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1 Introduction

In the simulation of deformations of plates it is well known that we have to use a
special treatment of the thickness dependence. Therewith we achieve a reduction
of dimension from 3D to 2D.

For linear elasticity and small deformations several techniques are well established
to handle the reduction of dimension and achieve acceptable numerical results. In
the case of large deformations of plates with non-linear material behaviour there
exist different problems. For example the analytical integration over the thickness
of the plate is not possible due to the non-linearities arising from the material
law and the large deformations themselves. There are several possibilities to
introduce a hypothesis for the treatment of the plate thickness from the strong
Kirchhoff assumption on one hand up to some hierarchical approaches on the
other hand.

In this preprint we consider a model of using the Kirchhoff assumption. So first
we give a short overview in useful differential geometry and explain the hypothesis
mathematically.

The following section treats with the approximate solution of the PDE, we con-
cern with. The preprint ends with some numerical examples.

2 The 3D-deformation energy

In the entire paper we use the Einstein summation convention. Furthermore we
understand a second order tensor as a pair of two vectors, for example A'A?
or similar. In general, it is any linear combination of such pairs. Accordingly
tensors of higher order are built in the same manner. By the way we can consider
a vector as a first order tensor.

Some calculation rules are defined for second order tensors. So the dot product
maps the (3-dimensional) vector functions U onto vector functions again:

(A'A%) .U = A'(A*-U)
U (A'A?) = A*(A' . U).
The trace is defined as tr(A'A%) = A'. A? and the transposed tensor as

(A'A%)" = A’A'. The double dot product between two second order tensors is
a scalar function. It is defined by

A'A? ABAY = (A2. AP) (A AY).

Throughout this paper we display 2nd order tensors by gently rolled capital
letters. Vectors are written in bold and matrices in underlined types. Therefor we



differ between the undeformed and the deformed configuration of the considered
device by using capital and lower case letters, respectively.

Now, for the energy functional we restrict ourselves to nonlinear elastic material
laws, where the stresses are nonlinear functions of strains.

2.1 General differential geometry in 3D

We parametrize an undeformed domain in the Euclidean space as
Q={X(n):nePcCR}

with n = (n',7%,7®) a given curvilinear coordinate system. Then the 7%, i =
1,2, 3, are the coordinates of the physical point X in the coordinate system 7.

Now for every point in the domain € with given coordinates (n*, 7%, 1) we denote
the covariant tensor basis by

O x i=1,23 (1)

and the contravariant tensor basis G’ by
G -G =5, ij=123.
The elements of

G =(Gy)’ Gy =G, G, (2)

jS4 ij=1"
are called the metric coefficients of the tensor basis.
With G¥ = G* - G,
-1 _ i\ 3
G = (Gj)i,j=1

is true.

Then the volume element of the device is

1 .
dV =[Gy, G, Gs] dn'dndn® = (det(G))2 dn'dn’dn.
Furthermore, we define the gradient operator in the undeformed domain:

Grad = G a?]i.

Now we depict a deformation of the device €y by a displacement vector U (n),
defining an isomorphism

w:Qy—Q, z(U)=w(X)=X+U, (3)
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The average number of Newton steps during the stage of incrementation is about
5 and for the PCG iterations per Newton step about 59, respectively. In every
mesh refinement we have 2 until 3 Newton steps and 265 PCG iterations per
Newton step on average.

Figure 3 shows the considered points P1(0.75,0,0)7, P2(0.75,0.25,0)T and
P3(0.75,0.5,0)T, in which we compare the components of the displacement vector
U and the frobenius norm of the strain tensor ||E||p. Due to the symmetry of
the example, we observed only the points on the lower half of the midsurface.

#El 32 128 512 2048 8192 32768
UM | 2.1E-05 | -7.4E-07 | -7.0E-07 | -6.4E-07 | 6.2E-08 | 4.8E-08

- U@ | -3.9E-06 | 4.0E-05 | 1.9E-04 | 2.0E-04 | 2.0E-04 | 2.0E-04
U® | 1.3E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01
|E||r | 44E-02 | 5.0E-02 | 4.6E-02 | 4.6E-02 | 4.7E-02 | 4.7E-02
UM | 1.9E-05 | -7.4E-05 | -6.8E-07 | -6.3E-07 | 6.2E-08 | 5.0E-08

