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Abstract

We discuss the holonomic dual of tautological systems, with a view towards applications to linear
free divisors and to homogeneous spaces. As a technical tool, we consider a Chevalley—Eilenberg
type complex, generalizing Euler—-Koszul technology from the GKZ theory, and show equivariance
and holonomicity of it.
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1 Introduction

The purpose of this paper is to discuss the duality theory of some differential systems that are naturally
attached to group actions on algebraic varieties. More precisely, we are concerned with the so-called
tautological systems, which were first considered in [Hot98], discussed from various points of views (espe-
cially towards applications to mirror symmetry) in [LSY13, BHLSY14, LY13, HLZ16], and then studied
thoroughly in our previous paper [GRSSW23|. There, we were especially interested in Hodge theoretic
aspects of tautological systems associated to homogeneous spaces. By the functoriality properties within
the category of mixed Hodge modules, it is particularly important to understand the duality theory of
such systems. In the present paper, we study the holonomic dual of general tautological systems in
detail. Our results can be considered as a generalization of a similar study for the case where the group
is an algebraic torus (leading to the well-known GKZ-systems), in that case, it is a result of Walther
(see [Wal07]) that under some suitable hypotheses, the dual system is again a GKZ-system defined es-
sentially by the same initial data. One consequence of our findings is that such a direct expression of the
holonomic dual holds essentially only if the dimension of the group coincides with that of the variety it
acts on (which is obviously true in the toric case). In general, we give a cohomological expression of the
holonomic dual (see Proposition 4.5 and Theorem 4.6 below). If tautological systems are constructed
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functorially (as it is the case for those coming from homogeneous spaces, see [GRSSW23]), there is
a natural morphism between this system and its dual (the direction of which depends on the precise
construction by standard functors).

Let us give a more precise overview about the main results of this paper. Throughout, we work over
the field C. To a regular representation p: G — V of a connected reductive algebraic group G, an orbit
closure Y C V and a Lie algebra homomorphism 3: g — C, one can associate the Fourier-transformed
tautological system 7(p,Y,3). This is a Zy-module with an explicit cyclic presentation given by the
Py -ideal generated by the vanishing ideal of Y C V and the vector fields on V induced by the group
action of G with a twist given by 3. The actual tautological system (called 7(p,Y, 8) in [GRSSW23]) is
the total Fourier-Laplace transformation of 7(p, Y, 3), that is, a cyclic Zy-v-module on the dual space V.
Since the duality functor and the Fourier-Laplace transformation commute up to sign, it is essentially
equivalent to describe D7(p,Y, 3) and D7(p,Y, B). For this reason, we will in this paper consider almost
exclusively the latter object.

Our main tool to describe the holonomic dual of 7(p,Y, 3) is a Chevalley-Eilenberg type complex,
namely, we consider 7' (p.Y,B) = v ®0, Oy @\ * g with a differential depending on 3. We comment
below in Section 2 on how our complex relates to similar constructions in Lie algebra theory. Let us
remark that in the toric case, our complex reduces to the Euler-Koszul complex studied in the theory of
GKZ-systems (see Remark 3.6 below).

One of our main results can be summarized as follows.

Theorem 1.1 (see Proposition 4.5 and Theorem 4.6 for more details). The complex T(p,?,ﬂ) has
cohomological amplitude in {n —m,...,0} for n:=dim(Y), m := dim G. Moreover, we have

#p,Y,8) = HT(p,Y,8)  and  Di(p,Y,B) = H" ™T(p,Y,p),

where B3: g — C is a Lie algebra homomorphism potentially different from 8 and the second isomorphism
assumes moreover that Y C 'V is Gorenstein (e.g. a complete intersection).
In particular, if dim(G) = dim(Y), then D7(p,Y, B) is again a tautological system for p, Y and j3.

A special case where the assumptions of Theorem 3.9 are satisfied and where we have dimY = dim(G)
is constructed from so-called linear free divisors. In this case, we use the general duality result to
strengthen considerably the main result from [NMS19], namely, we show that in this case 7(p,Y, 3)
underly a complex mixed Hodge module for all but at most finitely many values of 8 (see Proposi-
tion 5.4 and Corollary 5.5), and that moreover under a stronger assumption on /3, the actual tautological
system 7(p,Y, 3) associated to a given linear free divisor has an irreducible monodromy representation
(Proposition 5.4, 3.).

In Section 5.2 we comment about a few more special cases where under additional assumptions we
get sharper duality results. We show in particular that if dim(G) = dimY + 1, then in some cases the
dual of 7(p,Y, B) is a again tautological system for p and Y and a possibly different £3.

One of the main motivations for our work come from a central result of [GRSSW23] (namely, Theo-
rem 6.14 in loc.cit.), where we studied tautological systems defined by homogeneous spaces: The system
7(p,Y, ) (the same statement holds for the system 7(p,Y,3)) underlies a (in general complex) mixed
Hodge module which has a weight filtration of length at most two. Therefore, it is of particular interest
to understand the only possible non-trivial weight filtration step. By the functorial construction of 7
(resp. of 7) (see again Theorem 6.14, point 2. in loc.cit.), if the weight filtration is non-trivial (i.e., of
length two) we have a duality morphism 7(p,Y, ) — D7(p,Y, 3), and the non-trivial weight step is
the kernel of this morphism. We postpone the study of this duality morphism to a subsequent paper,
however, we do make in Section 5.3 a few comments and conjectures about it. It should be noticed that
in the case where the group G is an algebraic torus, and when considering GKZ-systems defined by an
action of a torus, this duality morphism has been computed explicitly in [RS17, Lemma 2.12] based on
[Reil4, Proposition 1.15]. This computation is a key step in establishing a mirror symmetry statement
for nef complete interse ctions in toric varieties using non-affine Landau-Ginzburg models (see [RS17,
Theorem 1.10]).
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about dualizing modules.



