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A Unified Deflating Subspace Approach for Classes of Polynomial
and Rational Matrix Equations®

Peter Benner Ralph Byers? Volker Mehrmann Hongguo Xu

Abstract

A unified deflating subspace approach is presented for the solution of a large class
of matrix equations, including Lyapunov, Sylvester, Riccati and also some higher
order polynomial matrix equations including matrix m-th roots and matrix sector
functions. A numerical method for the computation of the desired deflating subspace
is presented that is based on adapted versions of the periodic QZ algorithm.

Keywords. Figenvalue problem, deflating subspace, Lyapunov equation, Sylvester equa-
tion, Riccati equation, matrix roots, matrix sector function, periodic QZ algorithm.
AMS subject classification. 65F15, 93B40, 93B36, 93C60.

1 Introduction

The relationship between matrix eigenvalue problems and the solution of polynomial or
rational matrix equations has been an important research topic in numerical linear algebra
due to its many applications, for example in control theory, see e.g., [3, 16, 21, 24, 27, 28,
38, 39, 45, 55]. It is well known that many polynomial or rational matrix equations can
be solved by computing invariant subspaces of matrices and deflating subspaces of matrix
pencils. Examples include Schur methods for matrix m-th roots, sector functions, algebraic
Riccati equations, Sylvester equations, Lyapunov equations and their generalizations [4, 6,
14, 17, 19, 20, 22, 23, 25, 30, 35, 40, 41, 45, 47, 51].

In this paper we consider the computation of deflating subspaces of a (generalized)
matrix pencil of the form a4 — BBC with complex n x n matrices A, B and C. (There
exist similar methods for real matrices A, B and C that use only real arithmetic. However,
for ease of presentation, we will present the complex case only.) We show that from these
deflating subspaces the solution of many classes of matrix equations can be obtained.
These include linear and quadratic matrix equations as well as some rational and higher
order polynomial matrix equations like the matrix m-th root and m-th sector function, see
[5, 33, 35, 49].

LAll authors were partially supported by Deutsche Forschungsgemeinschaft, Sonderforschungsbereich
393, “Numerische Simulation auf massiv parallelen Rechnern”.

2This author was partially supported by National Science Foundation awards CCR-9732671, MRI-
9977352, and by the NSF EPSCoR/K*STAR program through the Center for Advanced Scientific Com-
puting.



2 Preliminaries

By C"*" and R™*" we denote the sets of complex or real n x n matrices, respectively. By
I,, and 0,, the n x n identity matrix and zero matrix, respectively and we set .J, = [B’fn é’;]
We omit the subscript n, if the sizes are clear from the context.

In the paper we will consider eigenvalue problems, i.e., the computation of eigenvalues
and deflating subspaces for matrix pencils of the form oA — fBC with n x n matrices A,
B and C.

Definition 2.1 Consider the matrix pencil oA — fBC with A, B,C € C™*™,
1. If det(awA — 3BC) is not identically zero, then the matrix pencil is said to be regular.

2. The generalized eigenvalues of the pencil a.Ad—BBC are the pairs (a, 3) € C*\{(0,0)}
for which det(a.A — SBC) = 0. If («, 3) is an eigenvalue with « # 0, then it is said
to be finite eigenvalue and it is often identified with the number A = /a. If (0, )
is an eigenvalue, then it is said to be an infinite eigenvalue.

3. A k-dimensional subspace U is called right deflating subspace of the regular matrix
pencil oA — BBC if for a full rank matrix U € C™** with range U = U, there exist
a full rank matrix V€ C™* and R4, Rge € CF** such that AU = VR, and
BCU = V Rpe. (Regularity of aAd — SBC implies the regularity of aR4 — fRgR¢.)

4. A k-dimensional subspace U is called left deflating subspace if it is a right deflating
subspace of a A — pCHBY.

5. A k-dimensional subspace W is called an interior deflating subspace of the regular
matrix pencil oA — BBC if for a full rank matrix W € C™** with range W = W,
there exist matrices U,V € C™* and R4, Rp, R € CF** such that AU = V Ry,
BW =VRpg and CU = WR.

Note that if C = I, then an interior deflating subspace is just a classical right deflating
subspace of aAd — B and if B = C = I, then the subspaces are usually called right and left
invariant subspaces of the matrix A.

We denote by A(A) the spectrum of a square matrix A and analogously by A(A, BC)
the set of generalized eigenvalues of the pencil ad — SBC. For such pencils a generalized
periodic Schur form and a periodic QZ algorithm to compute it were introduced in [15, 29].

Proposition 2.2 For a matriz pencil « A — BC with A, B,C € C"*", there exist unitary
matrices U, V and W, such that the matrices VILAU, VEBW and WHICU are all upper
triangular. The generalized eigenvalues of the pencil are displayed by the diagonal entries

of the three triangular matrices and can be obtained in any desired order by an appropriate
choice of U, V and W .

(If A, B and C are real matrices, then there exists a similar generalized periodic Schur form
involving quasi-triangular matrices.)

The relationship between deflating subspaces and large classes of matrix equations is
described in the following proposition.



Proposition 2.3 Consider a matriz pencil oA — BBC with matrices A, B,C € C"*",
Partition the matrices A, B and C in m compatible blocks A = [A,;], B = [B;;| and
C = [C;] with blocks Aj;, Bii, Ciy € C™*™ i =1,...,m. Suppose that there exist matrices

Uy Vi Wy

with n; X ny blocks U;, V; and W; along with nq X ny matrices Ry, Rg and R such that
AU =VR,, BW =VRp, CU=WRc. (1)

(i) If Uy, Vi and Wy are nonsingular, then the matrices X; := H_lUl_l, Y, = V;+1V1_1,
Zi =W Wt i=1,...,m — 1 satisfy the matriz equations

m—1 m—1
Api+ D Apin Xs =Y (Ag + ) A Xo), (2)
i=1 i=1
m—1 m—1
Bii+ > BriviZi=Ye1(Bii+ Y. Bii1Zi), (3)
i=1 =1
m—1 m—1
Cra+ Y. CriiXi = Zi_1(Cia+ > Crini Xa), (4)
=1 =1

fork=2,...,m.