Po U® | -3.7E-05 | 4.0E-05 | 1.9E-05 | 2.0E-05 | 2.0E-05 | 1.9E-05
U® | 14E-01 | 1.2E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01
|E||r | 1.6E-02 | 2.2E-02 | 4.9E-03 | 2.5E-03 | 2.5E-03 | 2.1E-03
UM | 9.6E-06 | -7.5E-07 | -6.6E-07 | 6.4E-07 | 6.3E-08 | 5.1E-08

3 U® | -6.0E-06 | -2.7E-08 | -8.5E-09 | -1.1E-09 | -1.6E-10 | -2.4E-09
U® | 1.4E-01 | 1.2E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01 | 1.1E-01
|E|lp | 1.2E-02 | 1.8E-02 | 5.1E-03 | 2.4E-03 | 2.3E-03 | 2.1E-03

Table 2: Displacement vector and the norm of the strain tensor in P1 until P3.

The comparison of the interesting values is seen in table 2 and shows that for all
three points the first component of the displacement vector, U, is nearly zero.

For P1 and P2 we have a small value of the second component U®®. That means,
that the plate shrinks in n%-direction for a small value. This is the effect of the
model of non linear elasticity. For P3, the midpoint of the midsurface, there is
no displacement in direction 7?.

The U®-component of the displacement vector is nearly the same at all three
points.

The norm of the strain tensor increases from P3 to P1. Obviously the maximum
of the norm is reached at the center of the free bounded edges.
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mapping every physical point X of the initial configuration to a physical point @
of the deformed device €2;. Obviously, the deformed domain is parametrized as

Q={z(n):x(n)=Xm+Um),necP}

As before, we define the covariant and contravariant tensor basis as well as the
gradient operator in £2;:

9 )
= g =123
9i 87/138 ! T
= 3Jg*: gi-gj:5f, 1,57 =1,2,3 and
d=g-2.

With the isomorphism (3) the second order tensor
F = (Gradw)”
describes the deformation gradient. It can be shown that we can depict it by
F =g,G".
Then with the right Cauchy-Green deformation tensor
C=F-F (4)
we define the strain tensor

e=3c-1 (5)
= GradU + (GradU)" + Grad U - (GradU)",

where Z is the unity tensor (the 2nd-order tensor, mapping a vector onto itself).

2.2 Deformation energy

We define the deformation energy as
o) = [ vw)av - o). (6)
Jay

Here, the linear functional f contains the volume and boundary forces, indepen-
dent of U. 1 is the energy density and depends on the three invariants of the
right Cauchy-Green tensor. So with the acronyms

ar = (O, k=1,2,3 (7)



these invariants are
IC = a
Ilp = %(al)z —as and
3
I = Lmlém = det(C).

As most simple example we may use the neo-Hooke material, defined by its energy
density

Y(ar, az,a3) = § (a — in(111p) - 3) + B (111¢)
where p and the bulk modulus K depend on the material.

Now, U minimizes . So for all virtuell displacement vectors V' of appropriate
function spaces we have

YU V)= [ YU V)V~ f(V) =0

Qo

Therefore ¢'(U; V) is a linear functional over V', where

90 (9
a . .

)= e (—k) LCU;V).
k=1

With (5)

C'(U;V)=2£"(U;V)
=GradV + Grad V7 + Grad U - Grad V7 + Grad V - Grad U,

consistently. The derivatives of the a) with respect to the tensor C are easily
calculated from (7) as % = C* Y (U). Therefore

3
=3 208 (et g wiv)),

k=1

and the second order tensor
U) =2 Z ck Y (8)

is the well-known second Piola-Kirchhoff stress tensor, as can be derived from
the approach of the equilibrium of forces, as well.

Z-Axis

Z-Axis

strain

50434

o
o
]

OHIHH‘HIHHHN

0.650.70 0.75 0.80 0.85
X-Axis

(a) 32 elements.

strain
0.047635

o
o
w

0.02

—0.01

‘HHH\H‘HHHIH‘HHH
o
o
g

0.600.650.700.75 0.80 0.85 0.90
X-Axis

(b) 32768 elements.

Figure 4: Norm of the strain tensor at 7 = 0.
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s

respectively, with ¢ € [0, 5]. The outer normals of the edges will be rotated
throughout their transport and are defined by

ou
—— = (Fcost,0,sint)” respectively.

ox

Y-Axis

0.0 0.2 0.4 0.6 0.8 1.0 12 14
X-Axis

Figure 3: Initial mesh of the midsurface with the points for consideration of U
and ||E|lg.

