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Abstract

We consider the direct integral formulation of the heat equation in a smooth
domain of R? with Neumann and Dirichlet boundary conditions. The unknown
belongs to an anisotropic Sobolev space of positive order for the Neumann problem
and of negative order for the Dirichlet one and is approximated by the Galerkin
method using an appropriate biorthogonal wavelet basis. The use of such a basis
allows to compress the stiffness matrix from O(N?) to O(N), and to obtain a uni-
formly bounded condition number. Finally, we show that the compressed scheme

converges as fast as the Galerkin.

1 Introduction

The boundary element method applied to the heat equation on a smooth domain 2
of R? leads to the resolution of a two-dimensional problem [8, 16]. Unfortunately, the
stiffness matrix is full, and in general ill-conditioned. Many authors (see [10, 18, 23])
have introduced new bases made of wavelets to overcome these difficulties, but only, to
our knowledge, for elliptic problems. Therefore our goal is to adapt the strategy to a
parabolic case.

The Dirichlet and Neumann problems will be solved using direct integral formulations
(see [8, 16]). Their kernel involve an exponential function and the first step is then to
check that this function satisfies a decay property in the sense of [23] to fit well in our
compression procedure. The second step consists in the characterization of the anisotropic
Sobolev spaces H"P (X7) with r # p in term of biorthogonal wavelets, since the integral
formulation of the heat equation is given in those spaces. This will be done using tensor
products of one-dimensional wavelets. For the Neumann and Dirichlet problems, the
associated bilinear form may be no more coercive and we overcome this difficulty by using
compact perturbation arguments (see [3, 17]). As in elliptic problems, the use of wavelets
allow to compress the stiffness matrix from O(N?) non-zero entries to O(N). However,
this procedure has to be done with precautions here. In fact, the wavelet coefficients of
the stiffness matrix have a decreasing property involving a ”pseudo-distance” instead of
the classical euclidian one. Once this is proved, one can, as in elliptic problems, compress
the matrix by replacing some small coefficients by zero. The order of convergence between
the exact solution and the solution of the compressed Galerkin scheme is not affected by
this procedure.

The schedule of the paper is the following one. In section 2 we recall the integral formu-
lation of the problem and define the anisotropic Sobolev spaces which are characterized
by a biorthogonal wavelet basis in section 3. The Galerkin method is presented in section

4. Due to the above characterization, we obtain a well-conditioned system. The next



part is devoted to the decay of some coefficients of the stiffness matrix and a compression
procedure is retailed to sparse it. Therefore in section 6 we give an error estimate between
the exact solution and the solution of the compressed Galerkin scheme. We adapt our
strategy to the study of the first kind formulation of the Neumann problem in section 7

and slights modifications are needed to treat the Dirichlet problem in the last section.

2 Integral formulation

In this section, we recall the integral formulation of the heat equation described in [8, 16].

We need the definition of the anisotropic Sobolev spaces ﬁ’"’p(ET). For r,p > 0, we set
HO(Sr) = LA((0,7); H(D) () (5 HP (0, 7)), (1)
a?Sr) = {u=Us,: UecH"(X),U(,t) =0,t <0}, (2)

when ¥ = T'xR and H"(I') is the classic Sobolev space because the boundary I' is smooth.

The Neumann problem is the following one

AP+ 0,P=0 inQr=02x(0,T),
On®is, = g1 on Xy =T x(0,7T), (3)
®(z,0) =0 V€ Q.

Let V and W denote the classic single-layer and double-layer heat potentials :

Wit = [ [ .8 =yt = ryiryn o
(W) (a,t) = / [ 710, Bl =yt = 7yt (5)

for all (z,t) € Qr U Q5, with Q5 = Q° x (0,T), where E is the fundamental solution of

the heat equation :
E(x,t) = —= 6
(z,1) 47t exp( 4t (6)

H(t) being the Heaviside’s function.
We recall the definition of the single-layer operator S, the double-layer operator D, the
spatial adjoint of the double-layer operator D’ and the hypersingular heat operator H :

(So)(z,t) = /Ot/ra(y,T) (x —y,t —7)dl,dr,
(Dp)(z,t) = /t/u(y,T)c’?n,,E(x—y,t—T)dFydT,
(Do), ) = // P)ow, E(x — y,t — 7)dTdr,

(H) (@) = —0,, / / (Y, )00, Bz — y,t — 7)dTydr,



for (z,t) € Tp.
The problem (3) admits the direct representation

d=Vg — Wy, (7)

where p is the solution of the following equation of the second kind :

(%1 + D) 1= Sq1, (8)

or equivalently the equation of the first kind :

1
Hupy = <§I — D') g1- (9)
In both equations (8) and (9), the unknown g is given by
p=>o € HY>V (3. (10)

In the next section, we construct explicitly a biorthogonal wavelet basis for the spaces
H2(Sp) with r > —1/2.

3 Adapted wavelet basis

Using the construction of a biorthogonal wavelet basis on the interval satisfying comple-
mentary boundary conditions (see [15]) and some adapted tensor products, the anisotropic
Sobolev spaces ﬁ’"”"/Q(ZT), with r > —1/2, are characterized in this section. In fact, we
use tensor products of one-dimensional wavelets but with two different uniform meshes in
space and time.

At first sight, we recall some notations and some results about the biorthogonal bases
(see [12] for instance). Given a Hilbert space H, we suppose that we have a sequence of

nested closed subspaces S; of H, whose union is dense in H :

SoC S, C---CH,

closy (U Sj> = H.
§=0
The spaces S; have the form
Sj = S((I)]) = ClOSH(Span(q)j))a q)j = {ng’k ke A]‘},

with A, a countable set of indices and ®; are stable bases.



