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Ô � ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
�r�]���j���e�P���?�a�e�G�^�
�,ËQÓ X �¡ �¢ Y �3ËÈÍ ��� �Í Ó½Ë�¢�ÍÜÈË; ��8Í �  ��	à � Í à��3Ë;Ñ8ÓO�F���.ÎQË%�?�
�ÌÐ�Ë;Ñ½Ë�ÓÁÐ�Ë\�ÁÞ�Ü�� � à ‖ · ‖¢�Ë;  � ÓÁË7�lÓÁÐ�Ëm�	Ë; �Ë?ÑÁÍÏÎ
  � Ñ½ÜU�yÍ  �� � ÓÁÐS�����.ÎQË7�y������Ë;à à��*���*��� � ÎQÍÏ�¿ÓÁË@¢ � �3Ë;Ñ½�¡Ó � Ñl  � ÑÁÜ\� ���� Ñ½Ë � �	Ë;Ñ?� 〈·, ·〉 ¢�Ë%�ÁÍ��	 ��¡ÓÁË%��ÓÁÐ�Ë�Í  � �Ë?ÑO��Ñ � ¢ � ÎQÓ�Í  � Í àq�3Ë?Ñ8Ó]�F���	Î;Ë �,¦  wÓ½Ð�Í��O�����3Ë;Ñ��ËB�	ÑÁËH� � Í  e��Ó � ��Ó � ¢�Þ¹Í à à Ö}� � �ÁË?¢bàÍ  �Ë?�	Ñ � �3Ë;Ñ2�¿Ó � Ñ¥Ë7� � �¿ÓÁÍ �  ��

Ax = y (x ∈ X, y ∈ Y ) � Õ	� Õ7�
�ÌÍ Ó½Ð�Í 3��Ë@Î�ÓÁÍ��	Ë��	 �¢n� �*�  �¢�Ë?¢�àÍ  �Ë@�¡Ñ � �3Ë;Ñ2�¿Ó � Ñ1� A : X → Y Ð��7��Í  e�¹��  �  �ÖØÎQà � �ÁË?¢
Ñ½�	 e�	Ë R(A) �*� � Ñb�ÌÐ�ÍÏÎ2Ð�Ó½Ð�Ë���Ó2����à Ë��*�e��Ñ �7� Í ÜÈ�¡ÓÁËP� � à � ÓÁÍ �  ÈÑ½Ë%� � Í ÑÁË7�ÄÑÁË%� � àÏ�¡Ñ½ÍÝ@�¿ÓÁÍ �  Ü�Ë;ÓÁÐ � ¢e� ��¦  ýÓÁÐ�Ë��ÁË%� � Ë;àc��ËH� � Î � � �  �ÓÁÐ�Ë��5Í���Ð �   � �¹ÜÈËQÓÁÐ � ¢ � �8Ë?Ë	��Ë � � � �|� Õ �a��� Ô�� �� � �*� ÕN� � �*�Ä�,�8Ó½�	 �¢��	Ñ½¢ �*�e��Ñ � �.Î½Ð � �lËQÓ x0 ∈ X �3Ë¥ÓÁÐ�Ë �  �Í�� � ËP� � à � ÓÁÍ �   � �3Ë%� � �¿Ó½Í �  
� Õ	� Õ'� � � Ñ��¡ wË � �	Î�ÓBÑ½Íq�.Ð.ÓÁÖÇÐ��	 �¢¡�ÁÍ ¢�Ë y = Ax0 ∈ Y

�,¦  ���Ó½Ë?�.¢ � � y ��Ë����F� � ÜÈË�Ó ��#  � ��ÓÁÐ�ËB  � Í��ÁÞ¹¢��¡Ó½��Ë;à Ë;ÜÈË; #Ó yδ ∈ Y �ÌÍÓÁÐý  � Í��ÁË�à Ë��	Ë?à δ > 0 �¡ �¢

‖yδ − y‖ ≤ δ.

¢ Ë�¢�Í��8ÓÁÍ  e� � Í��ÁÐ�ÑÁË%� � àÏ�¡Ñ½Í Ý;Ë?¢�� � à � Ó½Í �  ��
xα = (A∗A+ αI)

−1
A∗ y

�ÌÍ Ó½ÐýÑÁË%� � àÏ�¡Ñ½ÍÝ@��Ó½Í �  ����¡Ñ2�¡ÜÈË;ÓÁË;Ñ α > 0 Í  bÓ½Ð�Ë�Î;���8Ë � ��  � Í��ÁËQÖ£�±ÑÁË?Ë�¢��¿Ó2�È�¡ �¢
xδ

α = (A∗A+ αI)
−1
A∗yδ

Í �ÓÁÐ�Ë�Î?�*�ÁË � ��  � Í��8Þb¢��¿Ó2� �� Ë?ÑÁËH�¥Ë,� � Î � � �  bÓÁÐ�ËB  � Í��ÁËQÖ£�±ÑÁË?Ë�Ë;Ñ½Ñ � Ñj� �  �Î�ÓÁÍ �  
f(α) := ‖xα − x0‖ = ‖α (A∗A+ αI)

−1
x0‖ (α > 0) � Õ.� � �

� � ÑP� � Ë@¢ A �¡ �¢ x0
� ������Í  e�ÈÍ  .Ó � �	Î?Î �*�  #ÓÌÓ½Ð�Ë�  � Í��ÁËBà Ë��	Ë?à δ ÓÁÐ�Í���� �  �Î�Ó½Í �  �¢�Ë;ÓÁË?Ñ8ÖÜ�Í  �Ë7�¥Ó½Ð�Ë�Ó � Ó½�	àøÑÁË%� � àÏ�¡Ñ½Í Ý?�¿ÓÁÍ �  ¹Ë?ÑÁÑ � Ñ � �yÓÁÐ�Ë.�5Í���Ð �   � ��Ñ½Ë�� � à �	ÑÁÍ Ý?�¿ÓÁÍ �  

e(α, δ) := ‖xδ
α − x0‖ ≤ ‖xα − x0‖ + ‖xδ

α − xα‖ � Õ	� � �
Í �Î;���8Ë � ��  � Í��ÁÞ¹¢��¡Ó½�S�ÌÍ Ó½Ð�ÓÁÐ�Ë.��Ë?ààÖ}��  � �Ì �Ë%�8ÓÁÍ ÜÈ�¡ÓÁË

e(α, δ) ≤ f(α) + ‖ (A∗A+ αI)
−1
A∗(yδ − y)‖ ≤ f(α) +

δ

2
√
α
. � Õ	� Ô��

¤J� ¥¡�^�j¦^§|��¨b§c���
§ª©h«Y�@§�¬®1�b�h¯°�G±P²��^����¦³©h§|¨^�?´G«"���Gµ|«��e�G�^�
¶ «"¬�§��·�j�¹¸hº?º��e��»���¼½«Y�@§¿¾m�^�����
§À¥°�^���?�5�e�G�j��¬
� �U� ��Ó½�¡Í  ýÎ �  @�	Ë;Ñ��	Ë? �ÎQË&Ñ2�¿Ó½Ë%�j� � Ñ¥Ó½Ð�ËO�5Íq��Ð �   � ��ÑÁË%� � àÏ�¡Ñ½Í Ý?�¿ÓÁÍ �  b�¡ �¢ � ÓÁÐ�Ë?Ñ5à Í  �Ë?�	Ñ
ÑÁË%� � àÏ�¡Ñ½ÍÝ@�¿ÓÁÍ �  ¹ÜÈËQÓ½Ð � ¢e�?��Í  ýÑÁË@ÎQË; #ÓÌÞ	Ë?�	Ñ��m�.Ë; �Ë?Ñ½�	àp� ��� Ñ½Î;Ë�Î �  �¢�ÍÓÁÍ �  ��

x0 = ϕ(A∗A)w (w ∈ X) � � �Õ'�



ÿ�Å.Å3´Á¸%Á	¯«�Æ¿®ØªOÂø¸¿þ�´Á¼½ª¹¨
¸¿¬3û¡¯®·Ê¸¡¬�µ�¯¬�ú ªLÀ	þ�¾Æ¿´�°@Æ¿®ÇÊ¸¿¬°ÃSÄ�ªCÅ ú ªQµ2þ�¾ ®Êµ Ô �
�ÌÍ Ó½ÐýÍ  �¢�Ë � � �  �ÎQÓÁÍ �  �� ϕ(t) (0 ≤ t ≤ t := ‖A‖2) ��Ë?ÑÁË � �8Ë@¢ � �ÁË;Ë\� Õ.Õ � Õ ��� Õ%Æ'� �¡ �¢� �	× �Ç���.¦  �ÓÁÐ�Ë?�8Ë? ��8Ë � �r� Õ � � ��Ë&Î;�	àà ϕ �	 �Í �¢�Ë � � �  �ÎQÓÁÍ �  �Íq�øÓÁÐ�Í��b� �  �ÎQÓÁÍ �  �Í���Î �  #ÓÁÍ  �Ö�e�*� ���	 �¢¡��Ó½ÑÁÍÏÎ�Ó½àÞ�Í  �ÎQÑ½Ë?���8Í  e���ÌÍ Ó½Ð ϕ(0) = 0

�,�e� Ñ&Ó½Ð�Ë\�5Íq��Ð �   � ��ÑÁË%� � àÏ�¡Ñ½ÍÝ@�¿ÓÁÍ �  
Ü�Ë;ÓÁÐ � ¢���ËO�8Ë@�¡Ñ2Î½Ð�� � Ñ�Ë%�8ÓÁÍ ÜÈ�¡ÓÁË7� � �yÓ½Ð�ËBË;Ñ½Ñ � Ñj� �  �ÎQÓÁÍ �   � ��� � Ñ½Ü
f(α) = ‖α (A∗A+ αI)

−1
ϕ(A∗A)w‖ ≤ Kϕ(α) ‖w‖ (0 < α ≤ t) � � � � �

�ÌÍ Ó½Ð�� � Ü�Ë K ≥ 1 �e�ÌÐ�ÍÏÎ2Ð�Í ÜU��àÞbË%�8ÓÁÍ ÜÈ�¡ÓÁË7� � ��� � ÑÁÜ

e(α, δ) ≤ Kϕ(α) ‖w‖ +
δ

2
√
α

(0 < α ≤ t) � � � � �

� � Ñ�ÓÁÐ�Ë�Ó � Ó2�¡àÄÑ½Ë�� � à �	ÑÁÍ Ý?�¿Ó½Í �  �Ë;Ñ½Ñ � Ñ � �5Ð�Ë; �Ó½Ð�Ë]� � àà � �ÌÍ  e����Ñ � � � �8ÍÓÁÍ �   Î;�¡ ¡�3Ë � ��Ö
Ó½�¡Í  �Ë@¢.�±Ñ � Ü ÓÁÐ�Ë¥à Í Ó½Ë;Ñ2�¿Ó � ÑÁË � �ÁË;Ë	��Ë � � � ��� ��� Õ ��� Õ%�'�Ç����¦   ÓÁÐ�Í���Î �  #ÓÁË � Ó@�7��Ëm�ÁÐ �*� à ¢�  � Ó½ËÓÁÐ��¡Ó��ÌÑÁË@�¡à�� �  �ÎQÓÁÍ �   f ¢�Ë��� �Ë?¢ �   [0, t ] Í��c�½�¡ÍÏ¢�Ó � �3Ë&¸2Å�ª;´ÁÆ¿®Ø¸¿´¥«�¸¿¬1¸¿®Ø¸¿¬1ª,Í:��� � Ñ,ÓG� ��8Ë?à:�Ê�.¢'� � Í  .ÓP� ���  �¢�Ë@¢¹à Í  �Ë?�	Ñ � �3Ë?Ñ½�¡Ó � Ñ1� S1

�¡ �¢ S2
Ü�������Í ���Í   X �ÌÍ Ó½Ðn�F�3Ë?Î�Ó½Ñ � Ü

Í  [0, t ] ÓÁÐ�ËH�ÁË;ÜÈÍÖ � Ñ½¢�Ë?ÑÁÍ  e� S1 ≤ S2
�@�ÌÐ�Í Î2ÐbÍ��5¢�ËC�� �Ë?¢b�*� 〈S1x, x〉 ≤ 〈S2x, x〉 � � Ñ�¡à à x ∈ X ��Í ÜU��à ÍË7� f(S1) ≤ f(S2)
� �5Ð�Ë � �ÁË � � � �3Ë;Ñ2�¿Ó � Ñ¥Ü �   � Ó �  �Ë,� �  �Î�Ó½Í �  ��ÌÍ  

Î �  � �Ë?ÎQÓÁÍ �  L�ÌÍ Ó½Ð�ÓÁÐ�Ë��¡ ��¡à Þ@�ÁÍ�� � ��Í ààÖ}� � �ÁË?¢���Ñ � ��àË?ÜU�5Í��Ì¢ � Ë�Ó � � Õ;Ô3�L�
È $'É�Ê^É�!7ËÇ#7ËÌÉaÍÏÎa)�Ð ª�Æ¿µ2µ2þ�«�ª�®±©�Æ¡® � � � Õ7� ©�¸¡¾û�µ Æ¿¬1û ϕ(t) (0 ≤ t ≤ t ) ÏµBÆ¡¬�¯¬1û	ª�Áº2þ�¬3¼;®·Ê¸¡¬a�5ü±º°Ñ�ÆNÒ ϕ(t)/t Ïµý«È¸¡¬3¸¡®L¸¡¬�Ê¼2Æ¿¾¯¾ ¶ û.ª½¼;´Áª½Æ�µ�¯¬�À ¸¿¬ (0, t ] Â ¸¿´ÓÑG�GÒ ϕ(t) Ïµ¼½¸¡¬3¼½Æ¡³¿ª�¸¡¬ [0, t ] Â3®¯©�ªQ¬ � � � � � ©�¸¿¾û¿µmÅß¯®¯© K = 1 �.ü±º�Ñ�¼GÒ ϕ(t)  µÌ¸½Å�ª;´ÁÆ¿®Ø¸¿´5«È¸¡¬3¸¿®Ø¸¿¬1ª¸¿¬ [0, t ] Â
®¯©�ªQ¬ � � � � �  µB³�Æ¡¾HÊû Åß¯®±©�µ;¸¿«�ª K ≥ 1 �1üÊº�®¯©�ª;´8ª�ª�Á.Ïµ�®ÊµBÆ t̂ ∈ (0, t ) µ�þ�¼½©®¯©�Æ¿®�Ñ�ûNÒ ϕ(t)/t Ïµ�«�¸¿¬1¸¿®Ø¸¿¬�Ê¼½Æ¡¾¯¾H¶¹û	ª2¼;´8ª2Æ�µ�¯¬�Àb¸¿¬ (0, t̂ ] ¸¡´SÑ�ªGÒ ϕ(t) ÏµB¼2¸¿¬1¼½Æ¡³�ª�¸¿¬
[0, t̂ ] Â
®¯©�ªQ¬ � � � � � ÏµB®Ç´�þ�ª.Åß¯®±© K = ϕ(t)/ϕ(t̂ ) �

� � � Í ¢�Í e� ÓÁÐ�Ë � �8Ë � ��Ë � ��à Í Î;Í ÓÔ�	Ë; �Ë;Ñ½�	àH� �*� Ñ2ÎQË Î �  �¢�ÍÓÁÍ �  �� � � �Õ'� ÓÁÐ�Í��������3Ë?Ñ��ÑÁË7�8Ë? .Ó1���¡ w�¡àÓÁË?ÑÁ ��¡ÓÁÍ��	Ë�������Ñ � �	Î2Ð�� � Ñ,�� �¢�Í  e��Ë7��Ó½ÍÜ��¡ÓÁË%� � ��ÓÁÐ�Ë]� � ÑÁÜ � � � � � �¡ �¢Ð�Ë; �Î;Ë � � � � � �¡ �¢�Î �  ��ÁË%� � Ë? .ÓÁà ÞýÎ �  ��	Ë;Ñ��	Ë? �ÎQËBÑ2�¿Ó½Ë%��� � Ñ ÓÁÐ�ËS�5Í��#Ð �   � �bÑ½Ë�� � à �	ÑÁÍ Ý?�¿ÖÓÁÍ �   �  �ÓÁÐ�Ë]���*�ÁÍ�� � �ßÓÁÐ�Ë�� � à à � �ÌÍ ���àË?Ü�Ü�� ��¢ Ë Ë � ÓÁË; �¢��¡ �¢�Î � ÜS��à Ë;ÜÈË? .Ó&Í  �  � Ö
Ü�Ë?Ñ ��� ��� � Í #Ó�� Ó½Ð�Ë�Î � Ñ½ÑÁË7��� �  �¢�Í  e��Ñ½Ë%� � à Ó1� �  �Ó½Ð�Í�� Ó � ��ÍÏÎ¡�a�ÌÐ�Í Î2ÐÕ��Ë?ÑÁË�� � ��à Í��ÁÐ�Ë?¢
�#Þ�ÓÁÐ�ËH��Ñ��8Ó�� � ÓÁÐ � ÑÌ�	 �¢�Î � � � Ó½Ð � Ñ1�¥Í �ÓÁÐ�ËBÑ½Ë?Î;Ë; .Ó������3Ë;Ñ1�H� ���3Ú�� Æ'� �	 �¢¡� Õ × �L�
Ö^×@ØRØ &RÎ�) ~ Æ¿µ;ª½û�¸¿¬�®±©�ª�û¿Ïµ�®LÆ¡¬3¼2ª�º2þ�¬1¼Q®ÇÊ¸¿¬

d(R) := inf {‖x0 −A∗ v‖ : v ∈ Y, ‖v‖ ≤ R} � � � Ô@�
®¯©�Æ¿®�«�ª½Æ¿µ�þ�´8ªQµ
ºQ¸¿´ x0

®±©�ª�³@Ê¸¿¾ Æ¿®ÇÊ¸¿¬)¸8º�®±©�ª�µÇÅ�ª½¼; Ù�¼ µ;¸¿þ�´Á¼½ª�¼2¸¿¬3û¡¯®·Ê¸¡¬
x0 = A∗ v0 (v0 ∈ Y, ‖v0‖ ≤ R) , � � � � �

Å�ª�¸��Q®ØÆ¿¯¬
f(α) = ‖xα − x0‖ ≤ d(R) +

√
α

2
R � � � ���

ºQ¸¿´�Æ¿¾±¾ α > 0 Æ¡¬3û R ≥ 0 Æ�µÈÆ¿¬ ª�µ�®Ç¯«ÈÆ¡®LªÌºQ¸¿´�®±©�ª�ªQ´�´Á¸¡´¥º2þ�¬1¼Q®ÇÊ¸¿¬ ¸8º�´8ªLÀ	þ�¾Æ¿´�°@ª½ûµQ¸¡¾Hþ�®ÇÊ¸¿¬�µB¯¬}»lqÚ@©�¸¡¬3¸¿³�´ÁªÇÀ	þ�¾Æ¡´�°?Æ¡®·Ê¸¡¬w¯¬�®¯©�ª�¼2Æ�µ;ª�¸8º�¬1¸¿Ïµ;ªCÛHº2´Áª2ªÈû	Æ¿®ØÆ*�
Ü ´Á¸?¸�ºC� �,ËQÓ v ∈ Y �ÌÍÓÁÐ ‖v‖ ≤ R. �5Ð�Ë; O���*�ÁË?¢ �  H� � ÑÁÜ � à � � Õ	� � � ��Ë¥Î;�¡ �Ë%�8ÓÁÍ Ü��¿Ó½Ë
f(α) �#Þ�ÓÁÐ�Ë�ÓÁÑ½Í �	 e�	à Ë�Í  �Ë%� � �	àÍÓ�Þ¹���j� � àà � ���;á



Ô	Ô ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
f(α) = ‖α (A∗A+ αI)

−1
x0 − α (A∗A+ αI)

−1
A∗v + α (A∗A+ αI)

−1
A∗v‖

≤ ‖α (A∗A+ αI)
−1

(x0 −A∗v)‖ + ‖α (A∗A+ αI)
−1
A∗v‖

≤ α ‖ (A∗A+ αI)
−1 ‖ ‖x0 −A∗v‖ + α ‖ (A∗A+ αI)

−1
A∗‖ ‖v‖

≤ α
1

α
‖x0 −A∗v‖ + α

1

2
√
α
‖v‖ ≤ ‖x0 −A∗v‖ +

1

2

√
αR .

Ò�Í �ÎQË�ÓÁÐ�ËBÍ  �Ë%� � �	àÍÓ�Þ

f(α) ≤ ‖x0 −A∗v‖ +
1

2

√
αR

�¡à�� � Ñ½Ë;Ü��	Í ��J�¿�	àÍÏ¢bÍ:�"��ËO� � ����Ó½Í Ó � ÓÁË ‖x0 −A∗v‖ ��Þ
inf {‖x0 −A∗ v‖ : v ∈ Y, ‖v‖ ≤ R},

��Ë�Í ÜÈÜ�Ë@¢�ÍÏ�¿ÓÁË?àÞ �� �¢bÓÁÐ�ËBÍ  �Ë%� � �	àÍÓ�Þ � � � ���Q� �5Ð�Í��J��Ñ � �	Ë%��Ó½Ð�ËBàË?ÜÈÜÈ� � ¥
��� ÓÁË�ÓÁÐ��¡Ó �¡ �Ë%�8ÓÁÍ Ü��¿Ó½Ë

f(α) ≤
√
d2(R) + αR2

ÍÜU��à Þ�Í ���ÓÁÐ�ËBÍ  �Ë7� � �¡à Í Ó�Þ
f(α) ≤ d(R) +

√
αR , � � � Ú �

�ÌÐ�Í Î2ÐR�¥��� �¡à Ñ½Ë?�	¢�Þ � �ÁË?¢)Í  )ÓÁÐ�Ë������3Ë?Ñ�� �K��� Æ � Õ × � ��Ð��	¢®�3Ë;Ë?  � Ñ½Íq�.Í ��	àà Þ¡�ÁÐ � �Ì 
Í Ý�K���?�5Ð�Ë � ÑÁË?Ü ��� Æ ��� � Ù#Ú�ÖLÙ Æ3�Ç� Û � ÜU���	ÑÁË@¢�Ó � � � � Ú �L�*� Ñ�� � Ñ½Ü � à � � � � ��� Ð��*����8Ü��¡à à Ë;ÑbÎ �  ���Ó2�¡ .Ó �5�  }Ó½Ð�Ë � Ó½Ð�Ë;Ñ¹Ð��¡ �¢ø��Ó½Ð�ËÕ��Ñ �@� � � ���,Ë?Ü�Ü�� Õ Í��¹Ü � Î2Ð Ë?�*�8Ö
ÍË?ÑÌÓ½Ð��¡  � � � ÜÈË;Í���Ó½Ë;Ñ7Þ �P��Ñ �@� ��Í  ®�K� �L� �5Ð�Ë;Ñ½ËC� � ÑÁË.���¥Ë�Ð��'�	Ë.��Ñ½Ë%�ÁË; #ÓÁË?¢�ÓÁÐ�Ë���Ñ �@� ��Í  
ÓÁÐ�Í��b�8Ë@Î�ÓÁÍ �  l�¿�	à Ó½Ð �*� �	Ð��lË;ÜÈÜÈ� Õ Í�� �  �à Þ ��Î � Ñ � ààÏ�¡ÑÁÞ � �3�lË;ÜÈÜ��.���±Ñ � Ü Ò�Ë?Î�Ó½Í �   ���

�b��ÍÏ¢�Ë; #ÓÁà Þ	��� � Ñ�Ë%�	Ë;Ñ½Þ x0 ∈ X ÓÁÐ�Ë�  �  � �Ë��#�¿Ó½Íq�	Ë�¢�Í���Ó2�¡ �Î;ËH� �  �Î�Ó½Í �   d(R) �±Ñ � Ü
� � � Ô@� ¢�Ë��3Ë? �¢�Í  e� �  �Ó½Ð�ËÈÑ2�	¢�Í � � R ∈ [0,∞) Í��,�¥Ë;à à ÖØ¢�ËC�� �Ë?¢w�¡ �¢   �  �ÖLÍ  �ÎQÑ½Ë?���8Í  e��ÌÍ Ó½Ð lim

R→∞

d(R) = 0 ������Î �  ��ÁË%� � Ë; �ÎQË � �1Ó½Ð�Ë Í  3��Ë?ÎQÓÁÍ��#ÍÓ�Þ � � A �	 �¢ R(A∗) = X
�

�5Ð�Ë�¢�Í��8Ó½�¡ �ÎQË?� �  �Î�Ó½Í �   d(R) Ë � ��Ñ½Ë%���ÁË%��ÓÁÐ�ËH�3Ë;Ð��'��Í ��� Ñ � � x0
�ÌÍ Ó½ÐbÑ½Ë%�F�3Ë?ÎQÓ�Ó � ÓÁÐ�Ë

�3Ë; �Î2Ð�Ü��¡Ñ���Î �  �¢�Í Ó½Í �   � � � � � �ÌÐ�Í Î2Ð�Î?�¡ \�3Ë ÑÁË%�ÌÑÁÍÓ8Ó½Ë; ��*� x0 = (A∗A)
1
2w (w ∈ X)�¡ �¢L�ÌÐ�ÍÏÎ½ÐýÍ��ÌÜ � ¢�Ë;Ñ2�¿Ó½Ë,�ÌÍÓÁÐ�Í ýÓÁÐ�Ë.�Ê�¡ÜÈÍ àÞ � �r� ��� Ñ½Î;Ë�Î �  �¢�ÍÓÁÍ �  �� � � �Õ'�j� �Y� � ��Ë;ÑÁÖÓØÞ@�3Ë ϕ(t) = tη � � ÑÌË � � �  �Ë; #Ó�� 0 < η ≤ 1

�
ß Á�Æ¿« Å3¾ªUà.� � � �.�	ÑÁÍÓÁÐ�ÜÈÍÏÎ ÓØÞ@�3Ë�¢�Ë@Î;��Þ � � ¦ � d(R) ¢�Ë?ÎQÑ½Ë?���8Ë7��Ó � Ý?Ë;Ñ � �	Ë?ÑÁÞ��Áà � �Ìà Þ¹�*�
R → ∞, Ó½Ð�ËBÑ½Ë%� � àÓÁÍ  e�ÈÑ2�¿Ó½Ë,� � Ñ f(α) → 0 ��� α → 0 Í����¡à�� � �	Ë;Ñ½Þ��Áà � � ��� Ë;Ñ½Ë	�e��ËÎ �  ��8ÍÏ¢�Ë;Ñ5ÓÁÐ�ËH�Ê�	ÜÈÍà Þ � �Ä¢�Í��8Ó½�¡ �ÎQË,� �  �ÎQÓÁÍ �  ��

d(R) ≤ K (lnR)−p (R ≤ R <∞) � � � Æ��
� � Ñ�� � ÜÈËBÎ �  ���Ó2�¡ .Ó1� R > 0, K > 0 �¡ �¢�� � ÑP���¡Ñ2�¡ÜÈË;ÓÁË;Ñ1� p > 0

��� Þ��ÁËQÓÁÓÁÍ  e�

R = R(α) := α−κ (0 < κ <
1

2
)



ÿ�Å.Å3´Á¸%Á	¯«�Æ¿®ØªOÂø¸¿þ�´Á¼½ª¹¨
¸¿¬3û¡¯®·Ê¸¡¬�µ�¯¬�ú ªLÀ	þ�¾Æ¿´�°@Æ¿®ÇÊ¸¿¬°ÃSÄ�ªCÅ ú ªQµ2þ�¾ ®Êµ Ô �
�¡ �¢ Ó½�*��Í e� Í  .Ó � �	Î?Î ���  .Ó�ÓÁÐ��¡Ó α = o ((ln(1/α))−p) �*� α → 0 �¥Ë�Ð��7�	Ë��±Ñ � Ü�,Ë;ÜÈÜ�� Õ �	 �¢ � � � Æ��

f(α) ≤ K̃ (ln(1/α))
−p

(0 < α ≤ α) � � � Ù �
� � Ñ�� � ÜÈË α > 0 �¡ �¢ý��Î �  ���Ó2�¡ #Ó K̃ > 0. �5Ð�Ë? ��#Þ � �ÁÍ ��ÈÓÁÐ�Ë��U��Ñ½Í � ÑÁÍ|���¡Ñ2�¡ÜÈËQÓ½Ë;ÑÎ½Ð � Í Î;Ë α(δ) = c0 δ

