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6.3 The relation to the Laplace—Beltrami operator

As in the plane plate case, the surface Laplace-Beltrami operator As = DivsGrads
arises from the trace of the [Grads Grads .| - A3 operator. Note that this is cor-
rectly done for the second order tensor [Grads Grads U] - As, not for the 3rd
order [Grads Grads U|. Obviously,
tr([Grads Grads U] - Az) = tr([AY(GradsU) ;] - A3)
with some vector function V; = (GradsU); - As. This simply yields
tr([Grads Grads U] - A3) = tr(A'V,) = A"V,

= A" (GradsU) ;- A;

= (DivsGradsU) - A

=(AsU) - A;. (20)
Note that tr( ([Grads Grads U] - As) - (AsAs) ) = tr( (A3As) - (A'V;) ) = 0.

Hence, for an arbitrary displacement vector U we have the interesting relations

tr&€* = DivgU and tr&® = (AsU) - As.
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6 Remarks on the differential operators

6.1 The plate equation

The special case of the well-known plate equation is obtained from the simplifi-
cations of Section 2.3. Note that z; = Lin' and zy = Lyn?, so
0o _, 0

Grads = A’

Here, we may split U = u + wes into an in—plane part u = u;e; and the plate
deflection w(z1, x2)es. Then we have from (16) and (17)

ou;  Ou;
9 a _ J ? .
€ (811 + 8$7) i€

the 2D-strain tensor in the plane and

*w
Sb = ([eier,ij] . 63) L€ — eiejm,
iy

the strain in the Kirchhoff plate bending equation.

6.2 The behavior of the differential operators when applied to
the initial midsurface Y

A second remark is targeted at the behavior of both operators when applied to
the surface definition Y:
While

GradsY = A

is a simple consequence of the initial definition or may serve as the definition of
the surface gradient operator, we have an analogous result for the other operator
[Grads Grads ] - As:
[Grads Grads Y- Az = [GradsA] - As

= [Grads(I — A3A3)] - As

= *Ai(A3,iA3 + AzA;;) - A

= B. (19)
Hence, if the linearized strain tensor is applied to Y instead of U, we obtain

E'=A and &' =8.
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and

1 L.
W) = 5 [ (0) M s
So

1 ik
W) = ;5 [ 00) M oult)as
So

(Note that the volume element was simplified to hdrdS).

The third (original) Koiter energy is obtained from a special ansatz for the un-
known vector U as an expansion w.r.t. the contravariant surface basis:

U =UA"+UA;
with the 3 unknown functions (Uy, Uy, Us) depending on (n*,n?).
Now, the derivatives of U lead to longer expressions, such as

U,;=U A +UA' + Us;As + UsAg
= (Up; — Uil')A* + (Us; — U;B}) A3 — U3 Bj, A*
and the coefficients 7;;(U) and g;;(U) are changed into the well-known complicate
functions on derivatives of (Uy, Uy, Us), compare [2].

If a more general material law is considered (still constant w.r.t. 7), we have a
change in the expressions of the ¢* only. For instance, a transversely isotropic
material (compare [6, 7]) uses a spatial dependent normalized direction vector
a(n',n?) of given “fiber directions” and 5 material parameters (u, fiq, A, v, 3) to
define the material tensor as

€ =2uT + M1 I) + a(aal + Iaa) + 2(j1, — 1)¢ + S(aaaa)

(Here, € : X = (aa) - X 4+ X - (aa) for cach second order tensor X.)

Usually, the fiber direction a is in the tangential plane of Sy with @ = a' A; +a?A,
then the material coefficients are generalized to

M= (AAT): ¢ (ARAY)
= 2uATATF 1+ NAY AR 4 a(a'a? AM + AYaal)
+2(p — p)(alaF A" + AT*dla’) + Ba’ala*d

without any change in the differential operators v;;(U) and o;;(U).
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1 Introduction

We consider the deformation of a thin shell of constant thickness A under me-
chanical loads.

