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1 Introduction

Some relevant problems such as the biharmonic problem or the plate problem
can be described by a partial differential equation of fourth order. The weak
formulation of any such problem features functions from the Sobolev space H2.
Thus, the functions themselves as well as their first and second generalised de-
rivatives have to be square-integrable over the considered domain. The natural
approach to solving such problems numerically by the finite element method is to
use conforming finite elements. This means that the FE basis functions belong
to a finite-dimensional subspace of the appropriate space H2. This is fulfilled for
FE basis functions which are globally C!-continuous.

One example of C'-continuous elements is the reduced Hsieh—-Clough—Tocher
(rtHCT) element, which goes back to [1]. It is a triangular element with piecewise
cubic shape functions defined on three subtriangles. The shape functions are con-
structed in such a way that the resulting global basis functions are C''-continuous.
The element uses the values of the function and both first derivatives at all three
vertices as degrees of freedom, which sums up to 9 in total. Global C*-continuity
is achieved by inner C'-continuity and the condition that the restriction of the
normal derivative of any shape function to any element edge has to be linear with
respect to the local line coordinate. The splitting into three subtriangles may be
based on an arbitrary interior point, which is called splitting point.

The goal of this article is to show the following remarkable property. While
the second derivatives of rHCT shape functions may jump across internal edges,
they do not jump at the splitting point of the element. The current article is
an extension of [4], where this property was shown for a splitting based on the
barycenter.

Our practical motivation for this article comes from remarks 7.10 and 7.11 in [3].
The above property was used there to get rid of nodal jump terms in the construc-
tion of an a posteriori error estimator for rHCT elements for plate and laminate
problems, but no proof was given.

2 Shape functions

There exist several approaches to the definition of rHCT shape functions. They all
lead to the same functions eventually; only the formulations differ. We consider
the method given in [5], which is a generalisation of [2] to an arbitrary interior point
as splitting point. The construction of shape functions is shortly recapitulated in
this section.



Consider a split of the original triangle 7" with the vertices
a; = [$j7yj]T7 j = 17273
based on an arbitrary interior point
_ T -
as = [xs,ys] € int T.

Shape functions that belong to node a; of the triangle 7" are written as a row
vector

75(a) = [y (@), ¢ (a), 0 (0)]

and the full vector of all shape functions takes the form
¥(a) = [¥1(a),¥a(a), ¥3(a)]

at an arbitrary point a = [x,y]". Shape functions with superscript (0) are related
to the function value at the respective node and those with superscripts (1) and
(2) are related to the function derivative with respect to x and y at the respective
node.

In order to shorten the following expressions, we introduce some abbreviations to
be used throughout the article. We use x; ; and ¥, ; to denote x; — x; and y; — y;,
respectively. This implies x; ; = —z,; and y; ; = —vy;,. Furthermore, all indices
k,k—1,k+1 run from 1 to 3 and k £ 1 is always understood implicitly as

k1l ((k£1-1) mod3)+1

to stay in the admissible index set {1,2,3}. Formulas that use k as an index are
valid for £k = 1,2, 3.

The outer edges of the element are denoted by Ej and the inner edges by f.
Their orientation is as given in Figure 1, which leads to the formulas

B, = Th—1,k+1 and fy = Ts .
Yk—1,k+1 Yk,s

We define normals of the outer edges with the same length by

N, = yk—1,k»+1.
Th—1,k+1

The subtriangle containing Ej is denoted Tj. The Jacobians of the mappings
from the reference triangle to the three subtriangles, confer also section 3, are

| Tk+1,s Thk—1gs
Jr = :
Yk+1,s  Yr—1s



as

Figure 1: Triangle T" with splitting

Their determinants are abbreviated as

pr = det Jp = Tp1 sYk—15 — Tho1,sYk+1,s-

The final shape functions are constructed to fulfil three propositions.

1.

3.

The functions ¥ are cubic polynomials in each subtriangle, are continuous
within 7', and fulfil

Wj(ai) = [1,0,0] 51']‘

with the Kronecker delta
1 i
b= '
0 i#j.

The normal derivatives of all functions are linear along outer element edges
with respect to the local line coordinate.

The functions are C''-continuous inside 7.