The displacements are applied in 20 equidistant steps of ¢. Figure 4 shows the
midsurface of the plate after these incremental steps, approximated with 32 el-
ements (4a) and after further five refinement steps with 32,768 elements (4b),
respectively.

On every incremental step and every refinement step we use Newton’s method
with a stopping criterion ¢ = 1076.

The elements are coloured by the norm of the strain tensor. In the stage of
32 elements (4a), the maximum value is 5.0434e — 02 and after the refinements
(figure 4b) we have a maximum value of 4.7635¢ — 02 of the strain. These values
occur in the center of both free bounded edges. In contrast to the first example
these values are very small.
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2
With the abbreviation a(U; V) := [, T(U) : '(U, V) dV our weak formulation
is:

Solve for the vector function U € (H}(€))?
a(U; V) = f(V) YV € (H(Q0))*. 9)
Here,
(Hy(0))* := {U € (H'())*: U = 0YX (n',n*,1°) € Tp C 0},
denotes the vector valued Sobolev space with homogeneous Dirichlet boundary

conditions on I'p, the Dirichlet boundary part of 9.

This problem leads to a set of non-linear equations. For solving this, we use New-
ton’s method. Therefor we need the second derivative of the energy functional

2
SU U V) = [ TU:eU): €U V) + TU) : £(U: U, V) .

Qo

3 Basic differential geometry of shells

To describe large deformations with shell theory, which combines aspects of con-
tinuum mechanics and differential geometry, it is used to work with both, matrices
and tensors. So, we use tensors to discribe the differential geometry and switch to
matrix syntax to make up the weak formulation. We begin with the differential
geometry of shells in general. Later on, we consider the initial configuration as a
plane shell, called plate.

In what follows all indices now run between 1 and 2.

3.1 The initial mid surface

In this paragraph we discribe the basic theory of the differential geometry on the
undeformed shell, the initial domain. In the inital configuration all vectors and
matrices, mainly the co- and contravariant basis vectors and the matrices of the
first and the second fundamental forms, are typed in capital letters.

As midsurface of the undeformed shell we consider
O ={Y (n",7") : (n',n*) € P, CR*} CR%. (10)

Here, Y denote the points of the surface in the 3-dimensional space and the
coordinates (n!,n?) run throughout the parameter domain P,. Therewith we get



the tangential vectors

A= %Y, 1 =1,2, and the surface normal vector

A X A
Ay =A% = L1 2L 11

3 |A1 X A2|7 ( )
which define a covariant tensor basis in R3.

The first fundamental forms, calculated in this covariant tensor basis, are written
as (2 x 2) matrices:

A= (Aij)??j:h A =A;-A;, and the second fundamental forms

2
B = (Bij)i]-=1 , Bii= (ﬁY) “Ay=A;;- A3 = —A; - Az, respectively.

We define the corresponding contravariant tensor basis from
Al =A%A, with AV A = 5%, where A7F are the entries of A7%,
and the surface element by
dS = | Ay x Ay|dn'dy® = (detA)? dn'dn?.

Now the gradient operator on the tangential space, the surface gradient, is spec-
ified by

Gradg = A’ 8?]"‘

3.2 The initial shell

We understand the initial shell as a 3-dimensional manifold
Q= {X(nl,nr‘} T=1°) =Y (n',0?) + hrAs, (n',1°) € P |7] < %}

with constant thickness h and Az from (11). Without loss of generality we use
7 = 7n® as a synonym for the thickness coordinate and consider the coordinates
n', i = 1,2, providing the lengths of dimensions in the according directions.
Then the A; and A’, i = 1,2 have to be dimensionless, consistently. Meanwhile
Aj = A® has no dimension, anyway. The covariant tensor basis (1) from 2.1 is
now specified by

Gi = X = A1 + hTAgﬂ‘ = ].7 2 and (12)

0
on'
G3 = hA3

vectors are the same in both points as are the values for the strain tensors, due
to the plate symmetry and the manner of deformation.

Obviously the third component of the displacement vector reaches its maximum
over all nodes in P3, because this is the midpoint of the midsurface, as you can
see in the pictures 1 and 2.

Y-Axis
2.0 3.0 4.0

1.0

0.0

0.0 10 2.0 3.0 4.0
X-Axis

Figure 2: Position of the points for consideration of U and || E||p.