2 Duality for Lie algebroids

In this section, we exhibit a general duality result in the realm of Lie algebroids, which we will in later
sections apply to our specific situation.

2.1 Chevalley—Eilenberg complexes for Lie algebroids

We recall for the reader’s convenience basic facts about Lie algebroids and their Chevalley—Eilenberg
complexes and fix notations. Most of them are easily found in the literature, see [Rin63, Che99]. We also
prove a certain self-duality result on the level of the Chevalley—Eilenberg complex for Lie algebroids, for
related statements, see e.g. [Hue99].

We recall that a Lie algebroid (€, [, ], Z) on a smooth complex variety X is an Ox-module £ equipped
with a Lie bracket [-,-]: &€ x &€ — £ (assumed to be C-bilinear, alternating and satisfying the Jacobi
identity), making £ a sheaf of Lie algebras over C, and together with a map Z: £ — Ox, called the
anchor map of £, which is both a morphism of Ox-modules and a morphism of sheaves of Lie algebras
over C. We will mostly work with Lie algebroids (&, [-, -], Z) such that the Ox-module £ is locally free
of finite rank. We often speak of a Lie algebroid £, with the data of the Lie bracket and the anchor map
understood implicitly.

Given a Lie algebroid &, there is a universal enveloping algebra U(E). We will consider (left or right)
U(E)-modules which will always be assumed to be Ox-quasi-coherent. If £ is locally free of finite type
as Ox-module, a PBW-theorem holds for U(€) (see, e.g., [Rin63, Theorem 3.1]), i.e., there is canonical
filtration on U(€) such that its graded algebra is isomorphic to the symmetric algebra (over Ox) of £. In
particular, by standard arguments in homological algebra (see, e.g., [NM15, Appendix (A.25)] or [Bj693,
Appendix IV, Proposition 4.14]), U(E) has finite global dimension. Henceforth, when speaking of the
derived category of U(E)-modules, we always mean the correponding bounded derived category.

For a Lie algebroid £ that is locally free of rank m as an Ox-module, the line bundle wge := /\gx &Y
has a right U(€)-module structure, see, e.g. [NM15, Appendix (A.20)]. The tensor product over Ox of
two left (resp. a left and a right) U(€)-modules is again a left (resp. right) ¢/ (€)-module as in the theory
of Z-modules, see e.g. [HTTO08, Proposition 1.2.9 and Proposition 1.2.10] for the case of Z-modules or
[NM15] or [Hue99, (2.1) to (2.5)] for more general Lie algebroids. Similarly, s#omeo, (M, N) of two left
(or two right) U(E)-modules M, N is a left U(E)-module.

In particular, if M is a left U(€)-module, then weg @, M is a right U (E)-module. Conversely, if M’
is a right U (&)-module, then M’ ®p, w{ is a left U(E)-module.

For any Lie algebroid £ which is locally free of finite rank m over Ox, with universal enveloping
algebra U :=U(E), we consider the duality functor

Dy = Rtomy (-, U) @p, wi[m]

in the derived category of left ¢/-modules. While in this section, we deal with general Lie algebroids, we
will later apply the discussion here to one of the following examples:

Example 2.1. If X is a point, then a Lie algebroid on X is nothing but a Lie algebra g over C. The
universal enveloping algebra of g as a Lie algebroid over a point is the universal enveloping algebra U(g)
of g as a Lie algebra. &

Example 2.2. For any smooth complex variety X, the tangent bundle on X is a Lie algebroid with
the anchor map being the identity map. This Lie algebroid is locally free of rank dim X. Its universal
enveloping algebra is U(Ox) = Px. In this case, we denote the duality functor Dy, simply by D. <

Notice that, already from these two basic examples, modules over universal enveloping algebras of
Lie algebroids can be seen as a uniformizing framework including as special cases both g-modules and
P x-modules.

Example 2.3. If G is a connected linear algebraic group acting on X, then Ox ® g is a Lie algebroid
on X with bracket given by

fo&fell=FfZ ) e - Z2E) e  fI'e0x ey



and the anchor map given by f ® £ — fZx(€), where Zx (§) is the vector field on X induced by € € g
and the group action of G on X. Explicitly, Zx (&) is the vector field that associates to a point y € X
the tangent vector dey,(§), which is the image of £ € g = TG under the differential of the morphism
0y, G — X, g g '-y. Note that Ox ® g is free of rank dim G as an Ox-module. We denote the
universal enveloping algebra as

.Ag;( =UOx ®g) =2 O0x @U(g),
with multiplication given by

(fe8) (fed)=f'eg +fZx@f)of  fI'€0x, ey

When no confusion can arise, we may drop the superindex G and simply write Ax. The anchor map
extends to a homomorphism of C-algebras Ax — Zx of the universal enveloping algebras. &

Example 2.4. In the previous example, the kernel of the anchor map Z: Ox ® g — Ox is a Lie
algebroid on X with the bracket inherited from Ox ® g and the trivial anchor map. If the action of
G on X is transitive, then Z: Ox ® g — Ox is a surjection of locally free Ox-modules of rank dim G
and dim X, respectively, hence this Lie algebroid is a locally free Ox-module of rank dim G — dim X.
In general, this Lie algebroid is not of the form of Example 2.3, which in particular will mean that the
Chevalley-Eilenberg complex considered below does in this case not simply boil down to the classical
Chevalley—Eilenberg complex of Lie algebras. &

We next consider the Chevalley—FEilenberg complex of a Lie algebroid.

