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9. Projections and Krylov spaces

1. Proof the following invariances of krylov spaces K, (A, v):

1.1.
1.2.
1.3.

2. 2.1.

2.2

Km(aA, Bv) = Kn(A,v) Va,8€C\0

Km(A—0ol,v)=K,,(A,v) VYoeC

Km(TAT Y, Tv) =TK,,(A,v) V regular T € C"*"

Let x1,...,x)s eigenvectors of a matrix A € C"*" to pairwise different eigenvalues A1, ..., Ay €
C\ {0}. Moreover let v = fi1x1 + ...+ Buxa with g #0forall j=1,..., M.

Proof, that for the grade d(A, v) (in german: Abbruchindex) of the krylov-sequence A™v holds:
d(A,v) =M.

Let A € C™ " invertable and v € C™ \ {0}. Show that

d=d(A,v)=min{m: A~ 'v € K,,(A,v)}.

3. Let P, = Pr, s, and P, = Pg, s, projections in C".

3.1

3.2.

3.3.

3.4.

Proof that:
PP,=0 = RiNR2={0},
and, if P and P, are orthogonal it holds
PP,=0 <= RiNRy={0}.
Find a counterexample which shows that the equivalence in the non orthogonal case is not

true.

Proof that: Q = P, + P, is a projection if and only if PP, = P,P; = 0.

Determine for that case image and kernal of () and an und examine with this if @) is orthogonal
if P, and P, are orthogonal.

Show: If P, P, = P, Py, then QQ = P, P, is a projection.

Determine again under this assumption image and kernal of ) and show that @ is orthogonal
if this is true for P; and Ps.

Proof that
Pwm = PVTVL o 'Pvl?

where are V; = span{v;}*, Wy, = {v1,..., v}t and {v1,...,v,,} a orthonormal base( of

Km(A,b) ).