The final shape functions are defined with the help of basic functions and some
transformations in order to assure the above propositions. We shortly repeat the
results here, the whole derivation can be found in [5] together with [2].

The formulas for all shape functions on subtriangle T}, read

Uilr, = ®o Hy My,
Yis1lr, = &y Hy, + 3 OF T + Do Hy, Myi1, (1)
Vi_1|r, = $y Hy, + B T + By Hyy My,



with the basic functions

Do(a) = (1 — & — §)*[1 + 28 +2¢, 2, 9],

y(a) =22 [3—22, 2 —1, 7], )
by(a) = 97 [3—29, &, §—1],

B(a) = 29(1 — & — §)

given on the reference triangle
T={@9" €R:520§>02+§<1} (3)

and the auxiliary terms

1 0 0 1 0 0 1 0 0
H,=10 JT | = 0 Zhire Yeris| = |0 filia |,
0 <k 0 Ti—1s Yk-1s 0 fl;l—,l
p 1 [ GE;Ika ]
g | E|? _3Mka+2|Ek|2fk—1_ 7
e 1 [ —6E;Ifk+1 ]
* |Exl? |31 Nk + 2| B fra |
6
k
c’ = ,
2,
_3 flT 3 T1s Yis
§:—2,u+ 3 f;— = —2u4 |3 Tas Y251,
_3 f;— 3 X3s Ys3s
S—1:_L M1 M2 M3
- 6”1 3N1 3N2 3N3 ’

Ty = er-1(urbesr) " + e (i) T+ ex(pn—abf oy + piepabi_y + pic®)T,
M, = —S™'Ty.

The e; in the formula for T} denote the j-th unit vectors with (e;); = d;;.

3 Transformation of second derivatives

The shape functions (1) are formulated with the help of the basic functions (2),
which are given on the reference triangle (3). Each of the three subtriangles is
mapped to the reference triangle by an affine linear mapping like illustrated in



Y
a
14.° A
a = XT1(a) Y
— A
Qo L
0 as 1 2 x

Figure 2: Mapping between the reference triangle and T

Figure 2. Inner edges are mapped to the axes of the reference triangle. This can
be formulated as

a=xr1,(a) = Jva+as, a=xr(a)=x5(a)=2J"(a—as) foraecT,

with the Jacobian

N X S Lh— S
Jp = [fk+1 : fkq] = [ L F 1’]
Yk+1s Yk—1,s

associated with the subtriangle 7.

The derivatives with respect to the coordinates z and y can be obtained from
the derivatives with respect to the master coordinates Z and ¢ via a simple
transformation. It can be written for the second derivatives as

(Do¥|1;)(a) = Fy (Do¥|z,) (@) (4)
with the matrix differential operators

R l 92 o2 o2 ]T [ o2 o2 o2 ]T
5 2 =

Do = - -
27 022 9209 042 02’ 0xdy’ Oy?

and an appropriate transformation matrix £}. The transformation matrix takes
the form

1 (k)32 —2(Jr)21(Jk) 22 (Jo)%
Fr=— | —()i2(Lr)2e (e)i2(Jr)or + (Ji)11(Je)22 —(Ji) 1 (Jr)n
e (Jk)3o —2(Ji)11(Jk)12 (Jx)%,
1 [ y%—l,s —2Yk—15Yk+1s yiﬂ,s
= 5 | TTh-15Yk-1s ThtlsWh—1s T Th-1sYk+ls —ThtlsYhtls
e ‘ri—l,s =20k 1Tkt 1,s IiJrLS

as shown in section 8.3 of [3].



4 Second derivatives at the splitting point

The splitting point of the complete triangle has the master coordinates as = [0, 0]"
for all three subtriangles. Our hypothesis that the second derivatives of the shape
functions do not jump at the splitting point therefore reads

(DaW|1y)(s) = (Da¥l, ) (as) = (Do¥| ) (as).