(ii) If the matrices { X;}"0 1, {Viy, b and {Z;}7, satisfy the matriz equations (2)—(4),
then the matrices

I I I
Xy Y1 Z
U= , V= . , W= , (5)
satisfy (1) with
m—1 m—1 m—1
Ri=Ai1+ Y AinXi, Rp=Bii+ Y BiiZi, Re=Cii+ >, CiinX.
=1 =1 =1

Proof. The proof of the first part follows by elementary calculations, comparing the
corresponding blocks on both sides of (1) and using the nonsingularity of the matrices
Uy, Vi and Wj. The second part is immediate. 0O

Remark 2.4 The equations in (2)—(4) are matrix equations in the matrix variables { X;}7 ',
{3t and {7}, . Specific cases that we study below are given by choosing m and
appropriate blocks A, ;, B;; and Cj ;.



Remark 2.5 Equations (2)—(4) may have many solutions. But for each set of solutions,
the matrices U, V. W as in (5) determine a deflating subspace associated with the matrix
subpencil aR4, — fRgRc. As we see from Proposition 2.3, for the converse we need the
nonsingularity of Uy, Vi and W;. This implies that for a matrix pencil the deflating
subspaces may exist (they always exist when the pencil is regular), but the solution of the
related matrix equation may not exist.

In the following sections we study in more detail special cases of matrix equations as
in Proposition 2.3.

3 Quadratic matrix equations

We first study quadratic matrix equations which arise from the case m = 2 in Proposi-
tion 2.3. In this case

Ay A B, By Ci1 Cha
A= , B= , C= , 6
[ Ay Agy ] [ By By ] [ Cy Oy ] (6)
and
| U W | W
e AR R A ™
The matrix equations (2)—(4) then take the form
Ay + ApX = Y(A5 + ApX), (8)
By + By Z = Y(By1 + BiaZ), (9)
021 + CQQX = Z(CH + CwX). (10)

These equations can be viewed as generalized Lur’e equations [32].
As a corollary of Proposition 2.3 we have the following result.

Corollary 3.1 Let A, B and C be as in (6). Let U, V and W be as in (7) and assume
that they satisfy
AU =VR,, BW =VRg, CU=WRc (11)

for some square matrices Ry, Rgp and Reo. If Uy, Vi and Wy are invertible, then X =
DU L Y =WVt and Z = WoW b satisfy (8)—(10). Conversely, if X, Y and 7 satisfy
(8)-(10), then U = [)I(], V= [)I/] and W = [é] satisfy (11) with

Ri=An+ApX, Rp=DB+BpY, Rc=C)h+0ChZ

Multiply (9) from the right by Cy; + C15X, rearrange the equation and use (10) to
obtain
(By2 = Y By3)(Co1 4 C92 X ) = (Y By — By )(Chy + C12X). (12)



If D=BC = Di Dy , then the system takes the form
D21 D22
YAlQ.X - AQQX + YAH - A21 = 0, (13)
YDIQX - DQQX + YD11 - D21 - 0 (14)

For the solution of (13)-(14) we do not need the nonsingularity of W;. For completeness
we state this special case as a corollary.

Corollary 3.2 Let A, B and C be as in (6) and let D = BC. Let U and V be as in (7)
and satisfy
AU =VR,, DU=VR, (15)

for some square matrices Ry and Rp. If Uy and Vi are invertible, then X = U2U1_1 and
Y = VL,V satisfy (13)-(14).

If X andY satisfy (13)-(14), then U = [)I(], V= [é] satisfy (15) with Ry = Ay +
A12X, RD = D11 + A12Y.

If we introduce the sets

S: = {(X,Y)] X,Y together with some 7 satisfy (8)—(10) } (16)
S, = {(X,Y)| X,Y satisfy (13)—(14) }, (17)

then S; C S, but, as the following example demonstrates, S; # S, in general.

Example 3.3 If

1 0]-1 0
A_lAH Am] 0 1‘ 0 0
Ay A -1 0|-1 0|’
0—1‘0—1
1 0/0 0
B_[BH Bu]_ 0 1/0 0
By Ba 0 0[1 0"
[0 0[0 O
(1 0][0 07
c lCHCu]_ 0 0[0 0
021022 00107
[0 1{0 0

then S; = (). However,

SQ:{(llioﬂ 0 ],lu\/i 0 22])’ mec}-



The relationship between S; and S, is characterized in the following theorem:.

Theorem 3.4 There exist solutions X, Y and Z of matriz equations (8)-(10) if and only
if there exist solutions X, Y of (13)-(14) satisfying

kernel(C’n + CmX)
kernel(Byy — Y Byy)?

kernel(C’Ql + CQQX),

C
C kernel(Y By, — By)". (18)

Moreover,
S ={(X,Y)| (X,Y) €Sy, X,Y satisfy (18)}.

Proof. Let D = BC. If (X,Y) € Sy, then (12) holds. Consider the singular value
decompositions

1 0

0 0

B22 - YBlQ = Ul l 0 0

] Vi, Cii +CiX =0, [ 22 0 ] v,

where Uy, Uy, V;, Vs, are unitary and ¥y and ¥y are nonsingular and diagonal [26]. If XY
satisfy the conditions in (18), then there exist matrices Piy, Psr, Q11 and @12, such that

P, 0
Co +CopuX =V, | ° 1 VA YBj —By=U; Qu Qu Ul
Py 0 0 0

with Elpll = QHEQ. If we set

S0 S'Qu
Z — V 1 2 1 UH,
! l Py %5t Ly 2

where 75, is arbitrary, then 7 satisfies
Z(Cii + C12X) = Cn + CpX, (Byy —YBi3)Z =Y By — By, (19)

which are just equations (9)—(10). Equations (13) and (8) are the same. Hence, X, ¥ and
7 satisfy (8)—(10).

If X, Y and Z satisty (8)—(10) then (X,Y’) € S,. Since (9)—(10) is the same system as
(19), it follows that X, Y satisfy (18). D

The nonsingularity of Uy, V; and Wi in (7) is implicitly determined by the matrix pencil
aA — (BC, namely the coefficient matrices of the matrix equations (8)-(10) or (13)—(14).
In general it is difficult to find conditions on the coefficient matrices that guarantee the
invertability of Uy, V; and Wy, but such conditions can be derived in the special cases that
we discuss below.



