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Introduction

Preconditioned gradient iterative methods have been studied for the symmetric eigen-
value problem Au = ABu in an Euclidean space H, for example, in the papers [1-11].
These iterative methods for computing the smallest eigenvalue have the following form:
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where R(v) = (Av,v)/(Bv,v), v € H \ {0}, the symmetric operator C' satisfies the condi-
tion: do(Cv,v) < (Av,v) < 6;(Cv,v), v € H, the iteration parameters 7, can be chosen
by the formula 7, = 6; * or to maximize R(u"*1). A survey of results on preconditioned
iterative methods is presented in the paper [12].

Here, we generalize these methods for solving the symmetric nonlinear eigenvalue prob-
lem: A€ A, u € H\ {0}, A(AN)u = AB(X)u. We propose preconditioned gradient iterative
methods of the following kind:
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p" = R(u" u"), n=0,1,...,

where R(p,v) = (A(p)v,v)/(B(p),v,v), v € H\ {0}, p € A, A is an interval on the real
axis, the symmetric operator C'(u) satisfies the condition: dy(p)(C(p)v,v) < (A(p)v,v) <
01 (p)(C(p)v,v), v € H\ {0}, p € A, the iteration parameters 7, are defined by the
formula 7, = 07" (p") or to maximize R(u™, u"*'). In the paper [13], the preconditioned
gradient subspace iteration method for computing a group of the smallest eigenvalues of
finite-dimensional symmetric nonlinear eigenvalue problems was investigated. Nonlinear
finite—dimensional eigenvalue problems arise after the discretization of infinite—dimensional
nonlinear eigenvalue problems (see, for example, [14-32]).

In section 1 of the present paper, we give the statement of a symmetric eigenvalue
problem in a finite-dimensional space with a nonlinear entrance of a spectral parameter.
In section 2, results about existence and properties of the eigenvalues of the nonlinear
eigenvalue problem are proved. Similar results were obtained earlier in the papers [14—
16, 18-23]. In section 3, we describe auxiliary results obtained in the papers [2,6]. These
results are used further for constructing and investigating the iterative methods. In sections
4, 5 and 6, we formulate the preconditioned gradient iterative methods for the nonlinear
eigenvalue problem, and we investigate the convergence and the error of these methods for
computing the smallest eigenvalue.



1. Formulation of the problem

Let H be an N—dimensional real Euclidean space with the scalar product (.,.) and
the norm |.||, and let A be an interval on the real axis R, A = (o, 3), 0 < a < < oo.
Introduce the operators A(u) and B(p) that, for fixed p1 € A, are symmetric linear operators
from H to H satisfying the following conditions:

a) positive definiteness, i.e. there exist positive continuous functions ay () and £y (p),
i € A, such that

(A(w)v,v) = an(@)lloll®,  (B(p)v,v) = Bu(p)llvl|* Vv e H ope A
b) continuity with respect to the numerical argument, i.e.
[A(p) = Am) || = 0, [[B(r) = B(n)|| =0,

as i — 1, p,n € A. By .|| also denote the norm of an operator from H to H.
Define the Rayleigh quotient by the formula:

R(p,v) = ve H\{0},peA.

Assume that the following additional conditions are fulfilled:

c) the Rayleigh quotient R(u,v), p € A, is, for fixed v € H, a nonincreasing function
of the numerical argument, i.e.

R(p,v) > R(n,v), p<n,pn€AveH\{0}

d) there exists n € A such that

n— min_ R(n,v)

<0
veH\{0}

e) there exists 7 € A such that

- R > 0.
- max (n,v) >

Consider the following eigenvalue problem: find A € A, u € H \ {0}, such that
AN u = AB(\)u. (1)

The number A that satisfies (1) is called an eigenvalue, and the element u is called an
eigenelement of problem (1) corresponding to A\. The set U(\) that consists of the eigenele-
ments corresponding to the eigenvalue A\ and the zero element is a closed subspace in H,
which is called the eigensubspace corresponding to the eigenvalue A. The dimension of this
subspace is called a multiplicity of the eigenvalue .



2. Existence of the eigenvalues

For fixed p € A we introduce the auxiliary linear eigenvalue problem: find y(u) € R,
u=u(p) € H\ {0}, such that

A(p)u = y(p) B(p)u. (2)

For a symmetric positive definite linear operator A from H to H, denote by H, the

Euclidean space of elements from H with the scalar product (u,v)4 = (Au,v) and the
norm ||v||4 = (v,v)}f, u,v € Hy.