This is a comparison of 3 x 9 values evaluated on 3 subelements, which gives 81
values which are to be shown as being 3 same sets of 27 values per set. After
splitting the vector ¥ into the vertex related parts ¥y, Wy, W3, one can use (1)
(reformulated such that now the index of ¥, is constant and the index of 7 varies)
and (4) to write

A= (DoWlr,)(@s) = Fy (DaWi|z,)(6s) = Fy (Da®o)(as) Hy My,
B = (DaW|,.,,)(ds) = Fpr (DaWilz ) (as)
= Fys1 (Do®s)(a5) Hisr + Frpr (D28)(a5) (0 1) " + Fyvr (DoPo) (Gs) Hy1 My,
C:=(D ‘pk|Tk 1)( o) = Fe1 (DoWilr,_, ) (as)
= Fy_1 (Do®1) (a5) Hy—y + iy (Do) (@) (V1) T + Fimy (Do) () Hy—1 M,
for any fixed k from 1 to 3. It remains to show A = B = (; this is done in the

following by evaluating all necessary terms.

The second master derivatives of all basic functions at the splitting point are

A [—6 —4 0 o 6 —2 0
(Daby)(ae) = | -6 —2 —2, (Dsd1)(a) =0 0 0],
6 0 -4 0 0 0
0 0 0 A [0
(D2®s)(as) =10 0 0 |, (D2f3)(as) = |1 .
6 0 —2 0
This yields
A 1 [ 6yl%—1,s _2yl%—1,s O_
L (Dy®1)(as) = —5 | —60k—15Uk-15 2Tp-15Yk-15 O],
Hi 61%_1,5 _2515%—1@ 0]

1 6yl%+l,s 0 _2yl%+1,s
Fi(Da®5)(s) = —5 | —6Trs15Uks1s 0 2Tpq1s¥rtis|
6$%+1,s 0 _szJrl,s i

_ka—l,syk—&—l,s
Tht1,sYk—1s T Th—15Yk+1s| »
_2xk71,s$k+1,s




and

Ek(DngO)(as)
—6(Yk—1,5s—Yk+1,5)° —4yP ) F Y1 sYr—1,
1
=z 6(@r—1,s—2ha1,s) Yb—1,5—Yk+1,s) 4ATk—1,sYk—1,s—2(Tk—1,5Yk+1,5sTTh+1,5Yk—1,5)
k _6($k—1,5_$k+1,s)2 —4xi71’s+41‘k+1151’k_1,5
2
WYt 1,5Ye—1,s"4Yp 11 6
ATp i1 sYkt1,s—2(Th—1,sYk 41,5 T Tkt 1,6Vk—1,5)
4$k+1,sxk—1,s_4$i+1’s
*6yi_1,k+1 —4Yk—1,sYk—1,k+1 AYk+1,5Yk—1,k+1
:/%2 6Tk —1 k+1Yk—1,k+1 2Tk—1,5Yk—1,k+1T2Tk—1 k+1Yk—1,5 —2Tk+1,sYk—1,k+1—2Tk—1,k+1Yk+1,s
g 76xifl,k+1 —4TR_1,sTk—1,k+1 AT 1 sTh—1,k+1

For the next steps we recall

1 0 0 1 0 0
_ _ T
Pk = Thg1sYh—1,s — Th1s¥kt1s and Hy =10 @16 Yeris| = [0 fip
s
0 Tr-1s Yk—1s 0 fk;—l
This yields
2
—0Yk_1 51 — 4 Yr—1 k41 0
NP L
Fy(Dy®o)(as)Hy = 5 |6Tk—1 k1 Yb—1441  2MkTh—1h+1  —2MkYk—1 k41
My 9
_6xk71,k+1 0 AppTr—1 k11
r 2 2 T
A 6yk—1,s _2yk—1,sfk,s_l_
A 1
Er1(Da®2)(Gs)Hy1r = — | —6Tp-1,5Uk-15 2Th—15Yk—15 55
Hit1 6 2 9272 fT
xk—l,s mk—l,s k,s
r 2
L ykfl,s T
=z —Tk—1,sYk—1,s (C> )
k+1 2
xkfl,s
r 2 2 T
A . 6yk+1,s _2yk+1,sfk,s_r
Fy1(Da®y)(s)Hy—1 = 2 | 0Tkt 1Ykt 251 Yk 15 ks
k-1 6 2 _2:),;2 fT
‘rk—l—l,s k+1,s/k,s
r 2
L yk-i—l,s T
=2 Tk 41,5Yk+1s (C) )
k—1 2
L xk+1,s
_ka,syk—l,s
AN Avia vk \T 1 E N\T
Fiy1(Dof)(as)(bi 1) =24 Th1,5Yks + TrslUr—15| (Dii1)
L _ka,sa:kfl,s
_2yk+1,syk,s
AN AVIA Nk AT 1 E T
Ek—l(Dﬁ)(as)(bkq) T TksYk+1,s T Tht1,5Yks (bk,l) .
_ka+1,sxk,s