3.1 Algebraic Riccati equations

By choosing the blocks in matrices A, B, C in particular ways we obtain important sub-
classes.
If we specify

I 0 Cii 0
B = C= 20
[ BZI B22 ] ’ [ C’21 I ] 7 ( )
then (8)—(10) simplifies to
A21 + AQQX = Y(All + A12X>, (21)
Y — B21 + BQQZ, (22)
X = ZCII - 021. (23)

This leads to a quadratic matrix equation in Z, which is often called continuous-time
algebraic Riccati equation

AQQZCH — BQQZAH - (BQQZ + le)Au(ZCH - 021> + A21 - 0 (24)
Here we have set 1421 = A21 — AQQCQl — B21A11-

Corollary 3.5 Let A be as in (6), B,C as in (20) and U, V and W as in (7) and assume
they satisfy (11). If Wy is invertible, then U, and Vi are invertible and X = U,U; ",
Y =WV and Z = WoW[t satisfy (21)-(24).

Proof. Using Corollary 3.1, we only need to show that U;, V; are invertible. By
comparing the first block in BW = V Rp and considering the block diagonal structure of
B in (20) we obtain W; = Vi Rp. Hence, if Wj is nonsingular then V; is nonsingular. To
prove the nonsingularity of U, without loss of generality we may assume that W and U
have orthonormal columns i.e., WHW = UHU = I. We extend W and U to square unitary

matrices
W ng u_[Ul UB]

W:[WQ W, U, U,

Equation CU = W R implies that there are matrices S and T such that CUY = W [PBO ;g] ,
or equivalently

wWhe = l [EC ;2 ] ut. (25)

Using the block triangular structure of C in (20) and comparing the (2,2) blocks on both
sides of (25) we get W/ = ToUJ'. Since W is unitary, using the CS decomposition [26]
of W, det Wy # 0 implies that det W, # 0 and hence det U, # 0. Since U is also unitary,
using again the CS decomposition, we have det Uy #£ 0. 0O

For B and C as in (20), equations (13)—(14) take the form

A21 + AQQX - Y(All + 1412)()7 BQQ(X + 021) - (Y - BQl)CH. (26)

The existence of the solution was discussed in Corollary 3.2. Combining the results of
Theorem 3.4 and Corollary 3.5 we have the following corollary.

7



Corollary 3.6 In the notation of Corollary 3.5 the following are equivalent.
(i) The matriz equation (24) has a solution.
(i1) W1 is nonsingular.

(i1i) There exist matrices X and Y which satisfy (26) and satisfy

kernel Cy; C kernel(Cy; + X), kernel Bf C kernel(Y — By;)™.

If we consider the special case that B = C = I, then the eigenvalue problem is re-
duced to the ordinary matrix eigenvalue problem for the matrix A and (24) is the classical
formulation of the nonsymmetric algebraic Riccati equation [13]

AQQZ - ZAII - ZAIQZ + A21 = 0 (27)
For completeness we list the relationship between deflating subspaces and solutions of (27).

Corollary 3.7 Let A be as (6) and let U = [\}] with U; € C™" such that AU = UR,.
If Uy is nonsingular then 7 = UsUy " satisfies the Riccati equation (27). Conversely, if
Z is a solution of (27) then the columns of U = [I] span an invariant subspace of A

z
corresponding to A(A11 + Ap 7).

3.2 Symmetric algebraic Riccati equations

A special case of quadratic matrix equations that arises in optimal control theory of descrip-
tor systems [45] is the symmetric, generalized, continuous-time algebraic Riccati equation

ATZE+ E¥ZA - E¥Y(Z + FTYD(Z + F)E + G = 0, (28)
where G = G+ A"F + FFA, G = GH, D = D" and A,D,E,F,G € C"™". For this

equation the matrices A, B and C are given by

[ A -D [T o0 T B 0] aam
A_l—G _AH], B_[FH EH]; C_[—F Il—JBJ. (29)

The matrices A and iBC in (29) are Hamiltonian, i.e., (J, A" = J, A and (J,(iBC))¥ =
J.(iBC).
Equation (28) is a special case of (24). However, in practice, one is particularly inter-

ested in Hermitian solutions of (28). Suppose that (28) has an Hermitian solution Z. If
X=ZFE+FandY = E"Z + F¥" then by (21)-(23) and Corollary 3.1, the matrices

A T I

satisfy (11) with A, B and C from (29). Note that Z = Z implies X = Y. This leads
to the following existence result for Hermitian solutions of (28).

8



Theorem 3.8 Let A and C be as in (29). If there is a Hermitian solution Z to (28), then
there exist a symplectic matriz W (i.e., WHJW = J), a nonsingular matriz U and n x n
matrices Ra, Sa, Rc, Sc and To such that

RA SA

0 —RY (81)

JHUTAU = [

l chu:lRC SC].

0 T¢

Conversely, suppose that there exist a symplectic matrix VW and a nonsingular matriz U

satisfying (31). Let W = [%] and U = [g; be the submatrices (with n x n blocks) formed
from the first n columns of W and U, respectively. If Wy is nonsingular then Uy is also

nonsingular and Z = WyW ™ is an Hermitian solution of (28).

Proof. Let Z be an Hermitian solution of (28) and let X = ZE+F,Y = E¥ 7+ FH =
XH . Defining U, V and W as in (30), by Corollary 3.1, U, V and W satisfy (11) with A,
B and C defined in (29) and Ry = A — DZ, Rg = I, Rc = E. Introducing

I 0 I 0 I 0
Gl P B E ) B |

we have WHJW = J (because Z = Z"), i.e., W is symplectic. Furthermore, V™' =

JHUT J. From (11) we have (31).