χ �ÌÍÓÁÐ�� � ÜÈË�Ë � � �  �Ë? .Ó 0 < χ < 2 ��Ë � ��Ó½�	Í  ¹Ó½Ð�ËBà � �#�¡Ñ½Í Ó½Ð�ÜÈÍ ÎÎ �  @�	Ë;Ñ��	Ë? �ÎQË&Ñ2�¿Ó½Ë
e(α(δ), δ) = O

(
(ln (1/δ))

−p
) �*� δ → 0 � � � Õ × �

¢�Í��½Î � �F�ÁË?¢ø��Ë � � � ��Í ¿� Õ	ÕC� �ÌÍÓÁÐ Ñ½Ë%�F�3Ë?ÎQÓ�Ó � �	Ë? �Ë;Ñ2�¡à?� ��� Ñ2ÎQË�Î �  �¢�ÍÓ½Í �  �� � � � Õ7� �¡ �¢Î � Ñ½Ñ½Ë%�F� �  �¢�Í ���à � �.�	ÑÁÍÓÁÐ�ÜÈÍÏÎ&Í �¢�Ë � � �  �ÎQÓÁÍ �  �� ϕ.ß Á�Æ¿« Å3¾ª]á�� â � ��Ë?Ñ5ÓØÞ@�3Ë�¢�Ë?Î?�@Þ � � ¦ � d(R) �3Ë;Ð��'�	Ë%�Ì�*�Ì�S� � ��Ë;Ñ � � R ��Í � Ë � �
d(R) ≤ K/R

γ

1−γ (R ≤ R <∞) � � � Õ	Õ7�
�ÌÍ Ó½Ði���¡Ñ2�¡ÜÈË;ÓÁË;Ñ1� 0 < γ < 1 �	 �¢ Î �  ��8Ó½�	 .Ó1� R > 0, K > 0, Ó½Ð�Ë; ã�#Þ®�ÁËQÓÁÓÁÍ  e�
R = R(α) := α

γ−1
2 ��Ë�¢�Ë;Ñ½Í��	Ë?�±Ñ � Üs�,Ë?Ü�Ü�� Õ �	 �Ë%�8ÓÁÍ ÜÈ�¡ÓÁË

f(α) ≤ K̃ α
γ

2 (0 < α ≤ α) � � � Õ � �
� � Ñ.� � Ü�Ë α > 0 �	 �¢���Î �  ��8Ó½�¡ #Ó K̃ > 0.

� Ë;Ñ½Ë	�3ÓÁÐ�Ë�Ë � � �  �Ë; #Ó�Í   � � � Õ	Õ'� �¡Ó8Ó2�¡Í  ���¡à à�� � �8ÍÓÁÍ��	Ë�Ñ½Ë?�	à�  � Ü��3Ë?Ñ��^�ÌÐ�Ë?  γ Î � �.Ë;Ñ��ßÓÁÐ�Ë � �3Ë; �Í  .ÓÁË?ÑF�¡�¡à (0, 1). ¦ �øÓÁÐ�Ë��.��Ñ½Í � Ñ½Í���¡Ñ2�¡ÜÈËQÓ½Ë;ÑÌÎ2Ð � ÍÏÎQË α(δ) ∼ δ
2

1+γ Í�� � �8Ë@¢ø�e��Ë,�� �¢��±Ñ � Ü � Õ.� Ô@� �¡ �¢ � � � Õ � �
e(α(δ), δ) = O

(
δ

γ

1+γ

) �*� δ → 0 . � � � Õ � �
�e� Ñ 0 < γ < 1 � � Ñ½Ü � à � � � � Õ � � Í  �Î;à � ¢�Ë%���¡à à ��ä à ¢�Ë?Ñ�Î �  ��	Ë;Ñ��	Ë? �ÎQË Ñ2�¿ÓÁË7� ÓÁÐ��¡ÓB�¡Ñ½Ë�8à � �¥Ë;Ñ¥Ó½Ð��¡ �ÓÁÐ�ËBÑ2�¿Ó½Ë O(

√
δ) �ÌÐ�ÍÏÎ½Ð�Î2Ð��¡Ñ2�	Î�Ó½Ë;Ñ½Í Ý;Ë%��Ó½Ð�ËO� �*� Ñ2ÎQË�Î �  �¢�ÍÓÁÍ �   � � � � �Q�ß Á�Æ¿« Å3¾ªSåO� � � � �  �Ë; .Ó½Í �	àøÓØÞ@�3Ë�¢�Ë?Î?�@Þ � ���b�	Ë? �Íq� d(R) �Ê�	àà��5Ë � � �  �Ë? .ÓÁÍÏ�¡à à Þ	��Í � Ë � �

d(R) ≤ K exp (−cRq) (R ≤ R <∞)

� � Ñj���¡Ñ2�¡ÜÈËQÓ½Ë;Ñ1� q > 0 �	 �¢�Î �  ���Ó2�¡ #Ó�� R > 0, K > 0 �	 �¢ c ≥ 1
2
�	Ó½Ð�Ë&Î �  @�	Ë;Ñ��	Ë; �ÎQË

Ñ½�¡ÓÁË O(
√
δ) Î?�¡ �  � Óm��Ë � ��Ó2�¡Í  �Ë?¢ �  �ÓÁÐ�Ë,���*�ÁÍ�� � �y�,Ë;ÜÈÜ�� Õ.��� Ñ � Ü � � � ��� ��Ë�Ð��7�	Ë�ÌÍ Ó½Ð R = R(α) := (ln(1/α))

1/q ÓÁÐ�ËBË7��Ó½ÍÜ��¡ÓÁË
f(α) ≤ K̃ (ln(1/α))

1/q √
α (0 < α ≤ α)

� � Ñ\� � ÜÈË α > 0 �¡ �¢ �wÎ �  ��8Ó½�	 .Ó K̃ > 0.
� Ë; �Î;ËL�ÌÍÓÁÐ α(δ) ∼ δ ��Ë�¢�Ë;Ñ½Íq�	Ëý�Î �  @�	Ë;Ñ��	Ë? �ÎQË&Ñ2�¿Ó½Ë

e(α(δ), δ) = O
(
(ln(1/δ))

1/q
√
δ
) ��� δ → 0,

�ÌÐ�Í Î2ÐýÍ�� �  �à Þ¹��à ÍÓ8ÓÁà ËO�Áà � ��Ë?Ñ¥ÓÁÐ��¡  O(
√
δ).

� ÓlÓÁÐ�Ë�Ë? �¢ � ��ÓÁÐ�Í����ÁË?Î�Ó½Í �  H�¥Ë^�ÁÐ �*� àÏ¢�  � Ó½ËßÓÁÐ��¿Ó��ÌÜ � ¢�Í:��Ë?¢H�¡�¡Ñ½Í �	 .Ó � ��¢�Í��8Ó½�	 �ÎQË
� �  �Î�Ó½Í �   � � � Ô�� �ÌÍ Ó½Ð �L�	Ñ2����Ð   � Ñ½Ü ‖ · ‖∗ Í  ���Ó½Ë?�	¢ � ��ÓÁÐ�Ë\�	Ë? �Ë;Ñ½Í Î � Íà��3Ë;ÑÁÓO�F���	Î;Ë  � Ñ½Ü ‖ · ‖ �¥�*�Ì�¡à Ñ½Ë?�	¢�Þ�Ë � ��à � ÍÓÁË@¢�� � Ñ��¡ �Ë?ÑÁÑ � ÑÌ�¡ ��	àÞ��ÁÍ��¥Í  °� Õ � �Ç�



Ô�� ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
æJ�S¸ç�¹¸hº?º?´��F�
«Y���G�^� ¶ «r¬�§c�¹�^�¹©h«r��¨b§ª�����|´���¬@���^��¬
¦  °�����3Ë?ÑU� Õ × � ÓÁÐ�Ë �ÁÍ Ó � �¿Ó½Í �  �� � �¥� � �¡ÜU��à Ë%� Õ �¡ �¢Ó�bÍ )Ò�Ë?Î�Ó½Í �  ®�b�*�e��à Þ�Ó � �F�3ËQÖ
ÎQÍq��Î�à Í �Ë@�¡Ñ � �3Ë;Ñ2�¿Ó � Ñ�� A �ÌÍÓ½Ð�  �  �ÖLÎ;à � �8Ë@¢�Ñ2�¡ e�.Ë	�*�ÌÐ�ÍÏÎ½Ð¹�	ÑÁËP� � Ñ��¥�	Ñ½¢ � �3Ë;Ñ2�¿Ó � Ñ��ßÍ  Í @�	Ë;Ñ1�8Ë�â��&�ã��Ñ � ��à Ë;Ü\� � �5Ð�Ë ÓÁÐ�Ë � Ñ½ËQÓÁÍÏÎ����.Î��@�.Ñ �*�  �¢�Ó � Ó½Ð � �ÁË&�*�e��à Í Î?�¿ÓÁÍ �  ��
Í��^� � ÑÁÖ
Ü � à �¡ÓÁË@¢\�#Þ�Ó½Ð�Ë�� � à à � �ÌÍ  e�O��Ñ � � � �8ÍÓÁÍ �  \���*�ÁË?¢ �  �Ñ2�¡ e�.ËÌÍ  �ÎQà � �ÁÍ �  �� � �5Ð�Ë Ë7��Ó½ÍÜ��¡ÓÁË
� � � � �P� �
ÓÁÐ�Í��?��Ñ � � � �8ÍÓÁÍ �  �Ð�Ë?àq��� Ó � Î½Ð��	Ñ½�.Î�Ó½Ë;Ñ½ÍÝ?Ë�ÓÁÐ�Ë�¢�Ë?Î?�@ÞýÑ2�¿ÓÁË � � d(R) → 0 �*�
R→ ∞ �  �¢�Ë?Ñ5Ó½Ð�ËH� � Ñ½Ü � àÏ�¿ÓÁË@¢��*��� � ÜU��Ó½Í �  �� �
È $'É�Ê^É�!7ËÇ#7ËÌÉaÍçè|)�Ð ªÌÆ¿µ½µ�þ�«�ª¥®¯©�Æ¿®ø®±©�ª¥µ;¸¿¾Hþ�®ÇÊ¸¿¬�µ�«�¸?¸¡®¯©�¬3ªQµ½µ5¸8º�®±©�ª�¸½Å�ª;´ÁÆ¿®Ø¸¿´�ª�é;þ�Æ3Û
®·Ê¸¡¬ � Õ	� Õ7� Ïµ ¼½©�Æ¿´ÁÆ	¼;®ØªQ´�°@ª2ûL�;¶¹Æb¼½¸¡¬3û¡¯®·Ê¸¿¬

x0 = Gw (w ∈ X) ,

Åy©�ª;´Áª G : X → X Ïµ�Æ¡¬w¯¬�ê;ª2¼;®·¯³¿ª�Â�¼2¸¿« Å�Æ.¼Q®·ÂyÅ�¸�µ�¯®Ç¯³�ªÈµQª;¾ º1Û8Æ.û5ê;¸¡¯¬�®ÊÂ5¾H¯¬1ª½Æ¡´È¸½Å�ª;´NÛ
Æ¿®Ø¸¿´��
É�¸¿´Áª2¸¿³¿ªQ´2Â�Å�ª�Æ¿µ2µ2þ�«�ªÈ®¯©�Æ¿®�®¯©�ªQ´Áª�ª�Á.Ïµ2®·µÈÆ¿¬)¯¬3û	ª�Á�º2þ�¬1¼Q®ÇÊ¸¿¬ %(t) (0 ≤ t ≤
‖G‖) µ�þ�¼½©ý®±©�Æ¡®

R(%(G)) ⊂ R((A∗A)
1
2 ) = R(A∗). � � � Õ7�Ð ª µQª;® ψ(t) = t/%(t) (0 < t ≤ ‖G‖) Æ¿¬1û�µ�þ@Å	Å�¸¿µ;ª�®¯©�Æ¿® ψ ÏµBµ�®Ç´�Ê¼Q®Ç¾H¶�û	ª2¼Q´Áª2Æ�µ�¯¬#À

¸¿¬_®±©�ª ¯¬�®Øª;´�³�Æ¡¾ (0, ε] ºQ¸¿´ µ;¸¿«�ªwµ�«ÈÆ¡¾¯¾�Å�¸¿µ2¯®Ç¯³¿ª)³¿Æ¿¾Hþ�ª ε Æ¿¬3ûýº2þ�¾ Ù�¾¯¾ µ ®±©�ª ¾H¯«�¯®¼½¸¡¬3û¿¯®ÇÊ¸¿¬ lim
t→0

ψ(t) = ∞. »3©�ªQ¬ëÅ�ª�©�Æ¿³¿ª�ºQ¸¿´�®±©�ª û¿Ïµ�®ØÆ¿¬3¼2ª º2þ�¬1¼;®·Ê¸¿¬ � � � Ô�� ®±©�ª
ª�µ�®Ç¯«ÈÆ¡®Lª�º2´Á¸¿«kÆ��½¸¿³¿ª

d(R) ≤ C1 ψ
−1(R) (R ≤ R <∞) � � � � �

Åß¯®¯©�µQ¸¡«ÈªÈ¼½¸¿¬�µ�®LÆ¡¬�®·µ C1 > 0 Æ¡¬3û R ≥ 0. »1©�Ïµ�¯« Å3¾ ±ªQµ�Æ¿¬ ªQµ2®Ç¯«�Æ¿®Lª¥º2´8¸¡«dÆ*�½¸¡³�ª
ºQ¸¿´�®¯©�ª�ª;´�´Á¸¿´
º2þ�¬1¼Q®ÇÊ¸¿¬w¸8ºßºQ¸¡´�«

f(α) = ‖xα − x0‖ ≤ C2 %
−1(

√
α) � � � � �

Åß¯®¯©ýµ;¸¿«�ª�¼½¸¿¬�µ�®LÆ¡¬�® C2 > 0 Æ¿¬3û ºQ¸¡´�µ�þCì}¼QÊª;¬�®Ç¾H¶Èµ�«ÈÆ¡¾¯¾�Å�¸�µ�¯®Ç¯³�ª α.
Ü ´Á¸?¸�ºC�í�5Ð�ËBÐ#Þ@� � ÓÁÐ�Ë7�8Ë7� � �yÓ½Ð�ËO��Ñ � � � �ÁÍ Ó½Í �  bË? �� � ÑÁË�ÓÁÐ��¡ÓÌÓ½Ð�Ë���Ó2�¡ �¢�Í  e���*��� � ÜS��Ö
ÓÁÍ �  �� � �"� Õ × � �¡Ñ½Ë��Á�¡ÓÁÍ��G��Ë?¢S�ÌÍÓÁÐ %1(t) = %(t) �	 �¢ %2(t) = t