Next we use Ny + Niy1 + Ni_1 = 0 to reformulate M} as

M, =—-S"'T}

M1 p2 M3 A
= 57 [3]\71 3N, 3Ns] (1 (mbf)T + expa (bl

+ en(ph-1bf g + pepably + /‘kck)T)
(na ek 2 16F 20k pn10F )T
Bz [3(Nk(ukck-‘ruk—leJrl'f‘Mk-&-le1)T+Nk—1(Ukb2+1)T+Nk+l(Nkb£I)T) ]
(e 21Uy +20n 108 _1)T

613 [3<#ka(ck)T+(ﬂka1+Mk1Nk)(b£+1)T+(/‘ka+1JF;UkarlNk)(b]]zI)T)]

With these intermediate results, we are now ready to formulate the rows of A,
B, and C as linear combinations of the row vectors (c*)T, (bf )7, and (bf_;)T.
Denote the i-th row of A by A;., for B and C respectively.

We first consider A;., By., and (4. and get
Ay = (Ek (DyDy) (as) Hy Mk) .
=z ( 6911 (1" + 2p0pe 1y + 2pin i1 b))
- 12/ik3/k71,k+1(_,Ukykfl,kJrle — (kY1 + Mk—lyk—l,k+1)b§+1
T
— (kYrk—1 + 1 Yr—1hs1)DE- 1))
= 3(% L1 A 201 k1 Yk kb 1+ 20k— 11U p—10) 1)
By, = (F k+1 (D2¢2)(as)Hk+1 + Fk+1( B)( s)(b k+1)T
+ i (Dz@o)(&s)ﬂkHMk) .
ST

m( _63/1%,1%1(,%01!g + QMkMkfleH + 2kt irby )

o kT
- '“‘k+ yk 15(0 )

_l’_

— 120151 Y1 (— Y1 1€ — (kY s1k + [h1Yr—1 51 )i
L T
— (MY p—1 + /Lk+1yk—1,k+l)bk71>)

= (M+yk 1s uiyi,k_l + 2/~Lkﬂk+lyk,k—1yk—1,k+1>(Ck)T

.Uurl/'k 1

+ ﬁ(—mryk—mym - Mkuk—lyi,k_l + Wk k+ 1Yk k—1Yk+1,k

+HE+1

+ M1 1 Yk k1 Y1k 41) (BF 1) T
+ %yk,k—lyk—l,k+1(blii_1)T7



C,. = (Ek,l (Do®1) () Hir + Frmr (Do) (1s) (0 )T
—+ Ek—l (ﬁQ@O)(&S)ﬂk—le)lz

- ﬁyz%»l,s(ck)-r - ﬁyk,syk—kl,s(bz,l)j—

+ Gﬂiﬁ( — 671 e (U + 2pupe—1 by + 20t y)
— 12451y e (Y11 € — (Y + Hqukfl,kﬂ)bﬁﬂ

-
— (MY k-1 + Mk+1yk—1,k+1)bllz—1>>

m(ﬂiyiﬂ,s - sziﬂ,k + 2Mk—1ﬂkyk+1,kyk—1,k+1)(Ck)T

+ ﬁykﬂ,kykq,kﬂ(biﬂf
+ #ijﬁ(—uiyk@ykﬂﬁ — [t 1Y+ PRk Y1
+ Mk—lﬂk+1yk+1,kykfl,k+l)(bllz—l)—r'

We recall
PikYk,s + Pkt 1Yk+1,s + k—1Yk—15 = 0
from [5] to show the auxiliary formula
H+Yks = HkYks T Hk+1Yks T Hk—1Yks
= —Uk41Ykt1s — Hk—1Yk—1s T Hk+1Yks T Hk—1Yks (5)
= We+1Ykk+1 + Hk—1Yk k-1