From the identity
S(®j1) = S(@;) P S(¥5),
we introduce the set W; = S(¥;), the complement of S(®;) in S(®;11). The set ¥; =
{®jx + k € V,} is the collection of the successive translates of the wavelet ¢);, at a fixed
level j.

For a function 1, on R" to fix the ideas, we will note
v = {’g/})\ tAE V},

where the indices A\ = (j, k) € V encode the level of resolution, which will be denoted by
|A| = j, the location of the function (k) and sometimes the type of wavelet which is used

(e). ¥y can be written as
by =22 (27 —k), k € V. (11)

Sometimes, as we will see later on, it is useful to use the condensed notation (11) instead
of the original one 1; () = 27"/2(27x — k).

Now suppose that are given two sets of functions :
U o= {¢jr: (4,k) € V}
U = {wj,k : (.77 k) € V}a

where V = {(j,k) : k€ V;,j=-1,0,1,2,...} such that

<wj,k7 '(Zj’,k’> = 5(j,k),(j’,k’)7 (.77 k)a (jla k,) € Va (12)

where (-, -) is the scalar product in H.
With this biorthogonal system, every v € H has a unique expansion written in these

bases in the following form :

v=Y W dinie= Y (0,0 (13)

(4,k)eV (4,k)eV

such that the systems are stable in the sense that

) -
lollf ~ > o= D o, (14)
(J,k)EV (4,k)EV
Such a dual system is a good candidate for the characterization of the usual Sobolev
spaces on R™ by means of the wavelet coefficients if the Bernstein and Jackson estimates
hold. We recall the following general result ([10, 12]).



Theorem 3.1 Let us assume that the Jackson estimate holds, namely
lv = Qull, S 277 vl v € H(T), (15)

for —d—1<7 <7 <t,—5<t<d+1, with a similar inequality for (v — ij), b
interchanging d and J, v and 7.

Moreover, if we have the following “inverse” property
lvjll, S 27wl 05 € Sj, (16)

if —oo<T<t<#d;and
lvjll, S 27wl 05 € Sj, (17)

for —oco <17 <t <, the next eqivalences hold :

loll, ~ > Ko@)+ D2 > 25 v, i) (18)

kEA' ijOkEVj
loll, ~ > (v, 0ju) +Z > 25 (v, ) (19)
keAj, Jj=jo keV;

for =y <t<y,—y<t<?.

Remark 3.2 The choice d = 2 (i.e. the use of piecewise linear elements) allows to

characterize H*(R™) for s € [—3,3) and in this case, v = 3.

We have now to adapt such a construction in order to give a characterization of
anisotropic Sobolev spaces of the form H""/2(z) for r > —1/2.

First of all, there exists a smooth parametrisation of X7 by
¢:10,1> — T x(0,7)
0,s) — (x(0),Ts).
This mapping ¢ yields an isomorphism between H"™"/2(S;) and H™/2(0,1]?) and we
construct a wavelet basis of this last space.
Therefore, we subdivise [0, 1]*> with two uniform meshes, dividing [0, 1] by 2/ subinter-

vals (space-part) and 2% subintervals (time-part) with j > 0.

We take V; as the following approximation space
V; ={f(z,t) € C([0,1]) s.t. f(z,.) and f(.,t) are piecewise linear on [0,1]}.  (20)

Remark 3.3 If the characterization of spaces H™/?([0,1]?) with v > 3/2 is needed, we

have to use quadratic wavelets for the space part, i.e. d = 3.

5



Because of the smoothness of I', the space-part basis is constructed by taking the

periodized biorthogonal wavelet basis of [0, 1] and the resulting set will be denoted by
Y = {y¥ e VY (21)

These wavelets are supposed to have dX vanishing moments.

For the time-part, we define the space :
H*([0,1]) = {u=Upq st UeHR)and U(t) =0,Vt <0} . (22)

We know (see [15]) the existence of a biorthogonal wavelet basis with complementary
boundary conditions which characterizes such a Sobolev space. Typically here, the left
end-point boundary wavelets must satisfy a Dirichlet condition. We recall the general
strategy and the results of [15].

We introduce Z C {0, 1} to specify where the Dirichlet boundary condition is located.
Here Z = {0} for our problem. The main results are the following ones (see Theorem 3.1
and 3.4 of [15]).

Theorem 3.4 For any Z C {0,1} and any v,5 > 0, there exist d, de N,d+d € 2N and

a pair of wavelet bases :
V2 ={yf : Ne VA, W ={Jf - Xe V), (23)

which are biorthogonal, satisfy complementary boundary conditions, are local and exact of

degree d (respectively d).

From the direct and inverse estimates (see Theorem 3.2 of [15]) we obtain the next

equivalence.

Theorem 3.5 For 0 <o <v,0< 7 <%, one has

1/2
> 2w, GHI [l for0<7 <y,
A < for =y <1 <0,

= [vll ez

where HY is the Sobolev space on [0,1] whose functions satisfy the boundary conditions
encoded by the set Z and (Hy)" is its dual.

The construction of the wavelet bases on [0, 1] with boundary conditions is made in
three steps. First of all, we recall the results of [11] concerning a multiresolution on the
interval without any boundary conditions. We therefore expose the strategy for symmetric
boundary conditions and finally, with few adaptations, we treat asymmetric boundary

conditions (see [15]).



We start to recall the construction of a biorthogonal wavelet basis on [0, 1] without
boundary conditions (see [11]).

As usual, we begin with a dual pair (6, ) of refinable functions, with respective masks
a, A, satisfying (0, é( —k))g = ok, Vk € Z.

We take as 6 the usual B-spline of order d —1, 46, whose support is given by Supp 460 =
[l1,15] and is centered at @, with z(d) := d mod 2. One can show that for all d,d € N
such that d > d and d + d even there exists a function d,dé such that (46, d,Jé) is a dual

system. We write similarly

Supp 40 =: [, 1] = [l —d + 1,1 +d — 1.