Definition 2.5. Let £ be a Lie algebroid on a connected smooth complex variety X and assume & is
locally free of finite rank m as a O x-module. Denote by U := U(E) the corresponding universal enveloping
algebra. Moreover, let R be any sheaf of associative C-algebras on X. For any (R,U)-bimodule A/ (this
means in particular that the left R-structure and the right U-structure on A/ commute), define the
Chevalley-Eilenberg complex Sk, (N) with

V4
SpiuN) =N o, \ €

Ox

(note that Sﬁlu(/\/) =0 for k ¢ {—m,...,0}) and differential

£—1
5t N®ox/\5—>N®oX/\5
OX OX
n®& A AfmZ DF (&) @& A AGA - A&
+Z D@ 6,6 NG A AEN- NEA---NE,. &

1<j

Then S, (N) is a complex of left R-modules (one checks that §=¢ o §=“*! = 0). One can prove

that Sgpy is an exact functor from the abelian category of (R,U)-bimodules to the abelian category of
complexes of left R-modules.

Remark 2.6. The above construction applies in particular if A is only a right Z/-module, in which case
we put R := € := Cy. Then we recover the construction from [GRSSW23, page 46], i.e. SC|M(N) is a
complex of (sheaves of) C-vector spaces only.

However, for us, the main focus of the above construction is when we start with two locally free Lie
algebroids & and &, with ranks m; and mq, respectively. Writing Uy := U(E1) and Us := U(E:) for
the corresponding universal envelopping algebras, we then get for a (Uy,Us)-bimodule A/ the Chevalley—
Eilenberg complex S s (N), which is a complex of left U;-modules.

Notice that a (Uy,Us)-bimodule N can naturally be seen as a left Uy ® Uy"-module, and again by a
PBW-type theorem, the sheaf of rings U;” ® Us has finite global homological dimension.

¢



In the case of Example 2.3, when we consider a Lie algebroid of the form £ = Ox ® g for a G-action
on X, we have the following comparision result relating the above complex with the corresponding object
in the theory of Lie algebras.

Lemma 2.7. Let G be a connected linear algebraic group acting on a connected smooth complex variety
X and consider the Lie algebroid Ox ® g with universal enveloping algebra U = Ox @ U(g). Let N be
a (R,U)-bimodule. Then we have an isomorphism of complexes of left R-modules

(37;;“(/\0, 5) S </\/ ® N, d> — CELN)
where the right hand side is the standard Chevalley—Eilenberg complex for right modules over Lie algebras
(as in [Wei94, Corollary 7.7.3]).

Proof. One immediately checks that the isomorphism

14

4 £ )4
SpiuN) =N o, \(Ox®9) =N 8o, (Ox ® \o) =N o A\g

Ox
is compatible with the differential. O

Remark 2.8. Notice that in particular that, for &€ = Ox ® g, the cohomologies of Sq.:\u(g) correspond
to the classical Lie algebra homology in the sense that

HilSaL{(N) = Hi(gaNleft)a

where we consider the right U/-module N as a right module over the Lie algebra g via the inclusion
g — (X, &) and N denotes the corresponding left module over a (via n-n := n - (—n)) and where
Hq(g, N'f*) denotes the Lie algebra homology of a with coefficients in AN (as in [Wei94, Def. 7.2.2,
Corollary 7.3.6]). &

Remark 2.9. In the very simple case where £ = Ox (so that U(E) = Px), for any right Zx-module
N, the complex S¢i2x (N) is nothing but the well-known Spencer complez of N. &

Notation: Throughout, let X be a connected smooth complex variety. We will for brevity of
notation often write O instead of Ox.
The following basic fact is an analogue of [HTT08, Lemma 1.2.11]:

Lemma 2.10. Let M; and Mj be left ¢-modules and let N be a (R,U)-bimodule for some sheaf of
C-algebras R. Then there are natural isomorphisms

N ®o M) @y M1 ZN @y (M1 @0 M) = (N @0 Mi) Qu Ma
of left R-modules. An analogous result holds in the derived category of left R-modules.

Lemma 2.11. Let £ be a Lie algebroid on X, locally free of finite rank as an Ox-module, let U := U(E).
Then S, (U) is a resolution of Ox by left U-modules.

This is proven, e.g., in [Rin63, Lemma 4.1] (see also [Che99, Theorem 2.3.1]).

Lemma 2.12. Let N be a (U;,Us)-bimodule. The complex Sttt (N) represents N®HL‘,2 Ox in the
derived category of left {/;-modules.

Proof. By Lemma 2.11, SZ}Q‘% (Us) is a resolution of Ox as a left Us-module by locally free left Us-
modules. The claim then follows by observing Sy, i, (V) = N &y, Sttt (Us). O

Lemma 2.13. Let £ be a Lie algebroid on X, locally free of finite rank as an O x-module, let U := U(E).
Let M be a left U-module and consider U ®p,, M with the natural (U,U)-bimodule structure given by

E-(uedm)=_CEuw)em, wem)-&=wWw)dm—-—u®(-m) forécl ueld, me M.

Then Sy, (U ®o, M) is a resolution of M by left U/-modules.