Analogous results hold for g y,y1s and pyyg—15 and also for all variants with
y replaced by z. We consider the coefficients of (¢*)T and 2(bf, )" in By, with

1/(p3 piiq) factored out to shorten the equations. With the help of the above
formula, we get

HA Y15 — Ml po1 T 20k 1Yk k-1 Yh— 141
= (,Ukykfl,k + /Lk+1yk71,k+1)2 - szik—l + 200 o 1 Yk k=1 Yh—1 k1
= MZ?J;%-M + 20 o 1 Yk —1 R Yh—1k+1 T uiﬂyi_l,kﬂ
- uiyi,k_l + 2k ok 1Yk k— 1Yk —1 k41
= MZ+1yz—1,k+17
_Niyk—l,syk,s — ,Uk:llk—lylz,k—l + Ukl 1Yk k—1Yk+1,k T HEr1k—1Yk k—1Yk—1,k+1
= —(teYe—1.k + M 1Yk—1541) (k=1 Yk =1 + Mot 1 Yk f+1)
— ﬂkz,uk—ly/%,k_l + Mk lk+ 1Yk k—1Yk+1k T Hk+1M0k—1Yk k—1Yk—1,k+1
= Mkﬂk—lyi,kq — MEME+1Ykk—1Yk+1k — HE+1e—1Yk k—1Yk—1,k+1
- ﬂz+1yk—1,k+1yk,k+l
— Nk,uk—lylz,k—l + ek 1 Yk k=1 Yk 1k T Mkt =1 Yk k=1 Yk—1,k+1

_ 2
= Ui 1Yk—1,k+1Yk+1 k5



which are the same coefficients as in A;. with 1/(p2 ;) factored out. The
coefficients of (bf ;)T in Ay, and B,. are evidently also equal. Therefore, it holds

By, = A;.. Similarly, one gets C;. = A;.. The coefficients of (bf, ;)T in A;. and
(. are evidently equal and it holds

1A Yrirs — Mi?/ijmk + 2k 1 ok Yr1 kYR —1 k41
= (hYrs1 ke + e Y p-1)? — Nil/zﬂ,k + 20k -1 kY1 kY1 k41
= szl%—&-l,k + 20— 1Yk 1 kY41, k-1 T ui_lyiﬂ,k_l
— Nzyz+1,k + 21 Yk 1 kY1 k41

9 9
= HMg—1Yk—1k+15

—Miyk,sykﬂ,s - ,ukukﬂygﬂ,k T Mk—1 1 eYk+1,kYk k-1 T Pk—1 e+1Yk+1,kYk—1,k+1
= — (1Y k1 + 1Y k—1) (Ut 1,6 + Hh—1Ykt1,k-1)
— /Lkukﬂyzﬂ,k + Pk—1 Mk Yk+1,kYk k—1 T Pl—1 Mk +1Yk+1,kYk—1,k+1
= Mk+1ﬂkyz,k+1 — Be—1MEe+1Yk—1 k+1Yk+1,k — HE—1HEYk k—1Yk+1,k
+ 1R Yk k1 Uk b1
- ukuk+1y§+1,k + k-1 Uk Yk+1,kYk k—1 T Hk—1k+1Yk+1,kYk—1,k+1

2
= Mi_1Yk+1,k—1Yk k-1,

which are the coefficients of (¢*)T and 2(bf_,)" with 1/(uui_,) factored out.

As. = Bs. = (. follows analogously with all y, replaced by the corresponding x;
a double ‘—’ cancels out.

Finally, we consider A,., Bs., and Cs5. and get

Ay, = (Fr (Dabo) (a:) Hy M)

2:
1

AT (6l’k—1,k+1yk—1,k+l<ﬂzck + 2t i1 by + 2piefirabi_y)

+ 601 k1 (— Ykt 1 — (Yhr1 ke + 1Yk 1 1)V
— (k-1 + 1 Ys—15101)05 1)

— 6tk 1 k1 (Tho 1 g1k + (rThpip + ,U/kflxkfl,kJrl)bZJrl

;
+ (pTrp—1 + Nk+1xk—1,k+1)b]]:_1))