Lemma 1. For firzed p € A problem (2) has N real positive eigenvalues 0 < vy(p) <
Y2(p) < ... < yn(p). The eigenelements u; = w;(p), i = 1,2,..., N, correspond to these

etgenvalues:
The elements u; = u;(p), i = 1,2,..., N, form an orthonormal basis of the space Hpg,).

The proof is given, for example, in [33].

Lemma 2. The formula of the minimaz principle is valid:

() = mi ' =1,2,...,N
Yi(1e) [min, Ue%lvf“\’EO}R(”’”)’ i=1,2,...,N,

where W; is an i—dimensional subspace of the space H. In particular, the following relations
hold:

= 1 R - R .
7 (1) ,Juin (o), yw(p) = max, (1, v)
The proof is given, for example, in [33].
For a fixed segment [a,b] on A we set

Oz1,mm(a,b) = min_ oy (N), ﬁl,min(avb) = min ﬁl(ﬂ)-
weEla,b weE(a,b]

Lemma 3. Suppose that for i, n € [a,b] the following condition holds:

[A() = A

O-/l,min (a, b)

1
< -
2

Then for pu,n € [a,b] the following inequalities are valid:

IA() = Al | [IB(1) = B(n)|
S ’ ( Cl'/l,min(aa b) - Bl,min(a, b) > R(ajj U), ve H \ {0}7

|AG) =A@, 1BG) = BWIY . _
Wmin@0) | Brmin(a:b) ),< ) i=12...N.

|R(/~L7 U) - R(na U)|

() — ()| < 2 (

The proof is given in [13].



Lemma 4. The functions v;(p), p € A, i = 1,2,..., N, are continuous nonincreasing
functions with positive values.

Proof. The continuity of the functions 7;(u), p € A, i = 1,2,..., N, follows from
Lemma 3 and condition b). Using the minimax principle of Lemma 2 and condition ¢), we
obtain that the functions v;(u), p € A, i = 1,2,..., N, are nonincreasing functions. Thus,
the lemma is proved.

Lemma 5. The functions —~;(p), p € A, i =1,2,..., N, are continuous and strictly
increasing functions with negative and positive values in the neighbourhoods of the points
a and (3, respectively.

The proof is given in [13].

Lemma 6. A number A\ € A is an eigenvalue of problem (1) if and only if the number
A is a solution of an equation from the set p— v;(p) =0, p€ A, i=1,2,...,N.

Proof. If )\ is a solution of the equation p — v;(p) =0, u € A, for some i, 1 < i < N,
then it follows from (1) and (2) that A is an eigenvalue of problem (1). If A is an eigenvalue
of problem (1), then (1) and (2) imply A — ~;(A) = 0 for some ¢, 1 < i < N. This proves
the lemma.

Theorem 1. Problem (1) has N eigenvalues X\;, i = 1,2,..
according to their multiplicity: o < Ay < Ay < ... < Ay <
2, ..

, ... N, which are repeated
0.
unique root of the equation p—v;(p) =0, p e A, i=1 ., N.

Each eigenvalue \; is a

Proof. By Lemma 5, each equation of the set u— v;(u) =0, p € A, i =1,2,...,N,
has a unique solution. Denote these solutions by A;, i =1,2,..., N, i. e. A\; —v;(\;) =0,
1 =1,2,...,N. To check that the numbers \;, + = 1,2,..., N, are put in an increasing
order, let us assume the opposite, i. e. A; > A;11. Then, according to Lemma 4, we obtain
a contradiction, namely

Ai = 7(A) < vi(Aivn) < vigr(Nig1) = Aiga.

By Lemma 6, the numbers \;, i = 1,2,..., N, are eigenvalues of problem (1). Thus, the
theorem is proved.

Remark 1. If o = 0, then condition d) follows from condition c).

Proof. Let us fix v € A and put n = min{v;(v),r}/2. Taking into account condition
¢), Lemma 2, and the relations n < v;(v)/2, n < v/2 < v, we have

= min Binv)=n-mn0) <n@)/2-mE)=-n)/2<0.

Thus, condition d) is satisfied for chosen n € A.
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Remark 2. If 3 = co, then condition e) follows from condition c).

