such that 1) there exists an Qg € R such that Q; = F(i)(ﬂo), 2) the xgi’g)-axis is parallel to
the :z:gf)-axis, and 3) the estimates (3.2)—(3.3) hold.

Proof The first assertion follows from the conditions B1 and C1. For the second assertion,
we define the local Cartesian system of coordinates (%) as follows: let the :chl’g)—axis contain

the edge e3,;; the xgi’g)—axis is fixed so that the xgi’g), :chi’g)
(1,4)

and ez ;, with the origin at their intersection; the ;" ’-axis is consequently determined to
have a direct orthogonal system. We take Q, as the reference element if e;;, 7 = 1,2, 3, meet
in one vertex, and € if e;; Nes; # e2; N es;. Then the matrix B appearing in the above
transformation takes the form

-plane is the plane induced by ey

byy 0 O
bor b 0 |,
bai b3y bas

where each column j corresponds to e;; (considered as a vector).
Let us now show that
. -1 . — —
bjel £ minghy, Y, Jby ] S minf (k7 (BE) T (4.6)

where h%; = |e;;|. Indeed, [bjr| < \/35_; b2, = hj;, which yields the first estimate since we

have hi, ~ I}, ~ h; < ;. Denoting by T; the projection of {); in the plane xﬁf) = 0, owing

to Bl and C1, we have meas T; = 1by1byy ~ h} ~ Ry ;hs ;. Using this last equivalences, we
obtain by ~ hy ; and the second estimate of (4.6) is then direct.

The two estimates of (4.6) directly yield (3.3), while (3.2) follows from the fact that
hiz’ ~ h§,¢ ~ hiah§,z’ S H; O

Theorem 4.9 Consider that element Q; C Ay which has one vertex in the origin of the local

coordinates (ng),ng),xg@). Let Iyv be the linear Lagrangian interpolant of v € C(£;) with
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respect to the vertices. Suppose that py < 1. Assume further that O;v € Vﬁ{’g)(ﬂi), g =1,2
and Ozv € Vﬁ{’g(ﬂi), for0 < g <1— ]1—), 0<6<1— ]1—), p > 2, then the norm of the derivatives
of the interpolation error can be estimated by

1— 1 1 2
|v—]hv;W1’p(Qi)| < hu_f""(ﬁ_ﬁ)é Z HRﬁG‘Sajkv;Lp(Qi)H

5k=1

— 1 3
TS || RO Ohaw; LY (). (4.7)
k=1

()

Proof By our assumptions made on the mesh, the edge included into the x3’-axis is of length

of order A% and the two other edges containing the origin are of length B, Therefore, Q;
satisfies the assumption of Lemma 4.8 with e3; equal to the edge included in the :chf)—axis
and ey, ez; the two other edges containing the origin. Consequently, this Lemma yields a
transformation

2 = B0, (4.8)

which maps Q, to ; and such that (3.2)—(3.3) hold. Moreover, we easily check the following
estimates:

WWR < R < hTRR,
Po< BT
0 < hiwi

The assertion is now a consequence of Corollary 4.7 using the transformation (4.8) with
(3.2)=(3.3), the above estimates, the fact that for k = 1,2, :L'Ejl) is a linear combination of
0 @ (&)

xy’,xy ,xy and since py < vy, O

To finish this section, we give two more error estimates: the first one (Theorem 4.10)
concerns the elements §2;, which are far from the singular edges, while the second one (The-
orem 4.11) concerns the elements along the singular edges but far from the singular vertices.
Note that an estimate similar to Theorem 4.10 can be found in [1] but there it was used
another definition of the mesh sizes. An estimate similar to Theorem 4.11 was given in [5]
but there it was proved using a coordinate system condition which is here replaced by the
more practical condition B1l. Therefore we prove both estimates here.

Theorem 4.10 For every v € W*P(€;) and for p > 2 one has

2
|v — ]hv; Wl’p(ﬂi” 5 hZ Z |8kv; Wl’p(ﬂi” + Hi|831); Wl’p(ﬂi”. (49)

k=1

in the coordinate system related to the subdomain A, containing ;. The index { is dropped
for the sake of shortness.