Proof. By Lemma 2.12, SL.lW(N) represents (U ®o, M) @5 Ox. Since U is Ox-locally free (so that
obviously U ®o, M =U ®H(‘9X M), this is by Lemma 2.10 isomorphic to U ®}; (Ox ®H@X My=M. O

Notice that the statement of the previous lemma can also directly be proven by considering the
filtration on N' = U ®p, M induced by the PBW-filtration on U and passing to the graded objects, see
[GRSSW23, Proof of Lemma 6.9]. Then we obtain Lemma 2.11 as a special case when M = Ox.

We next observe see a property that can be seen as a certain self-duality of the Chevalley—Eilenberg
complex:

Proposition 2.14. Let N be a (U;,Us)-bimodule and let K be a (U;, R)-bimodule for some sheaf of
C-algebras R. There is a natural isomorphism of right R-modules

Homy, (Sgy, i, (N), K)[ma] = Sgyyy, (w2 ®oy Homy, (N, K)).
In the derived category of right R-modules, we obtain an isomorphism

RAtomy, (N ®%,2 Ox,K)[ma] = (wo ®H(‘9X Rtomy, (N, K)) ®£]j,2 Ox.

Proof. For the first claim, in terms of objects of the complex, in cohomological degree —¢, we have

mg—é
Homuy, (S, 12 (N, K) = Homy, (N%X A\ 52,/c>
Ox

msz
> Homoy ( /\ Ez,fﬁmul(/\/,lC))

Ox
mgfe
= A & @oy Homy, (N,K)
Ox

mo L
= N\ &' o \ & ®oy Homy,(N,K)
Ox Ox
¢
> wy ®oy /\ Er ®oy Homy, (N, K)
Ox

~Y —Z
= Sgjy, (W2 @0y Homy, (N, K)).
It is a tedious, yet straightforward exercise to check that these isomorphisms are compatible with the
differentials of the complex. (One needs to be careful to choose the isomorphism

’HL27Z

mo 4
N\ & = N\& ®oy \ &
Ox Ox Ox

with a suitable sign convention.)

The second claim follows from the first one by replacing A by a finite projective resolution of itself as
a (Uy,Us)-bimodule and applying Lemma 2.12. Note that projective (U;,Us)-bimodules are in particular
projective as left U;-modules. O

2.2 Duality of U(£)-modules

In the following, we consider two Lie algebroids £ and & on X locally free over O of finite ranks m; and
mo, respectively. Let U; and Uy denote their universal enveloping algebras. Recall that w; := Ag' &Y
has a right U;-module structure (given by the negated Lie derivative).

We consider the following double side-changing operation on bimodules: If M is a (Us,U; )-bimodule,
then ws ®o M Qe wY is a (Uy,Uz)-bimodule. Here, note that the first tensor product uses the O-
module structure via O — Us and the left module structure of M and the second tensor product uses



the O-module structure via O — Uy and the right module structure of M. In general, when working
with (U, Us)-bimodules, we always write tensor products in an order that makes implicitly clear which
O-module structure is being used.

It is straightforward to check the following basic property:

Lemma 2.15. Let A a (U, U;)-bimodule, let M be a left U;-module and M’ a left Us-module. There
are natural isomorphisms

wr ®o (N ®o M) @0 w) £ M®o (we @0 N @0 wy)
and w2 @ (./Vl/ ®RoN) R0 wf > (ws ®o N Qo wY) ®o M’

of (U, Usz)-bimodules.

If N is a (Uy,Us)-bimodule, then H#omy, (N,U;) naturally inherits a (Us,U;)-bimodule structure
from the right Us-module structure on A" and the right U;-module structure on U;. We obtain from
Proposition 2.14 the following duality property:

Proposition 2.16. Let A be a (Uy,Us)-bimodule. There is an isomorphism of complexes of left U;-
modules:

Homu, (S, i, V), Un) [ma] ®o wi = Sy, (w2 ok Homuy (N, Ur) ®oy wy).
This gives the following duality result in the derived category of left U;-modules:

Dy, (N ®%12 Ox) & (ws ®o, RAOmy, (N, Ui) @0y wy) ®2]j,2 Ox[my — ms).

Proof. This follows from Proposition 2.14 for K = U; considered as a (Ui, U )-bimodule, and passing
from right U;-modules to left U;-modules by taking the tensor product with wy . O

Assume now that there is a homomorphism of Lie algebroids & — &;. This induces a C-algebra
homomorphism Us — Uy between their universal enveloping algebras. In particular, every (left or right)
U,-module may be viewed as a (left or right) Us-module via Uy — U;. On the other hand, for a left Us-
module M, we may consider U, ®ZH12 M in the derived category of U;-modules. This object is represented
by the complex & ;. (U ®o M), because

St Uh ®o M) = Uy ©6 M) @y, O 2= Uy @5 O) @y, M = Uy @, M,
where the first isomorphism is due to Lemma 2.12 and the second isomorphism is due to Lemma 2.10.