1

k k
Wz ( —The1 1Yk, +1C F (Th1 1Yk k1 + Thkr1 Yh—1,541) O

c
k
+ (Th—1 k1 Yk—1k + $k—1,kyk—1,k+1)bk_1> ,

10



CQ: =

= (EkJrl (Do®s) (i) Hi1 + Froir (Do) (as) (0 11)"

+ Fra (ﬁﬂgo) (&S)Hk+1Mk)

2:
T

#ilﬂ xk—l,syk—l,s<ck)-r + #ilﬂ (xk—l,syk’s + xk’syk_l’s>(bllz+1>

+ m (6Ik,k—1yk,k—1(ﬂi0k + 2t i1 by + 2kt bf_y)

+ 6,Uk+1$k,k71(_Hkykfl,kJrlck - (Mkykﬂ,k + ,ukflykfl,k+1)bg+1
— (tYr -1 + Nk—&-lyk—l,k—l-l)bllzfl)
— 6Mk+1yk,k—1(uk$k—1,k+10k + (rTrgrp + Mk—lxk—1,k+1)b'£+1
. T
+ (pTrp—1 + ,Uk+137k71,k+1)bk_1))

1
2,2
My Myt

- Mkuk+1$k—1,k+1yk,k—1)(Ck)T

+ (:ui(xkfl,syk,s + ThsYk—1,8) + 20 flk—1 T k-1 Y h—1

2,2
P3Pt

2 2
(—M+$k:—1,syk—1,s + UpTkk—1Yk k-1 — MeMk+1Tk k—1Yk—1k+1

— Weftet1 (Tl k— 1Ykt 1,k + Tkt 1, kY Jo—1)
— W b1 (T g1 Y1 k41 + Tt b1 Ukh—1)) (Bf 1) T

— é(zk,k—lyk—l,kﬂ + $k—1,k+1yk,k—1)(blg—1)—r’

(et (Do) (@) Hi 1 + Fir (Df3) (@) (b_1)
+ Fi (ﬁ2é0)(ds>ﬂk—le>

2:

2171 $k+1,syk+1,8(ck)T +

;. 2171 (Thr1,sYns + Ik,sykﬂ,s)(b',j_l)T

i

+ m (6xk+1,kyk+1,k<ﬂzck + 2Mkﬂk—1b£+1 + 2t i1 by 1)

+ 6,Uk—1$k+1,k(_Nlcykfl,kJrle - (,ukykﬂ,k + ,ukflykfl,k+1)b§+1
— (kYke—1 + M1 Yk—1,6+1)bf_1)
— 6k 1Yk (-1 k1 A (T + 1T 1 1)U
LT
+ (pTh -1 + ,Uk+1xk71,k+1)bk:—1))

1
2,2
MY Hy g

- Mkuk—lxk—1,k+1yk+1,k)(Ck)T

- %(wk—f—l,kyk—l,kﬁl + Ik—l,k—&-lyk—l—l,k)(bi—l-l)-r

2 2
(—M+!Ek+1,syk+1,s T LT+ kYk+1k — Melk—1Tk+1,kYk—1,k+1

1 2
+ m(m (Tht1,5Yks + ThosUhr1,s) + 2006 -1 Tt 1,k Yh-+1,k

— M1 (Tt kY k—1 + Th k—1Yk+1,k)