On the interval [0, 1], we have to construct a pair of generators @;-, (:); of the spaces

S;([0,1]), S;([0,1]), which are exact of orders d, d.

These sets of functions are defined in the following way :
_ oL I R
) = 0;U0;U0O/, (24)
N — AL A AR
0 = 0;U0;U0/, (25)

respectively for the left-, interior- and right-parts of the generators.
The sets OF, (:)]I are made of the functions 6, 4,8, 1, for k € Al Ag If we set

Q1= / "0(x —n)dx, apy = / z"0(x — n)dz, (26)
R R

one can define the following left-boundary functions :

-1

eﬁlfd‘}’r = Z &m,rej,m |[0’1], r = 0, sy d - 1, (27)
m=—l>+1
-1
Py . 5 B ~
Hj,i—ti-l-?" T Z amﬂ"ej,m |[0’1]7 r=20,..., d—1. (28)
m:—l~2+1

The right-end boundary functions are obtained by the following symmetry properties

07 tapiay (1 =) = 0%y (2), 7=0,...,d =1, (29)
AR AL 7
9j,2ffl~+d~fp,(d)fr(1 — fL') = oj,[f(iJrr(x)’ r = 0, ceey d—1. (30)

We have to assume that j > jo if we do not want the boundary wavelets to interfere.

Therefore, if we pose
Si([0,1]) == 5(6%),  5;([0,1]) := S(6)), (31)
these spaces are nested and are exact of order d, d.
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The last point concerns the biorthogonalization of the system (@;-, (:);) which is allways
possible (see Theorem 4.1 of [15]).
We define the sets
7 c{0,1}, Z:={0,1}\ Z (32)
7 precises where are the Dirichlet boundary conditions on [0, 1]. In our concrete problem,
Z = {0} but we begin to suppose that Z = {0,1} or Z = ).
First of all, we want to construct a dual system of generators ©, 7, (:)j’ 7 for a set Z as

in (32) which are biorthogonal :
=1, (33)
and which satisfy, for s <d — 1 (resp. § < d— 1) the following boundary conditions
d" d"
%@j’Z(Z’) =0, r<s,z€Z o

Let us remark that s = 1 for our concrete problem.

©,,(3) =0, r<izieZ. (34)

The obtention of such generators is made in two steps. First we construct collections
satisfying the boundary conditions (34). Then we will show how to biorthogonalize the
system.

For the interior generators, we take the usual splines, without any modification :

0r; = 22,02 —k), VkeAl, (35)

J

é;kZ = 2P, 5002 - k), VkeAl, (36)

In order to construct the generators ©F, ©F which satisfy the condition (34), we use
both integration and differentiation. We especially remark that integrating a function
raises the number of zero boundary conditions. Therefore, we adjust these integrations
on the left by corresponding differentiations on the dual system, in order to preserve a
certain stability which is necessary for the next step, that is the biorthogonalization of
the resulting system. The different steps of the construction are summarized hereafter.
The technical proofs are omitted and can be found in [15].

Now we write the basis obtained when there is no boundary constraints. We suppose
that d + d is even and we let o’,@' € N with o’ > d — s, @ > d + s. The dual system is

therefore given by

o0 .= {Hﬁa,_(d_s)Jrr(d —s,d+s,d):r=0,...,d—s— 1}
U {dfse[j,a’}; s adfse[j,aq»b’]} ) (37)
600 = {0h, gy (d=sd+sd)ir =0, d+s—1]

U {dfs,d~+sg[j,d'}v s 7d—s,tf+sg[j,&’+5’}} ) (38)

8



where
o —d+s=d —d—s,
and we suppose that
o +b =d +0.
This system satisfies

det (O, 6C0) |, # 0. (39)

Integrating the primal system on the left and differentiation on the dual one s times

lead to the new system

ot .= {GjL’l_s_d+r(-|d,ci,l—s) : r:s,...,d—l}

U {abi=s)s - - aOpi—stv } (40)
69 = {0 4, (lddD:r=0,. d-1}

U {¢J§Uﬂ"“7dfs+1ﬂ#sfléUj+F+ﬂ]}' (41)

The above sets allow to obtain the following Theorem (see Theorem 4.2 of [15] in the
case Z = {0,1},{0}). The other cases follow by symmetry arguments.

Theorem 3.6 For every Z C {0,1},5,5€ N,s < d,5 < d and j > j,, the pairs

e, = @ﬁZLJG ZLJ@JZ, (42)

defined hereabove satisfy (34) and can be biorthogonalized.

We know define a multiresolution analysis corresponding to symmetric boundary con-
ditions, namely Z = {0,1} or Z = ).
For any integers d’, d’, q, p, p such that d' + d' is even and d’' + p = d' + p, we introduce

the notation
o'(d.d.q.p) = | J {ej.f(d', d,q,p): X € {L1, R}} . (44)

Lemma 3.7 If we define the ith integral of a function g on [0,1] by (f(i) g) (r) ==
fo (f ) t)dt when i € N and (f ) x) == g(z) and if we note 3'S the set of the

ith order derivatives of the elements of S, one has

s &(=0 a(=s) _ oY) in 7
9: 5} S = 5(8/(d, d,0.1)), (45)
and
S(0)(d,d, 5,1 — ) = Si"), (46)



with

(s) (@)
(+s) _ — . (+0) —0 =
S; —{w—/ v:vES; ,(/ v)(l)—O,Z—l,...,s}. (47)

Now that the construction of the spaces S(0, z), S((:)j’z) is established, we are able to
define the biorthogonal wavelet bases. Again, we start to study the case of symmetric
boundary conditions.