Remark 2.17. An example of the construction just mentioned is when D C X is a reduced divisor,
and when &, := Der(—log D) is the sheaf of logarithmic vector fields. Since our general assumption
here is that all Lie algebroids are locally free as O-modules, we have to restrict to the case where D
is a free divisor in the sense of K. Saito. Let & := Derx, and & — &; be the anchor map of &.
Then Us = Zx(—log D). Suppose that we are given an integrable logarithmic connection M, i.e., a left
Us-module which is also locally free of finite rank as O-module. Then our construction is exactly the
situation studied in, e.g. [CMNMO05, CMNMO09]. In particular, M is called admissible in [CMNMO05,
Définition 1.2.2] if U, ®sz{2 M is concentrated in degree 0 and if it is a holonomic U; (= Zx )-module. &

In this context, the right U;-module w; can also be viewed as a right Us-module via Us — U7, which
together with the right Us-module structure on wo makes

wijg = Homo(wi,ws)

a left Us-module. This is the relative dualizing module in [NM15, Appendix, A.28].
Through Us — Uy, the algebra U, is in particular a (Us, U, )-bimodule or a (U, Us)-bimodule. In fact,
these two bimodule structures are related to each other under double side-changing via wy; as follows:



Lemma 2.18. Let & — &; be as above. Then there is an isomorphism of (U, Us)-bimodules
wr ®o Uy ®o wy =U Qo wi,
where U, is on the left viewed as a (Us,U;)-bimodule and on the right as a (U, Us)-bimodule.

Proof. We first consider the case & = £3. Note that U Qo wy is a left Uy ®Ui-module, i.e., it carries two
commuting left /;-module structures: one via left-multiplication on U; and the other results from the
right-to-left transformation (-) ®owy applied to the right ¢;-module structure on i;. Note that when we
write w1 ®oU; ®o w", we mean applying the left-to-right transformation wy ®o (+) to the first mentioned
left U;-module structure. However, there is an automorphism of U; ®p wy interchanging the two left
U;-module structures, given by P@m — P-(1®m). (See, e.g., [NM15, Corollary A.12] for the analogous
statement for right modules.) Hence, we may as well apply the left-to-right transformation w; ®e(+) to the
second mentioned left ;-module structure that arose from a right-to-left transformation. Since the right-
to-left and the left-to-right transformations are inverse to each other, this shows w; ®o U R0 wy = U.

For the general case, we observe that wy = w1 ®o wy)2 as right Us-modules. Therefore, as right
Us-modules, we obtain

w2 ®o U ®o wy = (w1 Qo wip2) ®o (U ®o wy) = (w1 ®o Uy ®o wy) Qo wip = Uy ®o w12
and we observe that these isomorphisms are also compatible with the left /1-module structure, giving
the claimed isomorphism of (U, Uz)-bimodules. O
More generally, we get:

Lemma 2.19. Let & — &; be as above and let M be a left Us-module. Then there is an isomorphism
of (Uy,Us)-bimodules

w2 R (M ®0o Ur) ®o w) = UL ®0 M R0 w2,
where U, is on the left viewed as a (Us,U;)-bimodule and on the right as a (U, Us)-bimodule.

Proof. We have
w2 ®o (M @ Ur) @0 wy = (W Qo U ®o wy ) ®o M 2 U ®p wipp ®o M,
where the first isomorphism is from Lemma 2.15 and the second one from Lemma 2.18. O]

The following is a consequence of the (self-)duality result for Chevalley-Eilenberg complexes (i.e.
Proposition 2.14). We would like to point out that the duality result from [NM15, Theorem A.32]
expresses the duality functor Dy, (—) using Dy, (—) (and is therefore rather a extension of scalar type
property) whereas our result expresses Dy, (=) using R#ome, (—, Ox).

Proposition 2.20. Let M be a left Us-module that is coherent as Ox-module. Let & — & be a Lie
algebroid morphism, inducing a homomorphism Uy — U; that makes Uy a Us-algebra. Then

Dy, (U @y, M) 2 Uy @, (RAmo (M, Ox) ®oy wije)[mi — mo)
in the derived category of left U/;-modules.
Proof. Note that there is a natural morphism
RAtomo(M,0) @0 Uy — RADmo (M, U)

in the derived category of (Ua,U;)-bimodules. This is an isomorphism, as can be checked on the level
of the underlying objects in the derived category of O-modules—there, this is a consequence of the
O-coherence assumption on M. Now, we have natural isomorphisms

Dy, Uy @3, M)

=~ Dy, (Uh ®6 M) @, O) (Lemma 2.10)
> (wy ®p RAomy, (Us ©6 M, Uy) @6 wy) @, Olmy — mo] (Proposition 2.16)
> (wy ®p RAomo(M,U) ®¢ wy) @y, Olmy —mo] (tensor-hom adjunction)
> (wy ®p (RAomo (M, 0) @ Us) @ wy) ®y, Olmy — mo)] (O-coherence of M)
~ (Uy ®p RAomo(M,O) ®¢ wi)2) @, Olmi — mo] (Lemma 2.19)
=~ Uy @y, (RAomo(M,0) @0 wyjz)[m — mo] (Lemma 2.10) O



Taking U, = Us, this leads to the following;:
Corollary 2.21. Let M be an Ox-coherent left //-module. Then
Dy (M) =2 Rotome, (M, Ox)
in the derived category of left Z/-modules.
Proof. This follows immediately from Proposition 2.20 and Lemma 2.18. O

This corollary is a generalization of [Che99, Proposition 3.2.1], in the sense that in loc. cit. it is
assumed that M is Ox-locally free, whereas we only need Ox-coherence. Note that for U = Zx,
assuming M to be Ox-coherent obviously implies that it is an integrable connection, in which case
D(M) = Homo, (M,Ox) (see, e.g., [HTT08, Example 2.6.10.]). However, for other Lie algebroids,
there are cases of O-coherent left U-modules M which are not O-locally free, and, consequently, for
which Dy (M) is not a single ¢-module in cohomological degree 0.