— Lo 1 k-1 (Tt kYk—1 k1 T xkfl,k+1yk+1,k))<b§71)—r-

11



As above, a comparison of coefficients with (5) gives

_,U/ixkfl,sykfl,s + Mixk,quk,kq — MEHE+1 Tk k—1Yk—1,k+1 — HeMEk+1Tk—1,k+1Yk k—1
= —(eTh—1k + M1 Th—10+1) (6Yk—16 + [kt 1Yk—1,k+1)
+ /ﬁzxk,k—lyk,k—l — UkPEe+1Tk k—1Yk—1 k+1 — HEME+1TE—1 k+1Yk k-1
= —uil“kq,kykq,k — M ME+1Tk—1,kYk—1,k+1 — MeMk+1Tk—1,k+1Yk—1.k
- Mi+1$k—1,k+1yk—1,k+1 + szk,k—lyk,k—l — MR E+1Tk k—1Yk—1,k+1
— HEMk+1Tk—1,k+1Yk k—1
= —Miﬂﬂvkq,kﬂykq,kﬂ,
,ui(xk—l,syk,s + ThosUk—1.5) + 20k k—1Tk k—1Yk k-1 — b1 (Th k—1Ykt1k + Tht1,6Yk k—1)
— Mot 1 fe—1 (ke k—1Yk—1, k1 F The1 k1Y h—1)
= (MeTr—1k + M1 Th—1,k11) (k1 Yk o1+ Hl—1Yk k1)
+ (k1 Tkt + k1T k1) (e Yr—1,k + Kt 1Yk—1,k+1)
+ 20 1Tk o1 Yl k-1 — M1 (Th -1 Yt 1k + Tht 1 kYk k—1)
— W1 o1 (T km1 V=1 k1 T Th—1 b 1Yk k—1)
= Mk 1Tr—1kYk k1 T Uk 1Tk—1,kYk k-1 T Mz+1xk71,k+1yk,k+1
+ Pkt k—1Tk—1 k+1Ykk—1 + Uk k1T k+1Yk—1,k T #2+1xk,k+1yk—1,k+1
+ Pk—1 kT k—1Yk—1,k T Hk+1 -1k k—1Yk—1,k+1
+ 20 1Tk fo—1 Yl k-1 — o1 (Th k-1 Ykt 1.k + Tht 1,k Yk k—1)
— M1 k1 (T k=1 Yk—1,k+1 T Th—1,k+1Yk k—1)

2
= [ 1 (Tho Lk 1Yk k1 + Tk 1Yk 141)

which shows Bs. = As.. Similarly, one gets

_Nixk—i—l,syk-&-l,s + szkﬂ,kykﬂ,k — HkHEe—1Tk+1 kYk—1,k+1 — HkHE—1Tk—1 k+1YE+1k
= — (ki1 + e—1Thr1 f—1) (EYk410 + Mk—1Yk41k—1)
+ M%xk-i-l,kykz-i-l,k — M e—1T k41 kYk—1,k+1 — MEME—1Tk—1 k+1Yk+1,k
= _Nixk—i-l,kyk—i-l,k — Mek—1Tk4+1 kYk+1,k—1 — MeMk—1Tk4+1k—1Yk+1,k
- ,U%_ll'kJrl,kflykJrl,kfl + Mi$k+1,kyk+1,k — Uk Mk—1Tk+1,kYk—1,k+1
— MEee—1Tk—1 k+1Yk+1,k

2
= M 1 Tk—1,k+1Yk—1,k+15
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,Ui(karl,syk,s + ThsYkt1s) + 2000 k1 Tkt 1 kY18 — Mkfk—1(Tht1 Yk k—1 + Thk—1Yk+1k)
— 1 o= 1 (k1 ke Yk—1 kb1 + Tho1 b+ 1Yk+1.4)
= (rThr1 + Me—1Tht1k—1) (k1 Ykt 1 + Ho—1Yk f—1)
+ (k1 k1 + Pk—1Tk k1) (e Yr+1,k + Hh—1Yk+1,5—1)
+ 200 i1 Tl kY16 — Fofk—1 (Tht1 kY k—1 + Th k—1Yk+1.k)
— Wt o1 (Tt ke Yk—1 k1 T The1 k1 Yk+1,k)
= PkMk+1Tk4+1,k Yk k+1 T ek—1Tk+1,kYk k—1 T Pk+1M0k—1Tk+1k—1Yk k+1
+ Mz_1$k+1,k—1yk,k—1 + Uk k1 Tk k1 Yk+1,k T Mkt 1 k-1 b+ 1Yk+1,k—1
+ Uk ke k—1Yk+1,k T M%qu,qukﬂ,kq
+ 20 1 Tl 1 kY 1.k — Mokfk—1 Tkt kY k-1 + Th k—1Yk+1.k)
— Mot 1 o1 (Tl 1 kY1 k41 + The1 1Ykt 1,k)

= Nifl(xkfl,lwrlykfl,k + L1k Yk—1,k+1)
which shows Cy. = A,..
In summary we have shown A = B = C for an arbitrary k, therefore
(Dol )(as) = (D2¥|r,)(Gs) = (DaW|my)(as) VEk=1,2,3.
This proves the stated hypothesis
(D21, )(as) = (DaWlr,)(as) = (D2¥|m ) (Gs)-
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