For the case Z = (), the biorthogonal basis is well-known and can be expressed by

T T ~

oI 0 0 —0 —0 0
(W) = ©F)) ML, (957 = (65.,)) M,”. (48)

The wavelets \I!§+0), @;70) are compactly supported, biorthogonal and the functions \I!§+0)
have d + s vanishing moments.

As for the generators, we introduce succesively

(%)
(+9) ._ oij (+0) (+4)
) = i (/ o )cst, (49)

and 4
T (—1 tey—i] T (—0 o(—1
W) = (—1)2 J@\pg e 84, (50)

where

Therefore, one obtain the

(+) (=)
J

Proposition 3.8 The collections V", are biorthogonal bases with

S\ =5 @ s, S =8P s, i=o,...,s. (51)

J

Concerning symmetric boundary conditions, if the generators are given by

9j,{0,1} = @§'+5)7 ég,@ = (5)5-_5), (52)
®]am = 95175)’ ejz{ozl} - 6 S)’ (53)
we pose:
{0,1} (+s) 10 e (=9
\Ijjm _ \(Iijs> ’ ~\{I;j1} _ ol (54)

Remark 3.9 The stationary interior wavelets of the sets \I'§-+s) and \Ilg.fg) coincide.
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Therefore, for our concrete problem, we have Z = {0} and if we pose V? ={p,p+
1,...,2/ —p—1,2 — p}, the biorthogonal wavelet basis is defined by

vl = k=1, p-1), (55)
vl = Wl ke VO, (56)
U = (el k=2 —pt1,.., 2, (57)

V= i k=1p 1), %)
W) = @Y ke v, (59)
W= 0 =i g 27, (60)

denoted by {\TIJZ}
Coming back to our problem, for each j > 0 and Z = {0} we pose

{7y = (v Jws - (61)

We define a sequence of spaces W; by V11 = V; éij where

Wj = Spcm{\lf \II]TkQ( )}kleVJX (62)

k T
2€VJ

Span{Ej,K(xﬂt)}KevXTa (63)

Jkl

not

for j > jo in order to avoid the overlapping of the left and right end-point wavelets and
to ensure the presence of interior wavelets in [0, 1].

Now we can proove the following result :

Theorem 3.10 Let {Nj}, be a basis of Vj,. If

u(z,t) = chkat +Z Z c;xZx(z,1)

Jj>jo KevXT

belongs to H™"/2([0,1)?) for r € [0,5/2) (with d¥ > 2 if r < 3/2; d¥ > 3 if r € [3/2,5/2)
and d? > 2), then we have

ko
Bl ~ S lenl? 4+ 37 227y (64)
k=0 §K
Proof : We recall that
H™2(10,1]%) = L*([0, 1]; H"([0,1])) N L*([0,1]; H™/*([0,1])) := Hy N H,.

11



For r,p > 0 given, we introduce the following bases, respectively for the space part and

for the time part.

Bx = {a@iom @}, U U (8@ (65)

7270,
kleVJX ik
BT - {dTQOjo,’Q (t)}k2 U U {\Il] k2 ’ (66)
7270,
erVJT ik

where the sets {U*} and {¥7} are defined previously and characterize respectively
H"(]0,1]) and H?(]0,1]).

We omit in the following the indices dx, dy. A wavelet basis on H"?([0,1]2) is defined
by tensor products, namely B = Bx ® Br :

T)-Pio.ks ()} ¢
U {ono,kl ). ],kz(t)}j’[(
U {50, (@)-0joke (D}
U {‘I’]kl(x) ]kQ(t)}j,Ka

{(pjo,kl

~—~~

with K = (ky, ks) for short.
Clearly, B is a Riesz basis of L?*([0,1]?). Moreover, we can show that it characterizes
H"P([0,1]?). A function u € L*([0,1]?) can be written in this basis in the following form

: for jo > 0 fixed, if we note kg = 20 — 1, we write :

ko
w(@,t) = Y ik ks Pinks (T)-Liosks (£)

k1,k2=0
+ Y i P (1) T (1)

J2io»
k1=0,...,kg,
kzevJT

Y Ekkn U () Pk (1)
J>Jos
kqp EV]X,
ko=0,. .,k

Y e U, (). 9T (1),
7230,
kleVJX,
kgEVJT

which is noted shortly as :

u(@,t) = > u(z,1). (67)

1,7=0,1

12



We retail the characterization of the space H;. We pose :

Zu” ), Vt € (0,1).

Writing
w1 = D e (.95, (),
7270,
k-leV]X
with

o () = D ik Ui, (1), for j > jo.

T
kQEV]-

Therefore, due to the properties of U7, we get

2 .
" ) e oy ~ D 27 e ()1,

J.k1

1
2
lu i = / et D)

= 22%/ EMGIKE

Ji.k1

~ Y 2l

Jrk1,k2

and

dt

[0,1])

By the same way, we show that :

a0l ~ D 2718, (D),

]akl
with
Eir (1) =3 EikksPiohs () € Vi,
k2
and
||éj,k1 ||L2 Z|63k1 k2|
Consequently

1, ~ Y 22718k

Jyklykz
For the first term we have
uOl(_’ t) = Z €jk1 (t)wjo,kl(x)

7270,
k1=0,...,kg

- Z [Z 6J'J€1(t)] Sojo,kl(x)’

k1=0 Lj>jo

13
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with
i) = D inaka Vo, (t) € W

k2€VT
[, ~ D lesm OF ~ > el
j,kl ]7k19k2

We can therefore show the next two equivalences :

[ S N SRV L N P

k1,k2 Jik1,k2
+ Z 22rj|éj;k1,k2|2+ Z 22rj|cj§k1,k2|27
jsklsz jaklyk2
||u||%{2 ~ Z|djo;k1,k2|2+ Z 24p]|€j;k1,k2|2
k1,k2 Jik1,k2
Y kT D 2% e |
jsklsz jaklakZ

In the following, we omit the indices of the wavelet coefficients for the sake of brevity.
If u € HyN Hy, = H"([0, 1]?), we write

lull?y < Hlullfy, + [lullz,

2 (ST 1d2) + (X lel? + 3 2%9lef?)
(D226 + 3 Jel?) + (D@27 +27)ef?)
For the general case r,p € R, we obtain :
[ull2, ~ > |+ max(1,2)e|
+ Zmax (1,2%7) |e|2+2max (2779, 2%7) |c|?. (70)

The next particular case is interesting for our problems.