3 Equivariant aspects

In this section, we study group actions on smooth varieties which determines a morphism of Lie algebroids
as in Example 2.3. The results from Section 2 can then be made more explicit. Along the way, we consider
equivariance properties of the complexes involved and deduce a holonomicity criterion.

3.1 Holonomicity

Throughout, we consider the action of a connected linear algebraic group G on a smooth connected
variety X. We introduce a complex C*(M, ) of Zx-modules associated to a G-equivariant quasi-
coherent Ox-module M and a Lie algebra homomorphism §: g — C, where g denotes the Lie algebra
of G.

For this, we consider the algebra Ax = Ox ® U(g) as in Example 2.3 and in Lemma 2.7. We view
the G-equivariant quasi-coherent O x-module M as a left A x-module through the g-action obtained by
differentiating. Explicitly, the G-equivariance of M is given by an isomorphism ¢: act* M — prj M,
where act: GxX — X is given by (g,y) — g-y. Any £ € g corresponds to a morphism i¢: Spec Cle]/e? —
G. Then pulling back ¢ under i¢ x idx : Spec C[e]/e? x X — G x X yields an isomorphism

(ie x idx)*: Cle]/e2 @ M =5 Cle]/e® @ M.

The image of 1 ® m under this isomorphism is of the form 1 ® m —e ® m/. Then £ - m := m’ defines the
action of g on M which gives the Ax-module structure on M.

In the following, let G be a connected linear algebraic group with Lie group g, let X be a connected
smooth G-variety and let M be a G-equivariant quasi-coherent Ox-module. Let 5: g — C be a Lie
algebra homomorphism.

Notation 3.1. For connected linear algebraic group G acting on a smooth complex variety X, a Lie
algebra homomorphism 3: g — C and any left Ax-module N, we denote

Ox{B} = Ax/Ax(§—B(E) | € g) and  N{B} =N ®o, Ox{B}. &

Definition 3.2. For a G-equivariant quasi-coherent Ox-module M (which we may view as a left Ax-
module) and Lie algebra homomorphism 3: g — C, we denote

C.(MHB) = SéXLAX (@X ®0x M{ﬁ})7

where 9x ®o, M{B} is a right Ax-module by combining the right-multiplication on Zx through
Ax — Px and the left Ax-module structure on M{S} resulting from the G-equivariance. O

Then C*(M, 3) represents Zx @5 = M{S}.

Proposition 3.3. The cohomologies of C*(M, 3) are S-twisted strongly equivariant Zx-modules.



Proof. By definition, B-twisted strong equivariance of H*C(M, 3) means for act: G x X — X, (g,y) —
g -y the existence of an isomorphism of Zgy x-modules

actt H*C*(M, B) =N Og X H"C*(M, B)

satisfying a cocycle condition. By exactness of act™ (-) and Og&(-), it suffices to construct an isomorphism

act™ C*(M, B) EN (’)g X C*(M, B) in the derived category D! .(Zaxx)-
For a Lie algebra homomorphism a: g — C, the complex of Zg-modules C*(Og, @) is a resolution of
0%, since Zg: Og ® g = O¢g and thus Zg: Ag = Y is an isomorphism. Hence, in DZC(QX), we have

O K C* (M, B) = Tot (C*(Og,a) BC* (M, B)) = C*(Oc R M, a & f),

where C*(Og, @) and C*(M, () are based on the G-action on G (by left-multiplication) and on X,
respectively, and C*(Og XM, a @ ) is based on to the component-wise G x G-action on G x X. Notice
that the last equality follows from the definition of C*® using that the Chevalley—Eilenberg complexes on
a product X7 x Xy with respect to the Lie algebroid £ = pr} & @ prj & satisfy

Skiuey N1 BN2) = Tot* (Srju(e,) (V1) B Srju(e,) (N2))

since

k
/\(NI&.N%)@O(‘:: @ N1®(9/\51 /\/2@(9/\82
o p+a=k

and by observing compatibility of the differential.
For N
P:Gx X —=GxX,  (g.9)~ (9,9 Y),

we have act = pry 01p. Hence:
act™ C*(M, B) = 9" (0c KC* (M, B)) = ¢ C*(Og RM,0 & B)
= ¢+ (QGXX Q0 xx (OG &M){O S3) ﬂ} Q0cxx /\(_9:;><X ((OGXX & 9) SP) (OGXX & g)))

=" Daxx D0, x At M @06, x ¥ (Oaxx{0® B}) @0, x Now, ¥ ((Oaxx © ) ® (Ogxx ® 9)))

Note that 1) induces an isomorphism ¥*: Y+ P x =N Dex x explicitly given by ¢*Ogx x =N Oaxx
(composing regular functions with ) and the inverse of d¢: Ogxx =N Y*Oaxx (pushing forward
vector fields). Moreover, since M is G-equivariant, there is an isomorphism ¢: act* M — Og X M of
Ocx x-modules.

