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1 Introduction

Let Q, U, Y and Z be Hilbert spaces. For given (exact) data y € Y we consider
the implicit defined inverse problem

{ Pu

E(q,u)
For given noisy data ° € ) with bound ||y —¢°||y < 6 we deal with the perturbed
problem

Y
0,  (qu)cDE). (1)

Pu = 9
{E(qw) 0, (qu)€DE). (2)

Thereby E : D(E) € Q x Y — Z* defines a nonlinear operator with domain
D(E). Moreover, P : U — Y denotes an additional linear operator. In many
applications P can be considered as projection operator. If, for example, U is a
space of functions on a domain Q and v € U, then Pwu might be the restriction
of u to a subdomain €; C Q, where the additional observation y or 3’ is given
or/and the embedding of I into the space ) with weaker norm.

There are two possibilities for treating such problems. Following the standard
approach for identification problems, we replace the system (2) by a nonlinear
equation

Flg)=v", qeD(F)

where the nonlinear operator F' : D(F) C Q@ — ) with domain D(F) is given
by F=PoG and G:D(F) C Q — U is defined implicitly by the equation

E(q,G(q)) =0, VqeD(F).

Alternatively we can deal with the constrained minimization problem
1 s .

J(u) == §\|Pu —4°/l3 = min 3)
subject to E(g,u) =0, (q,u) € D(E),

which is common practice in control problems for (partial) differential equations,
see e.g. [12] and the references therein. Here, often a penalty term « f(g) to the
objective functional J(u) is added, i.e. J(u) is replaced by

1 .
Talaw) =5 IPu=y |3 +a f(o)

The additional penalty can be considered as regularization term. As well-known
from Tikhonov regularization this term provides (under some conditions to f)
existence of a solution (g2, u!) of (3) depending stable on the given data y’. But
there is an important difference in identification and control problems. In order



to get an approximate solution of (2) in identification problems the regularization
parameter « depending on the noise level ¢ is usually small. In control problems
a parameter « is chosen a-priori, which is normally larger than in identification
problems. So, algorithms used for control problems where the inverse of the
parameter « is applied could cause numerical difficulties for small regularization
parameters in identification problems.

Therefore we present some general regularization ideas for identification problems
of the form (2) as it was recently done in [4], see also [5] for some numerical
considerations. The analytical considerations are illustrated by two examples
which deal with the identification of coefficients in an elliptic differential equation.
The paper is organized as follows: in section 2 we present some basic assump-
tions which we will later need in the further considerations. The third and forth
section deal with two (regularized) approaches for formulating SQP-algorithms
to find approximative solutions of (2). In section 5 we apply this theoretical
considerations to two parameter identification problems for an elliptic differen-
tial equation. Some remarks concerning the numerical implementation of these
examples are given in section 6. The paper closes with some numerical examples.

2 Basic Notations and Assumptions

Let X and ) denote Hilbert spaces with scalar products (-, -)» and (-, -)y. More-
over, X* and Y* are the dual spaces. Then we denote with (-, )y~ » the duality
product on X* x X. Let A: X — Y be a linear operator. With A*: ) — X
we denote the Hilbert space adjoint operator of A which is defined by

(Az,y)y = (z, A"y)x Vee X, Vye).
The dual operator A* : Y* — X* of A is given by the relation
(y, Az)yyy = (A*y, 2)xv Vee X, Vye )

Remark 2.1 Let Ry : X* — X and Ry : Y* — ) denote the Riesz-
Isomorphisms which identify elements of the dual spaces X* and Y* with elements
of the spaces X and Y itself, i.e.
(@, 2)a-x = (RaZ,2)x, VIEX, VX and
@ y)yy = (Byhy)y, YyeY, Vyed.
Then we have obviously
A* = R ARy,

This relation will be used later frequently.

implicit ill-posed inverse problems. In: Vogel, A. ed. Theory and Practice of
Geophysical Data Inversion. 3-19, Vieweg, Braunschweig (1992).

[12] Troltzsch, F.: Optimale Steuerung partieller Differentialgleichungen. Vieweg
(2005).

23



‘ ) H « ‘ rel.err. ‘
10911072 ] 1.00- 1073
107° || 107° | 4.03- 1072
107* || 107% | 6.29-1072
1073 || 107* | 1.02-107!
1072 || 1072 | 1.54-107!

Table 6: Levenberg-Marquardt regularization for noisy data
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Example 2.1 We will consider a standard example in order to verify the Riesz
isomorphism. Let be X = H(0,1), Then, as well-known, X* = H~'(0,1) and
for f e X* the duality product is given by

(fya)ax = [ fadE
|

How does y € H}(0,1) with y = Ry f look like? Therefore we have

(fiv)aex = (2, 9)x
1 1

= /xyd£+/x’y’d§

0 0
1
= /(y—y”)xd{, VoeX.
0

Hence Ry : X* — X is given by Ry f =: y, where y € HY(0,1) satisfies the
(ordinary) differential equation

y—y"'=f (withy(0)=y(1)=0)

a.e. on (0,1).