6.2 Bending dominated plate deformation

For the second example we consider the midsurface Y (n', n') = [0,1.5] x [0, 1] x 0
of a plate with the thickness h = 0.01875. We approximate the midsurface
by an initial mesh of 8 x 4 elements, shown in figure (3). Both boundaries
in n?-direction at ' = 0 and n' = 1.5, respectively, are hard clamped with
inhomogeneous Dirichlet type boundary condtitions. We consider free bounding
at the remaining edges.

For the left edge (0,712, 0)7 we apply a prescribed displacement
U = (0.75(1 — cost),n? 0.75sin t)T
and for the right edge (1.5,72,0)7
U = (—0.75(1 — cost),n?,0.75sint)”
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In table 1 we now consider the elements of the displacement vector U and the
norm of strain tensor in the four points P1(1,1), P2(1,2), P3(2,2) and P4(2,1)
in every refinement state. Figure 2 shows the position of the four points in the
midsurface of the undeformed plate.

#El 16 64 256 1024 4096 16384
UM | -4.2B-02 | -4.8B-02 | -5.1E-02 | -5.2E-02 | -5.2E-02 | -5.2E-02

- U® | -4.2E-02 | -4.8E-02 | -5.1E-02 | -5.2E-02 | -5.2E-02 | -5.2E-02
U® | 6.5E-01 | 6.8E-01 | 7.0E-01 | 7.2E-01 | 7.2E-01 | 7.2E-01
|E|| | 3.2E-01 | 3.2E-01 | 3.5E-01 | 3.5E-01 | 3.5E-01 | 3.5E-01
UM | -8.3E-02 | -8.5E-02 | -8.8E-02 | -8.9E-02 | -8.9E-02 | -8.9E-02

P U® | 1.1E-06 | 3.4E-07 | 5.5E-09 | -8.8E-08 | 2.6E-08 | 3.4E-08
U® | 82E-01 | 8.6E-01 | 8.9E-01 | 9.1E-01 | 9.1E-01 | 9.1E-01
|E||r | 2.8E-01 | 4.3E-01 | 4.7E-01 | 4.6E-01 | 4.6E-01 | 4.6E-01
UM | 79E-07 | -1.9E-07 | 4.4E-08 | -8.6E-08 | -9.1E-10 | -3.1E-08

P3 U® | 1.4E-06 | 2.7E-07 | 5.5E-08 | 3.3E-08 | -1.2E-08 | -1.5E-08
U® | 11395 | 1.1848 | 1.2130 | 1.2251 | 1.2294 | 1.2319
|E||r | 34E-01 | 3.6E-01 | 3.7E-01 | 3.7E-01 | 3.7E-01 | 3.7E-01
UM | 4.2E-07 | -1.6E-07 | -1.2E-07 | -5.5E-08 | -3.2E-08 | -2.9E-08

Py U® | -8.3E-02 | -8.5E-02 | -8.8E-02 | -8.9E-02 | -8.9E-02 | -8.9E-02
U® | 8.2E-01 | 86E-01 | 8.9E-01 | 9.1E-01 | 9.1E-01 | 9.1E-01
|E||r | 2.8E-01 | 4.3E-01 | 4.7E-01 | 4.6E-01 | 4.6E-01 | 4.6E-01

Table 1: Displacement vector and the norm of the strain tensor in P1 till P4.

In case of a linear elastic model the first two components of U would vanish
completely. Hence, UM and U® in P1, P2 and P4 reflect the non-linearity. (
In P3 we have U = U® =0 from the symmetry of the domain.)

In P1 the components of the displacement vector in direction of n* and 7? are
the same, due to inherent symmetries.

The component of the displacement vector in 7?-direction of P4 is the same as
the component in n'-direction of P2. The third components of the displacement
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as well as the contravariant tensor basis G*, i = 1,2 and G° = h™' A;.
Then the matrix of the metric coefficients (2) is calculable.

Obviously, det(G) = h? det(G) with the (2 x 2)-matrix

G = (Gy):? Gy =Gi-G;

i,j=1°

= Al - hrA™'B)? = (A—hrB)A™' (A - h7B). (13)
Hence, the volume element of the shell is

~

dV =[G4, G, Gs| dn*dndr = hdet(G)% dntdn*dr.