�#� �r� � ÑÁÜ � à �¡ÓÁË?¢ÈÍ �ÓÁÐ�Ë
��Ñ ��� � � �c�5Ð�Ë � ÑÁË?Ü Õ Í  Ô� Õ × � �¡ �¢�Ë7�F�ÁË; #ÓÁÍÏ�¡à àÞU���*�ÁË?¢ �  ¹�lË;ÜÈÜ��]� � �b� Õ × � ÍÓ5Î;�	  �3Ë
�8Ë?Ë; �ÓÁÐ��¡Ó�Ó½Ð�Ë;Ñ½Ë&Ë � Í���Ó5Î �  ��8Ó½�	 .Ó�� C1 > 0 �	 �¢ R ≥ 0 � � Î2Ð�ÓÁÐ��¡Ó � � � � � Ð � àÏ¢e� � �5Ð�Ë; ��Ë�Ð��'�	Ë,�±Ñ � Ü � � � ���

f(α) ≤ C1 ψ
−1(R) +

√
α

2
R ≤ C0

(
ψ−1(R) +

√
αR

)

�ÌÍ Ó½Ð C0 = max(C1, 1/2)
�	 �¢�� ��î ÎQÍ Ë; #ÓÁà Þ�àÏ�¡Ñ��	Ë R ≥ 0

��� Þ��8Ë;Ó8Ó½Í �� R = R(α) =
%−1(

√
α)/

√
α ��ËS�ÁË;Ë ÓÁÐ��¡Ó R(α) → ∞ ��� α → 0 �
�ÁÍ  �ÎQË t/%(t) → ∞ �*� t → 0

�
��� �Ï��Ë�Ð��'�	Ë %(√αR(α)) = %(%−1(

√
α)) =

√
α �	 �¢bÐ�Ë? �ÎQË

R(α) =

√
αR(α)

%(
√
αR(α))

= ψ(
√
αR(α)) ,

�ÌÐ�Í Î2ÐÓ�	Í��	Ë%� ψ−1(R(α)) =
√
αR(α)

� Û �  ��8Ë7� � Ë; .Ó½àÞ.�p��Ë � ��Ó½�	Í ¡� � Ñ.� ��î ÎQÍ Ë; #ÓÁà Þ
�8Ü��¡à à α > 0



ÿ�Å.Å3´Á¸%Á	¯«�Æ¿®ØªOÂø¸¿þ�´Á¼½ª¹¨
¸¿¬3û¡¯®·Ê¸¡¬�µ�¯¬�ú ªLÀ	þ�¾Æ¿´�°@Æ¿®ÇÊ¸¿¬°ÃSÄ�ªCÅ ú ªQµ2þ�¾ ®Êµ Ô Ú

f(α) ≤ C0

(
ψ−1(R(α)) +

√
αR(α)

)
= 2C0

√
αR(α) = 2C0 %

−1(
√
α) .

�5Ð�Í��ÌÞ�Í Ë;àÏ¢e� � � � � � �ÌÍÓÁÐ C2 = 2C0
�	 �¢���Ñ � �	Ë7��ÓÁÐ�Ë.��Ñ � � � �8ÍÓÁÍ �   �

¥

��� ÓÁËýÓ½Ð��¿Ó�ÓÁÐ�Ë�Ñ2�¡ e�.Ë�Í  �ÎQà � �ÁÍ �   � � � Õ7� Î½Ð��¡Ñ2�	Î�Ó½Ë;Ñ½ÍÝ?Ë%��ÓÁÐ�Ë�Í  .ÓÁË?ÑF��à ��Þi�3ËQÓG��Ë;Ë? � � à � Ó½Í �  ã�ÁÜ �@� Ó½Ð� �Ë%����Í   �¡�	Ë;Ñ½ÞÓ�.Ë; �Ë;Ñ2�¡àJ�ÁË; ��ÁË�Ë � ��Ñ½Ë%���8Ë@¢®�#ÞR��Ñ � �3Ë?Ñ8Ó½ÍË7� � � ÓÁÐ�Ë� �3Ë;Ñ2�¿Ó � Ñ G �	 �¢�ÓÁÐ�Ë?�ÁÜ ��� ÓÁÐ�Í e�O��Ñ � �3Ë;ÑÁÓØÞ � �1ÓÁÐ�Ë�� � Ñ��¥�	Ñ½¢ � �3Ë;Ñ2�¿Ó � Ñ A � �5Ð�Ë Í �¢�Ë �� �  �Î�Ó½Í �   % ÜÈË?�*� � Ñ½Ë%�lÓ½Ð��¿Ó
Í #ÓÁË;Ñ���àÏ�@Þ �¿��� ÑÁË5¢�Ë;Ó½�¡Í à�� �   ÓÁÐ�ËÌÍ #ÓÁË;Ñ���àÏ�@Þ � �
�8Ü �@� Ó½Ð�Í  e�Î �  �¢�Í Ó½Í �  ��"� � Ñ^�5Í���Ð �   � � Ñ½Ë�� � à �	ÑÁÍ Ý?�¿ÓÁÍ �  È�¡Ñ½ËP�	Í��	Ë; ÈÍ  �� � � �	 �¢]� � Ñ��.�	Ë; �Ë;Ñ2�¡à�à Í  �Ë?�	Ñ
ÑÁË%� � àÏ�¡Ñ½ÍÝ@�¿ÓÁÍ �  b������Ñ � �	Î2Ð¹Í  °� Õ Ú �Ç�

ï��S¸ç�¹¸hº?º?´��F�
«Y���G�^�ð���òñë�^�Pó*¥¡�j¼ôº?«r�a�ãõö��´G�e�Gº,´G���
«��e�G�^�
÷ ºO§|�e«Y���b��¬
��� �ø��Ë �¡Ñ½ËP� � Í e��Ó � Í àà � �8ÓÁÑ2�¿Ó½Ë5ÓÁÐ�Ë��8ÍÓ � �¿Ó½Í �  �� � �1� � �	ÜS��àË7�j���¡ �¢\�BÍ ¹Ò�Ë@Î�Ó½Í �   �
Í �ÓÁÐ�Ë�Î �  .Ó½Ë � Ó � �ß  �  �ÖLÎ � ÜU���	ÎQÓ�Ü � àÓÁÍ���à Í Î?�¿ÓÁÍ �   � �3Ë?Ñ½�¡Ó � Ñ1� A ��¦  ýÓ½Ð�Í��?�ÁË?ÎQÓÁÍ �  ���ËÎ �  ��8ÍÏ¢�Ë;Ñ X = Y = L2(0, 1) �¡ �¢L�F�3Ë?Î;Í:�±Þ A �*�Ì��Ü � àÓÁÍ���à ÍÏÎ;�¿Ó½Í �   � �3Ë;Ñ2�¿Ó � Ñ

[Ax] (t) = m(t)x(t) (0 ≤ t ≤ 1)

¢�ËC�� �Ë?¢Ô�#Þ���Ü � àÓÁÍ���à ÍË?Ñ?� �  �Î�Ó½Í �   m ∈ L∞(0, 1) �ÌÍÓÁÐ�Ë7�F�ÁË; .Ó½ÍÏ�¡àyÝ;Ë?Ñ � ��� � Î2Ð�Ó½Ð��¿Ó
R(A) Í��5  � Ó�Î;à � �8Ë@¢ ����� Ñ��8Í ÜU��à Í Î;Í Ó�Þ	��à ËQÓ � ���*��� � ÜÈË

x0(t) = 1 (0 ≤ t ≤ 1) � Ô��Õ'�
Í �Ó½Ð�ËO� � àà � �ÌÍ e��ÓG� � �ÁÍ Ó � �¿Ó½Í �  �� � �5Ð�Ë? Ô��Ë�Î;�¡ �� � Ñ½Ü � àÏ�¿ÓÁË�ÓÁÐ�Ë�� � à à � �ÌÍ  e��ÑÁË7� � à Ó1� ��e� ÑJ��Ñ �@� �Ì�m��ËBÑÁË��±Ë;Ñ5Ó � � Æ3�L�
È $'É�Ê^É�!7ËÇ#7ËÌÉaÍhùc)aú ¸¿´ý®±©�ªýµ;¸¿¾Hþ�®ÇÊ¸¿¬ � Ô��Õ'� ¸8º�ª�é;þ�Æ¿®ÇÊ¸¿¬ � Õ.�Õ'� Æ¿¬1û ®¯©�ªý«�þ�¾H®Ç Å3¾HÊª;´º2þ�¬3¼;®·Ê¸¡¬

m(t) = t (0 ≤ t ≤ 1)

Å�ª�©�Æ¿³¿ª�Åß¯®±©ýµ;¸¿«�ª�¼2¸¿¬�µ2®ØÆ¿¬�® R > 0 Æ¿¬wªQµ�®·¯«�Æ¿®Øª�¸8ºB®¯©�ª�ºQ¸¿´�«

d(R) ≤
√

2

R
(R ≤ R <∞)

ºQ¸¿´�®¯©�ª�û¡Ïµ2®ØÆ¿¬1¼½ª�º2þ�¬1¼;®·Ê¸¿¬ � � � Ô�� ¸�ºB®¯©�ª5Å3þ�´Áª «�þ�¾ ®· Å1¾HÊ¼½Æ¡®·Ê¸¡¬ ¸2Å�ª;´ÁÆ¿®Ø¸¿´ A.
�5Ð�Ë��8ÍÓ � �¿ÓÁÍ �   � �aâ
Ñ � � � �ÁÍÓÁÍ �  S��Î � ÑÁÑ½Ë%�F� �  �¢e�yÓ � Ó½Ð�Ë�Î;���8Ë γ = 1

2
Í  È� � �¡ÜU��à Ë��

�¡ �¢)Þ#Í Ë;àÏ¢e� f(α) = O( 4
√
α) ÍÜU��à Þ�Í  e��Ó½Ð�Ë ��ä àÏ¢�Ë;Ñ Ñ2�¿Ó½Ë O( 3

√
δ) ���ÌÐ�ÍÏÎ½Ð Í�� � Ñ2¢�Ë;Ñ� ��Ó½ÍÜ��¡à,Í  bÓÁÐ��¿Ó��8ÍÓ � �¿Ó½Í �   �

È $'É�Ê^É�!7ËÇ#7ËÌÉaÍøû�)aú ¸¿´ý®±©�ªýµ;¸¿¾Hþ�®ÇÊ¸¿¬ � Ô��Õ'� ¸8º�ª�é;þ�Æ¿®ÇÊ¸¿¬ � Õ.�Õ'� Æ¿¬1û ®¯©�ªý«�þ�¾H®Ç Å3¾HÊª;´º2þ�¬3¼;®·Ê¸¡¬
m(t) =

√
t (0 ≤ t ≤ 1)

Å�ª�©�Æ¿³¿ª�Åß¯®±©ýµ;¸¿«�ª�¼2¸¿¬�µ2®ØÆ¿¬�® R > 0 Æ¿¬wªQµ�®·¯«�Æ¿®Øª�¸8ºB®¯©�ª�ºQ¸¿´�«

d(R) ≤ exp
(
− 1

2
R2

)
(R ≤ R <∞)

ºQ¸¿´�®¯©�ª�û¡Ïµ2®ØÆ¿¬1¼½ª�º2þ�¬1¼;®·Ê¸¿¬ � � � Ô�� ¸�ºB®¯©�ª5Å3þ�´Áª «�þ�¾ ®· Å1¾HÊ¼½Æ¡®·Ê¸¡¬ ¸2Å�ª;´ÁÆ¿®Ø¸¿´ A.



Ô�Æ ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
� ����Í �*� �Áà Þ	�;Ó½Ð�Ëm�ÁÍ Ó � �¿Ó½Í �   � �eâ
Ñ � � � �8ÍÓÁÍ �   Ô Î � Ñ½ÑÁË7��� �  �¢e�øÓ � ÓÁÐ�Ë¥Î;���8Ë c = 1

2
�¡ �¢

q = 2 Í  �� � �¡ÜU��à Ë��B�	 �¢�Þ�ÍË?à ¢�� f(α) = O
(√(

ln 1
α

)
α
) �.�e� ÑßÓÁÐ��¡Ó^�ÁÍÓ � �¡ÓÁÍ �   �*� Ñ

�¡àÓÁË;Ñ½ ��¡ÓÁÍ��	Ë��*�e��Ñ � �	Î2Ðb¢ � Ë7�¥  � ÓJ��Ñ � ��Í ¢�Ë � �J�ÌÍÓ½ÐbÓÁÐ�Ë � Ñ2¢�Ë;Ñ � ��Ó½ÍÜ��	àøÎ �  @�	Ë;Ñ��	Ë; �ÎQË
Ñ½�¡ÓÁË f(α) = O (

√
α)
� �5Ð�Í��BÍ����ý¢�Ñ2�7�P���.Î�� � ��Ó½Ð�Ë � � �*�.Ë%�8ÓÁË@¢�Ü�Ë;ÓÁÐ � ¢¡�����8Ë@¢ �  

�,Ë;ÜÈÜ�� Õ	��� Þ)Î �  ��8ÓÁÑ � Î�Ó½Í �   � �ÌÓÁÐ�Í����*�e��Ñ � �.Î½Ð®��Ë�Î;�	 �  � Ó � ��Ó2�¡Í   Ð�Í��	Ð�Ë?Ñ � Ñ2¢�Ë;Ñ
Ñ½�¡ÓÁË%� f(α) = O (αµ) �ÌÍÓÁÐ µ ≥ 1