Moreover we need some assumptions concerning the operator E. In order to
obtain a relation to classical inverse problems we assume that the condition
E(q,u) = 0 defines a nonlinear operator mapping from a domain of the space
Q into the space U.

Assumption 2.1 There ezists a domain D and a nonlinear continuous operator
G :D C Q — U such that G is implicitly defined by

E(¢q,G(q)) =0, VqeD.

Moreover, we suppose that F is Fréchet-differentiable with uniformly bounded
partial derivatives. Additionally the inverse E,! of the partial derivative E,
should exist and be uniformly bounded.

Assumption 2.2 For each (q,u) € D(E) the operator E is Fréchet-differentiable
with partial derivatives Ey = Ey(q,u) : @ — 2% and E, = E,(q,u) : U — Z*.
They are uniformly bounded, i.e. there exist two constants C,,Cq > 0 such that

[Eull < Cu and ||E|| < Cy Y (g,u) € D(E).

The operator E;' = E;'(q,u) : Z2* — U eaists for all (¢,u) € D(E) and its
norm is uniformly bounded by some constant C,, > 0.



The latter assumption seems to be quite restrictive. On the other hand, this
condition allows us to apply the implicit function theorem, see e.g. [9, Satz
1.4.XVII], which provides Fréchet-differentiability of the operator G.

Corollary 2.1 The operator G : D C Q — U is Fréchet-differentiable for all
q € D with derivative

G'(q) == —Eu(q,G(q) ' Ey(q,G(q)),  q€D.

For applying Newton-type methods for solving the problem (3) we have to assume
twice Fréchet-differentiability of the operator F.

Assumption 2.3 For each (q,u) € D(E) the operator E is twice continuously
Fréchet differentiable with second Fréchet-derivative E" = E"(q,u) : (QxU)? —
Z* satisfying

1E"[(0,w), (9, 0)]ll2- < Cony/ Nl + ulle /Mol + lellz ¥ (a,0), (p,0) € @,

for some constant Cgy > 0.
Finally we can suppose that ||Pul||y is bounded from below.
Assumption 2.4 There exists a constant Cp, > 0 such that ||Pully > Cpllu|lu-

Note, that the trivial case C}, = 0 is included in this assumption.

3 Linearization of the constraints

Let the iterate (g, u) € D(E) be given. We linearize the constraint
E(qr + aq, u, + au) = E(qr, ug) + E;aq+ Eyau, Ag€ Q, auel

with derivatives E,(qy,ur) = E; : @ — Z* and E,(gx,ux) =: By - U — Z*
by supposing (¢ + ag,u + au) € D(E). Moreover, we introduce an additional
regularization term to the functional J. In particular, we replace J by

1 Qg *
Jilag, su) = S|Pl + su) = o5 + Fllaa - ail

where oy, > 0 denotes a regularization parameter. The element ¢ € Q should be
of the form

G =n(q" — ax)
with a-priori guess ¢* € Q and n = 0 or n = 1. We consider different regulariza-
tion strategies:

(i) n =0 coincides with the Levenberg-Marquardt algorithm,

=0 =1

0 «a ‘ rel.err. « ‘ rel.err.
1071071 ] 9.52-107* [ 107"* [ 9.91 - 10~
107% || 1071 | 9.43-1072 || 1071 | 9.97- 1073
1074 || 1078 | 7.87-1072 || 1077 | 5.45-1072
1072 | 1075 | 2.08-107! || 107* | 1.08-107!
1072 | 1073 | 3.17-1071 || 1073 | 1.40-107!

Table 5: Tikhonov regularization for noisy data, different a priori guesses ¢*

tion strategies we first apply Tikhonov regularization. For different noise level §
and regularization parameter a solutions ¢, where calculated. The regularization
parameter  were chosen such that for a sequence {o;} with

g = 0.1, aj :=01a;_1, j=>2,

and regularized solutions {Qi]} we have a = oy, with

& — ]| = min]
J

5
Qa] QH

In Table 5 the relative errors with corresponding regularization parameter o were
presented for both a-priori guesses ¢* = 0 and ¢* = 1. By applying Tikhonov
regularization we could reduce the approximation errors caused by the use of
noisy data 3. As in the noiseless case in the case ¢* = 1 we obtained better
approximations of the unknown parameter ¢f. Using the Levenberg-Marquardt
algorithm as regularization method we have to introduce a stopping criterion
depending on the noise-level 6. We apply the discrepancy principle by Morozov
which stops the iteration as soon as

1Py, =yl <611l

where ¢} denotes the actual iterate and g‘; is the corresponding (numerical) so-
lution of the differential equation (13), i.e. yi satisfies

Ay, =1

Hence, for verifying the stopping criterion we have to solve an additional differ-
ential equation in each iteration step. The results were given in Table 7. Again
the calculations were performed for different parameters a. Choosing the param-
eter a too small the stopping criterion becomes active after one or two iterations
which gives worse approximations than for a slower convergence with a larger
parameter «. Again the parameter « is specified with yields the smallest relative
approximation error. Comparing the results of Table 5 for ¢* = 1 and Table 7 the
obtained approximation errors are nearly the same for the different noise levels
in both regularization methods.