3.3 The plate as an exception of a shell

Here, on the midsurface Q' in (10) we have the simplification that the physical
points Y are in the e; - es - plane, for instance

Y(7]1,772) =e€r- 771 + e 7)27
where the 7', i = 1,2 feature the length of the dimension in direction of each unit
vector e;, i = 1,2. This simplification yields Az = e3, independent of (n*,n?).

From this we have

Gz‘ = €, G3 = heg and E =0.

4 Kirchhoff assumption and the deformed plate

4.1 Differential geometry of the deformed shell

The following assumption is one possibility to reduce the space dimension. The
idea is to discribe the deformed shell by its midsurface only. Therefore we do not
allow any change in thickness of the shell and assume it to be shear rigid. This
means that a certain straight fibre of points

{Y @' n)) + hr st ) 17 < 3}

which is perpendicular to the undeformed midsurface Qf* (10), has to be straight
and perpendicular to the deformed midsurface

Q= {ylm.m) =Y, )+ U0 ) : (0", n*) € Py} (14)



after deformation, as well. Here, U is the unknown displacement vector (a func-
tion of (n*,n?) as well as of Y).
The Kirchhoff assumption defines the deformed shell as

O = {z(' " 7) =y('. P + hras} (15)

where aj is the new surface normal vector of the deformed midsurface Q27" fol-

o
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)
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lowing its differential geometry: - 0.1
With -
9 £ o
a; = 8’!]iy:Ai+U’i E E
the tangential vectors after deformation, we have e
ay = Q1X 0 (16) 00 10 2.0 3.0 40
|a1 X az‘ X-Axis
as surface normal vector of Q*. Consequently we get
a= (aij)zjzl with Ajj = @ - A
b = (bij)z?,j:1 with bi]' =a;;-as
the new first and second fundamental forms. (2) 16 clements.
Now the 3D covariant basis is strain
1.1692
g, = 8(271:1: =a;+ hTa372- = Al + U,i + h7a31i, i = 17 2 (17) El
gs = has. éo.u
Analogously to G in (13) we can define the (2 x 2)-matrix G = (9ij)i ;=1 with éo_s
gij = g, * g;, yielding 8 s
o —o0.25
g=a(l —hra™'b)’ = (a — hrb)a™"(a — h7D). @
o o
Hence, with (14) and (15) the new 3D-deformation vector is 5 °
S
U*P (it n?,7) = U + hr(as(U) — es), (18) g
with the vector field U, depending on (n',7%) only. 0.0 10 20 3.0 40
X-Axis
4.2 The strain tensor of the deformed plate
We deduce the 3D deformation gradient from (12, 17) in relation with 3.3 as
F=g,G + azA® (b) 16384 elements.
= (a1 + hrasq)er + (as + hraso)es + ases. Figure 1: Norm of the strain tensor at 7 = 0.



For a hard clamped boundary part the condition a; = es means

v e 0
_ U’<23) - _ U1(23) 0 . ( 30)
1+ 05 + U 1+ 05 + U 1

Hence,

3 3
v =u9 =0

is the resulting boundary condition for the deformation vector.

In the case of soft clamping of the considered boundary part one of the two partial
derivatives is free.

6 Numerical Example

6.1 Plate deflection

We consider the midsurface Y (n',n%) = [0,4] x [0,4] x 0 of a plate with a given
thickness & = 0.05. The coarse triangulation consists of 4 x 4 uniform quadratic
finite elements. All sites of the plate are hard clamped. We use a constant
force f = (0,0,1)T, which is applied in 5 incremental equidistant steps on the
starting coarse mesh, followed by 5 times uniform mesh refinement together with
the Newton iteration on each refinement step. Figure 1 displays the norm of the
strain tensor at the midsurface for the initial mesh with 16 elements (1a) and
after all refinements with 16.384 elements (1D).

During the incremental stage we achieve a mean value of about 13 iterations in
the PCG method per Newton step. Here we use a special hierachical precondi-
tioner, especially adopted to the Bogner-Fox-Schmidt elements. The mean value
of Newton steps during this stage is between 3 and 4. Throughout the mesh
refinement the PCG needs about 65 iterations per Newton step for again 3 to 4
Newton steps on each mesh. As stopping criterion for the Newton’s method we

|0u]

recommand | < 107°.
flll
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Then, the coefficients of the right Cauchy Green deformation tensor (4) are given
in

C=F -F= Cij€;€; + eses (19)
with Cij = (ai + h/Ta3’7;) . (a]‘ + hTag,j), i = 17 2. (20)

So, with (5) we get the 3D-strain tensor of the plate as

E= €ij€i€; (21)
with QEij = (017; + ]117(1377',) . (a] + }LTﬂ/g’j)7 = 1, 2. (22)

For using matrix syntax we define the matrices, containing the coefficients of the
associated tensors in the chosen tensor base.