If (31) is satisfied, then we have

T st
Hy H _ | 1c c
w7 ]

and by Corollary 3.5, 7 = W,W; ' satisfies (28). Since W is symplectic, Z is Hermitian.
U

If we are not interested in the solution Z but rather in the matrices X or Y [45], then
we may restrict ourselves to the pair of matrix equations

APX +YA-YDX+G=0, FEYX-F)=(Y-F"E. (32)

The related matrix pencil is A — D with

(33)

A:lA—D E 0]

—G —AHl’ D:[FH—F B

Here A and iD are Hamiltonian. For the analysis of such pencils see [42, 43] and for
numerical methods for the computation of deflating subspaces for such matrices see [9, 10].

The solvability condition for (32) was given in Corollary 3.2. The solution set is just
S, defined in (17). We also can define a set S¥ analogous to S; as in (16), but with the
further restriction that 7 is Hermitian. Moreover, we introduce a third set as

S; = {(X,V)|(X,Y) €Sy, X=Y"}

For the solutions in S3 we have the following theorem.

9



Theorem 3.9 Consider the matriz pencil «A— D defined via (33). If there exist solutions
X and Y of (32) with X = Y then there exists a nonsingular matriz U € C** and
n X n matrices Ra, Sa, Rp, and Sp such that

Ry Sa

0 —RI (34)

JHuHimwzl ], JHUHJDU::[RD SD].

0 RI

If such a matriz U exists, let U = [g;] (with n x n blocks) be the submatriz composed of

the first n columns of U. If Uy is invertible, then X = UyU;" and Y = X satisfy (32).
Moreover, if (X,Y) satisfy (32) and kernel E = kernel(X — F'), then (28) has an Hermitian
solution.

Proof. The proof follows directly from Theorem 3.8 and Corollary 3.6. O
Clearly we have ST C S3 C S, but in general the inclusions are strict as the following
examples demonstrate.

Example 3.10 If

10
A=G=1, F=0, E_D_[OOL

then S; = S = (). However,

S“:%llz¢§ o],l1i¢§ 0 b,m260}

T99 0 -1 - T99

and

%:{q1%¢2 0.][1i¢§ 0.]LaeR}

1 1
5 T4 0 5 — la

Example 3.11 Let G = [é 8] and let A, D, E and F be as in Example 3.10. In this case

(28) has Hermitian solutions 7 = [110\/5 2], z € R, and we have the following solution
sets.

R e !

0 0
R
Ss = Kl1%¢§;illlﬁyﬁ-jab’“ER}

We see from Example 3.11 that if there exist Hermitian solutions of (28), then using the
right deflating subspace of the matrix pencil A — D in (33) to compute X may not
yield the desired result. If E is nonsingular, then S¥ = S3, and if (X,Y) € S;3 then

10



Z = (X — F)E~! is an Hermitian solution of (28). But this relation does not hold in
general if F is singular, see also [45].
An even more special case is the classical continuous-time algebraic Riccati equation,

APZ + ZA—-7ZDZ +G =0, (35)

which is the case that in (28) we have F' = I and F' = 0. Here, the pencil is just A — I
with the Hamiltonian matrix A4 defined in (29). From Theorem 3.8, we have the following
well-known corollary, see, e.g., [38, 45].

Corollary 3.12 Let A be as in (29). Suppose there exists a symplectic matriz W such
that

W‘lAW:lRA Sa ]

0 —RY (36)

with n X n blocks Ry and Sy. Let W = [%] (with n x n blocks) be composed of the first n
columns of W. If Wy is nonsingular, then 7 = WyWy b is an Hermitian solution of (35).

The triangular forms (31), (34) and (36) do not always exist. Necessary and sufficient
conditions for the existence of such triangular forms were recently given in [43, 46]. But
as we have seen, even if these triangular forms exist, the existence of Hermitian solutions
of (28) and (35) is not guaranteed. Several conditions which partially characterize the
existence of solutions are known, see [38, 45, 53].

3.3 Matrix sign function, disc function and matrix square roots
Quadratic matrix equations include as special cases matrix square roots. Consider the
matrices
_ 0 Ap |1 0 | Ch 0
o o E S ol FE
in (20). The related matrix equation (24) then has the form

BQQZAHZCH = A21. (37)

In the more special case that B = C = I, (37) is just related to the invariant subspace
problem for the matrix A. If, furthermore, A;5 = I and Ay; = A, then (37) is

72 = A.

So in this case any solution 7 is just a square root of A. Existence conditions for the
matrix square root are discussed in [31]. In view of the relationship to invariant subspaces
we have the following corollary.

Corollary 3.13 Let A= [ ] with A € C"™*" andlet R € C"™" and W = [}j}] € C?xn
(with n x n blocks Wy and W) be such that AW = WR. If Wy is nonsingular, then

Z =Wo,W ' =W RW[ is a square root of A.

11



Another important special case is that A, = Ay = A € C™". In this case, (37)
reduces to
JAZ = A. (38)

By properly choosing the invariant subspace we obtain the matrix sign function [33, 49]
which is the m = 2 sector case of the matrix sector function.

Definition 3.14 Given a positive integer m > 2 we may partition the complex plane into
m sectors

(2k — 3)m (2k — 1)m

Qe(m) = {re”| <h< .7 >0}, k=1,...,m.

1. A matrix Z is called an m-th root of a square matrix A if Z™ = A, and Z is called
the principal m-th root if Z is an m-th root and if A(Z) C Q;(m).

2. If A™ has a principal m-th root Z, then the matrix S := Z7'A4 is called the m-th
sector function of A.

For the matrix sign function we obtain the following corollary.

Corollary 3.15 Suppose that A € C**"™ has no purely imaginary eigenvalues. Let A =
15 o] Letw = [Wi] € € (with nxn blocks Wy and W) be such that AW = W R with

all eigenvalues of R in the open right half plane. Then W is nonsingular and Z = WoW !
is the sign function of A. Moreover, S = AZ = Wi RW[ ' is the principal square root of
A2,

Proof. See [11]. O

Note that the matrix sign function is only one of the solutions of (38). Different solutions
are related to different invariant subspaces of A corresponding to different R. Note also
that (38) always has the solution I.