21



20

[ o | #iter. | time (sec.) [ relerr. |
10712 3 14.6 1.52-1077
1071 3 14.5 1.51-1076
10710 3 14.5 1.57-107°
107° 5 23.6 1.80-107°
1078 | 23 106.3 3.42-107°
1077 | 198 1000 4.12-107°

Table 1: Levenberg-Marquardt method for exact data and different o

‘ o ‘ #iter. ‘ time (sec.) ‘ rel.err. ‘
10-12 3 14.6 1.81-107°
1010 4 19.0 1.83-1073
108 4 19.2 5.22-1072
106 5 23.1 1.48-107"
1074 4 5.6 2.59 1071
102 5 4.7 3.92-1071

Table 2: Tikhonov regularization for exact data and different «, ¢* =0

[ a [ #iter. | time (sec.) [ relerr. |
10712 3 14.6 7.12-107°
10710 4 19.1 6.94 104
1078 4 19.2 2.27-1072
1076 5 22.0 5.93-1072
1074 | 4 5.8 1.10-107"
1072 5 4.7 1.65- 1071

Table 3: Tikhonov regularization for exact data and different a, ¢* =

Table 4: unregularized solutions depending on the noise level

‘ 0 H rel.err.

1076 ] 1.03- 1073
107° || 1.07-1072
1074 || 1.02- 1071
10-3 1.01
1072 10.6

(i) n =1 and oy, = av = const. is the classical Tikhonov regularization and

(iii) » = 1 and ap < ap_; corresponds with an iterative regularized Gauss-
Newton scheme.

For the application of (i) and (iii) as regularization methods we need an additional
criterion for stopping the iteration, see e.g. [4] for the Levenberg-Marquardt
approach and [2] for the iterative regularized Gauss-Newton algorithm. Then we
replace (3) by the linear-quadratic problem

Jr(ag, Au) — min )
subject to E(qg, u) + Eqaq + Eyau = 0.

The iteration is given now as follows: find a solution (ag, au) € Q xU of (4) with
corresponding Lagrangian multiplier A € Z and calculate the next iterate

Q1= qx +Aq and  upip = uk + Au.

A modification is presented in [11]. Here, for given gx11, the next iterate w4 is
estimated by the equation

E(qrg1, up1) = 0.

Hence, all iterates (gx,uy) satisfy the equation E(g,u) = 0, which means that
this modifaction can be considered as corrector step for a predictor-corrector
algorithm following a path of feasible solutions.

The corresponding Lagrangian functional L : @ x U x Z — R is given by
L(agq, au, X) := Ji(aq, au) + (E(qr, ur) + Egaq + Eyau, N) z- 2.

In order to solve (4) we introduce the following bilinear forms

ag(+,) 1 Qx Q—R : ay(q,p) == {¢,p)o, q,p € Q,

ay(-) U XU —R : ay(u,v):=(Pu,Pv)y, wuvel,

by(,): QX Z—R : by(q,2):=(Eyq,2)z+2z, q€Q,z2€Z and
bu(,)  UXZ—R : by(u,z):=(Eu,z)zz, uwel,zeZ.

Moreover, we define the functionals

jq €Q <fQ7Q>Q*,Q = <Q7 QZ>Q7 qc Q7
fu ey (fu:“>u*,b{ = <Pu, - P’ll,k>y7 u e Z/{,

and g := —FE(qg,ux) € Z*. Then we can write the weak formulation of the
KKT-system as

(Lagp)are = aray(aq,p) +by(p, ) — ar(fy, p) o0 0, Vpe Q,
<LAu7 U>M*,Z/ = au(Auv U) + bu (U> /\) - <f'u7 U>M",M = 0: Vv e u> (5)
<L/\7 Z>Z*,Z = bq(Aqa Z) + bu(Auv Z) - <97 Z>Z*,Z = 0~, VzeZ.