2 .
�5Ð�Í���Í���� � ÜÈË��#Í  �¢ � �BàÍ ÜÈÍ Ó2�¿Ó½Í �  ø� � Ñ�ÓÁÐ�Ë

��ÑÁË7�8Ë? .Ó½Ë?¢¹ÓÁË@Î½Ð� �Í�� � Ë �

üJ�S¸ýñÏ§pþÿ¯¡²�§|�b�e§�¼ �^� ¥°�^¼½º�«r�a� ÷ º.§|�e«Y���b��¬R«r��� «Ý¥¡«r¬�§
¾j�e��� � ¥¡�^�?�
§|�����F��¨³¾J�F¼ôº,´G§ë���j��§|¨b�e«Y�e���^�
¦   Ó½Ð�Í��n�ÁË?ÎQÓÁÍ �  ë��Ë¡� � Î � � �  �Í à à Ö}� � �ÁË?¢ Ë7� � �¿Ó½Í �  �� � Õ	� Õ7� �ÌÍ Ó½Ð Î � ÜU���.Î�Ó � �3Ë?Ñ½�¡ÖÓ � Ñ1� A �ÌÐ�Í Î2Ð��¡Ñ½Ë Î½Ð��¡Ñ2�	Î�Ó½Ë;Ñ½ÍÝ?Ë?¢L�#Þ�ÓÁÐ�ËS�8Í  e� � à �	Ñ��ÁÞ���Ó½Ë;Ü {σi;ui; vi}

� � A �1� Ë?ÑÁË
σ1 ≥ σ2 ≥ ... > 0 ¢�Ë;  � ÓÁË�ÓÁÐ�Ë � Ñ2¢�Ë;Ñ½Ë?¢Õ�ÁÍ e� � àÏ�¡Ñ,�¿�	à � Ë7� � � A �ÌÍÓÁÐ σi → 0 �*�
i → ∞ � Aui = σivi

�	 �¢ A∗vi = σiui,
�ÌÐ�Ë;Ñ½Ë {ui} ⊂ X �¡ �¢ {vi} ⊂ Y �	ÑÁË�ÓÁÐ�Ë� ÑÁÓÁÐ �   � Ñ½Ü��¡àyË;Í��	Ë? ��8Þ��8ÓÁË?ÜU� � � A∗A �	 �¢ AA∗ �1Ñ½Ë%�F�3Ë?ÎQÓÁÍ��	Ë;à Þ �1� Í Ñ��8ÓH��ËS��Ñ½Ë%�ÁË; #Ó��

ÓÁÐ�Ë � Ñ½Ë;Ü³�ÌÐ�Í Î2ÐÔ�8Ð � ���5ÓÁÐ��¿Ó�Ó½Ð�Ë Î �  ��	Ë;Ñ1�ÁË�ÑÁË%� � àÓ �  �¢�Í���Ó2�¡ �Î;ËH� �  �ÎQÓÁÍ �  �� d(R) � � Ñ�	Ë; �Ë;Ñ2�¡à � �3Ë;Ñ2�¿Ó � Ñ�� A � � ÑÁÜ � à �¡ÓÁË?¢��*��â�Ñ � � � �ÁÍ Ó½Í �  Õ� � � Í  i� Æ3� Î;�¡ Õ�3Ë�ÍÜU��Ñ � �	Ë?¢�Í  Î;�*�ÁË � ��Î � ÜU���.Î�Ó A ��� �5��Î �  ��ÁË%� � Ë? �ÎQË � �lÓÁÐ�Í��5 �Ë�� Ó½Ð�Ë � ÑÁË?ÜgÍÓJ�3Ë@Î � Ü�Ë7�¥Ë���Í ¢�Ë; .Ó
ÓÁÐ��¡Ó�� � �F�ÁÍ���àË�¢�Ë@Î;�@Þ�Ñ½�¡ÓÁË%� � �e� � ��Ë;ÑlÓØÞ@�3Ë^� � Ñ d(R) → 0 �*� R→ ∞ �¡Ñ½Ë�Î � ÜU��à ËQÓÁË?àÞ
¢�ËQÓ½Ë;Ñ½Ü�Í  �Ë@¢��#Þ�Ó½Ð�Ë��*�ÁÞ�ÜU��Ó � ÓÁÍÏÎ?�3Ë?Ð��7��Í �*� Ñ � �yÓ½Ð�Ë �e��� ÑÁÍ Ë;Ñ�Î � Ë î Î;ÍË? .Ó1� 〈x0, ui〉

�
��� × É�$ ×@Ø Îa)�� ª;®ß®¯©�ª�¯¬�ê;ª½¼;®Ç¯³�ªB¾H¯¬3ª2Æ¿´B¸½Å�ª;´ÁÆ¿®Ø¸¿´ A : X → Y ¸8º�ª1éQþ�Æ¡®·Ê¸¿¬ � Õ	� Õ7� �2ª¼½¸¡«�Å�Æ.¼Q®UÅß¯®±© ®¯©�ª�µ�¯¬#À	þ�¾Æ¡´ýµ�¶�µ2®Øª;« {σi, ui, vi} Æ¡¬3û ¾ª;®ÊÂ�ºQ¸¿´bÀ	Ï³¿ª;¬ y ∈ R(A) Â®¯©�ª þ�¬�ÌéQþ�ª;¾H¶�û.ªQ®ØªQ´�«�¯¬3ª2û µ;¸¡¾Hþ�®·Ê¸¡¬ x0 ∈ X ¸�º � Õ	� Õ7� µ;Æ¿®ÇÏµÇÙ�ªQµ)®¯©�ª ¼2¸¿¬1û¿¯®ÇÊ¸¿¬
x0 6∈ R(A∗). »1©�ª;¬wÆ�À#ªQ¬1ªQ´ÁÆ¿¾,µ;¸¿þ�´Á¼2ª�¼2¸¿¬1û¿¯®ÇÊ¸¿¬)¸�º¥Å�¸3Å�ª;´�®Ç¶½Å�ª

x0 = (A∗A)
η

2 w (w ∈ X) � � � Õ7�
¯«�Å1¾HÊª�µ�ºQ¸¿´�ªQ³¿ª;´�¶¹ª�ÁQÅ�¸¿¬1ªQ¬�® 0 < η < 1 ®±©�ª�ª�µ�®Ç¯«ÈÆ¡®Lª

d(R) ≤ K/R
η

1−η (0 < R <∞) � � � � �
Åß¯®¯©ýµ;¸¿«�ª�¼½¸¿¬�µ�®LÆ¡¬�® K > 0 �
Ü ´Á¸?¸�ºC� �e� Ñ x0 6∈ R(A∗) �����8Ë@¢ �  bÓÁÐ�Ë��y���	Ñ2�¡ ��	Ë&Ü � à Ó½Íq��àÍ Ë;Ñ�ÜÈË;ÓÁÐ � ¢L��Ë�Ð��7�	Ë

d(R) = λ(R) ‖(A∗A+ λ(R)I)−1x0‖ ,
�ÌÐ�Ë;Ñ½Ë λ = λ(R) > 0 Í��]� � Ñ��¡à à R > 0 ÓÁÐ�Ë �  �Í�� � Ë?àÞ ¢�ËQÓÁË?ÑÁÜÈÍ  �Ë?¢ã� � à � ÓÁÍ �   � �Ë%� � �¿Ó½Í �  

R2 = ‖A(A∗A+ λI)−1x0‖2 . � � � � �� ���¡à ÑÁË@�	¢�Þ�Ü�Ë? .Ó½Í �  �Ë?¢�Í Ó� Æ �eâ
Ñ �@� � � �Ä�lË;ÜÈÜ��\� � � � Ó½Ð�Í��P�.Íq�	Ë7��Ó½Ð�ËH� � Ñ½Ü � àÏ�
d(R) = f(λ(R)) . � � � Ô@�

�  �ÓÁÐ�Ë �  �Ë�Ð��¡ �¢S�±Ñ � Ü � � �Õ'� � � � � Ô@� �¡ �¢Sâ
Ñ � � � �8ÍÓÁÍ �   Õ �¿Ó2����Í  e�BÍ  .Ó � �.Î;Î ���  .Ó
ÓÁÐ��¡Ó
ϕ(t) = t

η

2 Í��ÌÎ �  �Î?�7�	Ë?� � Ñ �¡à à 0 < η < 1 �e��Ë�Í ÜÈÜÈË?¢�ÍÏ�¿Ó½Ë;à Þb¢�Ë;Ñ½Íq�	ËB�	 �Ë%��Ó½Í ÜÈ�¡ÓÁË



ÿ�Å.Å3´Á¸%Á	¯«�Æ¿®ØªOÂø¸¿þ�´Á¼½ª¹¨
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d(R) ≤ (λ(R))η/2‖w‖ . � � � � �
� Ë@Î;� � �8Ë � �yÓÁÐ�Ë.��Ë;à à Ö}��  � �Ì bË%� � Í��¿�	àË? �ÎQË

x0 ∈ R
(
(A∗A)

η

2

)
⇐⇒

∞∑

i=1

〈x0, ui〉2
σ2η

i

<∞ � � � ���

� �ÁË;ËU� Ô �eâ
Ñ � � � �ÁÍÓÁÍ �  L� � Õ � � � ��Ë�Ð��'�	Ë,�±Ñ � Ü � � � Õ7� Ó½Ð��¿Ó
∞∑

i=1

〈x0, ui〉2
σ2η

i

= Ĉ <∞

�¡ �¢bÐ�Ë; �ÎQË�ÓÁÐ�ËBË%�8ÓÁÍ ÜÈ�¡ÓÁË

‖A(A∗A+ λI)−1x0‖2 =
∞∑

i=1

〈x0, ui〉2
σ2η

i

σ
2(1+η)
i λ1−η

(σ2
i + λ)2

λη−1 ≤ Ĉ λη−1 ,

�8Í  �ÎQË σ
2(1+η)
i

λ1−η

(σ2
i
+λ)2

≤ 1 Í����ÈÎ �  ��8Ë7� � Ë; �Î;Ë � �y� �*�  e��Þ �5Í  �Ë%� � �	àÍÓ�Þ ��  ýÓÁÐ�Ë � ÓÁÐ�Ë;Ñ�Ð��¡ �¢ø����Ë�Ë?�*�ÁÍ àÞL�8Ë?Ë�ÓÁÐ��¿Ó λ(R) ≤ λ̂(R) � � Ñ�ÓÁÐ�Ë]� � à � Ó½Í �   λ(R)� �ßË7� � �¿Ó½Í �   � � � � � �ÌÐ�Ë; �Ë��	Ë;Ñ λ = λ̂(R) > 0 ¢�Ë;  � Ó½Ë%��� � Ñ��¡à à R > 0 ÓÁÐ�Ë �  �Í�� � Ë;à Þ¢�ËQÓ½Ë;Ñ½Ü�Í  �Ë@¢L� � à � ÓÁÍ �   � ��Ë7� � �¿Ó½Í �  
R2 = Ĉ λη−1 .

�5Ð�Ë; Ó�¥Ë�Ð��'�	Ë λ̂(R) =
ˆ̂
CR

2
η−1 �ÌÍ Ó½Ð ˆ̂

C = (Ĉ)
1

1−η
� ������Í  e�ýÍ  .Ó � �	Î;Î �*�  #Ó � � � � �ÓÁÐ�Í��P��Ñ � ��ÍÏ¢�Ë%� � �J�ÌÍÓÁÐ��ÈÎ �  ��8Ó½�	 .Ó K > 0 � � Î2ÐbÓ½Ð��¿Ó � � � � � Í��P�¿�	àÍÏ¢ � ¥

ú ªQ«�Æ¿´FÚ�à*� � �¥��Î � ÜS��àË?Ü�Ë? .Ó¥Ó � �5Ð�Ë � Ñ½Ë;Ü Õ ��Ë � ��Ó½�¡Í   �±Ñ � Ü�� � �¡ÜU��à ËH��Í  �Ò�Ë@Î�Ö
ÓÁÍ �  ã�ýÓ½Ð��¿ÓÈ�	 )Ë7��Ó½ÍÜ��¡ÓÁË � �ÌÓÁÐ�Ë�� � ÑÁÜ � � � Õ	Õ'� �ÌÍÓÁÐã� � ÜÈË � � Ë?¢ 0 < γ < 1 Î?�¡ �  �à ÞbÐ � àÏ¢ýÍ:� x0

�Á�¡ÓÁÍ�����Ë%��� �*� Ñ2ÎQË�Î �  �¢�ÍÓÁÍ �  �� � �ÄÓÁÐ�Ë.� � Ñ½Ü � � � Õ7� � � Ñ&�¡à à 0 < η < γ.� �¡ÜÈË?àÞ.���±Ñ � Ü � � �Õ.Õ7� �¥Ë�Ð��	¢ � �*�  �¢b�	 ¹Í  �Ë%� � �	àÍÓ�Þ � �lÓÁÐ�Ë,� � Ñ½Ü � � � Õ � � �ÌÐ�Í Î2ÐbÍ Ü�Ö��àÍ Ë%� � � � � � � � Ñ �	àà 0 < η < γ � �8Ë?Ë\� Õ Ù � �Q����� Ñ½ËH��Ñ½Ë?Î;Í��ÁË;à Þ.�@� � Ñ&�¡ ýË;à Ë;ÜÈË; #Ó x0 ∈ X�ÌÍ Ó½Ð
0 < γsup := sup

{
γ > 0 :

∞∑

i=1

〈x0, ui〉2
σ2γ

i

<∞
}
< 1 � � � Ú �

��Ë Ð��'�	Ë Ë%�8ÓÁÍ Ü��¿Ó½Ë%� � � �Õ.Õ7�R� ��ÓÁÐ�Ë_¢�Í���Ó2�¡ �Î;Ëë� �  �Î�Ó½Í �  �� d(R) Í:� �¡ �¢ �  �à ÞgÍ:�
0 < γ ≤ γsup,

Í � Ë � �Y��Í ��ÓÁÐ�Ë��¡�¡à � Ë γsup
Ó½Ð�Ë;Ñ½Ë¹Í���� �  �Ë;Ö·Ó � Ö �  �Ë¹Î � Ñ½Ñ½Ë%�F� �  �¢�Ë; �ÎQË

�3ËQÓG��Ë;Ë? �Ü�� � ÍÜ��	à�� � ��Ë;Ñ Ó�Þ@�3Ë�¢�Ë?Î?�@ÞýÑ2�¿ÓÁË7� � �
ÓÁÐ�ËÈ¢�Í���Ó2�¡ �Î;ËO� �  �Î�ÓÁÍ �   d(R) → 0�*� R→ ∞ �	 �¢�ÜÈ� � ÍÜ��¡à�� � ��Ë;ÑlÓ�Þ@�3Ë¥¢�Ë@Î;��Þ�Ñ2�¿Ó½Ë%� � ��Ó½Ð�Ë�Ë?ÑÁÑ � Ñ|� �  �Î�Ó½Í �   f(α) → 0�*� α→ 0
� �"�5Í���Ð �   � ��ÑÁË%� � àÏ�¡Ñ½Í Ý?�¿ÓÁÍ �   �

¦  �Ó½Ð�ËBÑ½Ë;Ü��¡Í  �Í  e�U���	Ñ8Ó � ��ÓÁÐ�Í����ÁË?ÎQÓÁÍ �  n��Ë��¡Ñ½ËH� � Í e��Ó � Í à à � �8ÓÁÑ2�¿Ó½Ë�Ó½Ð�Ë�Ó½Ð�Ë � ÑÁÞ
�#Þ�� � ÜÈËBÎ;�*�ÁËH�8Ó � ¢�ÍË7��Î �  �Î;Ë;Ñ½ �Í  e��ÓÁÐ�ËO�ÁÍ ÜS��à ËBÍ #ÓÁË%�	Ñ2�¿ÓÁÍ �   � �3Ë;Ñ2�¿Ó � Ñ

[Ax] (s) =

s∫

0

x(t) dt (0 ≤ s ≤ 1) � � � Æ��



�¡× ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
ÜÈ�*�e��Í  e�ÈÍ   X = Y = L2(0, 1) �ÌÍÓÁÐýË � ��à ÍÏÎQÍÓÁà Þb�7�¡�¡Í à �*��àËH�ÁÍ �� � àÏ�¡ÑJ�¡�¡à � Ë%�

σi =
1

π
(
i− 1

2

) ∼ 1

π i
∼ i−1 (i = 1, 2, ...) � � � Ù �

�¡ �¢bË?Íq�.Ë; ��ÁÞ���Ó½Ë;Ü\�

ui(t) =
√

2 cos
(
(i− 1

2
)πt

)
, vi(t) =

√
2 sin

(
(i− 1

2
)πt

)
(0 ≤ t ≤ 1) . � � � Õ × �

�5Ð�Ë; BÓÁÐ�Ë�¢�Ë��.ÑÁË?Ë � ��Í ààÖ}� � �ÁË?¢� �Ë7�F� � ����Î � ÑÁÑ½Ë%�F� �  �¢�Í  e�ÌË%� � �¿Ó½Í �   � Õ	� Õ7� �;ÓÁÐ�Ëj� � à � Ó½Í �  � �c�ÌÐ�ÍÏÎ½Ð�Î � Ñ½Ñ½Ë%�F� �  �¢e�ßÓ � ÓÁÐ�Ë,��Ñ � ��à Ë;Ü � �|�� �¢�Í  e� Ó½Ð�Ë?��Ñ��8Ó5¢�Ë?ÑÁÍ��¿�¡ÓÁÍ��	Ë	�.Í�� �  �Ë��¡ �¢
ÓÁÐ�Ë.��Ñ � ��àË?Ü%Í��ÌÜÈÍàÏ¢�à Þ¹Í ààÖ}� � �8Ë@¢ � � � ÑÌÜ � ÑÁËB¢�ËQÓ2�¡Í à����8Ë?Ë	��Ë � � � �|� Ù �Ç���¢ Ë ÑÁË;Ó � Ñ½ ÈÍ  �ÓÁÐ�Ë?�ÁË%� � Ë;à�Ó � Ó½Ð�Ë?���3Ë@ÎQÍq��Î�� �*� Ñ2ÎQË�Î �  �¢�ÍÓÁÍ �   � � � � � �ÌÐ�ÍÏÎ2Ð�Î?�¡ \�3ËÑÁË%�ÌÑÁÍÓ8Ó½Ë; �� � Ñ5Ó½Ð�ËBÍ #ÓÁË%�	Ñ2�¿ÓÁÍ �   � �3Ë;Ñ2�¿Ó � Ñ � � � Æ�� �*�

x0(t) = [A∗v](t) =

1∫

t

v(s) ds (0 ≤ t ≤ 1) � � �Õ.Õ7�

�ÌÍ Ó½Ð ‖v‖L2(0,1) ≤ R0.
�5Ð�Í���Í��
Ë7� � Íq�¡�¡à Ë; #ÓßÓ � x0 ∈ H1(0, 1) �ÌÍ Ó½Ð ‖x′0‖L2(0,1) ≤ R0�¡ �¢ x0(1) = 0 Ñ½Ë%� � Í Ñ½Í e� �ã�ÁÜ �@� Ó½Ð� �Ë%�����¡ �¢ �i� �*�  �¢��¡Ñ½Þ Î �  �¢�ÍÓÁÍ �  ë� � Ñ�ÓÁÐ�Ë

� �  �Î�Ó½Í �   x0 ∈ L2(0, 1) Ó � �Á�¡ÓÁÍ��G�±Þ � � � � ���
ß Á�Æ¿« Å3¾ª���� ¦  �ÓÁÐ�Í��ÌË � �	ÜU��àËH� � ÑÌË7� � �¿ÓÁÍ �   � Õ	� Õ7� �ÌÍÓÁÐ � �3Ë;Ñ2�¿Ó � Ñ A �±Ñ � Ü � � � Æ�� ��Ë�¡Ñ½ËU� � Í ���Ó � Î �  ��ÁÍÏ¢�Ë;ÑO�ÌÐ��¿Ó Ð����e�3Ë? ��.�ÌÍÓÁÐ)Ñ½Ë%�F�3Ë?Î�ÓBÓ � Ó½Ð�Ë�à � �F� � �ÌÎ �  @�	Ë;Ñ��	Ë; �ÎQË
���3Ë?Ë?¢ Í  Ó½Ð�Ë\�5Í���Ð �   � ��Ñ½Ë�� � à �	ÑÁÍ Ý?�¿Ó½Í �  �Íq�5�L� � à � Ó½Í �   x0

�½�¿Ó½Í����±Þ�Í e� � � � � � Í��.��Ë?Ñ8ÖÓ � Ñ��3Ë?¢ã�#Þ �.¢�¢�Í  e� �   �  �Ý;Ë;Ñ � Î �  ��8Ó½�	 .ÓS� �  �ÎQÓÁÍ �   c(t) ≡ c > 0 � � Î2Ð Ó½Ð��¿ÓÈÓ½Ð�ËÐ � Ü � �.Ë; �Ë �*� �S� ���  �¢��	ÑÁÞ Î �  �¢�ÍÓ½Í �   x0(1) = 0 �	Ë;Ó��\�#Í � àÏ�¿Ó½Ë?¢ �b¢ Ë��*��� � Ü�ËýÓÁÐ�Ë���3Ë@ÎQÍq��ÎH�ÁÍ Ó � �¿Ó½Í �  
x0 = A∗v + c, �ÌÐ�Ë?ÑÁË 〈v, vi〉 ∼ σi

�	 �¢ 〈c, ui〉 ∼ σi
� � Ñ c 6= 0 . � � � Õ � �

�5Ð�Ë; ýÍ n��ÍË%� � �
〈x0, ui〉 = 〈A∗v + c, ui〉 = σi〈v, vi〉 + 〈c, ui〉

Í Ó�Í��5Ë%��Í ¢�Ë? .ÓÌÓÁÐ��¿Ó
〈x0, ui〉 ∼

{
σ2

i
Í:� c = 0,

σi
Í:� c 6= 0.

��� Ñ½Ë � �	Ë;Ñ?����Ë Ñ½Ë?Î;�	ààlÓÁÐ��¡Ó Ó½Ð�Ë Ë7� � Íq�¡�¡à Ë; �Î;Ë � � � ��� Í����¡�¡à Í ¢n� � Ñ��¡à à η > 0
�1��� �ª� � Ñ

c = 0 �¥Ë�Ð��'�	Ë
∞∑

i=1

〈x0, ui〉2
σ2η

i

<∞ if and only if

∞∑

i=1

i2η−4 <∞,

�ÌÐ�Í Î2Ð)Í���Ë%� � Í��¿�¡à Ë; #ÓBÓ � 0 < η < 3
2
�¡ �¢ γsup = 3

2
Í   ÓÁÐ�Ë��8Ë? ��ÁË � � � � � Ú ��� Û �  �Ö�8Ë7� � Ë; .Ó½àÞn�¥Ë � ��Ó½�	Í �Í  �ÓÁÐ�Ë �  e�3Ë;ÑÁÓ � Ñ��3Ë?¢�Î;�*�ÁË c = 0 Ó½Ð�Ë�Ñ2�¿Ó½Ë f(α) = O(αη/2)
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� � ��Ó?� � Ñ&�	àà 0 < η < 3

2

�3��� Ñ��¡ ����e��Ñ � ��ÑÁÍÏ�¿Ó½Ë��\��Ñ½Í � Ñ½Í|���¡Ñ2�¡ÜÈËQÓ½Ë;Ñ&Î½Ð � Í Î;Ë α(δ) �¥ËÎ;�¡ L�.ËQÓÌÐ�Ë?ÑÁË e(α(δ), δ) = O(δ3/5) � � Ñ x0 = A∗v
�

�  bÓ½Ð�Ë � ÓÁÐ�Ë;ÑÌÐ��	 �¢ø�e��Ë�Ð��'�	Ë,� � Ñ c 6= 0 Í  bÓ½Ð�Ë.�3Ë;ÑÁÓ � Ñ��3Ë?¢�Î?�*�ÁË
∞∑

i=1

〈x0, ui〉2
σ2η

i

<∞ if and only if
∞∑

i=1

i2η−2 <∞,

�ÌÐ�Í Î2Ð Í���Ë7� � Íq�¡�¡à Ë; #Ó�Ó � 0 < η < 1
2
�¡ �¢ γsup = 1

2

� �5Ð�Í���Ñ½Ë?¢ � ÎQË7�ÈÓÁÐ�ËÕ� � ���8ÍÖ
��àË�¢�Ë?Î;��Þ�Ñ½�¡ÓÁË%� � �
Ó½Ð�Ë�Ë;Ñ½Ñ � Ñ�� �  �Î�Ó½Í �   f(α) = O(αη/2) Ó � Ó½Ð�ËU�ÁÜÈ�	àà Ë;Ñ�Í  .Ó½Ë;Ñ��¿�¡à
0 < η < 1

2

��� Ë?ÑÁË.��� � Ñ5�¡  � ��Ó½ÍÜ��	à1����ÑÁÍ � Ñ½Í����¡Ñ2�¡ÜÈËQÓ½Ë;Ñ¥Î2Ð � ÍÏÎQË α(δ) �¥Ë�Î?�¡  � ��Ó½�	Í 
e(α(δ), δ) = O(δ

1
3 )
�1� Ë; �Î;Ë�� � Ñ x0

�±Ñ � Ü � � �Õ � � Ó½Ð�ËÈÎ �  ��	Ë;Ñ��	Ë? �ÎQË Ñ½�¡ÓÁË Ë � � �  �Ë? .Ó� � ÜU���ß¢ � �Ì ��5�¡Ñ2¢e���ÌÐ�Ë; �Ë��	Ë;Ñ"�ÌÍÓÁÐ c 6= 0 ÓÁÐ�ËÌÎ �  �¢�ÍÓÁÍ �   � � � � � �.ËQÓ��Y��Í � àÏ�¿Ó½Ë?¢ �¿��� �5ÖË��	Ë;Ñ@��Ó½Ð�Ë"� � ÜU���	à Ó½Í Ó � ¢�Ë�¢ � Ë%�ß  � Ó�¢�Ë%�3Ë; �¢ �  �Ó½Ð�Ë��*��� � à � ÓÁËJ�¡�¡à � Ë � � c �	� Ë?Î?� � �ÁË � ��5Ð�Ë � ÑÁË?Ü Õ �	 b�¡ ��	à � � �*� �p� � ÜS� � Î;Î � Ñ��^� � Ñ�ÓÁÐ�Ë&Ü�� � Í Ü��¡à3Ë � � �  �Ë; #Ó¥Í ¹ÓÁÐ�Ë,� � ��Ë?Ñ
ÓØÞ@�3Ë�¢�Ë?Î?�@Þ�Ñ2�¿Ó½Ë � � d(R)

�
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10
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−2

10
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10
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δ10
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10
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10
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10
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10
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10
−2

10
−1
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n=50
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δ −x
0
||

2,n

C
1
δ1/2
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α

opt

δ −x
0
||

2,200

||x
α

opt

δ −x
0
||

2,100

||x
α

opt

δ −x
0
||

2,50

Cδ1/2

	�
����xCt������|/5/G4�/^/ I�2 C�0^4%=,A FHG¡D 4 E 4 B /�C A ;�< I / FED�IC2�F 4 E =�4%/j0547<E; 2�F 4 E
x0(t) = (t − 1)2

Q

��� Ñ��bÎ;�*�ÁË]��Ó � ¢�Þ � �ÁË;Ë�� Õ � �Ç� Í àà � �8ÓÁÑ2�¿ÓÁÍ  e�¹� � �	ÜS��àË Ô ��Ë�Î �  ��ÁÍÏ¢�Ë;Ñ Ó½Ð�Ë��Ê�¡ÜÈÍ àÞ� ��� �  �ÎQÓÁÍ �  ��
x0(t) = (t− 1)2 + c̃ t+ c (0 ≤ t ≤ 1) � � �Õ � �

�ÌÍ Ó½Ð��¡Ñ���ÍÓÁÑ2�¡ÑÁÞ�Ñ½Ë?�¡à	Î �  ��8Ó½�	 .Ó1� c̃ �¡ �¢ c ���ÌÐ�Ë?ÑÁËr��Ë�Î?�¡ BÎ � ÜU� � ÓÁËßÓ½Ð�Ë
Í  � �Ë;Ñc��Ñ � ¢ � ÎQÓ��
〈x0, ui〉 Ë � ��àÍÏÎQÍÓÁà Þb�*�

〈x0, ui〉 =
√

2
(
(c̃+ c)σi(−1)i+1 + (2 − c̃)σ2

i − 2σ3
i (−1)i+1

)
(i = 1, 2, ...)