The disc function [7, 8, 49] of a matrix A is defined through its ordered Jordan form A =

T [{)0 P ] T, where .Jy € C*** contains the Jordan blocks corresponding to eigenvalues

inside the unit disc and J,, € C* **"~* corresponds to eigenvalues outside the unit disc.
Then the matriz disc function of A is

. o Ik- 0 —1
dlsc(A)_T[O O]T :

as an eigenvalue of modulus 1, then the disc function 1s undefined.) It can be shown
IfAh i 1 f modulus 1, then the disc f ion i defined.) 1 be sh
[7] that

: 1 : 1
disc(4) = 5 (I —sign ((A—1)""(A+1))).
The disc function D = disc(A) is related to the deflating subspace of

camomeaft ][5 4

12



corresponding to the eigenvalues inside the unit disc via

0 A I 0 I I
Al ] 9
where the eigenvalues of R are the eigenvalues of aAd — 3D that lie inside the unit disc
[8]. The eigenvalues of R are the union of the eigenvalues of A inside the unit disc and the
reciprocals of the eigenvalues of A outside the unit disc. In particular, there are exactly

n eigenvalues of a4 — D inside the unit disc along with a corresponding n-dimensional
deflating subspace spanned by the columns of range [é] The deflating subspace spanned

by the columns of [ é] and therefore D are uniquely defined.
In order to derive a corresponding matrix equation via Proposition 2.2 or Corollary 3.2,
we need a deﬂatinﬁ subspace relation of the form AU = VR4 and DU = V Rp, where

U= [g;], V = [% and the columns of U span the deflating subspace corresponding to

eigenvalues inside the unit disc. From (39) we get that U; is nonsingular and D = U, Uy,
However, by Corollary 3.2, V; nonsingular would imply that I — D — V3V, 7' AD = 0. If the
spectrum of A is not contained in the open unit disc, D is singular and the latter equation
leads to a contradiction. This shows that for the matrix disc function the relation between
deflating subspaces and matrix equations is not as obvious as for the matrix sign function.
If we assume that A is nonsingular, then A — D is equivalent to the matrix pencil

- ~ 2 _
R U B

and the matrix disc function of A satisfies

[é AZ;IHII?] - [z{)]UHA?—I)D)
oalle) - (o)

Hence, if A is nonsingular, then range {D] is the deflating subspace of aA — 3D corre-
sponding to eigenvalues inside the unit disc. The associated matrix equation is

ADA = DA’D (40)

and the disc function is the root of (40) for which AD = DA and the nonzero eigenvalues
of AD consist of the eigenvalues of A that lie inside the unit disc.

Equation (40) is satisfied by D = disc(A) even when A is singular. However, if Az =0,
x # 0 and D is the disc function, then D + zz” is also a root and AD = A(D + za').
Hence, in this case, the matrix AD does not distinguish D = disc(A) from other roots of
(40). Also, if A is singular, then a.A — 3D is not regular and the deflating subspace is no
longer uniquely defined.
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4 Rational matrix equations

Analogous to the construction of continuous-time algebraic Riccati equations, the corre-
sponding discrete-time equations also arise as special cases.

4.1 Algebraic Riccati equations

The case m = 2 in Proposition 2.3 also leads to some classical rational matrix equations.

If we set
| A O | Bu By | Cu O
o PV Rl ) B ) R

in (6), then the equations in (7) become
A21 + AQQX - YAII, BQQZ - Y(Bll + BIQZ), X = ZCII- (42)

We then obtain a rational matrix equation for 7, the discrete-time algebraic Riccati equa-

tion as
Ay ZCyy — By Z(Byy + B12Z)71A11 + As =0,

or equivalently
AQQZCH — BQQZAH + BQQZ(BH + BmZ>_1(B12Z + Bll — I)All + A21 = 0. (43)

The existence of solutions for (43) as well as (42) follows from Corollary 3.1 with the
matrices in (41) but with an additional restriction for the nonsingularity of By + B2 Z.
Another formulation, using generalized inverses allows to drop this condition [1].

Theorem 4.1 Let A, B, C be as in (41) and let U, V and W be as in (7) satisfying (11).
If Wy and B11Wi + B1oWsy are invertible, then Uy and Vi are invertible and X = U2U1_1,
Y =WVt and Z = WoW, b satisfy (42) and (43).

Proof. The proof is similar to that of Corollary 3.7. 0O

4.2 Symmetric discrete-time algebraic Riccati equations

Analogous to the continuous-time case we also have the symmetric cases. The symmetric
form of (43) is the generalized, symmetric, discrete-time algebraic Riccati equation

E"ZE - A"ZA+ A" Z(I+DZ)'DZA+G =0, D=D" G=G" = (44)

with the corresponding matrices

T I S O R

Analogous to Theorem 3.8 we have the following existence and uniqueness result.
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Theorem 4.2 Let A, B and C be as in (45). If there exists a symplectic matriz W and
nonsingular matrices U and YV such that

RA SA
0 Ty

| Rg Sk 1, | Be Sc
], VBW—[O TB], W cu_[o Tc]’ (46)

with n X n blocks Ra, Sa, Ta, Rg, Sg, Ts, Rc, Sc and T, then there exists an Hermitian

solution of (44).

Suppose that W, U and V satisfy (46) and that W is symplectic. Let W = [%],

U= [gé], V= {“2] (with n x n blocks W;, U; and V;) be the submatrices formed from the
first n columns of W, U and V, respectively. If W1 and Wi + DW, are nonsingular, then
Uy and Vi are also nonsingular and 7 = WyW, * is an Hermitian solution of (44).

v = |

Proof. The proof is analogous to that of Theorem 3.8. 0O

In practice, see [45], one often needs the solution X = ZF rather than Z. This
solution can be obtained by computing a proper right deflating subspace of the pencil
Q [é EOH] - []g ADH]. However, as in the continuous-time case this subspace is guaranteed
to give the desired solution only if E is nonsingular.