The adjoint action of G on g defines an isomorphism Ad: Og ® g N O¢ ®g, given on U C G
by understanding local sections € I'(U,Og ® g) as morphisms U — g and mapping &: U — g to
Ad(€): U — g, g— Ad(9)(&(g)). Under the isomorphism 1, we get on the level of vector fields:

A~ (Zaxx (61,6)) = Za(&) + Zx (Ad7H (& — &))
for all £ € Ogxx ® g. This lifts to a commutative diagram

GXX

*((Oaxx ®9) & (Oaxx ® 9)) P Oexx

) b

(Oaxx ®9) @ (Ogxx ®9) Hexx Oaxx,

where y is the isomorphism of Lie algebroids given by x(&1,&2) == (€1, Ad™ (&, — &)).
Combining these isomorphisms, we get an isomorphism of complexes

P (O R M, 0@ B) = C*(Oc BM, 5@ B)

which by the above induces an isomorphism actt C*(M, 8) = ¢+(Og K C* (M, B)) = O R C*(M, )
in the derived category DZC(@GX x ). One checks the cocycle condition. O
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Corollary 3.4. For an equivariant O x-module M supported on finitely many orbits and 8: g — C a Lie
algebra homomorphism, the cohomologies of C*(M, ) are holonomic, i.e., Zx ®HAX M{B} € Db (Zx).

Proof. (Twisted) strongly equivariant Z-modules supported on finitely many orbits are holonomic, see
e.g. [Hot98, §5] or [HTT08, Theorem 11.6.1] for a more modern account. O

Corollary 3.5. Let M be a G-equivariant coherent Ox-module supported on finitely many orbits and
let : g — C be a Lie algebra homomorphism. Then, for k := max{i | &xty, (M,Ox) # 0} (if X is
affine, this is simply the projective dimension of M as Ox-module), we have

HIC*(M,B)=0  fori¢ [dimX —dimG — k,0].

Proof. Recall that the complex C*(M, () represents Px ®H;‘X M{B}. By Proposition 2.20, we have
D(Z2x ®]I_,Z1X M{B}) = Ix ®H:4X (Rstomo, (M,0x) ®oy w1|2)[dimX — dim G,

By the definition of k and right-exactness of Zx @ 4, (+), the right-hand side has no non-zero cohomology
in degree larger than k+dim G —dim X. By Corollary 3.4, the cohomologies of C*(M, ) are holonomic,
which implies H~'D(C*(M, 8)) = DH(C*(M, 3)). Therefore, C*(M, ) = Zx @4  M{B} has no
cohomology in degree smaller than dim X — dim G — k. O

Remark 3.6. The case of a finite-dimensional regular representation X = C" of a torus G = (C*)¢
corresponds to the study of GKZ-systems. In this case, G-equivariant coherent O x-modules supported
on finitely many orbits are exactly toric modules as defined in [MMWO05]. The complexes C*(M, () agree
with the Euler-Koszul complexes studied in loc.cit. &

3.2 Duality theory

Our aim is to use Proposition 2.20 to describe the dual of C*(M, ). For this, we need a little preparatory
work to describe the relative dualizing module wg,, | 4, associated to the homomorphism of Lie algebroids
Ox ®g— Ox.

The right U(E)-module wg for a locally free Lie algebroid £ of finite rank is in the case £ = O,
U(E) = Ix (for some smooth variety X) the canonical sheaf wx with a right Zy-action via the Lie
derivative. In the case £ = Ox ® g, U(E) = Ax, we denote wo, g by ax, a right Ax-module whose
underlying O x-module is isomorphic to Ox.

Lemma 3.7. We have an isomorphism
Woy|ax = wx{— traceoad}

as a left Ax-module, where on the right hand side wY is a left Ax-module through its structure as a
G-equivariant line bundle.

Proof. The right Ax-module wyx (with the right Ax-module structure inherited from the right Zx-
module structure via Ax — Zx) can be understood as ax ®o, wx{d} for § := traceoad: g — C, where
now wy is viewed as a left A x-module via its structure as an equivariant line bundle on X. This can be
seen from writing out in detail the right Ax-action, see [GRSSW23, Lemma 4.27]) for details.

We have a canonical isomorphism of left A x-modules

Woy|Ax = Homoy (wx,ax) = Homoey (ax Roy wx{d}, ax)
> Somo, (wx {0}, #omo, (ax,ax)) 2 Homoy (wx {6}, Ox) 2wy {5} O

Convention 3.8. In the following, we consider a G-equivariant coherent O x-module M that is Cohen—

Macaulay, i.e., ‘
&ty (M,wx) = 0 for all i # codim M

as Ox-modules. We write waq = éaxtg’iimM(M,wX) for its dualizing module, which is again a G-
equivariant coherent O x-module (this follows, e.g., from [CG10, Proposition 5.1.26]). &
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Theorem 3.9. In D!.(Zx), for M Cohen-Macaulay, we have
DC* (M, B) 2 C*(wy R0 (wx)®?, — trace o ad — ) [dim M — dim G],
where, as usual, dim(M) means dim(supp(M)).

Proof. Denote m := dim G and n := dim M. We use Proposition 2.20 to obtain:

Dy, C*(M, B)

=Dy, (Zx @4, M{B})

= 9x ®4, (R#omo, (M{B},Ox) ®oy way|ax)dim X — m] (Proposition 2.20)
=9x ®]JL4X (é"xt%)gimM(M{ﬁ}, Ox)[— codim M] ®0, wgy|ax)[dim X —m] (M is Cohen-Macaulay)
= Px &%, (EutSIMMYBY, Ox) ®oy wayay)[n —m] (codim M = dim X — dim M)
= Ix @ (Gt ST MM, 0x){ =B} @0y wary|ax)ln —m]

= Ix @l (EtST MM, wx) ®oy wi{—B} ®ox Way|ax)ln—m]

= 9x ®H;\X (Wm ®oy wx{—B} ®oy, wx{—tracecad})[n — m] (definition of wg |4, Lemma 3.7)