Proof. For fixed v € A put n = 2max{yy(v),v}. Since n > 2yx(v) and n > 2v > v,
according to condition ¢) and Lemma 2, we obtain the relations:

N max (n,v) =n—x(n) 2 29v V) = yv(¥) = () >0,

which implies that condition e) is satisfied.

3. Auxiliary results

Assume that the symmetric positive definite linear operator C(u) from H to H is
given for fixed y € A, and that there exist continuous functions dq(), 01(p), pu € A,
0 < dp(p) < d1(p), p € A, such that

0o (1) (C(p)v,v) < (A(p)v,v) < 61 (p)(C(p)v,v), ve H, peA.

For a given element v € H, ||v]|p(,) = 1, we define an element w € H and numbers 1/°
and v! by the formulas:

for fixed € A, () = 67 (1), p € A.

Lemma 7. Let () and v2(p) be eigenvalues of problem (2) with p € A such that
11(p) < y2(p). Assume that v° < vo(p). Then v1(pn) < vt <0, and the following estimate
s valid:

vt —m(p) < plp, ) (0 = nw),

where 0 < p(p,v) <1,

o) = 1—0(p)(1 —v/%(k)
’ L+ 0(p) (1 = v/ve(p)v/v(p) — 1)
() = 0o(1)/01(p), v € [n(p) (), neA

The proof is given in [2], [6].

Remark 3. For fixed p € A, the gradient of the Rayleight quotient R(p,v) in the
space Hc(,) is defined by the formula:

grade, R(p, v) = 2[v]| 56, C™ (1) (A(p) — R(p, v) B(p))v.
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Hence

w = v —7()C7 () (A1) = R(p,v)B(u))v =
1
= V- §T(H)||U||23(ﬂ)grad0(u)3(ﬂ, v) =
= V=0 gradC(u)R(:u’v v),

where co = 0.5 7(u)||v[|%,)-

4. Gradient iterative methods

Assume that the symmetric positive definite linear operator C'(u) from H to H is
given for fixed y € A, and that there exist continuous functions dq(), 01(p), pu € A,
0 < d0p(p) < d1(p), p € A, such that

0o (1) (C(p)v,v) < (A(p)v,v) < o1 () (C(p)v,v), veH, peA.

Consider the following iterative method:

,&n-i—l —
C(u") - (A(p") = p"B(p"))u" =0,
(1)
(3)
~n+1
UnJrl:#, n:(),l,...,
@+ pum)

where the number p” is defined as a solution of the equation:

= SDn(M) =0, peA, (4)

for n =0,1,... Here u’ is a given element of H, |[u®||p(0) =1, 7(p) = 01 " (1), ju € A, the

functions ¢, (1), p € A, n=0,1,..., are defined by the formulas:
on(p) = R(p,u"),  peA,
forn=20,1,...
Remark 4. The following formula holds:
"t =" — cpgradog R(p", u"),

where ¢, = 0.57(u")||u"||%,n)- This formula follows from Remark 3.
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Lemma 8. The functions ¢,(p), p € A, n = 0,1,..., are continuous nonincreasing
functions with positive values. In addition, the following inequalities are valid: ¢, () >

71(:“)7 M€A7 nzoala"'
The proof follows from Lemmas 2 and 3.

Lemma 9. The functions p— ¢n(p), p € A, n=10,1,..., are continuous and strictly
increasing functions with negative and positive values in the neighbourhoods of the points
a and (3, respectively.

The proof is similar to the proof of Lemma 5 (see [13]).

Let A; and Ay be eigenvalues of problem (1) such that A\; < Ay. Put

o 1—d(1-v/n)
) = T =) = 1)
d= min o(u), (p)=70o(n)/d1(pn), ne€A.

HE[A,A2]

Ve [Al,)\g),

Note that 0 <d < 1,0 < p(v) < 1 for v € [A1, Aa).

Lemma 10. The half-open interval [\, A2) is contained in the half-open interval
[y1 (1), 72 (1)) for any p € [Ar, Xz).

Proof. Taking into account Lemma 4, we get v1(p) < Ay and yo(u) > Ay for p €
[A1, A2). These inequalities prove the lemma.

Lemma 11. The following inequality holds: p(u,v) < p(v) for p,v € [A1, Aa).