If a usual linear elastic material behavior is proposed, then consequently a lin-
earized strain tensor has to be considered. In this case, the well established Koiter
shell equation is obtained after some additional simplifications.

We consider these simplifications from the initial large strain equation to the
Koiter shell equation in an easier form due to Ciarlet [3]. Based on this, we are
able to find a coordinate free description, which means that differential operators
(defined on the mid surface of the shell) are used instead of derivatives with
respect to the surface parameters (coordinates) (n', n?).

2 Basic differential geometry

2.1 The initial mid surface

We start with the description of the basic differential geometry on both the
undeformed shell (initial domain) and the shell after deformation. All vectors and
matrices belonging to the initial configuration (mainly the co- and contravariant
basis vectors and the matrices of first and second fundamental forms) are written
as capital letters. All these quantities belonging to the deformed structure are
the same lower case letters. Let

So = {Y (771,7]2) : (171,772) €QC RZ}

be the mid surface of the undeformed shell, where Y denote the points of the
surface in the 3-dimensional space and (n!,7?) run through a parameter domain
Q. Then we have
0 . )
A= TY the tangential vectors ¢ = 1,2
7]7.
A3 = A% = (A, x Ay) /|A; x Ay| surface normal vector.

This defines the first metrical fundamental forms A;; = A; - A; written as the
(2 x 2)-matrix
A= (Ay)!

ij=1"
The surface element is

dS = |A, x Ay| dntdn? = (detA)? dn'dn?



and the contravariant basis is
Al = A A, with A7 Ay =3 and A the entries of A7" .

The second fundamental forms are

B = (%;UJY) CAy3=A; Ay =—A; - Ay
forming the matrix B = (By;)7,_;-
We recall the Gauss- and Weingarten-equations

Az, = —Bj A% A, = —-B;; A,

A =T A+ BjjAs,

A, = T A" + BiAs, Bl = B A"
with the Christoffel symbols 2Ffj = AM( Ay + Aji — Aij)-
Throughout this paper we use Einstein’s summation convention, where conse-

quently all indices run from 1 to 2 only.

Later on, we will need the two second order tensors A = AiinAj and B =
B;;A"A? often referred as metric tensor and curvature tensor of the surface Sp.

Throughout this paper a pair of vectors (first order tensors) as A' A% (or A; A, or
similar) is understood as second order tensor. A second order tensor in general is
any linear combination of such pairs. The main meaning of a second order tensor
is its action as a map of the (3-dimensional) vector functions onto itself via the
dot product:

(A'A% .U =A' (A%.U)
U -(A'A*)=A? (U- A"
consequently the second order tensor A'A? has a trace tr(A*A?) = A' - A% and
the transposed tensor of A'A% is (A'A*)T = AZA.
The double dot product between two second order tensors such as
(A'A?): (A’AY) = (A% A%)(A'- AY

is a scalar function on (n',7?). Later on, we use 4th order tensors in the same
manner, as a 4-tuple of vectors (A' A?A3A? and an arbitrary linear combination
of those) or as a pair of second order tensors. Here, the main operation is the
double dot product as a map of second order tensors onto second order tensors.

From this definition both tensors .4 and B are rank-2 tensors mapping each
vector into the tangential space span(A;, As) = span(A', A%). Especially A is
the orthogonal projector onto this 2-dimensional space, due to:

with a (possibly space dependent) 4th order material tensor €. The most simple
case, the St.Venant—Kirchhoff material, is considered to be

¢ =23+ NI I)

with the Lamé constants

E
= and A=2u Y
1+v 1-v

2p
(for the plane stress assumption). Here, J is the 4th order identity map (J: X =
X for each 2nd order tensor X) and (I I): X =1 (I1:X)=1trX.