�ÌÍ Ó½Ð σi
�±Ñ � Ü � � � Ù � �	 �¢ ui

�±Ñ � Ü � � �Õ × ���



�*� ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
¦ �|��Ë&¢�Í��ÁÎ;ÑÁËQÓ½Í Ý;ËÌÓÁÐ�Ë � �3Ë;Ñ2�¿Ó � Ñ
Ë%� � �¿Ó½Í �   � Õ	� Õ7� �ÌÍ Ó½Ð A �±Ñ � Ü � � � Æ�� Í ¹�¡ ¹���e��Ñ � Ö��ÑÁÍÏ�¿Ó½ËH�¥��Þ ��Þb��à Í  �Ë?�¡Ñ��ÁÞ��8ÓÁË;Ü � �Ä�¡à��	Ë%��Ñ½�	Í Î&Ë%� � �¡ÓÁÍ �  ��J�ÌÍÓÁÐ��U�ÁÞ@�8ÓÁË?Ü�ÜÈ�¡ÓÁÑ½Í ��� �

¢�ÍÜÈË? ��8Í �   n×n �¡ �¢ � �8Ë5ÓÁÐ�Ë��5Í���Ð �   � ��ÑÁË%� � àÏ�¡Ñ½ÍÝ@�¿ÓÁÍ �  O� � ÑÄÓ½Ð�Ë�¢�Í��ÁÎ;ÑÁË;ÓÁËÌ�¡ ��¡à � � � Ë� � � Õ.�Õ'� �ÌÍ Ó½ÐR� � à � Ó½Í �   � � � Õ � � �¡ �¢ c̃ = c = 0 �øÓ½Ð�Ë; ®��Ë�Ð��'�	Ë 〈x, ui〉 ∼ σ2
i
�¡ �¢

Î;�¡ ÈÎ2Ð�Ë?Î1��ÓÁÐ�Ë�Î �  ��	Ë?ÑF�.Ë; �Î;Ë�Ñ2�¿ÓÁËJ�3Ë;Ð��'��Í �*� Ñ"��Þ���  � ÜÈË;Ñ½ÍÏÎ;�¡àe�8Ó � ¢�Þ � ¤?�8Í  e�B¢ ��� ��à ËQÖ
à � �.�¡Ñ½ÍÓÁÐ�ÜÈÍÏÎS�½Î;�	àË7��Í   � Í�� � Ñ½Ë Õ ��Ë �ÁÐ � �½� � ÜÈËÈÑ½Ë%� � àÓ�� � �¥ÓÁÐ�Í�� Î;�*�ÁË c̃ = c = 0 ��ÌÐ�Ë;Ñ½ËB¢�Í��ÁÎ;ÑÁË;ÓÁË L2   � Ñ½ÜU� ‖ · ‖2,n

Í �Ó½Ð�Ë n ÖL¢�Í ÜÈË; ��ÁÍ �  ��	àø� � ÎQà ÍÏ¢�Ë?�	 n�	Ë?Î�Ó � Ñ��F���	Î;Ë��Ë;Ñ½Ë � �8Ë@¢¹Ó � ÜÈË?�*� � Ñ½Ë&ÓÁÐ�ËBÑ½Ë�� � àÏ�¡Ñ½ÍÝ@��Ó½Í �  ¹Ë;Ñ½Ñ � Ñ�� �
¦  )ÓÁÐ�Ë¹à ËC�¯Ó]���¡ÑÁÓ � � � Íq� � ÑÁË Õ ��ËbÎ � ÜS���	ÑÁËU� � Ñ�¢�Í Ü�Ë? ��ÁÍ �   n = 50 ÓÁÐ�Ë�Ó � Ó½�	àË;Ñ½Ñ � Ñ�� e(α(δ), δ)

� �#Ó½Ð�Ë^�5Íq��Ð �   � � Ñ½Ë�� � à �	ÑÁÍ Ý?�¿ÓÁÍ �  �� � Ñl�¡ B�J��Ñ½Í � ÑÁÍ����¡Ñ2�¡ÜÈËQÓ½Ë;Ñ,Î½Ð � ÍÏÎQË
α(δ) = Cδ � � � à Í ¢�à Í  �Ë � �¡ �¢]� � Ñ��¡  � ��Ó½ÍÜ��¡à����	Ñ½�	Ü�Ë;ÓÁË?Ñ
Î½Ð � Í Î;Ë � ¢����8Ð�Ë?¢�à Í  �Ë �Q� �5Ð�Ë��Ó2�¡ÑÁÖ}�ÁÐ����3Ë@¢�àÍ  �Ë�Í �¢�Í Î?�¿Ó½Ë%�B�����L�3Ë? �Î½Ð�Ü��	ÑF��Ó½Ð�Ë�Ñ½�¡ÓÁË O(

√
δ).

¦ ÓBÍ��.�ÁÐ � �Ì �Ó½Ð��¿Ó
ÓÁÐ�Ë � ��ÓÁÍ Ü��¡àlÑ½�¡ÓÁË e(α(δ), δ) = O(δ3/5)

�  �à Þ�Ó2���	Ë7�P��àÏ�	ÎQËBÍ  ýÓÁÐ�Ë�ÜÈÍÏ¢n���¡ÑÁÓ � �ÄÓÁÐ�Ë
��� � Ñ½Ë	�3�ÌÐ�Ë;Ñ½Ë?���c� � ÑÄàÏ�¡Ñ��	Ë?Ñ δ Ó½Ð�Ë5Ë?ÑÁÑ � Ñ"�ÁË;Ë;Ü\��Ó � �3Ë;Ð��'�	Ë¥Ü � ÑÁË¥à Íq�	Ë O(

√
δ)
�.�  �ÓÁÐ�Ë� ÓÁÐ�Ë;ÑßÐ��¡ �¢,�3��ËÌÎ;�	 S�ÁË;Ë¥ÓÁÐ��¿Ó"� � Ñr�	Ë;Ñ½ÞO�ÁÜÈ�	àà δ ÓÁÐ�ËÌ¢�Í��½ÎQÑ½ËQÓÁÍ Ý?�¡ÓÁÍ �  �Ë;Ñ½Ñ � Ñ���¢ � Ü�Í  ��¡ÓÁËÓÁÐ�Ë?�3Ë?Ð��'�#Í �*� Ñ��¡ �¢ÈÓÁÐ�Ë;ÞÈà Ë?�.¢ÈÓ � � Î �  ��8Ó½�¡ #Ó�ÜÈÍ �ÍÜ��¡à1Ë;Ñ½Ñ � Ñ
à Ë��	Ë?à � �5Ð�Ë&Ñ½Íq�.Ð.Ój���	Ñ8Ó� �1Ó½Ð�Í��b��� � Ñ½Ë�Î;àË@�¡Ñ½àÞS�ÁÐ � ���ßÓÁÐ��¿Ó�ÓÁÐ�Í���ÜÈÍ  �ÍÜ��	à�Ë;Ñ½Ñ � Ñßà Ë��	Ë;à3�*�
Ë � �3Ë@Î�Ó½Ë?¢�¢�Ë?ÎQÑ½Ë?���8Ë7�

�ÌÍ Ó½Ðn�	Ñ � �ÌÍ  e��¢�Í ÜÈË; ��ÁÍ �   n � �ß¢�Í��½ÎQÑ½ËQÓ½ÍÝ@�¿Ó½Í �   �

10−10 10−5
10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

δ 10−4 10−3 10−2 10−1
10−4

10−3

10−2

10−1

100

δ

e0
e1
e2
e3

Cδ1/3

e0
e1
e2
e3

Cδ1/3

	�
����xCt������|/5/G4�/G0b=�4%/^0547<E; 2�F 4 E 0
xj(t) = (t − 1)2 + jt (j = 0, 1, 2, 3) I?E�9 n = 300.

¦   � Íq� � Ñ½Ë��Õ��Ën��Ñ½Ë%�ÁË; #ÓÈÑ½Ë%� � àÓ�� � ���	  � Ó½Ð�Ë;Ñ�Î?�*�ÁË � � Ó½Ð�Í��\�8Ó � ¢�Þ.�r�ÌÐ�Ë;ÑÁË�ÓÁÐ�Ë
� �  �Î�Ó½Í �  �� xj(t) = (t − 1)2 + jt (j = 0, 1, 2, 3) ���S�3Ë;ÑÁÓ � ÑF���¡ÓÁÍ �  �� � � (t − 1)2�3Ë;à �  e� Ó � Ó½Ð�ËÔ�Ê�	Ü�Í à Þ � � � Õ � � �ÌÍÓÁÐ c̃ = j �¡ �¢ c = 0

�m¢ Ë ¢�Ë?  � Ó½ËÕ�#Þ ej
ÓÁÐ�Ë

Ë;Ñ½Ñ � Ñ�� e(αopt(δ), δ)
� �ÌÓ½Ð�Ëý¢�Í��½ÎQÑ½ËQÓ½Ë��5Í���Ð �   � �wÑ½Ë�� � àÏ�¡Ñ½ÍÝ@��Ó½Í �  °� � ÑU� � à � Ó½Í �  �� xj

�
�5Ð�Ë��8Ó½�¡ÑÁÖ5�8Ð��*�3Ë?¢wà Í �Ë��ÌÍ Ó½Ð Ñ2�¿ÓÁË O(δ1/3) �ÁË;Ñ��	Ë%��Ð�Ë;Ñ½Ëb�*�O�3Ë? �Î2Ð�ÜÈ�	ÑF� �ß�  �ËbÎ;�¡ 



ÿ�Å.Å3´Á¸%Á	¯«�Æ¿®ØªOÂø¸¿þ�´Á¼½ª¹¨
¸¿¬3û¡¯®·Ê¸¡¬�µ�¯¬�ú ªLÀ	þ�¾Æ¿´�°@Æ¿®ÇÊ¸¿¬°ÃSÄ�ªCÅ ú ªQµ2þ�¾ ®Êµ �*�
�8Ë?Ë�Ó½Ð��¿Ó�ÓÁÐ�ËS�3Ë;ÑÁÓ � ÑF���¡ÓÁÍ �  �� Í  Õ���	Ñ8Ó½ÍÏÎ � àÏ�¡Ñ&Í �� � Ë; �ÎQË�ÓÁÐ�Ë�ÑÁË7� � à Ó1��� � Ñ δ �ÌÐ�ÍÏÎ2Ð �¡Ñ½Ë  � Ó&Ó �@� �8Ü��¡à à��	 �¢���Ë;Ñ½Ë�Ý �@� ÜÈË?¢�Í �ÓÁÐ�Ë�Ñ½Íq�.Ð.Ó?���¡ÑÁÓ � �ßÓÁÐ�ËO��� � Ñ½Ë �3�e� Ñ δ > 10−4

��ËO�ÁË;Ë��\�8Í��	 �Íq��Î?�¡ .Ó½àÞ��ÁÜ��¡à àË?Ñ�¢�Ë@Î;��Þ¹Ñ½�¡ÓÁË � ��ÓÁÐ�Ë�Ë;Ñ½Ñ � Ñ�� e1, e2 �¡ �¢ e3 Î � ÜU���¡Ñ½Ë?¢Ó � Ó½Ð�Ë �  e�3Ë?Ñ8Ó � ÑF�3Ë@¢�Î;���8Ë e0.�5Ð�Ë Î;�*�ÁËø�8Ó � ¢�ÞYÎ �  ���ÑÁÜ\��Ó½Ð��¿Ó Ó½Ð�Ë � Ñ½ËQÓ½Í Î?�¡à à Þ_Ë � �3Ë?ÎQÓÁË@¢ Î �  @�	Ë;Ñ��	Ë? �ÎQË Ñ2�¿Ó½Ë
� � ÜU���Ô�3ËQÓG��Ë;Ë?  ÓÁÐ�Ë®�3Ë;ÑÁÓ � ÑF�3Ë?¢_�¡ �¢�Ó½Ð�Ë �  ��3Ë;ÑÁÓ � Ñ��3Ë?¢_Î;���8Ë)�	à�� �h� Î;Î � Ñ�Í:�\��Ë
Î �  ��8ÍÏ¢�Ë;Ñ���¢�Í��½ÎQÑ½ËQÓ½ËU�	Ë;Ñ1�ÁÍ �   � �J�5Í���Ð �   � ��Ñ½Ë�� � à �	ÑÁÍ Ý?�¿Ó½Í �   �ø��� ��Ë��	Ë?Ñ?�
� � Ñ δ �8Ü��¡à àË;  ��� �	ÐbÓÁÐ�Ë�¢�Í��½ÎQÑ½ËQÓÁÍ Ý?�¡ÓÁÍ �  bË?ÑÁÑ � ÑÌÎQà Ë?�¡Ñ½à Þ�¢ � Ü�Í  ��¡ÓÁË%�Ì�	à à � Ó½Ð�Ë;ÑÌË��3Ë@Î�Ó�� �

�J� ÷ ��� ��¬���«r���
§������?�a�e�G�^�?¬Óþã�G�e²g¸ç´G��§|����«��e�5¦^§ ¶ §c�?��²�¼½«"�e±P¬
� Þ Î �  ���Ó½Ñ � Î�ÓÁÍ �   � � d(R) Í  � � � Ô@� ÓÁÐ�Ë�Ñ2�¿Ó½Ë%� � � f(α) → 0 �*� α → 0 �^�ÌÐ�ÍÏÎ½ÐÎ;�¡ ø�3Ë � ��Ó2�¡Í  �Ë?¢ã�#Þ ��� Ñ�¢�Í��8Ó½�	 �ÎQËL� �  �Î�ÓÁÍ �  }ÜÈËQÓ½Ð � ¢ø���	ÑÁË��8à � �¥Ë;Ñ�ÓÁÐ��¡  O(

√
α)

� ÎN� � � � �¡ÜU��à Ë���Í   Ò�Ë?Î�Ó½Í �  R� ���l� Ë; �Î;ËÈÓ½Ð�Ë¹Î � ÑÁÑ½Ë%�F� �  �¢�Í  e�ýÎ �  ��	Ë?ÑF�.Ë; �Î;Ë�Ñ½�¡ÓÁË7��Í  ÓÁÐ�ËÌÎ?�*�ÁË � ��  � Í��ÁÞ�¢��¡Ó½���¡Ñ½Ëm�Áà � �¥Ë;ÑyÓ½Ð��¡  O(
√
δ) �¡ �¢�Ð�Ë; �Î;Ë�Ó½Ð�Ë;Ñ½Ë¥Í��ß��Î �  ��8ÍÏ¢�Ë?Ñ½�*��àË�.���ÈÓ � ÓÁÐ�Ë?�Á�¡Ó � Ñ2�¿Ó½Í �  ÈÑ½�¡ÓÁË O(δ2/3)