Proof Let us denote by /3, the length of the edge parallel to the x;-axis. We distinguish
the cases h3,; < h; or not.

If A3, < hi, then by the conditions C1 and B1, we deduce that diam); < %;. Therefore,
applying directly the isotropic local error estimate of Jamet type (Corollary 4.5 in [3]), we
get

3
[0 — Lyo; WHP(Q)] < hi Y |0 WHP(Q)],

k=1
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Y3 Y3

Y2 Y2 Q,

0 1 0 T 0

Figure 4.2: Additional reference elements for interpolation error estimates in weighted
Sobolev spaces.

leading to the estimate (4.9) since h; < H;.
On the other hand, if 23; > h;, then by Corollary 4.7 with 8 = ¢ = 0 and Lemma 4.8,

we get

lv — Lo, WH2(Q |<Zh Wlp(ﬂ)

5.0 S Hi, the above estimate becomes

As (M) =+ 8&) , hE . < hy for 7 =1,2 and hj

]’LN

2
o — Lo; WH(Q)] <3 by %; WhP(Q)| + Hyldso; WH(Q;)].
k=1 k

(,9)

The desired estimate follows because x, "/, £ = 1,2, is a linear combination of x1, x5, x5 and
the fact that h; < H;. O

Theorem 4.11 IfQ; C A, contains a singular edge but is far from the singular corner, then
for every v € LP(Q;), for p > 2, such that Oyv € Vggp(ﬂi), E=1,2 with0<é6<1— zla and

dsv € Volbp(ﬂi). Then one has

2
o — Loy WHP(Q)] S A1 S [9h0s V()| 4 Hilos Vi (20). (1.10)

k=1

Proof Let us denote by hgz the length of the edge e3; parallel to the zs-axis. Consider
first the case that es; is included in the singular edge. By the condition Bl, we always have
R Z hi, then applying Corollary 4.7 with 8 = ¢ and Lemma 4.8, we obtain

o — Lo; WH(Q:)] 5 Z hi™ 5 ()| 4 R 510503 Vo ().

k

We conclude as before due to the choice of the z(#)-system of coordinates.
In the case that only one vertex of €); is contained in the singular edge we proceed as
above using the reference elements Q) and )}, see Figure 4.2. O
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5 Global error estimates

In this section, we investigate first the global interpolation error, that is the difference be-
tween the solution u of our boundary value problem (2.1) and its piecewise linear interpolant
1w on the family of anisotropically graded meshes introduced in Section 3. The difficulty is
that we are interested on one hand in an estimate in the energy norm which is equivalent to
| .; WH2(Q)], in order to apply the Céa lemma for the finite element error. But on the other
hand, the above local interpolation error estimates are valid for | . ; W'P(Q;)]| with p > 2
only. — We secondly derive the global finite element error estimate via the Céa lemma.

Theorem 5.1 Let u be the solution of the boundary value problem (2.1) with f € L,(Q),

2<p<ps,
: 2 1
py o= mgm{(i, Y 1_)\9}. (5.1)

In addition to the condition B/, assume that the refinement parameters u,, v, satisfy the
following conditions for all { (see Remarks 5.4 and 5.5 below for a discussion of these con-
ditions):

e < A pr_ - (5.2)

v < (Ag@ + %) 5;56, (5.3)

%(g—%)+i()\§€)—2+%)>l. (5.4)
Then for the interpolation error u — Iyu the following estimate holds:

= s WHAQ)] S A f5 LP(Q)]]- (5.5)

Proof We reduce the estimation of the global error to the evaluation of the global error
on one subdomain A, with one singular edge and one singular corner, the other cases being
treated in an even simpler way, so we can omit the index /.