Now, we end up with three different representations of the Koiter shell energy,
depending on which strain formulation is inserted into (18). If the material
tensor € is constant over the thickness (independent on 7), we integrate over
7 € [-1/2,+1/2] and end up with the 2 parts:
hS

W(U) = h WU) + 3

wh(U)
with
1
We(U) = 5/5“ €& dS
So
WHU) = %/5” ¢ & dS.
So

With the formulas (16) and (17) this is a coordinate free form of Koiter’s shell
energy.

The second equivalent formula (comparable to [3]) is obtained from the coordinate
dependent strain equation

£ =;;(U)A' A’ and E = 0,;(U)A' A
inserted into the energy functional.
Here, we end up with

IRl — (A"’Aj) ¢ (AkAl)
= 2uATATE 1 NAY AM

E o v .
— AzlA]k AZ]Akl
1+ 1/( * 1-v )

11



Hence, the linearization of

leads to o
511 = QijAlAj
with
0ij = As - (U ; —THU ). (15)

This tensor can be written in a coordinate free manner due to the following
manipulations. First we note that

Qz‘inAj = (QiinAj) - A.

This leads to

0 A'A) = (A [AI(U ;- As) —TLA (U - A3)] ) - A
= (A [A(U;; As) —T;A (U As) + BfAs(U k- Ag)] ) - A
=(A 8‘?72. (AkU,k)} CA3)-A
d

= ( Ai |:87772,G7“ad5U:| . A:s ) A
= ( [Grads Grads U]- A; )- A

This is the 3rd order tensor [Grads Grads U] applied to As, yielding a second
order tensor, which is multiplied with the orthogonal projector A.

So, the final result is a coordinate free Koiter strain as

glink — ga _ 7h b,
28 = A (GradsU)" + (GradsU) - A, (16)
&' = ([Grads Grads U] - A3) - A. 17

5 The resulting Koiter energy

We complete the resulting deformation energy of the shell by inserting £® into
the energy functional. Due to the desired small strain assumption in £®), we use
a linear material law, such as

W(U):%/(‘Z:Q:Edv (18)
Ho

10

(Here, I denotes the identity tensor mapping each vector U onto itself).

It should be stressed that the two vectors A; and A, are dependent on the
parametrization (n!,1?) chosen to define Sy but Az not, hence A and B are
independent on the special coordinates (n',n?) but functions on the given point
Y of Sy only. So, (Y — Aj3) is called the Gaussian map and B the Weingarten
map. Furthermore the surface gradient as gradient operator on the tangential
space also is independent on the special parametrization (n',n?), obviously

0
ont’

Grads = A’

The matrix A~'B has two eigenvalues \; and Ay as main curvatures at Y (0t %),
as well as the tensor B has these eigenvalues (together with a 0 as rank-2 tensor),
Slo)

H=(\+X\)/2=1trB/2 =tr(A7'B)/2 is the mean curvature and
K=\ = det(A’lﬁ) the Gaussian curvature at Y.

2.2 The initial shell

The initial shell is the 3-dimensional manifold

Ho = {X ('’ =n*) =Y (n".n*) + 7hAs, (n'.0°) €, |7| < %} (1)

with the constant thickness h and Ajz from 2.1. For an easy description of the
following let 7 = 7® be a synonym for the (dimensionless) thickness coordinate.
We may use n* and 7? dimensionless as well, then A; have length dimension (in
m) and A’ in 1/m while A3 = A® is dimensionless in any case. In 3D we have
to consider the covariant basis

0

Gj, = 7X = A7 +T}I/A3‘,L' s 7= 172
ont ’

and G = hA3 as well as the contravariant tensor basis G* (i = 1,2) and

G’ =h A,
The volume element of the shell is
dV =[Gy, Gy, Gs] dp'dn?dr = h det(G)"/? dn'dn’dr

with the (2 x 2)-matrix G = (Gij)ijzl , Gij = G;-G; , which is simply calculated
as

G=A(I-7hA™'B)’ = (A—ThB)A™" (A~ 7hB). 2)



From this, the volume element is well-known as

dV =h (1 —27hH + (7h)*K) dr dS
= (1—7hX\)(1—Th)\y) hdr dS.