Suppose now that r = 2p. We get :

a2y ~ Y 1dP + Y 2 ]ef® + |el” + |ef]. (71)

4 Galerkin method

We begin to write the variational formulation of the problem : we want to find u € L*(X7)

solution of

a(ji,v) = <<%I + D> M,U>ET — (Sgr, vy, Vo € L2(Sr), (72)

14



if we take the equation of the second kind, or

1 -
h(lu’av) = <H:U’7”>ET = <<§I - Dl) gl,U>ET,VU € H1/2’1/4(2T)? (73)

for the equation of the first kind.

The situation is not the same is these two cases. In (72), the bilinear form a is not
coercive on L?(¥7). But we can overcome this difficulty by using the fact that the operator
(%I + D) is a compact perturbation of the identity and a result of [17]. The second case
(73) is easier to treat because the operator H is strongly coercive. Therefore, we begin to
study the second case.

We recall the properties of the hypersingular operator H (see [8, 16]).

Lemma 4.1 The operator H : H"/2(Sr) —s H™Y0"D/2(S1) is an isomorphism, for
all r > %

Furthermore, H s strongly coercive, i.e.
(u, Hu)s, 2 [l Y € B4 (S)). (74)

The Galerkin approximation uy, € V7, of the solution p of (9) is the unique solution of

1
(HIU’L’UL)ET = <(§[ — DI> gl,UL> ,VUL € VL. (75)
X7

We will note Hy, the corresponding stiffness matrix in the basis {=,}.
Due to the coercivity on H'/>'/4(S7) and to the Theorem 3.10, we modify slightly
the basis (by a diagonal preconditioning) in order to obtain a well-conditioned stiffness

matrix.
Corollary 4.2 We define the following set
é)\(x,t) = 2_‘/\|/QE)\(Q§,t), (76)

as a new basis for H'/>'*(S1) and we note Hy the stiffness matriz in this new basis
{Z\}. We obtain therefore
Cond (H;) < 1. (77)

A direct consequence of the Céa’s Lemma and Therorem 3.10 is the obtention of an

error estimate.

Theorem 4.3 Let ' € (4,2) and g1 € H"=%"5(S7).  Then the solution p of (9)
belongs to the space FI”"%(ET) and the error between i and its Galerkin approximation
1y, s estimated by

1
<27 ] e (78)

r_
2

e = sl

1
1
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Now we study the equation of the second kind. The non-coercivity is overcomed by
the use of the following Theorem (see [3, 17, 22]).

Theorem 4.4 Let H be a separable Hilbert space with a norm denoted by ||.||, let A be a
one-to-one continuous operator on H and let H,, n € N be a family of finite-dimensional

subspaces of H. Denote by P, the orthogonal projection on H, and assume that
(I — P,)w|| — 0, as n — oo,Vw € H. (79)
If there exists a positive constant v and an integer such that
|PpAxy| > o], Ve, € Hy, Vi > N, (80)

then for all f € H, the problem
Ay=f (81)
has a unique solution y € H. Moreover, for all n > N, there exists a unique solution

yn € H, of the approximate problem

and satisfying
1y = ynll < clly = Payl]- (83)

Here the assumption (80) is satisfied thanks to the following result (see [3]) :

Lemma 4.5 [f A = % — D is an isomorphism from H into itself with a compact operator

D, then A satisfies (80).

Proof : In fact, we take advantage of the compactness of D, which is shown in [8]. The
proof is therefore a direct consequence of the Lemma in [17]. [ |

The previous Theorem proves existence and uniqueness for the approximation problem:

find pur, € V7, solution of

1
a(pr,vr) = <(§I+ D) ML,UL> = (Sg1,v1)5, Yur, € V1. (84)
Xr

The stiffness matrix of this system will be denoted by A;. Consequently, the result

hereafter is a direct consequence of the Theorems 3.10 and 4.4 :

Theorem 4.6 Let 1 € H™/2(S7) be the solution of (8) with a datum ¢, € H™ "2 (S7),
r € [0,5/2). Then its Galerkin approzimation py € Vi, satisfies

i = pzll ey S 277"l o (85)

Moreover, the condition number of the stiffness matriz of (84) is uniformly bounded.
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5 Compression of the stiffness matrix

We try in this section to adapt the ideas developped by [13, 23] among others to the
case of the heat equation. One of the essential points is the decay property of the kernel.
To our knowledge, in the above mentioned works, only elliptic problems were considered,
involving logarithmic kernels or a power of distance function. Here the situation is quite
different and the kernel is an exponential function. We give now a way to express correctly
this property.