� �1ÓÁÐ�Ë?�5Íq��Ð �   � ��ÑÁË%� � àÏ�¡Ñ½ÍÝ@�¿ÓÁÍ �   �¡¦   � Ñ2¢�Ë;Ñ
Ó �
ÎQà � �ÁË�Ó½Ð�Í��r�#���,�3��Ë�Î?�¡ �Ñ½Ë���àÏ�	Î;Ë�Ó½Ð�Ë��F�3Ë?Î;Í:��ÎP� �*� Ñ2ÎQËÌÎ �  �¢�Í Ó½Í �   � � � � � ���"�3Ë; �Î½Ð�Ü��	ÑF�� � Ñ�ÓÁÐ�Ë�¢�Í���Ó2�¡ �ÎQË.� �  �ÎQÓÁÍ �   d(R) �#Þý�U�.Ë; �Ë?Ñ½�	à|� �*� Ñ2ÎQË�Î �  �¢�ÍÓÁÍ �   � � � Õ'� �ÌÍÓÁÐÕ� � Ü�ËÍ �¢�Ë � � �  �ÎQÓÁÍ �   ϕ. �5Ð�Ë; ���ËBÐ��'�	Ë�Ó � Î �  ��ÁÍ ¢�Ë;Ñ5Ó½Ð�Ë �*��� � Î;Í �¡ÓÁË@¢¹Ü � ¢�Íq��Ë?¢ý¢�Í��8Ó½�	 �ÎQË� �  �Î�Ó½Í �  

d̃(R) := inf {‖x0 − ϕ(A∗A)w‖ : w ∈ X, ‖w‖ ≤ R} � ��� Õ7�
�ÌÍ Ó½Ð �Ì �Ë%�Ó�3Ë? �Î½Ð�ÜÈ�	ÑF� �@� Ë;Ñ½Ë	� d̃(R) ÜÈË?��� � ÑÁË7�1ÓÁÐ�Ë^��Í � à �¡ÓÁÍ �   � � x0

�ÌÍ Ó½Ð�Ñ½Ë%�F�3Ë?Î�ÓlÓ �
ÓÁÐ�Ë?�8Ð�Íq�¯ÓÁË@¢U�3Ë? �Î½Ð�ÜÈ�	ÑF� �	� ���8Ë@¢ �  S� � Ñ½Ü � àÏ� � � � � � �	 ��¡ ��¡à � � � Ë � �ø�lË;ÜÈÜ�� Õ Ð � àÏ¢e��ÌÐ�Ë; �Ë%�	Ë;Ñ �  �Ë � �yÓÁÐ�ËBÐ#Þ@� � Ó½Ð�Ë%�ÁË%� � �"â
Ñ � � � �ÁÍ Ó½Í �   Õ Î �  �ÎQË;Ñ½ �Í  e� ϕ Í��P�½�¿Ó½Í��G��Ë@¢ �
Ö^×@ØRØ &°èp) � ª;® ϕ(t) (0 ≤ t ≤ ‖A‖2) �½ª�Æ¿¬�¯¬1û	ª�Á º2þ�¬1¼Q®ÇÊ¸¿¬�®±©�Æ¡®
µ;Æ¿®ÇÏµ Ù¥ªQµB¸¡¬3ª�¸�º®¯©�ª¹´8ª1é;þ�¯´8ª;«�ªQ¬�®Êµ�Ñ�Æ1Ò�ÃøÑØªGÒ�¯¬ Ü ´Á¸½Å�¸¿µ2±®·Ê¸¡¬ àÔÅß¯®¯©)®±©�ª�¼2¸¿´�´ÁªQµÇÅ�¸¿¬1û¿¯¬�À)¼½¸¡¬�µ�®LÆ¡¬�®
K ≥ 1. »1©�ª;¬ëÅ�ªw¸*�;®ØÆ¿¯¬wºQ¸¿´�®±©�ª û¡Ïµ�®LÆ¡¬3¼½ª�º2þ�¬3¼;®·Ê¸¡¬ � ��� Õ7� ®¯©�ª ª;´�´Á¸¿´ º½þ�¬1¼;®·Ê¸¿¬ª�µ�®Ç¯«ÈÆ¡®Lª�¸�ºB®¯©�ª�»lqÚ@©�¸¿¬1¸¿³�´ÁªÇÀ	þ�¾Æ¡´�°?Æ¡®·Ê¸¡¬

f(α) = ‖xα − x0‖ ≤ d̃(R) +Kϕ(α)R � ��� � �
ºQ¸¿´�Æ¿¾¯¾ α > 0 Æ¡¬3û R ≥ 0 �
Ü ´Á¸?¸�ºC� �,ËQÓ w ∈ X �ÌÍÓÁÐ ‖w‖ ≤ R. �5Ð�Ë? n�����8Ë@¢ �  L� � Ñ½Ü � àÏ� � Õ	� � � �¡ �¢�� � ÑÁÜ � àÏ�
� � � � � ��ËBÎ?�¡ �Ë%�8ÓÁÍ Ü��¿ÓÁË.�#Þ�Ó½Ð�Ë�ÓÁÑ½Í �	 e�	à Ë�Í  �Ë%� � �	àÍÓ�Þ¹���j� � àà � ���;á
f(α) = ‖α (A∗A+ αI)

−1
x0 − α (A∗A+ αI)

−1
ϕ(A∗A)w

+ α (A∗A+ αI)
−1
ϕ(A∗A)w‖

≤ ‖α (A∗A+ αI)
−1

(x0 − ϕ(A∗A)w)‖ + ‖α (A∗A+ αI)
−1
ϕ(A∗A)w‖

≤ α ‖ (A∗A+ αI)
−1 ‖ ‖x0 − ϕ(A∗A)w‖ + ‖α (A∗A+ αI)

−1
ϕ(A∗A)w‖

≤ α
1

α
‖x0 − ϕ(A∗A)w‖ +Kϕ(α) ‖w‖ ≤ ‖x0 − ϕ(A∗A)w‖ +Kϕ(α)R .



� Ô ~��|� ¸8º2«ÈÆ¡¬�¬�ÂyÃS�1Ã���³¿ªQ¾H«�ª;¶	ªQ´2ÂY�S�p��´�þ�«\�;±ªLÀ#ªQ¾
Ò�Í �ÎQË�ÓÁÐ�ËBÍ  �Ë%� � �	àÍÓ�Þ

f(α) ≤ ‖x0 − ϕ(A∗A)w‖ + Kϕ(α)R

�¡à�� � Í��5ÓÁÑ � Ë�Íq�Y�¥Ë.� � ���8ÓÁÍÓ � Ó½Ë ‖x0 − ϕ(A∗A)w‖ �#Þ
inf {‖x0 − ϕ(A∗A)w‖ : w ∈ X, ‖w‖ ≤ R},

��Ë � ����Í �*� �ÁàÞ�Ð��'�	Ë � ��� � �Q� �5Ð�Í��J��Ñ � �	Ë%��Ó½Ð�ËBàË?ÜÈÜÈ� � ¥
¦  n���¡ÑÁÓÁÍÏÎ � àÏ�¡Ñm� � Ñ5ÓÁÐ�ËBÍ  .Ó½Ë;Ñ½Ë%�8ÓÁÍ  e�Èà ÍÜÈÍÓ Î;���8Ë ϕ(t) = t ��ËBÐ��'�	Ë&Ó½Ð�ËBË%�8ÓÁÍ Ü��¿Ó½Ë

f(α) ≤ d̃(R) + αR � ��� � �
� � Ñ �¡à à α > 0 �	 �¢ R ≥ 0

�l� à �  e��Ó½Ð�Ë�à Í  �Ë%� � �¥� � �	ÜU��àË7� Õ"! �bÓ½Ð�Í���Ü��@Þ�Þ�Í Ë;àÏ¢
�¡à à�Î �  ��.Ë;ÑF�.Ë; �Î;Ë�Ñ½�¡ÓÁË%�U�ÌÐ�ÍÏÎ2Ð}�	ÑÁË��Áà � ��Ë;ÑÈÓ½Ð��¡  f(α) = O(α) ��Ñ � ��Í ¢�Ë?¢ ÓÁÐ��¡Ó¹�� ��î Î;ÍË? .ÓÁà Þ�Ñ2����ÍÏ¢�¢�Ë@Î;��Þ � � d̃(R) → 0 ��� R → ∞ � Î;Î � Ñ�� � �5Ð�Ë? Ô� � Ñ�  � Í��8Þ�¢��¡Ó½�
Î �  @�	Ë;Ñ��	Ë? �ÎQË Ñ½�¡ÓÁË%�¥Î;�	 ��3Ë�¢�Ë;Ñ½Íq�	Ë@¢\�ÌÐ�Í Î2Ðb�	ÑÁË��¡Ñ���ÍÓÁÑ2�¡Ñ½Íà Þ�Î;à � �8Ë Ó � ÓÁÐ�ËH�Á�¡Ó � Ñ2�¿Ó½Í �  
Ñ½�¡ÓÁË O(δ2/3)

�
¦  ÈÓ½Ð�Ë�� � ÑÁÓÁÐ�Î � ÜÈÍ ��.� � Ñ�� � �1ÓÁÐ�Ë���Ñ��8Ó��¡ �¢�ÓÁÐ�Ë?�8Ë@Î �  �¢È� � ÓÁÐ � Ñ��
�	 �¢�Î � � � Ó½Ð � Ñ1�

��Ë,�ÌÍ à àp�8Ó � ¢�Þ�ÓÁÐ�ËBÎ �  ��ÁË%� � Ë? �ÎQË7� � ���,Ë;ÜÈÜ��U�O� � Ñ5Ë � �¡ÜU��à Ë%�5�	 �¢��ÌÍà àøË � Ó½Ë; �¢¹ÓÁÐ�Ë
���e��à ÍÏÎ;�¿Ó½Í �  ��^��ÑÁË7�8Ë? .Ó½Ë?¢�Í  �Ò�Ë?Î�Ó½Í �  ��m� ! ��Ó � Ó½Ð�Ë�Î;���8Ë � �c�	Ë; �Ë;Ñ2�¡à��3Ë? �Î½Ð�Ü��	ÑF�S� �  �Î�Ö
ÓÁÍ �  �� ϕ Í  � ��� Õ7���ø��� ��Ë%�	Ë;Ñ@���¥ËS�ÁÐ �*� à ¢�ÜÈË? .ÓÁÍ �  �Ó½Ð��¿Ó�Ó½Ð�Ë �  �àÞ�Î �  ��ÁÍ ¢�Ë?Ñ½�¡ÓÁÍ �   � �ÓÁÐ�Ë àÍ ÜÈÍ Ó�Î?�*�ÁË ϕ(t) = t Í  � ��� Õ7� �ÌÍÓÁÐ�Í  �Ë7� � �¡à Í Ó�Þ � ��� � � ¢ � Ë%��  � Ó Ü��*�	ËO� � �3Ë;Ñ#� � Ö�*� �Ì�¡à à3Ó½Ð�Ë.�8Ó � ¢�Í Ë%� �   ϕ(t) =

√
t �	 �¢b¢�Í���Ó2�¡ �Î;Ë?� �  �Î�ÓÁÍ �   � � � Ô@� ��Ñ½Ë%�ÁË; .Ó½Ë?¢bÍ bÓ½Ð�Í�������3Ë?Ñ ��� �	ÜÈË;à Þ	��� � ÑÌË � �	ÜS��àËB��Ñ2�¡ e�.Ë�Í �Î;à � �8Í �  

R(%(G)) ⊂ R(A∗A) ,

�ÌÐ�Í Î2Ð�ÓÁÐ�Ë?  � �*� à ¢U�3Ë Ñ½Ë%� � Í ÑÁË@¢�Í  ���Ó½Ë?�	¢ � � � � � Õ7� �.Í��
Ü � Ñ½Ë ¢�Í î Î � à Ó�Ó � �Á�¡ÓÁÍ��G�±Þ�ÓÁÐ��	 
� � � Õ'� ���3Ë@Î;� � �8Ë�ÓÁÐ�ËbÑ2�¡ e�.Ë R(A∗A) Î;�	 ®�3ËbË%���ÁË; .Ó½Í �	àà ÞÓ�ÁÜÈ�	àà Ë;Ñ ÓÁÐ��	 )Ó½Ð�ËbÑ½�	 e�	Ë
R(A∗)

�  �¢�Ë;Ñ Î �  ��8ÍÏ¢�Ë;Ñ2�¿Ó½Í �  ¹Í  bÓ½Ð�Í��P�����3Ë?Ñ �

¸i�e±P����þã´G§���¨b§c¼½§c�j�
�5Ð�Ë�� � ÓÁÐ � Ñ��\� �*� àÏ¢ à Íq�	ËýÓ � Ó½Ð��¡ e�ãâ
Ñ � �±Ë7�F� � Ñ � Ë;Í  �Ý ¢U� �
 ��	à � �lÍ �Ý.� ��� �8ÓÁÑ½ÍÏ� �� � Ñ�Ð�Í��\�¿�¡à � �*��àËn� � �*�.Ë%�8ÓÁÍ �  ��ÈÎ �  �Î;Ë;Ñ½ �Í  e��Ó½Ð�Ë�Î � ÜU���	ÎQÓ�Î?�*�ÁËbÍ   Ó½Ð�Ë�Î �  .Ó½Ë � Ó � �
��Ó2�¡à��¡�	Í��	Ë; ®�#Þ ÓÁÐ�Ë�Ó½Ð�ÍÑ2¢  ��	Ü�Ë@¢)� � Ó½Ð � Ñ Í  �,Í  �Ý � �5Ð � �ÁË � � �*�.Ë%�8ÓÁÍ �  ��.�.�'�	Ë � �
Ü � ÓÁÍ��¿�¡ÓÁÍ �  ¹Ó � � � ÑÁÜ � àÏ�¿Ó½ËB�¡ �¢¹Ó � ��Ñ � �	Ë.�5Ð�Ë � ÑÁË?Ü Õ	�
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