Here, the necessary condition

ex = (h/2) max (max(A\, X)) < 1

(n'n?)eQ

guarantees the admissibility of the parametrization of the initial shell. Consis-
tent with the historic literature, we strengthen this inequality in the following
considerations to the case of thin shells as

ey << 1. (3)
This allows the approximation of the volume element by h dr dS as well as the

approximation of the matrix (I — ThA’lﬁ) by I without significant errors.

2.3 Special case: the plate

Here we have a simplification on Sy such as Y = Lie; - n! + Lyey - 02,

vielding A; = e3 independent on (n*,7?). From this a lot of simplifications arise:

Gi=A, B=0, B=0.

2.4 The deformed shell

The basic assumption of the simple shell models consists in keeping a straight
line of the points

1
{Y(nl, %)+ ThAs (') < |7 < 5}
after the deformation also, i. e. the mid surface is deformed as

Si={yn" ) =YW, )+ U0 ) : (n',n°) € 2}

with an unknown displacement vector U (a function of (n*,7?) as well as of Y').
The weaker assumption defines the deformed shell as

He= {0’ 7) =y(n' . n*) + Th d(n',77°) } (4)

with an additional vector field d(n',n?) (the so called director vector).

(The last term is Aj - U ;;). Now, let us start with the first two terms. Using
Gauss—Weingarten equations we get

1 1
a (A2, Ay, Ul = w (A, FZ‘Ak +ByA;, U] =
1
= _F;j(AS -Uy)+ EB”' [Ag, A3, U 4].
So,
Cij = Bi,j + 0ij + Ct(f)
0ij = Az - (U 35 — FZUk)

)

1
C'@) = EBij ([As, A3, U 1] + [A3, A1, U 5)).

The first term 0;;(U) is exactly found in the Koiter’s shell equation (compare
[3]) and will be transformed into a coordinate free description at the end of this
chapter. The other part Cff ) has a simple coordinate free meaning and will vanish
after linearizing f3.

1 1
E(AQ X AJ) . U_l + E(AJ X Al) . U72

=AU, +A* U,
= DivsU = Grads - U

So,
¢ = (DivsU) By

The term | |

1 |a1 X @z

B o e
" 1 1
[ A5+~ (U1 x Ag) + —(A1 x Up)| + hot. ,

SO

1 1
/872 =1+ 27(U?1 X A2) . A3 -+ 27(A1 X Uyg) . A3 + h.o.t.
« «a
=14 2DivsU + h.o.t.
This leads to
B =1—(DivsU) + h.o.t.
and

bij = C”ﬂ = (Bi]' + 0i5 + Bij(D’ivsU))(l — (DivsU)) + h.o.t.



simply follows
i =5(Ai-U;+A;-Uy)

as found in the Koiter shell equation as well.
The tensor o
& =7,(U)A'A!
has a simple coordinate free representation from:
260 =&+ &7,
& =(A; - U,)A'A
= GradsU - A.
Hence, we have

28 = A - (GradsU)T + (GradsU) - A

with the orthogonal projector A onto the tangential plane at Y.

4.2 Change of curvature tensor
Here, the linearization of (b;; — B;;) A’ A’ to
&b = o (U)A' A
is a longer calculation. We start with abbreviations for
By= Ay Ay = -4, Ay A,

with the spatial inner product [a,b,c] = (a x b) - ¢ and o = |A; x As|.
In the same way we have

bij = G with

1
Gy = > (a1, as, a; ] and

- «
‘U/l X a2|

(12)

(13)

and we linearize both parts (;; and § separately. In (;; we delete all quadratic

terms in U to:

1 1 1
Gij = B@'_;'Jra U, Ay, Ai,j]JrE [A,, Uy, Az‘,jPra (A1, Ay, Uyl. (14)

Here, we concentrate on the stronger Kirchhoff assumption, where d is the new
surface normal vector as of the deformed surface S; following its differential

geometry:
Let

0
ai=--y=A,+U,;
ont '

the tangential vectors after deformation, then analogously we have

az = (a1 X ag)/\al X (12|

as surface normal vector of S;. Again we have

2 : —
(aij)ii=—1  With  a;; = a; - a;

I~ 12
Il

2 : _
(bij)i,_jZI with b” = a,;yj - as

as new first and second fundamental forms.