We introduce the abbreviated notation

~ 1 -2
E(z,t) = e (86)
and using the Leibniz rule, we have an expression of the successive derivatives of E.
Lemma 5.1 For all o,y > 0, there exist some real coefficients aqz, such that
ook X 2P )
ot oz Z TabyiafarBzic (87)
The second step consists of the following lemma.
Lemma 5.2 Let ay > 0,a2 € R and set b= ay — %-. Then it holds
2 bxal —z2
(z° +1t) #7264_15 <1, Vz,t>0. (88)
Proof : Because ¢ > 0, we have
a b 2 &+
9 px™ z? o\ ?
ty—=—+1 — .
ot () (2)
Using the fact that
(z+1)°z"%T < 1,Yz >0,
when 1 > 0, we obtain the result. [ |
We are now in a position to write the correct decay property of the kernel.
Lemma 5.3 For all o,y > 0, we have
& 0°F 1
— < , Vz,t>0. (89)
oty Oz | ™~ (z2 +t)a/2+7+1
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Proof : The identity (87) allows to write

a+2y P 2

—z

ﬁ 0°E
oty Ox®

<
S par2raz ¢

We apply therefore the Lemma 5.2 with a; = § and ay = «/2 + /2 + v + 1, for all
B=0,...,a+ 2v and get the result. [ |

We exploit this property to show the decay of the stiffness matrix coefficients. We

begin with the formulation of the second kind. We recall that we want to solve

oy, v) = <<%I+ D) M,U>ET = (Sg1,v)g, . V0 € L2(Sp).

Because the operator I is diagonal, we are going to compress only the operator D.

This suggests to introduce the following bilinear form

d(p,v) = (Dp,v)s,

= / v(z,t) {/ w(y, 7)Ony E(x — y,t — 7)dl,dr | dTdt.
I'x(0,T) I'x(0,t)

We use the notation

Dyxx = Dy hoskl K

X T X T
= AV, @V U, © W),

for the coefficients of the matrix and we introduce the quantity

dist e = 6 (25, Q) +6 (2. 004) (90)

]ak17

where for two continuous functions y, 1) with a compact support on I', €2, is the interior
of the support of x;, and 6(£2, Q') is the euclidian distance between (2 and €.
After these necessary notations, we are able to formulate the decay property of the

coefficients.

Proposition 5.4 For all the coefficients of the stiffness matriz, one has
2-b(j+J")

Dyy| < O——oxn
Dax| < (distyn)?’

with b= d¥ +2d" + 3.
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Proof : By Fubini’s theorem, we have

Dyy = / VD (W (@9, ()T, )
2%

X On, E(x — y,t — 7)dl,dldtdr,

where A = {(¢,7) € (0,T)*: 7 < t}.

The wavelets U% and U7 have respectively d¥ and d” vanishing moments, which allows

to make integration by parts in the previous estimate. Indeed, there exist 6, ik and 0, i s

such that ~
Vi = arll,
or )
‘I’sz - dTeéji)l,icQ'
Similarly, we have ~
\ijkl = dx ej(,dk)j :

Furthermore, these functions satisfy

10;6]) < 27 @307,

Consequently, we obtain

Dax| S /
[0,1]2xA

07, 1 (D0 4 ()05 4, (10, (1) ‘ dxdydtdr,

25’k

82(JX+JT)I<:(:1:, y,t,7)
ox®* Oy gtd" ord”

X

where £ is, after a parametrisation, a first order partial derivative (by y) of E.

We get the conclusion by using the Lemma 5.3 with o = 2d*¥ 4+ 1 and v = 2d7.

Now for j, 5" € {jo,..., L}, we can define the compressed subblocks

Dj:j’ - (DAa)\,) klev]X > kQEVJT
X T
k’levj, ) k’QEVj,

where we pose
~ 0 if dist)\,,\: Z 6j,j’a
Dy .y =
D)\’/\/ else.

(92)

(93)

(94)

We associate with Dy, (resp. Dy, the global compressed matrix) the operator Dy, (resp.

ﬁL) from V}, into its dual.

At this stage, we are in a position to estimate the number of non-zero elements N'(D; ;)

of the subblock matrix [)j’j,.
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Proposition 5.5 If Dj,j/ is defined by (94) with a compression parameter §;; > 0, then

N(Dj ;) $2°V+) min {2*33' T e (95)

+ O ) g2 2 ) 1 (96)
Proof : The proof is adapted from the one-dimensional case (see for instance Lemma
5.2 of [2, 21]). We begin by fixing a wavelet =, and we estimate the number of wavelets
Ey satisfying disty » < 6;5. To do this, we separate the problem into two parts, because
diStA’)\/ < 6j,j’ 1mp11es that

S U ) < 0

Jrk1?

and
) (QT

ks it y) < 01
If we denote by Card{k|} and Card{k}} the respective numbers of wavelets such that
the previous inequalities hold, we obtain (see [2, 21])

+0,3
Card{k'l} S 1+ ij,ﬁj, Card{k'} <1+

272 4 8,
2-27"

Because (D, ;1) < >k i, Card{k]}Card{k3}, we conclude that

N : 27 4 §1/2 2-2 4 §. 4
3 JJ 4.
N(Djaj')s2]<1+T <1+W>

|
We now estimate the difference D; j — [?j,j/.
Proposition 5.6 Let Dj,j/ be defined by (94) with 6, > 0. Therefore, one has
ID;j — Djgell, S 272703968 max{s3/7 27% 27}, (97)

with b= d* + 2d" + 3
Proof : We start to write the definition of the infinite norm thanks to the estimate (91):

||DJ’]1 — D]a]’Hoo max Z Z 27b(j+j,)(di5t/\’)\/)ib.

k1 evVX
K evy  khevT)

koevT
dmtk,k’ 2(5].,].,

We estimate directly the terms in the sum corresponding to wavelets =), whose support
is closest to the support of Zy. Their number is bounded by max{2%" (27 + 61/2)( 4
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d;i1), 1} and if we denote by Ky, the remainding terms, we obtain

~ b (A alY ;! 4 1/2 —24
1D — Digell, S 270406 b max{2%' (279 + 6,/ (27% +6;,),1}

~Y
— y U U . —
+ 9 b(j+j )23] max E (dZSt)\’/\/) b/
k-1€V]X (K, k) EK Qyr
kvt F1k2)EK par

< 27006t max {2 (277 4+ 617 (279 4 6;50),1}

+ 27U max/ {x2+t}7bdxdt,
:E2+t>5]-,]-/

k-leV]X
kzeva

and this last integral is lower than

65’717/ {2 + t'}_bdx'dt',
> I’2+t,>1

do (M)

by the change of variables © = 5317:1:’ and t = §; #t". We remark that this last integral is

convergent because b > 3/2.