Proof. By Lemma 10, if v € [A;, A2) and Ay < Ao, then v € [y1(u),v2(1)) and

Yi(p) < yo(p) for pu € [Ar, A2). Now relations y1(1) < Ai, 72(p) > A2y g € [A1, A2), imply
the desired inequality:

1—6(p) (1 —v/72(n)) -
L+6(p) (L —v/v(u)(v/m(p) —1)
- 1—d(1—v/X) B
S Trdd— vy =1 W

p(p,v)

for p,v € [A1, A2) C [m1(p),¥2(pr)). Thus, the lemma is proved.

Theorem 2. Let A\; and Ay be eigenvalues of problem (1) such that Ay < Ay. Suppose
that the sequence p™, n = 0,1,... is calculated by the formulas (3), (4), u° < Xo. Then
w— Ay as n — oo, and the following inequalities are valid

Ao >pd>plt > >ut > 00> ).
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Moreover, the following estimate holds:

T =y () < (" = o (™) 4 o) (B = 1 (1)),
where 0 < p(p) <1, p € A, A2), n=0,1,...

Proof. Let us show that the solutions ™, n =0, 1,... of the equations u — ¢, (u) =0,
we A n=0,1,... satisfy the following inequalities:

Ao >0 >plt > o> >0 >\

Assume that the equation p — @, (1) =0, p € A, has the solution p™ such that
N> >pt > >p" >, n>0.
Hence we obtain
V= (") = 1" < do = 12(Ae) < e(u”)-
Consequently, by Lemma 7, we have

vh= () < V0= gn(pt) = ot
It follows from Lemmas 8 and 9 that the equation p— ¢, 1(p) = 0, g € A, has the unique
solution p"*! and
Ao >pl > pt > >t > > AL

Let us prove that u™ — A; as n — oo. Taking into account Lemma 7, 10, 11, we obtain
the following relations:

W =y (@t = (W = 0 (17) + (Pn (W) = (pmh) <
< (W = pna (1) + (P (") = m(u") =
= (" = o (") + (V' = (p") <
< (W = pua (1) + (" ) (0 — (i) <
< (" = o (") + p (") (" — 7 (™)),

where 19 = o (") = %, ¥ = Py ("),
Since Ay > p® > p' > ... > p" > ... > A, there exists £ € [A1, A2) such that p" — ¢
as nm — 00.
By condition a) and the relations ||u"||p») = 1,n = 0,1,..., we obtain that there
exists a constant ¢ > 0 such that

n n 1
) < 1o <c n=01,...,
VBium)  /Buem)
1
Cc = Imax

el [ ()



Hence there exists an element w € H and a subsequence u™*! i = 1,2,..., such that

u™tt — w as i — oo.
Let us prove that p™™ — ¢, .1 (u™) — 0 as ¢ — co. We have

0 < ™ — @ (™) = R(p™HH w™ ) — R(p™, u™ ) = 0
as ¢ — 0o. Here, we have taken into account that
R(p"t u™ ) — R(E,w), R(u™,u™t') — R(¢,w),

as i — 00.
Using the relations

0 < p™ =y (W) < (W = @nia (W) + p(p™) (W™ — 1 (™))

as 1 — 0o, we get
0 <& —m(8) < p§) (€ —m(8)),

where 0 < p(u) < 1, p € [A, A2). Hence the number & € [\, \2) satisfies the equation
£ —7(&) =0, 1. e. £ = A is an eigenvalue of problem (1) and p™ — A; as n — oco. This
completes the proof of the theorem.

5. Error estimates of the gradient iterative methods

Assume that there exist positive continuous functions g (i, n) and Bo(p,n), p,n € A,
such that

I1A(p) — A < aolpsm) e =l |B(p) — Bl < Bolpesn) | — nl,

for p,n € A.
For a fixed segment [a,b] on A we set

@0, maz(a,b) = nax ao(tsm)y  Bomaz(a,b) =  ax, Bolpe,m).

Lemma 12. Assume that the following inequality holds:

@0, maz (a, b)

1
b—a) < =
al,min(aab) ( a) - 2,

for a fized segment [a,b] on A. Then the following estimate is valid:

|R(p,v) — R(n,v)| < r(a,b,v) |p—mn|, pnelab], veH\{0},

where

_ aO,max (aa b) ﬁU,max (aa b)
r(a, b7 U) =2 (al,min(aa b) * /Bl,min(aa b) > R(a7 ,U)‘

9



The proof follows from Lemma 3.