Introducing the operators A, : U — U* and A, : Q@ — Q* via

(1, 0) = (Ayt, V)= and  aq(q, p) = (Aqq, P)or 0

we can rewrite (5) as operator equation

apAy E; Aq g fq
0 A, E s | =1{ fu |- (6)
E, E, 0 A g

Remark 3.1 Using the corresponding Riesz-Isomorphisms we have A, = Ry;' P*P,
A, = Rél, fo = Rélq,’; and f, = R *P*(y® — Pwy). Multiplying the first row
with Rg and second with Ry we obtain with X\ == RZ'\ € Z* the equation

arlo 0 Ej Aq oy,
0 PP E; Ay | = P*(y’ — Puy) (7)
E, E, 0 A ]

By defining the bilinear forms a(-, -) : (OxU)? — R, and b(-,-) : (OXU)x Z —
R as

a((q,u), (p,v)) == akay(q, p) + au(u,v) and b((q,u),z) = by(q, z) + bu(u, 2)
for (q,u), (p,v) € Q xU, z € Z as well as
(f (g, u) = (fg, D or0 + (fu, W,
we can formulate (5) also as classical saddle point problem

a((ag, au), (p,v)) + b((p,v),A) = (f,(p,v)), V(p,v) € Q XU, (8)
b((agq, au), z) = (9,2)z+z, Vz€Z.

We use this relation to show the unique solvability of the system (5).

Lemma 3.1 Suppose the assumptions 2.1, 2.2 and 2.J to be hold. Then the
bilinear-form a(-,-) is bounded and satisfies the kernel ellipticity with respect to

b(-,-), i.e.
a((q.w), (¢, u)) > e (lallg + lulli) . ¥ (g,u) = blg,u) =0

for some constant ¢; > 0 and

Ja (g, u). (0.0)) | < exy/lalls + g/ Iol + [0l Vg u). (0.0) € @ x U,

for another constant co > 0.

This function is continuously on each of these three sub-domains ;, j = 1,2, 3,
but has jumps on the boundary. The discretization of this function is given by
= (¢, cm)T € R™, where the entries ¢; of the vector contain the values of
the function ¢! at the mid points of the corresponding triangles of the mesh 7;.

The numerical realization was done with aid of the PARTIAL-DIFFERENTIAL-
EQUATION TOOLBOX in MATLAB. The presented calculation times were ob-
tained on the CASE-computers at the Faculty of Mathematics at the Chemnitz
University of Technology.

For the numerical results presented below the mesh 75 for calculating the solutions
u of the differential equation (13) has n = 8433 nodes. The data y was given on
the nodes of a coarser mesh with N = 1928 nodes. The unknown parameter ¢ is
discretized on the mesh 7; with m = 1032 triangles.

In a first example we assume exact data y to be given. We want to compare
the Levenberg-Marquardt method with the Tikhonov regularization approach
with respect to speed of convergence and regularization error depending on the
regularization parameter c. We apply the system (11) for calculating the next
iterates. The iteration was stopped, when the tolerance

ly = Pul| <TOLL = 1075 or |lag| £ TOL2=107° (21)

was reached. The obtained solutions we denoted with ¢,. The corresponding
results were given below in Table 1 for the Levenberg-Marquardt scheme and in
Table 2 and 3 for Tikhonov regularization with different a-priori guess ¢*. As we
can see the Levenberg-Marquardt algorithm provides better approximation ¢, of
the unknown function ¢/ than Tikhonov regularization since no regularization
errors occur. On the other hand for choosing the the parameter « too large the
number of iterations grows rapidly. For Tikhonov regularization we can see the
increasing regularization error with respect to growing regularization parameter
«. Comparing the results in Table 2 where the a-priori guess ¢* = 0 was chosen
with the results of Table 3 obtained with ¢* = 1, we can see the dependence
of the regularization error on this function. So we can expect better results by
improving the a-priori guess c*.

In further calculations we deal with noisy data. Here, we replace the exact data
y by noisy data g‘s, where 0 > 0 describes the relative size of the perturbation,
ie.
s
ly =¥’ < 5 llyll-

In a first step we calculate an unregularized solution ¢ with the Levenberg-
Marquardt algorithm. The (sufficiently small) chosen parameter a does not
influence the obtained results much. Table 4 shows the relative errors of the
obtained solutions ¢® for different noise levels. The size of the errors shows the

ill-posedness of the problem under consideration. In order to introduce regulariza-
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ProoF. First we note, that b(q,u) = 0 implies v = —FE;'F,q which gives
l[ulle < 1B, Eql llalle and hence |lqllo = || E, " Eql ™" [|ully. Then we have
a((g,u), (q,u)) arllallg + 1P ull3

a(l —7)
Q3 QQ > aylalls + (W + C,? el I

Vv

\ \ ‘ ‘ for all v € (0,1). For ay, > C’g we choose v such that

a + || B E*C

a(l—9)
N a + | EFE PG
K ar([E; B + 1)

0 7T TEBE P

and we obtain

+C & g=

. ay + | B B |*Ch
a((g,w), (g,u)) > min {ak (IIETM (llglfg + llullz) -
u q

Figure 1: Domain Moreover

la((g.u). (p.o))| < oullallellpll + P12 ullllol
< max{oy. [P} (lalle + lulk) (lplle + l1vll)
< 2 max{aw, |PIP} /llally + [l /Il + ol

The proof is complete. B
For the proof of the LBB-condition we follow directly [4, Theorem 2.3].
Lemma 3.2 The bilinear form b(-,-) satisfies the LBB-condition

S 0

_— J

I

: inf  sup M >p>0.