5 Linear matrix equations

The nonlinear part in the matrix equations (8)—(10) and (13)-
(1,2) blocks of the matrices A, B, C and D = BC. If all the (
(8)—(10) reduce to

14) is contributed by the
1,2) blocks are zero, then

ApX —YA 1+ A4y = 0,
By Z —Y By, + By = 0, (47)
CpX —-Z2CH+Cy = 0,

and (13)—(14) reduce to
AQQX - YA11 + A21 = 0, D22X - YD11 + D21 = 0, (48)

respectively. In the nonlinear case, the eigenstructure of aR4y — fRgRc or aR4 — BRp,
which corresponds to the deflating subspaces, may be nonunique. This implies that differ-
ent solutions related to different eigenstructures may exist. In the linear case, however, the
eigenstructure is essentially fixed. This can be easily observed from (11) and (15), since if
the solutions exist, then aR4 — fRgRc and aR4 — SR are equivalent (pencil equivalent)
to Cl{AH — ﬂBHCH and OZAH — ﬁDlla respectively.

The linear matrix equations have been studied extensively, [20, 39, 50, 54]. Here we
will briefly discuss the existence problem for equations (47) and (48). Since they are just
special cases of the nonlinear equations, all results in the previous sections still apply. On
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the other hand because of the linearity, the conditions can be described in a way that is
more directly related to the matrices A, B, C and D.

The condition for the existence and uniqueness of the solutions X and Y of (48) can
be stated as follows.

Corollary 5.1 Consider the matrices A = [3;1 AOQQ]’ - [gi D022] as well as
i All 0 N Dll 0
A_lo Am]’ D_lo Dy |

The matriz equation (48) has a solution if and only if «.A — 5D is pencil equivalent to
aA — 3D. There is a unique solution if and only if « A — (3D is reqular and A(Ayy, Diy) N
A(AQQ, D22> - @

Proof. See [20] and [54]. O

For completeness, in the remainder of this subsection we list the linear matrix equations
with a single unknown matrix and the related matrix pencils. The existence and uniqueness
of the solution can be derived by combining the results in the previous subsections with
Corollary 5.1.

Generalized Sylvester equations have the form

Ay ZCyy — By Z A + 1‘121 =0

where Ay = Ay, — AgyCyy — By Ay and the related pencil is

All 0 I 0 011 0
A= . B= . C= . 49
l A21 A22 ] l B?l BQQ ] l 021 I ] ( )

The results in Corollary 3.5 can be applied to this equation. Note that the deflating
subspace must correspond to aA;; — fC11. With D = BC we can combine the results in
Corollary 3.6 and Corollary 5.1 to get necessary and sufficient conditions for the existence
of solutions.

Generalized Lyapunov equations have the form

A"ZE+ EYZA+G =0,

where G = G+ APF + FFA, G = G¥, D = D¥ and A,E,F,G € C™". The related
matrix pencil is

A 0 I 0 | E O _ . u,u
P R P S AN B R

For such equations we can apply Theorems 3.8, 3.9 and Corollary 5.1.
Generalized Stein equations have the form

E"ZE -~ A"ZA+G=0, G=G",

16



with
A 0 I 0 E 0
S BN R
This is the linear version of the symmetric discrete-time algebraic Riccati equation.
The classical Sylvester equation is

AypZ — ZA; + Ay =0, (50)
with
A 0
A= . B=cC=1 51
[ An Ay ] (51)

and the classical Lyapunov equation is
A"Z +ZA+G=0, G=QG",

with

Finally, the Stein equation is
Z-A"z7A+G=0, G=GH,
with

A 0 I 0

Remark 5.2 The discussed relationship between deflating subspaces and matrix equations
can be extended to more general matrix equations. For instance we may consider the linear
matrix equations [20]

AXB+CYD=FE, GXH+KYL=F.

However, the general linear matrix equation

> AZBp =0,

k=0

[36, 37] does not appear to have a related deflating subspace.
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6 Numerical methods for m =2

Since the periodic QZ decomposition can be computed by applying the periodic QZ algo-
rithm [15, 29], in principle all deflating and/or invariant subspaces discussed in this paper
can be computed in a numerically stable way. We will call a method based on this approach
a subspace method. For matrix pencils with matrices as in (6), we may directly apply the
periodic QZ algorithm. In some special cases, however, the periodic QZ algorithm may
be modified to adapt to the special structure. Much can be gained from exploiting the
structure of the symmetric equations (28), (35) and (44). Theorems 3.8 and 4.2 and Corol-
lary 3.12 show that for these symmetric equations the related matrix pencils have certain
symmetry structures. Special equivalence transformations may be employed to preserve
these structures, see [2, 11, 12, 18, 19, 44, 45]. However, a numerically stable and efficient
method for computing the structured decompositions (31), (34), (36) and (46) in general
is still an open problem.

For the eigenvalue problem corresponding to (37) there is a simplified QR like method
for computing the generalized Schur form if Ay; and A5 are square.

The numerical methods for linear matrix equations can be simplified by using the
block triangular forms of the related matrices and the properties of the related eigenvalues.
Taking the generalized Sylvester equation as an example, where the matrices are as in (49),
we obtain a periodic QR-like method as follows.

First we compute the generalized Schur forms of the matrix pencils «A;; — fC4; and
Ay — [3Bsy respectively. Then we apply the eigenvalue reordering method [26], to the
block lower triangular pencil to transform the pencil as

alfiu 0 l_ﬁlfm 0 HOH 0 l
Ay Ap By Ba Cy Cy |’
with a/im - 5322@22 equivalent to aA;; — fC1;. By exchanging block rows and columns
simultaneously the matrix pencil is finally equivalent to
o A 1‘:121 _3 By, 1?21 Coy C?21
0 All 0 Bll 0 Cll ‘
The desired interior deflating subspace can be read off from this form.

Many efficient numerical algorithms have already been designed for computing the
solutions of special linear and nonlinear matrix equations. For the case of linear equations
the basic algorithm was given in [6] and the generalized in [20]. For matrix square roots
there are similar methods in [14, 30]. We call these methods direct methods. The direct
method implicitly computes a basis of the invariant or deflating subspace as [ é] with a
solution Z. (In practice only Z is computed.) So the difference between direct and subspace
methods is that in the latter an orthonormal basis for the subspace is computed.