Put

q(pn) = max{p(\1), p()}, 1€ [A1, X2),
 a/1-d
o 1+/1-d

Note that 0 < q(u) < 1 for p € [A1, A2).
Lemma 13. The following equality is valid:

max_p(p) = q(1°)
wE[A1,10]
for p® € (A1, X). If0 < w < Ay, then q(p°) = p(u°). If M <w < Xy and A\ < p® < w
then q(1°) = p(M\).

Proof. It is not difficult to make sure (see also [6]) that p'(w) = 0, p'(n) < 0 for
€ (0,w), p'(n) > 0 for pp € (w,Ay). These relations imply desired results. Thus, the
lemma is proved.

Theorem 3. Let A\ and )y be eigenvalues of problem (1) such that A\; < Ay. Assume
that the sequence u™, n = 0,1,... is calculated by the formulas (3), (4), u° < s, and that
numbers ng > 0 and € > 0 such that \; < "t < " < A\ 4+ < Xy and

CL/O,maa:(Ala /\1 + 5) e < l
al,min ()\17 )\1 + 6) 2
for n > mng. Then the following estimate is valid:
P = () < ga (" = (1),
where q, = r(Ai, M + &, u" ) + p(u™), n > ne.
Suppose (A1, M +,u"™) < o, n >ng. Then
P = (1) < @ (i =),
=M < g (e = (),

for qo = o+ q(p°), n > nyg.
Proof. According to Lemma 12, for n > ny we obtain the following relation:

a7 = o (1) = pna (") — @ (p) =

R(Mn+1 n+1) (,un7 unJrl)
(AL AL+ e, u™) (p" — ) <
r(An, A+ e u" ) (" — (")),

VANVAN
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in which we have taken into account that

n+1) n+1.

V(") < Pnpr(") < @ (") = p

Now, by Theorem 2 and Lemma 13, we obtain desired estimates. Thus, the theorem is
proved.

Remark 5. Assume that the operators A(u) = A, B(p) = B, C(p) = C, do not
depend on p € IR, and that the following relations are valid:

do(Cv,v) < (Av,v) < 0;(Cv,v), v € H,

for given constants dy and 01, 0 < dy < d1. In this case, the iterative method (3) and (4)
has the following form:

~n+l1 _ ,n

+ ,&n-i—l

ntl_ 2 — R(u" =0,1,...,
U ey MR

where R(v) = (Av,v)/(Bv,v),v € H\{0}, 7 = 67", u® is a given element of H, ||u’||5 = 1.
Then the error estimates of Theorem 3 are transformed to the estimates:

P =M < () (" = M),
un+1 . /\1 S q61+1(u0 o )\1)7

forn=0,1,..., where 0 < p(n) < 1for p € [A1, A2), q(p) = max{p(A1), p(p)}, 1 € [A1, A2),
0< qdo = q(/‘LO) < ]-7

_ 1—-6(1—v/As)
) = 0= M = 1)

(5:(50/(51, Ve [)\1,)\2).

These error estimates are identical with known results (see, for example, [2], [6]).

6. Steepest descent methods

Now we shall investigate the preconditioned gradient iterative method which, unlike
method (3), (4), does not use the function 7(u) = 67" (1), u € A, introduced in section 3:

,an—l—l —
Cm) " 4 (A(") = W B =0,
(5)
~n+1
un+1 — anl , n —= 0, 17 ,
[ || Bm)



where the number p” is defined as a solution of the equation:

f— () =0, p€A, (6)

forn=0,1,... Here u° is a given element of H, ||u°||p(0) = 1, the functions ¢, (1), p € A,
n=20,1,..., are defined by the formulas:

on(p) = R(p,u™), peA, n=0,1,...

The number 7, in (5) is calculated by the formulas:

B —b ++/b? — 4ac

Tn
2a
a = ash — 0152,
n
b = a;— pu'as,
_ n n
c = (" w"),

forn=0,1,...

Remark 6. The formulas for calculating the number 7,, were obtained from the fol-

lowing condition:

R(p™ u" — myw") = Tg[})ilolo)R(u”, u" —Tw").

Remark 7. The following formula holds:
A"t =" — ™ = Ut — ¢, grad g, m R(p", u"),

where
_ ]' ni2
Cn = §Tn||u 1B un)-

This formula follows from Remark 3.