[ &2 (quyeoxu (¢ u)llexull A2

Q

I 1

I

! - - I'y (Neumann boundary) PROOF. We set u:= E; '\ and ¢ = 0. Then

: — I'p (Dirichlet boundary)

. b ((q,u),\) . b0, BTN, N)
Figure 2: Choice of the boundary conditions )1\1612 (q,us)zgxu (g, w)lloxul Mz — /{Ielg NEZ AN 2
A% 1
) ) = in E*lH)\ Iz 2 T B.
The boundary I' = 9 of Q is decomposed into a Neumann boundary I'y and a rez |ES A lull Mz~ ILE

Dirichlet boundary I'p as presented in Figure 2. For the choice of the function

o which has to be identified we take Applying both lemmas we have the unique solvability of the KKT-system (5)

respectively the saddle-point problem (7), see e.g. [3].

2 —ux, (z,y) € Q, Corollary 3.1 The system (5) admits a unique solution (aq, au) € Q x U with
CT(I7 y) =14 l—z+y (z,y) € Q, corresponding Lagrange multiplier X € Z, which depend stable on (fy, fu,9) €
2+ (z,y) € Q. QF xU* x Z*.

18 7



In the present paper we do not deal with questions concerning the local conver-
gence of the iterates (gx, ur) € Q X U to a solution of the problem (3). The local
convergence of Lagrange-Newton methods and possible ways of globalization of
the convergence is a topic of its own. We refer to [1] for further readings, see
also the books [12] and [10] for discussing the finite-dimensional case including
discussions of globalization strategies.

4 Direct Lagrange approach

In a second variant we apply the Lagrange method directly to the problem (3).
Then the Lagrangian functional is defined by

1 o
L(qvuv)\) = iHPU - yb”%} + (E(Q7 u)7)\>2*,2

Again let the iterate (g, ug, \p) € QXU X Z be given. Then the weak formulation
of the KKT-system reads as

<Lq7p>Q*,Q = <Eqp) >‘k>Z*,Z = 0, VP € Qa
(L, Vs = (Po,Pup — 9y + (B, \)zez = 0, Yoel,
(L, yzez = (Elqr,ur), h)z-z = 0, VpeZz,

which is in general a nonlinear system. We also can write abstractly

L, = E\ ‘ c o,
L, = R&lP*(Puk—y")—i-E;)\k cur,
Ly, = E(qk,uk) € Z*.

There are two possible ways to formulate the Newton iteration. First the next
iterate is given as

Qrt1 = Gk + AQ, Up1 = Up + au and Appg = Ap + AN\,

where (ag, au, a)) solves the linear system

Ly Ly Ej Aq L,
Lug Luu E au | =— L, . 9)
Eq Eu 0 V) E(qk Uk)

Thereby the operators are defined as follows:

q - Q — Q* : <L1111q p>Q* Q= <E (q’p) Ak)Z* Z, vpvq S Q7
Ly : U — U o (Lyu, Ve = <Euu(u7 v) Meyzez +(Pu,Pv)y, Yuvel,
Ly : U — Q* 1 (Lgutt, ) 0,0 = (Equ(q, u), A) z= =, Vge QVuel,

is constant on each triangle T,SZ) by construction. Hence we multiply each M®)
with ¢,y and add the entries of this 3 x 3-matrix on the corresponding entries
of the matrix M (c).

The matrices K (u) € R™™ and k( ) € R for given u € R" and ¢ € R™ can
be treated similarly. Since the ansatz functions ¢;, 1 < j < m, are piecewise
linear their gradients Vy;, 1 < j < m, are constant on each triangle. For the

triangle Tk@ with vertices Py, = (x,, yx,)T we have

1 — Y. 1 -
V@k’l = ( Yk Yks ) , v@kg = ( Yks Yk, )

2meas(T.”) \ Trs = Tk 2meas(T>) \ Tk — Tk

! Yer = Yk
v@k e — ( 1 c2
C 2 meas(T,Sz)) Thy = Thy
on T,f). Hence for the element matrix K* = (k;;) we have
kij = meas(T,Ez)) (V@kI)T Vor, 1<4,7<3.

Then the vectors

(%
be=| W | =K® [ w,
bk Uk

are calculated and Ef, 1 < j < 3, is added on the element (p(k),k;) of K(u).
The construction of K(g) can be done analogously by using that the parameter
q is constant on each triangle Tf) by construction. We multiply each K® with
gp(r) and add the entries of this 3 x 3-matrix on the corresponding entries of the
matrix K’(g)

7 Some numerical results

We present some numerical examples. In particular we deal with the situation
that the function ¢ is unknown whereas the function ¢ is given in (13). The
L-shaped domain € is given as in Figure 1, which is the same situation as in the
numerical case studies in [8]. Thereby 2 is decomposed into three disjoint sub-
domains Q; j = 1,2,3. For the source function f in the differential equation (13)
we choose the constant function f(€) = 50, £ € Q. The function ¢ is assumed to
be piecewise constant, i.e.