In the sequel, we shall make use of the decomposition (2.25) of u obtained in Theorem
2.10, therefore we normally need that p satisfies the assumptions of that theorem. The
condition 1 — 2 < A, follows from the assumption (5.1). On the contrary, the assumptions of
Theorem 2.6 can be avoided by possibly replacing p by p’ = p — ¢, with a fixed ¢ > 0 small
enough, in the case when 2 — % = % or2— % = As (this is possible because the set of wkT?TJ’
Asr is discrete). Note further that this choice does not disturb the conditions (5.2)7(5.74)
for € small enough. In that case, all the arguments below are made with p’ instead of p and
the conclusion still holds because || f; LP' (Q)|| < ||f; LP(Q)]|.

Since u admits the decomposition (2.25), we need to estimate the regular part and the
singular one. In both cases, we reduce this global error into local errors.

For the regular part, using the local error estimate (5.5) of [1] (see also (4.9))

3
[t = T WHP(Q)] S 0 Y [0k WHP(Q)],

k=1

which holds for any element €2;, summing up these estimates and using the Holder inequality,
we easily get that
e — Tt WH3(A)] S Bl WP(A)]. (5.6)
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For the singular part u,, we distinguish between the elements whose closure has at least
one common point with the singular edge or the singular corner, and the elements away from
these singular part of the boundary.

For the elements Q; far from the singular edge and the singular corner such that r; > B
and R; > kv, written in short 7 € I (R for regular), we apply the local estimate (4.9). Using
the Holder inequality, we have

lus — Thug; WH2(Q)P < (measﬂi)_1+§|u5 — Thug; WHP(Q,)]P

S (hPH)™'F5 ( Y hE|Opus; WH(Q) [P 4 HE |Dgus; Wl’p(ﬂz’ﬂp) - (5.7)
k=1,2
Since here h; = hr}_“ and H; = hR}_”, one gets
s — Iyug; WP < 05 ( S 1Ohts: VA (90) P + sy v;;amw) L6y
k=1,2

P P
Therefore in view of the regularity result (Theorem 2.10), we need to check that

2 3 3
51>2———)\6, 61>2———)\U, 62>2———)\U.
p p p

with 81 = (1= (2= 2). 1 = &1+ (1= »)( = D), and By = (1= 0)(3 = 1)+ (L= p)(1 - 2.
(

The first inequality is equivalent to (5.2). As pg < v < 1, for the second one, we get

S >(1=v)(3 - z%) > 2 — % — A, via (5.3). For the third inequality, as ¢ < v, we deduce

that 8, > (1 —v)(53 — %), and the conclusion follows.

Summing up the estimates (5.8) for all ¢ € Ig, and using again the Holder inequality, we
obtain

1-2 :
D us — Dug WH(Qy)]? < (Z 1) (Z |us — Tnus; Wl’z(Qiﬂp)
ZGIR ZEIR ZGIR

2
e (Z [ O Vs, (A)] + |93us;V§2’fB(A)|) ,
k=1,2
due to Assumption A5. By Theorem 2.10, we conclude that
S Jus = T W) £ 25 L7(2) (59)
i€l

For the elements €; far from the singular edge, r; > hi, and close to but away from
the singular corner, 0 < R; < hlf, written in short ¢ € Irs (RS for regular but under the
influence of the singular vertex), (5.7) still holds but here h; = hr}_“ and H; = hv. This
yields

|U5—]hU5;W1’2(Qi)|p < h—2+2p+%r§1—u)(2p—2) Z |aku5;W1’p(Qi)|p

k=1,2

3p—2 (

PR OD g W) (5.00)

In order to obtain an estimate like (5.8), we use the fact that in €;, one has h <R< hv

and that r ~ Rf, leading to the estimates
r(1=1)(2p=2) h[l_T“(2—f;)—%]pRﬁp(g&p7

p(1=1)(p=2)

AR AN

h[l_T“(l—%)—g]pRﬁp7



5 Global error estimates 21

with 6, as before and any 5 > 0. Inserting these inequalities into (5.10), we obtain
iy — Iy WP < B S [Ghngs VI (Q0)F + b |ugs V(0

k=1,2

h*2 (Z [Ohus; Vo, ()P + |93us;V5,§(Qi)|p) ,

k=1,2

AN

with 51 0= 2p—2+4 (8 — 1)1+ [1£(2 - 2) = Z]p, sy = p—24+ L(L - 1)+ [£(1 - ) - Z]p =

v P v P

p(l — %)(1 — 442 z%) —pg, where sy — s = p(1 — £) > 0 due to the condition pu < v.
Summing up these estimates for all ¢ € Irg, using the Holder inequality and Assumption