In case of the right Cauchy Green deformation tensor C, given in (19,20), the
appropriate matrix is

c= (C'ij);{jzl' (23)

With the help of the Gaul- and Weingarten equations and some mathematical
transformations we obtain the submatrix

c¢=(a—hrb)a ' (a— h7b) =7. (24)
Analogously, the matrix with the coefficients of the strain tensor (22) is
e=(e)); 1
and

2e = (@ — hrb)a™"(a — h7b) — L.

5 Plate energy and boundary conditions

In this section we consider U3P, defined in (18), with U € H¥? | where
HAH .= {H?(Q) with appropriate boundary conditions} (25)

is a special function space, due to the Kirchhoff assumption. Its boundary con-
ditions are considered in 5.2.



5.1 The resulting Kirchhoff deformation energy

We consider the energy functional (6) but use U*” from (18). Then

p(U*P) = o (U + hr(as(U) — e3)) = / YUPP)av — f(U*P)  (26)

o
= pU)= | YU)AV - f(U) with U € HXY,
Qo

Analogously to the real 3D-deformation vector U in 2.2, that minimizes the
energy functional (6), the new U(n',n?), here, minimizes the energy functional
@ above, such that U3” minimizes thc deformation energy (2.2) over a nonlin-

ear set (18). Hence, the first derivative &'(U; V') should vanish for all virtuell
displacements V' € H¥#H:

FU;V)=o.
The derivative of this energy functional arises from the variation of '1/7,

U +V)=9U)+¢'(U; V) + hot. .

Hence,
aw(USD)
1/ (U, V)= 7@U(n ) oV
= T(U3D) (E(UPL(V)),
with

Lv) =7y,
a linear operator w.r.t. V arising from the variation of U3P,
UPW+V)=U?U)+L(V)+ hot. .
Obviously,
L(V)=V +hras(U;V) (27)

with a3(U; V') a differential operator, which can be retrieved from the variation
of as:

a3(U + V) = a3(U) + a3(U; V) + h.o.t. .

Due to the Kirchhoff assumption, we have seen, that, in comparison to the 3D-
deformation energy in 2.2, we have to accomplish a further linear operator L,
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including a differential operator a3(U; V) = (g—?}) o V., applied to virtuell

displacements V' from an appropriate function space HX# .

Now, with
(U V) = / TP . £(UP; £(V)) dV (28)

we can formulate the new weak formulation:

Find the solution U € HX# such that
a(U; V) = f(V) for all V € HXH, (29)

Until now, we have not considered any boundary conditions of our function space
HXH | Therefore we take a closer look to this space in the following paragraph.

5.2 Boundary conditions

As easily seen in (18), U®P contains the normal of the deformed midsurface,
a3, which is a nonlinear differential operator, applied to U. In (28) differential
operators are applied to U®P and therefore to ag, consistently. Hence, we need
the second partial derivatives in U and H¥H (Qm)  (H2(925"))?, as subspace of
the Sobolev function space in (25), is motivated.

We consider the normal a3 in (16) at the boundary of the plate. Hence, one of
the coordinates (n',n?) has to be constant. W.l.o.g. we consider n' = constant,

defining a boundary part (for all n? and for all 7 € [ 7 ﬂ) If this boundary

part is classified as hard clamped with homogeneous boundary conditions, then
U =0 and a3 = ey as simply seen in (14) and (15). Generalized inhomogeneous
boundary conditions mean U and aj are appropriately given. Now we evolute
the contained crossproduct, intercepting higher order parts of U.

as = a; X as (61+U ) (€2+U,2)
37 Ja1 X ay [(e1 +U ) x (e + U )|

\

— (€1+U’1) X (62+U ) ‘(€1+U1) (62+U’2)|

<~ €3+(61 XU’2)+(U1 Xeg) ag‘€3+(€1 ><U ) (Uﬁl XEQ)‘
)

— 63+(€1><U1) (2><U1 :ag‘e3+(1XU12)*(62><U)1)|
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