With
d= as,

the 3D covariant basis is now

0
g;, = 877]":1: = a; + ’Thllgﬁi = Az + U, + ’Th/a,37i

and g; = has. Hence, we can define the (2 x 2)-matrix g = (g;;) from g;; = g,-g;,

which is analogously to G:

g=a(l-7ha'b)’=(a—rhba ' (a—Thb).

3 The strain tensor and its simplifications

(6)

From the definition of the deformed shell as (4,5), we may deduce the 3D-

deformation gradient
F =g,G + g,G® = g,G" + a3A?,
the right Cauchy Green tensor C = FT - F and the strain tensor
£=5(C~1) =500~ Cy) G' G = L(9,G' G~ A),

which is a rank-2 tensor only without components of G'G® or G*G®.

(7)



Invthve following we expand this tensor with respect to the surface basis vectors
A'A? instead of G'GY which is possible due to span(G*, G?) = span(A*, A?):
= Al — ThBijAjkAk
= (A“ - ThBLJ)AJ

yields

Hence, (g;; — Gi;)G'GY is written as
[(Akb - Tths)Gﬂ} (gzj - GLJ) [Gjm(Aml - Tthl)J AkAl

which means that

and the matrix of the coefficients ¢;; is the following matrix product

(€ij)}jo1 = A(A—ThB)'g(A—ThB)'A— A (10)
=(I—7hBA™) Ng—G)(L—ThA™'B)™". (11)

Note, that the expression (9) describes the correct strain tensor without any
simplifications belonging to the Kirchhoff-assumption (5). In contrast to the
formula

25 = ((]z] - Gl]> Gl Gj

all dependencies on the thickness coordinate 7 are contained in ¢;; only, the tensor
basis is constant w.r.t. 7. From this formula the simplifications towards Koiter’s
shell equation can be deduced.
This is done in 3 steps:
1. Due to the thin shell assumption (3) we approximate €;; by 61(]1-) = (95— Gij),
which are now quadratic functions w.r.t. (7h).

2. We neglect the quadratic terms of order (7h)?, yielding £®.

3. Then £® still contains nonlinear expressions similar to large strain, which
are products of derivatives of U, such as (U ; - U ;). As usually for “small
strain” equations we neglect all such products, yielding £® being a linear
differential operator applied to U.

These 3 steps result in an approximate strain tensor, which is typically a linear
differential operator acting on U (as small strain) and is a sum of “change of

metric” and “change of curvature” as

EW =g —The’
£ = "YZ](U)AIAJ
gb = Q”(U)A7A]

The calculations within these 3 steps are easily done:

1. First we consider the matrix (11) and neglect (I — ThA™'B), yielding

ij Jig=1 "

a—27h b+ (Th)*ba™'b
—(A—27h B+ (th)? BA'B).

(€21 =9-G
"

2. Hence
26 = DA A
with
EEJ2> = (aij - A“) - 27’h (bL] - BU)
3. We linearize £@ to
EO) =1 —7h £

which can be seen as Koiter-strain-tensor because the coefficients v;;(U)
and g;;(U) are linear differential operators applied to U and are the same
expressions as in Koiter’s shell model.

4 Linearization of £? to small strain and
coordinate free description

We recall
£® = [%(a” — Ay) = 7h(bi; — Bij)|A'AY

and linearize both parts separately.

4.1 Change of metric tensor

From
aij :AU-l-A,UJ-‘rA]UJ-FU,U]