1’ 5 € Qh
q(é) = 37 5 € QQ7
4, f (S Qf;
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or in terms of (ag, au, a))

@ K(ék)T K(w)" Agq . Qg — K ()" A
K()\) M A(gk)T au | = MPT (g‘s — ng) — A(Qk)TAk
K(u) Alg,) 0 aA f—=Alg )u

(20)
Again we have to solve one of these equations in each iteration.

6 Aspects of the implementation

We assume a FE discretization of the problem (14). We have two triangular
meshes Ty := {Tfl)7 . 7T,(n])} and T := {T1(2>7 NN TT(nz,)}, where 75 is a refinement

of 7;. That means, that for each 1 < k < m/ exists an index 1 < p(k) < m’ such

that int(TISZ)) C int(TIf(llz)). The mesh 7; has nodes P;, 1 < j <n.
As basis of V,, we choose the hat functions ¢;, 1 < j < n, which are piecewise

linear on each triangle TJ@) and
wi(Pj) =05, 1<4,5<n.

Moreover, as ansatz function for the space Q,,, we choose the characteristic func-
tions of the triangles of the mesh 77, i.e.

b= Xpw, 1<j<m.
J

Let u € R™ and ¢ € R™ be given vectors. For an effective calculation of the
matrices M(u) = (Myu,..., Myuu) € R™™ and ]\;I(g) = Y M; € R™™ an
element-wise consideration of the mesh can be used. Let M®*) denotes the element
matrix of the triangle T,SZ) corresponding to the mass matrix of the triangulation
Ts. Let meas(Tk(,z)) be the area of T,gQ)‘, then

meas(T,EZ))

M® =
12

211
1 21
11 2

The triangle T,SQ) has the vertices Py, Py, and Pg,. Then the vectors

b’f Upy (2) 2Up, + Ug, + Ug,
meas (7] ! 2 3

bk = blzc = ]\/[(k) Uk, = # Uk, + 2u;€2 + Uy
b1f§ Uy Uy + Upy + 20U,

are calculated and b¥, 1 < j < 3, is added on the element (p(k), k;) of M (u).
The construction of M (¢) can be described quite effective since the parameter ¢
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and Ly, = L}, 1 @ — U*. Moreover
EU(Qk’» uk’)[(q7 ’U,), (pa U)] = EQQ(q:p) + Equ(q7 ’U) + Equ(p7 u) + Euu(u7 U)

for ¢,p € Q, u,v € U denotes the second derivative of the operator F(q,u)
at the point (gx,ug). Here, By : Q@ x Q — Z* E,, - U XU — Z* and
Ep = Eyg 0 @ xU — Z*. Then the Newton iteration can be alternatively
written as

Qa1 = Qk + AQ, Upyy = U +Au and Agyp = A

where (agq, Au) solves the linear-quadratic problem

{ %HP (u + au) — |3 + %<E//([Ikvuk)[(AQ-,Au)v (ag, au)], A) 2+ z — min
subject to E(gy, ux) + Egaq + Eyau = 0.

(10)
with corresponding Lagrange multiplier A € Z. This approach allows us to add
the regularization term %||ag—gj [|% again. Then the solution of (10) is equivalent

to the problem

akaq(AQ:p) + <qu(AQ~,p) + Equ(p’ AU), )\k)Z*,Z + bq(pv )‘)

= a(fy; P) o0 Vpe Q,

au(AU7 U) + <Eu,u(A“7 ’U) + Euq(Aqv U)7 )‘k>Z*,Z + bu(ﬂv )‘) (11)
= (fu V)u=u, Yvel,

by(ag, z) + bu(au, 2) = (g,2)z- z, VzeEZ,

or alternatively with X := A\, + a)\

g (2q,p) + (Egq(aq,p) + Egu(p, au), Ag) 2+ z + by(p, AX)

:ak<fq~,p>Q*,Q_bq(pv)\k)$ VPG Q’

ay(au, v) + (Eyu(au, v) + Eug(aq,v), \e) z« 2 + by (v, aN) (12)
= <fuvv>l/{*‘u_bu(v7)\k)7 Yo EL{,

bQ(AQ: Z)+bu(Au7 Z) = <g7Z>Z*,Zv Yz € Zv

Last equation is in fact the weak formulation of (9) with added regularization
term.

Comparing (11) with (5) we see, that we can also obtain (5) from (11) by ignoring
the second derivatives of the operator F.