The next result gives an estimate for the consistancy part of the error.

Theorem 5.7 Let r,7 € [0,3) with {d*,d"} € {2,3}. Assume that the parameters §;

2
satisfy

§; 5 > a-max{27% 274" go(l=j)oa(l=i"g=2LY
for a,a,a > 0 such that

r+b+T1 . rT+b-=-3+T
a>— a>—

b—3/2° b—3/2

for some T > 0.

Then for any pr, i, € Vi, we have
‘<(DL — Dr) iz, ﬂL>‘ S a3/27b27L(r+F)||/11L||r,r/2||ﬂL||f,f/21
with b = d* +2d" + 2.
Proof : By Theorem 3.10 and the definition of Dy, we have

(D1 = Dupus, v )| € 27| Bl

|r,r/2||ﬂL |F,F/27
where we define the matrix F;, by

B, = 2E-iro(L—j)i (DM, _ [)M,>

21

(98)

(99)

(100)



We estimate ||E||2 by the Schur lemma (see [18]) with the sequence 7, x, = 2777

3/2—b L—j)[r+(3/2—b)(a—kK
> | Eroax ks, S ¥y g, 20 DR )]
K4

-1
x Y o/ ba)
J'=jo
for two parameters k1, ] satisfying k1 + k] = 2, k1(b—3/2) = b— 7 and k| (b—3/2) =
b—3+T.

Then we have

Z B Vi kS a** 7% ks o
3"k oks
if a, o satisfy
>r+b—7‘ ~>7:+b—3-|-7
e a _—
b—3/2"° b—3/2
We similarly show that

3/2—b
Y B Vikks S @7
ik ka

for
>r+b+7’ ~>f—i—b—3—r
a> — 4> —
b—3/2"7 b—3/2

Lemma 5.8 Assume that o, @ < 2 for all {d*,d"} € {2,3}. Suppose that the parameters
d;4 satisfy
0; 0 = a - max{2"% 272" gall=)oa(l=i)o=2L} (101)

Then the number of non-zero elements of Dy, is of order Ny log Ny, when Ny, = 237 is the

size of the matrix.

Proof : We distinguish the case §;; = a - max{27%,27%'} from the case d;; =
a20(L=1)28(L=1)92=2L and one obtain the result for o, & < 2. [ |

Remark 5.9 We can also make a ”"second compression” between wavelets at different
levels j and j', such that if j' < j for instance, the support of the wavelet at the finest
grid j is far from the singular support of the wavelet at the coarse grid j' (see [23]). To
this end, we introduce the following notations :

we write

QJSkX = sing supp \I'fk, (102)
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as the singular support of the wavelet \If;(k By the same way, we define Q]SkT for the

wavelet \Iffk We finally introduce the ”singular pseudo-distance”

dist§ \ =6 (QS’X, O5x )2 +6 (QS’T Q57T ) . (103)

Gok1 > S5 k) goka? %1
. . . . _ 4! .
Therefore, if 7' < j and distyx < 277, we have the next estimate

9-bj9j’
Dyy| < Co—rrypss (104)
(distf’/\/ ) 2

with b= d¥ +2d" + 3.
See [23] for further details.
6 Convergence

The compressed Galerkin scheme is defined by A iy, = b. We recall a result corresponding

to the first Strang lemma (see [5]) because here we do not have coercivity.

Theorem 6.1 Under the assumption of the Theorem 4.4, assume that there exists a
sequence of operators A, from H, to H, such that A,, is injective. Then the error between

the exact solution y € H of Ay = f and the approximated one z, € H, of
Apzn = By f,
s estimated as follows :
1y = ynll < Clly = Payll + |1 PaAzn — Apzal|-
It remains to check that the compressed scheme is invertible.

Lemma 6.2 Assume that (98) and (99) are satisfied, for all {d*,d*} € {2,3} with
r =71 = 0. Then there exists a, > 0 (independent of L) such that for all a > a,, the

operator Dy, is injective.

Proof : By Theorem 5.7 and assumption (80) satisfied for L large enough, we get the
desired injectivity of D;, with the help of the Neumann’s series. [ |

Corollary 6.3 Under the assumptions of the previous Lemma, for all a > ay,
Cond (Dp) < 1.
Finally,
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Theorem 6.4 Let the assumptions of the Theorem 4.6 be satisfied. Assume that (99)
holds, for all {d*,d"} € {2,3},i = 1,2, r € [0,5/2) and 7 = 0. Assume that the
compression parameters satisfy (98). Then there exists a, > 0 (independent of L) such

that for all a > a,, we may write

ln = Brllee S 27 Ml sy (105)

Proof : By Theorem 6.1, we get

I = il < C (Il = Quatliawn + | PrDrjir — Drfirlrawn)) -

The first term on the right hand side is estimated by Theorem 4.6 while the second
one is estimated by Theorem 5.7. [ |

7 Results for the first kind formulation

The results of the two previous sections can be easily adapted to the first kind formulation
of the Neumann problem. The difference is coming from the use of the hypersingular
operator H instead of the double-layer potential D. It involves one more spatial derivative.
Moreover, the strong-ellipticity of H on H'Y/?1/4($7) leads to a change of the basis, as
explained in section 4. We sum up hereafter the main results, the sketches of the prooves
are the same as in the two previous sections.

We recall the variational formulation of the first kind (73).

Find pu € L*(3r) such that

1 -
h(p,v) = (Hp,v)g, = ((51 - D') 91,5, Yo € HY/?V4(Sq),

for the equation of the first kind.
The decay property of the coefficients reads as follow.