The above analysis shows that often deflating subspace and the solution of the related
matrix equation can be computed from each other. This fact is widely used in practice.
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For example the Sylvester equation is used for Jordan canonical form reduction [26], and
the invariant subspace method is used for the solution of Riccati equations [4, 13, 51, 45].
However, in finite precision arithmetic two mathematically equivalent methods may give
quite different results. In order to point out the difficulties that may arise, we study, as an
example, the Sylvester equation (50) which is related to the invariant subspace problem for
the matrix A given in (51). Assume that A(A;;) N A(As) = 0, so that (50) has a unique
solution 7. Let U = [g; Zﬁ] be unitary such that

Ri1 Ry

U" AU = [ 0 R ] =R, A(Ry)=A(Ap). (52)

Since U is unitary, we have that
7 =UyUy' = =U,"U. (53)

Denote by omin(A) the minimum singular value of the matrix A. Using (53) and the

orthonormality of [gi] we have [34]

1
Uitl, = V1417213 Uil = | 7775 54
Uil =112 0k = | 7 (54)

Let ¢ be a small number of the order of the roundoff unit and let ¢, and R, be the
matrices in (52), computed by a backward stable numerical method. Then there exists a
matrix &, with |€]2 < y12]A]2, such that

UT(A+EU, = R,.

Let U, be partitioned conformally with U as U, := [ﬁl, UQ] = l ({11 ({12 ], and set
U U
Then
[€:]2 < mel Al (56)

which can be viewed as the residual of the problem of computing the invariant subspace
range U] .

Let Z; be the solution of equation (50) computed with a backward stable numerical
method and let Fy; = Ay Z; — Z4A11 + Asy be the corresponding residual, then from [25]
we obtain

| Falo = [A2Zs — ZaArr + Asi]z < v Al 2] (57)

If our primary goal is to compute Z and if we use the subspace method, then let 7, be the
matrix computed as U21Uﬂ1 with corresponding residual Fy, = Ay 2y — Z,A11 + Agy. By
using (55), (56), (53) and (54) we have

| Follz = 422 Z, — Z,Av1 + Ani]e < 32| Al2(1+ | Z]3). (58)
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Inequalities (57) and (58) suggest that the solution computed via the subspace method may
sometimes be less inaccurate than the solution obtained via a direct method. A Riccati
equation example in which this happens in actual computation appears in [48].

On the other hand if the primary goal is to compute an orthonormal basis of the
invariant subspace corresponding to A(A;;) and we use a direct method, let U, be the
computed unitary matrix such that

I T
EA RS B

which is a QR decomposition. Denote by E; the (2,1) block of U} Al;. Then by (57) and
the perturbation theory for the QR decomposition [26] we have

Al2\/T+ 73
| < e AL (59
1 —|—O'min(Z)2

Inequalities (56) and (59) suggest that the subspace method may sometimes yield better
results than the direct method.

The significance of the orthonormal basis is indicated in the following example. Con-
sider the problem of computing the Jordan canonical form of a square matrix A. Suppose
that we have already determined the Schur form of A+ E with E a small perturbation (say,
using the QR algorithm), i.e., we have determined a unitary matrix @ and (for convenience)
a lower triangular matrix R such that

H —p_. | B O
Q (A+E>Q_R_ [R21 R??l,

where we assume that A(Ry;) N A(Ry) = 0. To extract further information about the
Jordan canonical form, further reductions, see [26], are carried out by removing first the
block Rs;. To do this a matrix X = {é ?] is determined so that

Ry = [ - ] = (QX)™'(4+ B)(@QX).

Here the matrix 7 satisfies the Sylvester equation Ry Z — ZR11 + Ry = 0. Clearly the
first n columns of X span an n-dimensional invariant subspace of A + F.

On the other hand let Y = [V}, Y)] = [ZGG ?], with G = (I+ 2" 7)~3, where F'3 denotes
the unique positive definite square root of the positive definite matrix F. Then Y; forms
an orthonormal basis of [ é] and one can easily verify that

GilRllG 0 l = R2.

@t p@n = | CTmE
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Both (QX)'A(QX) and (QY) 1A(QY) are similar to A. If we set £} = (QX) 'E(QX)
and Fy = (QY)'F(QY), then R has a distance to a matrix which is similar to A measured
by |E1ls, and Ry has a distance measured by |Fs|,. Note that

. 1
X2 = 1X e = 50121+ V1215 + 4),

121
L+ 1713

Y= = \/IIle% +14[Z]/1215 +1

Yl = |1+

and hence

1
1Bl < 521+ 2+ 1211213 + DIEL,  [Eals < (121 + 1+ 1ZI)E].

If |Z], is large, then |E;|, may be much larger than |E,|s by a factor |Z],. This
suggests that Ry may give more precise information about the Jordan structure than R;.

7 Polynomial systems

By choosing m > 2 in Proposition 2.3 we can derive higher order polynomial or rational
matrix equations. We will focus here on m-th roots of matrices.
To do this we specify the matrices A, B and C in Proposition 2.3 as

0  Ajp
A= C , B=C=1, (60)

Ama 0
with m > 3. This leads to an eigenvalue problem for the m x m block matrix A. The
equations in (2)—(4) become
Am,l = Zm71A12Zh (61)
Apri1Ze = ZirAnz, E=2,...,m—1, (62)

Multiplying As 3+ -+ A1, from the left to the last equation, using the other m — 2 equa-
tions, we get

(Z1Ap)" 2, = H Ap y1)Am1 =1 A. (63)

A solution Z; of this equation is called a geneml@zed m-th root of the matrix product A.
The m-th roots of matrices are well studied. For a nonsingular matrix A, m-th roots
always exist and for a singular matrix A the existence of m-th roots depends on the Jordan
structure of A corresponding to the eigenvalue 0, see [31, p. 467].
From Proposition 2.3 we have the following existence result.
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Corollary 7.1 Let A be as in (60) and let U = [UF, ... U satisfy AU = UR. If U;
is nonsingular then the matrices Z), = U, UT', k=1,...,m — 1, satisfy (61).

If{ Z: )77 satisfies (61), then the columns of U = [I, ZF, ..., ZH 1" span an invariant
subspace of A corresponding to R = A127].