Again we are interested in the kernel ellipticity of the bilinear form

a((q,w), (p,v)) = al(g,u), (p, V) HE" (¢, 1), (0, 0), M)zez, (g,w), (pv) € QXU,

with respect to the bilinear form b(-,-). In opposite to Lemma 3.1 we need now
a condition to the regularization parameter «y for proving the kernel ellipticity.



Lemma 4.1 Suppose the assumptions 2.1-2./ to be hold. Then the bilinear-form
a(-, ) is bounded, i.e.

8. (a0, (2, 0) | < eay/lalls + [ulZ/ el + [olZ
for some constant ¢y > 0. Moreover, the kernel ellipticity
a((q.u), (q.w) = e (lal%+ ul2) . V(g : bg.u) =0
is satisfied, if

a + || B Eg|PCh

—1E"| IXellz > 0.
e S LAY

c3 = min {ak,

PRrOOF. We have by definition of a(-,-) and Lemma 3.1

a((g,u), (g,u) > (e = [1E" [ Ml 2) (llallg + llull)

and

la ((g,w), (p,0) | < (c2 + 1B [ Aull2) \/H(ZHZQ + \\U\\i\/llpl\zg + vl
This proves the lemma. W

Again it follows now that the unique solutions (ag, au,a\) € Q x U x Z of (11)
and (ag,au,\) € @ x U x Z of (12) depend stable on the corresponding right
hand sides.

We also refer to [6] for numerical algorithms for solving the system (11) or (12)
efficiently and for the discussion of some modifications of the iteration proce-
dure. Furthermore, pre-conditioning strategies for the systems (11) and (12)
were discussed in [7] for solving these systems with Krylov methods. Note, that
the efficiency of the suggested pre-conditioner strongly depends on the choice of
the regularization parameter «y. In particular, the parameter aj, should not be
chosen too small, which probably contradicts regularization strategies when the
noise-level § is small.

5 Two Examples

Let Q C R? be a bounded domain with sufficiently smooth boundary 992. We
consider the elliptic equation

—div (¢Vu) +cu = f, on 2,

2~ 0, ol (13)
dv
u = 0, onI'p,
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Hence, for the iteration
Qr+1 = Qk + AQ, Ugt1 = up + au and Agpyp = A

we have to find a solution (agq, au, A) of the problem

ak/qu d§+/pV(Au) VA d{—&-/qukV)\ d€

Q Q Q
:ak/pqid& VpeQ,
Q
/Aq Vo VA d§ + /Au v d€ + a(v, X; ", qx) (18)
Q W
= /1)(3/‘5 — uy) d€, Yvey,
1

/Aq Vu, Vz d€ + a(au, z; ¢, qp) = (f, 2) — alug, z; ¢, q), Yz €.
Q

By the same discretization approach as above we define
M = (my) € RV 2 myy = /C* iy dE,
Q
Q= (g;) ER™™ g = /wi Y dE,
Q
Ky = (kz(ak)) eRM™ ]%(]k) = /1/)1@ ViV, d§, 1<k<m.
Q

Moreover we have the matrices

K(Q) = (I(lg7 ey ng) c Rnxm7

K(Q) = Zqui c R™™ and
i=1

A(q) = M+ f((g) c ]Rnxn7

As well the matrices Q and M as the vector [ we can left unchanged. Then we
can write the problem (18) as equation system

@ K(ék)T K(ﬂk)T Aq B Q) QZ
K()\) M A(gk)T au | = MPT (g‘s — Puy) (19)
K(w) Alg,) 0 A f—Alg )y,
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Then we can write the problem (15) as equation system

o Q ]\J(ék)T M (uy,)T Ac o aQg
M(N,) M Ae)T au | =| MPT (3‘5 - P@k) (16)
M(w)  Alg) 0 A f— Ale)w,

or in terms of (ac, au, a))

a@  MQA)"T M(y,)" Ac Qg — M(w)" A,
M(Xy) M Alg)" au | = | MPT(y - Pu) — Alg)" Ay
M) Alc) 0 aA J = Aley)w,

(17)
One of those equations has to be solved in each iteration step.

b) Determining the diffusion term

Now we assume that the function g € Ds has to be identified, whereas ¢ = ¢* € D
is the given function. We again set Q := H2(Q), U = Z :=V and Y := L*({)).
The domain Dy C Q denotes now the set of admissible parameters. We can
define the Lagrangian functional as

2
Q

LauN) = [ (00" de + (Blau). 0

with

<E(Q7 u)7 A) = a(uv )\7 0*7 Q) - <f7 /\>
We consider derivatives. Let the iterate (g, ug, A\x) be given. Again we formulate
the quadratic problem (10) and add the regularization term %|lag — ¢;[|3.. We
have for the bilinear forms

aq(g,;p) = /qué, 7,p€Q,
Q

ay(u,v) = /uv dg, u,v €V,
071

by(q,2) = /unk Vz dg, ceQ, z€V, and
Q

bu(uv Z) = a’(“‘?Z;C*vqk)v uﬂ}GV.