B3, we get

2
Y s = Duug; WHA(Qy)]* < B ( > 10kus; Vi L (A)] + [ Dsus; Vgl,’éj(A)l) 7
1€lps k=1,2

with sg = 21—)32 + %(27“ —-2)(1 = %) = %(% — z%) — % Therefore taking f =2 — % — Ay + & with
e > 0 small enough, we see that the condition (5.4) implies that sy > 1 and by Theorem
2.10, we get
D s = Dyug WHHQ)[* < B2 5 LP(Q)]]*. (5.11)
1€lps
For the elements §; far from the singular corner, R; > hv, but along the singular edge,
r; = 0 (written later on ¢ € [g), we can use the local error estimate (4.10). Together with

the regularity results, this yields
3
g = Lo WO S 30 BT By L)+ HE 3 D L ()]
7,k=1,2 k=1
for any 3’ > 0 such that

2 1
2——— A <P <l —-. (5.12)
p p

With the Holder inequality as above, the fact that h; = h¥ and H; = hR}™", and since the
number of elements along the edge is of order h~" (Assumption B2), we get

S Jus — Dy W) 5 (h7)17 (Z s — Ty W”(W)

< (hH'r (Z(h?H»‘”?lus — Dyuy; Wl’pmnlp)
< (Z BE R Ly Wl’p(ﬂiﬂp)
5 h%-l—p(l;ﬁ ) Z "Rﬁleélajkus; LP(A)HP
7,k=1,2
3 - g
b3S R s ) 5.19)
1€l k=1

where 31 and é; are as before and k = (1 — 1/)(% — ]1—)) The first term in this right-hand side is
treated as in the first case since we can show that 5’ = ¢, satisfies the two above conditions
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(5.12). We treat now the second term. As on each §);, with ¢ € I, one has B < hR}™Y, we
deduce that the second term can be estimated by

3 ., 3
> DR R |Dgpss LA(Q0)|P < BTN (| R B LM (A,
i€l k=1 k=1
with 35 = (1 —v)(3 — ]%) Since the condition (5.3) is equivalent to 3 > 2 — % — Ay, by
Theorem 2.10, we get

3 —2
S ST W RO LE(N)|P S P LR

ielp k=1
Consequently, we arrive at
D lus = Tiugy WHHQ0) [P S 12| f5 LP ()% (5.14)
i€ly
For the element €); meeting the singular corner, we directly use Theorem 4.9. Namely by
Estimate (4.7) and the Holder inequality, we have

3
s — Duugs WH(Q)| S B Y7 [[RP0°Opus; LP(Q)|| + h* Y [|ROpsuss LP(Q0)][, - (5.15)

7,k=1,2 k=1
with s3 = %(2—%—ﬂ—5)—|—%(%—}1—)—|—5),54: i(l — 129 —B)+ 12— ]1—)), and 3,6 meeting

both conditions of Theorems 4.9 and 2.10. The appropriate choiceis § =2 — % — Ay ¢ and
6=2— % — Ae+ ¢, with ¢ > 0 small enough, since they satisty the conditions of Theorems 4.9
and 2.10, owing to the assumption 2 < p < p; and because the condition (5.4) implies that
s3> 1, 84 > 1 (since p < v). In order words, with this choice and Theorem 2.10, Estimate
(5.15) yields

s = Tyus; WHAQ)] S B3 LP(Q)]]- (5.16)

From (5.6), (5.9), (5.11), (5.14) and (5.16), we get the assertion. O
Corollary 5.2 Let u be the solution of the boundary value problem (2.1) with f € L,(£2),

2 < p < py, py from (5.1), and let uy be the finite element solution of (3.4). Then under
the assumptions of Theorem 5.1, the following error estimate holds:

lu — s WHAQ)] S Ju— w; WH(Q)| S A f5 L (Q)]].