Lemma 14. The functions ¢,(p), p € A, n =0,1,..., are continuous nonincreasing
functions with positive values. In addition, the following inequalities are valid: ¢, () >

71(”)7”6A7n:071a"'

The proof follows from Lemmas 2 and 3.
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Lemma 15. The functions p— on(p), p € A, n=0,1,..., are continuous and strictly
increasing functions with negative and positive values in the neighbourhoods of the points
a and (3, respectively.

The proof is similar to the proof of Lemma 5 (see [13]).

Theorem 4. Let A\ and Xy be eigenvalues of problem (1) such that Ay < Ay. Assume
that the sequence u™, n = 0,1,... is calculated by the formulas (5), (6), u° < Xo. Then
w'— Ay as n — oo, and the following inequalities are valid

Xo>pl>pt > >pt > >
Moreover, the following estimate holds:
P =y () < (W = onga (0") 4 o) (" = (i),
where 0 < p(p) <1, p € A, A2), n=0,1,...

Proof. The solutions ", n = 0,1,... of the equations u — ¢, () =0, p € A, n =
0,1, ... satisfy the following inequalities:

Ao >pl >pt > >t > >

This is proving by analogy with Theorem 2 according to Lemmas 14 and 15.
Let us prove that u™ — A; as n — oo. Taking into account Lemma 7, 10, 11, we obtain
the following relations:

=y (W = (W = opa (0") + (R ) = (u") <
< (W = opa (") + (R(p", w) — m(p™)) =
= (" = o (ph) + (' - 71( ") <
< (W = ona (") + (" ) (0 = (u)) <
< (W = onaa (") + (") (1" = (u™),
where 10 = ¢, (") = p", V' = ©,11(u"), the element w € H is defined by the formulas:
cwﬂ@,ﬁ‘; (A" = B =0,
Y Tlse)

Note that from this formula and Remark 6, we have
R(p",u"™) = R(u",u" —mw") = II[lOID)R(,LL u" — Tw") <
T7€(0,00
< R(p",u" —1(u")w") = R(u", w).

13



Now the proof is completed similarly to the proof of Theorem 2. Thus, the theorem is
proved.

Theorem 5. Let A\ and )y be eigenvalues of problem (1) such that A\; < Ay. Assume
that the sequence u™, n = 0,1,... is calculated by the formulas (5), (6), u° < s, and that
numbers ng > 0 and € > 0 such that \; < "1 < " < A\ 4+¢ < Xy and

aO,maa:(Ala /\1 + 5)
al,min (>\17 >\1 + 5)

€

IN

1
2
for n > ng. Then the following estimate is valid:

n+1

Pt — oy ()

< Qn(/j’n - VI(Mn))a

where ¢, = r(A, A + &, u™ ) + p(u™), n > ny.
Suppose (A1, A + e, u") < o, n >ng. Then

1= (Y < gt (W = (),
= < gt — (),

for qo = o+ q(p°), n > nyg.
The proof is similar to the proof of Theorem 3.

Remark 8. Assume that the operators A(u) = A, B(u) = B, C(u) = C, do not
depend on p € IR, and that the following relations are valid:

do(Cv,v) < (Av,v) < 6;(Cv,v), v € H,

for given constants dy and 01, 0 < dy < d1. In this case, the iterative method (5) and (6)
has the following form:

~n+l1 _ ,n
cl =Y (A "B =0,
Tn,
n+l __ an+1 n __ n _
Uu —M, 1% —R(U) n—O,l,...,

where R(v) = (Av,v)/(Bv,v), v € H \ {0}, u® is a given element of H, ||u’]|p = 1. The
number 7, is defined by the formulas:

_ —b +/b? — 4ac

Tn
2a
a = azb; — aibs,
n
b = a;— pu'as,
_ n n
c = (" w"),
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forn=0,1,...
Then the error estimates of Theorem 5 are transformed to the estimates:

Pt = A < p(p™) (" = M),
un+1 - /\1 S q61+1(u0 o )\1)7

forn=0,1,..., where 0 < p(n) <1 for p € [A1, A2), q(p) = max{p(A1), p(1)}, 1 € [A1, A2),
0<qo=q(u°) <1,

o(v) = 1—-6(1—v/As)

= Tei v =) 0 %/ v e ).

These error estimates are identical with known results (see, for example, [2], [6]).
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