For the second derivatives we derive qu =0= FE,, and

(Equ(q,u),)\k> = /unV)\k dé§, qgeQ, ueV.
Q

14

with 9Q = Ty UTp and f € L3() is a given source. Moreover, q,c € H%(Q) are
two additional parameters. Thereby we use, that the space H?() is continuously
embedded in the space L>®(Q) for two-dimensional domains  C R2. Here, we
assume

ceD; = {CEHZ(Q) :0< (0 <<y <0 ae. on Q}
and
quQ::{qu2(Q) 1 0<(C3<qg<Cy< 00 ae on Q}
For given ¢ € Dy and g € Dy, the weak solution v € V of(13) is given by
ll(u,’L};C, Q) = (f%’U>7 Vv e (14)
where
Vi={ueH(Q) : u=0aufTp}

is a Hilbert space associated with H'-scalar product. Moreover, the bilinear form
a(-,5¢,q) : YV x ¥V — Ris defined via

a(u,v;c,q) == /unVU d§+/cuv dg, u,v €V,
Q Q

and f € V* as
(fyv):= [ fodg, ve.
/

Now two possible inverse problems can be formulated: Assume one of the func-
tions ¢ or ¢ to be unknown. Then we try to determine this function approximately
by an additional (noisy) measurement 3° on Q; C Q. We discuss both variants.

a) Determining the reaction term

First, we suppose that the function ¢ € D; has to be identified, whereas ¢ = ¢* €
D, is a given function. We set Q@ = H2(Q), Y = Z =V and Y = L*(Q;). The
domain D; C Q denotes the set of admissible parameters. The operator P is the
projection operator onto 2y, i.e. Pu = u|g, for U € V. Following the Lagrange
approach in Section 4 we define the Lagrangian functional as

2
Q

L(c,u, \) := l/ (u— y5)2 d¢ + (E(c,u), \)

with
(E(c,u), A) == a(u, \; e, ¢") — (f, \).

We consider derivatives. Let the iterate (cg, ug, A\x) be given. Again we formulate
the quadratic problem (10) and add the regularization term % ||ac — ¢;||3.. Note,
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that this choice differs from the regularization terms in the previous sections since
we consider the L?norm instead the H2-norm. In order to formulate the equation
(5) we have the bilinear forms

aclep) = /cpdf, epeQ,

Q

ay(u,v) = /uvdf, u,v €V,

Q

bo(c,z) = /cukz dg, ceQ, z€eV, and
Q
bu(u Z) = (I(U7Z;Ck7q*), u,v € V.

For the second derivatives we have E.. =0 = E,, and

(Eeu(c,u), A\g) = /cu A d€, ceQ, ueV.

Q

Hence, for the iteration
Cly1 = Cp + AC, Uy = U + Au and Agypp = A

we have to find a solution (ac, au, A) of the problem

Ozk/Adef-F/pAu)\k dé-i—/puk)\df

Q Q Q@
—ax [peidg, vpeQ,
Q

/Acv)\k d¢ + /Au@ d¢ + a(v, X; ¢, q*) (15)
Q [}

— [o - w e vuev,

941

/Acukz d¢ + a(au, z; ek, ¢°) = (f, 2) — alug, z; ¢, ¢°), VzeV.
Q

We discuss a discretization approach of the problem. Let V, := span{y1,..., ¢} C
V and Q,, := span{¢y, ..., ¥} C Q be subspaces and

m

n n
u g Ui, 2 E 2ip;, and ¢~ E cit;.
-1 o1

i=1
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Moreover, we set u = (U, ..., un) ", 2= (21,...,2,)T € R"andc:= (¢,...,cn)" €
R™.
For the given data we introduce a slight modification. We assume Yy C V,
with Yy := span{e,, ..., iy }. Then the projection operator is given as matrix
P € RV*" such that

Pu= (u,;l,‘.‘,u,;N)T e RV,

This approach can be motivated as follows: the discrete data y = (y1,..., yn)T €
RY is given on N measurement points, which coincide with nodes P,,, ..., P;, of
the FE-mesh. Hence, we set

N
v =y
j=1

whereas the projection in the space V), of functions we interprete as
n N
Pu=P (Z ui<p,;> = Zui,%,~
i=1 j=1

We introduce the following notations

K = (ki) e R™™ o ky = /q* Vi Vip; de,
Q

Q= (qi) ER™™ =+ gy := /wz ; d,
Q

v

M= (m) e R o mll) = /wk pig;de, 1<k<m,

Q
M = (MEj) € R™™ 0 iy = { s{(pk Py 6 Gk € (i i)
0 else.
Moreover we have the matrices
Mu) = (Mu,..., Myu) e RV™,
]ff(g) = ichz e R and
i=1
Alc) == K+ M(c) € R™™,

and finally

f:(fh,fn)TER” with f, = <f7g01), 1§2Sn
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