Proposition 7.1 For all the coefficients of the stiffness matriz, one has
9—bm(j+35")

Hyy| S ————
| /\,)\ | ~J (dist)\’/\/)bH,

(106)
with by = d¥ + 2d" + 2.
Proof : By Fubini’s theorem, we have

o 5 2 [ 2 )
AN

Oz oy otd” ord”

X

9;",1@{2 (t)gj)"(,k’l (x)eg;kz (7)9])',(191

(v) ‘ dxdydtdr,
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where k is, after a parametrisation, a second order partial derivative of . The conclusion
follows by using the Lemma 5.3 and the estimate (92). |

Remark 7.2 The difference between the second kind and the first kind integral formula-
tions is only visible on the barameter b. Here the new parameter by is simply related to

the parameter b by
~ 5 1
bH:dX+2dT+2:b+§.

A consequence is that the Propositions 5.5 and 5.6 are still valid, replacing the parameter

b by the new parameter by.

This property allows to define a compress stiffness matrix H;, from the initial Galerkin

one Hj and we have the following estimate.

Theorem 7.3 Let r,7 € [0,5) and {d*,d"} € {2,3}. Assume that the truncation param-

eter 0;j satisfies
§; 5 > a-max{27% 274" go(l=i)oa(l=i"g=2LY (107)

for some a, &, a > 0 such that

T+bH+7' - ’I:+bH—4+T
_ > 108
for some T > 0.
Then for any pr, i, € Vi, we have
‘<(HL - ﬁL)MLa ﬂL>‘ 5 a3/2_bH2_L(T+F_1)||ML||T,T/2||/~LL||F,F/27 (109)

with by = dX + 2dT + 2.

Theorem 7.4 Let the assumptions of the Theorem 4.3 be satisfied. Assume that (107)
and (108) hold, for all {d*,d"} € {2,3} and for r € (1/2,5/2) and 7 = 5. Then there
exists a, > 0 (independent of L) such that for all a > a, there exists a unique solution

fir, € Vi, of

- 1
(HL,&LaUL> = ((—I - D') 91,UL> ,Vop, € VI, (110)
Sr 2 S

and the next error estimate holds :

- _(p L
ln = ficlly s S 270D lull,, 0. (111)

1
4
Proof : We simply write the first Strang Lemma and use Theorems 4.3 and 7.3 with

s 1
r=3. [ |
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8 The Dirichlet problem

The Dirichlet problem is the following one

—A<P+6tq>:0 in QT:QX(O,T),

(P\ET = 0o on Lpr =1 X (O,T), (]_]_2)
®(z,0) =0 Vz € Q.
The problem (112) admits the direct representation
®=Vo— Wy, (113)
where o is the solution of the following equation of the first kind :
1
or the ”adjoint” equation :
1
(51 — D') o = Hgj, (115)
with
o =0,9" € H V> V4(x,). (116)

The single-layer operator S is defined by (see [8, 16]) :

t
So)@t)= [ [ oty r)B@ gt~ rar, (117)
0 Jr
for (x,t) € ¥ and has the following properties (see [8, 16]) :

Lemma 8.1 The operator S : H™"/?(Sp) — H'H0TD/2(S0) s an isomorphism, for
allr > —3.

Furthermore, S is strongly coercive, i.e.

(u, Su)s, 2 ull® s+, Vu € H™V/>71(Sy). (118)
27 4
The Galerkin method is defined by : find o7, € V}, solution of
1
(SUL;UL)ET == <(§I+ D)gg,vL> ,VUL € VL. (119)
X

Again, we make use of the Theorem 3.10 and modify slightly the basis in order to

obtain a good condition number.

Corollary 8.2 Take the functions
Ex(z,t) = 2M22 (2, 1), (120)

as a new basis for H /2 Y4(Sp).

Then the condition number of the stiffness matriz is uniformly bounded.
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The strong coercivity of the operator S allows to apply the Céa’s Lemma, combined
with the Theorem of characterization 3.10 to obtain the following error estimate.
Theorem 8.3 Let r' € (—1,3] and go € H"*U"+V/2(Sy). Then the solution of (114)
satisfies o € H"= (1) and
S o

lo—opll_: _

1 /.
20 4

rr
T',7

We briefly give the results of the compression procedure.

The weak formulation of the problem is defined by

1 .

s(o,v) = (So,v) = <(§I+ D)gg,v> Yo e H Y27 V4 (%), (121)

X

Then if we note
Sxyv = s(Ex; Ex), (122)
one obtains

g < 9—bs(j+i")
, —_— 123
1SS Carie (123

with bg = dX + 2d7 + 1.
We are now able to estimate the difference between the initial Galerkin scheme and

the compressed one.

Theorem 8.4 Let r,7 € (—%,% . Assume that the truncation parameter 0, satisfies

(107) for some a, &, a > 0 such that

T+ bs +7
> — 124
0> DEBET (124)
T+ bs - 24T
125
for some T > 0. Then for any or,or € Vi, we have
(81 = 81)00,50)| S 2705270 D gy |51l (126)

with bg = d* + 2d" + 1.
Moreover, the compressed matriz Sy has O(Npr) non-zero elements after the second

compression and its condition number is uniformly bounded.

Finally, we obtain the following error between the exact solution o and the approxi-

mated one of the compressed scheme.
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Theorem 8.5 Under the same assumptions as in Theorem 8.3, assume that (124), (125)
and (107) are satisfied for v' € (—3,2) and 7 = —1. Then there exists a, > 0 such that
for all a > ay, there exists a unique solution &, € Vi, of

< 1
(SLULaUL)ZT = <(§I+ D)QO»”L) Vo, € Vi,
X

and it holds

lo =60y S270 D o]l .. (127)

1_1
2071
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