Remark 5.3 Note that the restriction p < p; is not essential for this estimate, because
f e Lr(Q) yields f € L1(Q) for ¢ < p and || f; LUQ)|| < |[f5 LP(2)]|. We can apply Theorem
5.1 for ¢ < py. Nevertheless, we have to replace p in the conditions of the above theorem by
min{p; py — £}, £ > 0 arbitrary.

Remark 5.4 In order to use meshes which are not too much refined, the estimates are
most favourable for p close to 2. For p = 2 4+ 6 (6 is an arbitrarily small real number), the

§
PION I P
1 36
NG _) 10
s ( t3 1+56)°

1 1 1 30 1 1
—+—(A§f>——) > 1+ ——(——-=).
14 He 2 4—|—25 He vy

On the other hand it is not clear in which way the constant €' in the error estimate depends

refinement conditions reduce to

on p; we suspect that ' — oo for p — 2.
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Remark 5.5 The conditions (5.2) and (5.3) are the edge and vertex refinement conditions,
respectively. They are natural because they balance the edge and vertex singularities (com-
pare with [5, 6, 22]). On the contrary, the condition (5.4) seems to be artificial but it actually
comes from the anisotropy of the mesh near the corner. Indeed, (5.4) follows from (5.3) and
p > 2 in the case yy = vy. In the case uy # vy, it imposes a condition between u, and vy,
this means that the mesh cannot be too much anisotropic. For the Fichera example treated
in Section 6, we have A\, &~ 0.45 and A, = % We then see that for p close to 2, the condition
(5.4) holds for = 0.6 and v = 0.9.

6 A test example

We consider the Poisson equation with a specific right hand side, together with homogeneous
Dirichlet boundary conditions:

—~Au = R7!' inQ,
v = 0 on Jf).

The domain Q := (—1,1)* \ [0,1]® has three edges with interior angle wy = 27, which meet
in the center of coordinates; we denote by R the distance to this point. Sometimes such a
corner is called a Fichera corner. Note that the right hand side is contained in L,(2) for
p < 3.

In order to determine the regularity of the solution, we consider first the corner singularity

and find that A, & 0.45 [29]. The edge singularities are described by A, = - = 2,

This problem was solved first with ungraded meshes and mesh sizes h; = % (1 =

2,3,...,48). We compare this with three refinement strategies. The first one is obtained by
a simple coordinate transformation

_ 1 .
zi=ay e oy T e, 5 =1,2,3

for all vertices (21, x2,23). It leads to overrefinement near the coordinate planes, see Figure
6.1. The second one was described by our constructive proof of the existence of meshes
satisfying all the conditions posed in Section 3, see pages 9-12. The corresponding mesh is
illustrated in Figure 6.2. The optically bad elements near the diagonals can be avoided by
using the strategy of Case 4a instead of Case 4, compare the remark at the end of Section 3
and Figure 6.3. For all £ we used the parameters ut9 = ) = 0.6.

The calculations were done using the code FEMPS3D, details are described in [4]. We
remark only that the energy of the finite element error was estimated with an error estimator
of residual type which was tuned for treating anisotropic meshes. The norms are given in
form of a diagram in Figure 6.4.

We see that the theoretical approximation order h ~ N_%, N is the number of nodes,
can be verified in the practical calculation for all three refinement strategies. The error is
the smallest in the third refinement strategy, however, the difference between the strategies
is small.

Acknowledgement. The work of the first author is supported by DFG (German Research
Foundation), Sonderforschungsbereich 393. Both authors were also supported by Procope
project No. 96131.
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6 A test example

Figure 6.1: Strategy 1: Simple coordinate transformation. Left: perspective view. Right:

cut at z3 = 0.
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Figure 6.2: Strategy 2: Refinement according to Cases 1-4. Left: perspective view. Right:

cut at z3 = 0.
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Figure 6.3: Strategy 3: Refinement with Case 4a instead of Case 4. Left: perspective view.
Right: cut at x3 = 0.
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Figure 6.4: Estimated error 5 in the energy norm for various mesh sizes.
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