Clearly if {Z,};"7)" satisfy (61) then Z, satisfies (63). However, the converse in general does
not hold if some Ay j; is nonsquare or singular. If m > 3, then the invariant subspace of
A may not lead to all solutions of equation (63). This is the major difference between the
problems with m = 2 and m > 3.

Example 7.2 Consider
Ap =1, Ap =0, A3=1

0 0

0 0
1 00

z = 0. The equation related to (61) is z; = 0 and 292, = 1, which clearly has no solution.

Note that A4 has only one 1-dimensional invariant subspace given by range [0, 0, 1]7, which
is just the eigenspace of A.

Then A = and equation (63) is scalar, since 2* = 0. So it has only one solution

If all Ay, ..., Ap 1, are nonsingular, then (61) and (63) are equivalent.

Theorem 7.3 If Ass, ..., Ap_1m are all nonsingular, then (61) has a solution if and only
if (63) has a solution.

Proof. The necessity is obvious. For the proof of sufficiency let Z; be a solution of (63).
Then 7, can be determined recursively via 7, = A;,LHZ,C,IARZI, fork=2,....m—1,
and the last equation of (61), A1 = Z,—1A127;, follows from (63). D

If Apjpy1 =1, fork=1,...,m—1and A,,; = A€ C"", then

0 I

and (63) becomes Z7" = A.

Combining Theorem 7.3 and Corollary 7.1, the matrix m-th root corresponds to an
invariant subspace of A. (Note that the condition of Theorem 7.3 is satisfied for this
special case.)

Theorem 7.4 Let A be as in (64) and let the columns of U = [UF, ... UHH ¢ Cmnxn
span an invariant subspace of A with AU = UR. If Uy is nonsingular, then Z, = U,U; ! =
U RU; t is an m-th root of A, and 7% = Up Uy Y, fork=1,....,m — 1. If Z; is an m-th
root of A and U = [I,ZH ... (Z YN then AU = UZ,.
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Note that if Z; satisfies (63) then A;5Z; is an m-th root of AjpA and Z; Ay, is an m-th
root of AA,.

Remark 7.5 The matrix sector function can be analyzed in a similar way. Existence and

uniqueness of the matrix sector function has been studied in [35].
If
F 0 A
A0
A= A e : (65)

A 0 ]

then the m-th sector function S satisfies the invariant subspace relation

1 I
S S
A ) = . ASH
Sn:zfl Sn‘zfl

and the polynomial matrix equation
(ZAY" 17 =A™ L, (66)

Note that (66) may have many solutions. Solutions exist (even if A is singular), since
Z =1 is a solution.

8 Numerical methods for general m

For the matrix .4 with the block structure in (60) an efficient algorithm can be derived
which does not work on the whole matrix .A. The following algorithm is a modification of
the periodic Schur algorithm of [15, 29, 52].

Algorithm 1.
Input: Matrices Aio,..., Ap—im, Am,1

Output: The Schur form of A defined in (60).

Let A = [A; jlmxm, where A;; =0 for i + 1 # j except for i =m,j = 1.
Set U = I =: [U; j|msxm.-

Step 1: Apply the periodic QR algorithm to A;,..., Ap_1m, Am1, i.e., determine uni-
tary matrices Qp, k = 1,...,m, such that all matrices Agry1 := QF Aprr1Qry1,
k=1,...,m—1and A, := Q7 A,,,Q; are upper triangular.

Set O = diag(Q1,...,Qm) and A:= 07 AQ, Q := Q0.
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Step 2: For £ =1,...,n
Let @, be the m x m matrix

Anee oo [Avmler
Q) = : :
[Am,l]k:k s [Am,m]kzk

Determine a unitary matrix P such that P,fl ®, P, is upper triangular.

Let P = [P, ;] be the mn x mn identity matrix except that the k-th diagonal
element of block P, ; is replaced by [Py;.;-

Set A :=PHAP and Q := QP.
End £

Step 3: For k=1,...,m—1
For ( =m,...,k+1,
% Annihilate the block Ay
For i=n—-1,...,1

For j=:+1,...,n

v - | Akl 0
" [Az,k]i,j [Ae,z]n'

and determine a unitary matrix W; such that W5, ;W; ; is upper
triangular.
Let YW be the identity matrix except for the 2 x 2 submatrix in the
((k—=1)n+j)-th and ((I — 1)n +4)-th rows and columns which is set
to VVZJ
Set A :=WHAW and Q := QW.
End j
End ¢
End /¢

End £

Remark 8.1

1. If we apply the Algorithm for the computation of the matrix m-th root, then in Step 1,

the periodic Schur decomposition reduces to the classical simple Schur decomposition
of A.

2. After Step 2 is completed, all blocks A; ; with ¢ < j are upper triangular and all A, ;
with ¢ > j are strictly upper triangular.

The first n columns of Q span the invariant subspace of A corresponding to the
eigenvalues that appear in the (1,1) entry of PH®,P,. (For the matrix m-th root, it
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is convenient here to put the eigenvalue that lies in the first sector, Qy, in the (1, 1)
position of PH®, P..)

3. In Step 3, the transformations to eliminate the (i, j) element of A, does not destroy
the triangular form of the blocks. Fill-in is produced only in the (j,7) element of Ay ,.

If the algorithm is used for computing a matrix m-th root, then one only needs to
annihilate A,;, £ = m,...,2 and one only needs to update the first two block rows

of Q.

4. A similar algorithm could be used to compute the m-th matrix sector function using
the matrix A (65). This is an unattractive procedure, because the Schur decomposi-
tion of A (possibly with some eigenvalue reordering) displays the invariant subspace
information of the sector function.

Finally we should point out other matrix equations have similar properties. For example
the matrix equation
I+ A Z™ e b A 2+ A, =0

is related to the eigenvalue problem for the block companion matrix
0 I
0o I
Am .. Ay A

We are not aware of an efficient method that is able to exploit this structure for computing
the Schur form.

9 Conclusion

We have discussed the relation between matrix equations and deflating subspaces of a
matrix pencil. The relation covers many important classes of matrix equations including
continuous- and discrete-time Riccati equations, Lyapunov, Sylvester and Stein equations
as well as matrix m-th roots.
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