=C*(wm Roy (w¥)®?, —traceoad —f)[n — m]. O

Example 3.10. Consider the case where M := w;@}k, so that wys = w?;(lfk). Then

DC* (W, B) = C'(w;eé(*k*l), —traceoad —f)[dim(X) — dim(G)].
In particular, for £ = 0 and k = —1, we obtain

DC*(Ox,B) = C*(w¥, — trace o ad — ) [dim(X) — dim(G)]
DC*(wy, ) = C*(Ox, — trace o ad — ) [dim(X) — dim(G)]

If the group is unimodular, so trace o ad = 0, and if additionally, the action is transitive, then we get in
particular for 8 = 0 (by also taking into account that H* and I commute due to Corollary 3.4) that

]DHn_mC.(w}/(,O) — HOC.(OX7O) — OX- (3.2.1)

¢

4 Tautological systems

To a regular representation p: G — V of a connected linear algebraic group G, the closure Y C V of a G-
orbit Y and a Lie algebra homomorphism 3: g — C, one associates the following cyclic left Zy,-module,
the Fourier-transformed tautological system:

#(p, Y. B) =D/ (DvIy + Dv(Zv(€) — B'(€) | € € 9)),
where Zy- C Oy is the ideal sheaf of Y C V and ' := traceodp — 3: g — C.
Notation 4.1. For a fixed representation p: G — V| we use throughout the notation
B :=traceodp — 3
for any Lie algebra homomorphism g: g — C. &

This notation originates from the fact that the operator Zy () — 8’ (€) is the negated Fourier transform
on V of the operator Zy (§) — B(€); those operators show up in the definition of tautological systems
7(p,Y,B) = FL(7#(p,Y,B3)). Notice that because of FLoDg, = —Dg, o FL, studying the dual of a
tautological system or of its Fourier-transform are equivalent problems, and we choose to wwork with
the Fourier-transformed tautological system 7(p, Y, 3).
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Note that, using the G-action on V', we have

(p,Y,B) = Dv @a, Av/(AvTy+ Av(E =B (&) | €g))
= Py @4, (Av/AvIH){'} ©4, Ov)
= Py @4, (Av @0, O5{B'}) ®4, Ov)
= 9y @a, O3{B8'},

where the last isomorphism is due to Lemma 2.10.

Definition 4.2. For p: G — V,Y CV and 3: g — C as above and using Notation 4.1, we define the
derived Fourier-transformed tautological system

T(p,Y,B) = C*(O5.8) = S5 4, (P @0, OF{8}) € Dy(Dv),
where the definition of C* (and Ay ) implicitly relies on the G-action on V' given by p. &

By Lemma 2.12, in the derived category D! .(Zy) of left Zy-modules, we have
T(p,Y,B) = (Zv @0, O{B'}) &4, Ov = 9y &% O{p'}
where the last isomorphism is due to Lemma 2.10. In particular:
#p,Y,B) = H'T(p,Y, B),

which is also easily checked from the definition of S_‘_(~) itself.
From Corollary 3.4 and Corollary 3.5, we immediately obtain:

Proposition 4.3. Assume Y consists of finitely many G-orbits. Then T(p,Y,f) € DY (Dv), ie.,

T(p, Y, 3) has holonomic cohomologies. (In particular, we obtain that 7(p, Y,B) is holonomic, this is
already known by [Hot98]). If Y is Cohen-Macaulay, then H*T'(p,Y,3) = 0 for i ¢ [dim Y —dim G, 0].

Proof. Only the last statement requires explanation. If Y is Cohen-Macaulay, then as stated in Conven-
tion 3.8, we have &xty, (M, wx) = 0 for all i # codim M. Therefore the integer k in Corollary 3.5 equals

codimy (Y), and then H'T(p,Y,) =0 for i ¢ [dimV — dim G — codimy (V) = dimY — dim G, 0. O
Lemma 4.4. We have an isomorphism of left Ay -modules

wy = Oy {traceodp},
where wy, is a left Ay -module through its G-equivariant structure.

Proof. Through the choice of a basis of V, resp. the choice of a coordinate system, we get the explicit
description wy, = /\%TV Oy = Oy01 A --- Ady and the action of £ € g on this equivariant line bundle

is given by

N
E-(DLA--NON) =D N A[Zv (), A~ NOx
=1

N

=D A [Z;'\,[kzl —dp()kjzjOk, i) A+ NON

= Z@l A=A [—dp(g)“xl@l,&] A ANON

hence wy, = Oy {traceodp}. O
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Proposition 4.5. Assume Y is Cohen-Macaulay and n-dimensional, let m := dim G. Then

DT(p,Y,B) = C*(wy, 2 trace o dp — trace o ad —3')[n — m]
= C*(wy, trace o dp — trace o ad +3)[n — m).

If Y consists of finitely many G-orbits, this implies

D#(p,Y,B) = H" ™C*(wy, trace o dp — trace o ad +/3).

Proof. The first claim follows from Theorem 3.9 together with Lemma 3.7 and Notation 4.1. Applying
HO(-) leads to the duality statement for 7(p,Y,3) because H°(-) commutes with the duality functor
in 2°(2v) (and we know by Proposition 4.3 that T'(p,Y,3) has holonomic cohomologies under the
assumption that Y consists of finitely many orbits). O

In the following, we will consider the more restrictive case where Y is supposed to be Gorenstein
with trivial canonical bundle. More precisely, we assume that there is a Lie algebra homomorphism
v: g — C such that wy = Oy{—~} as left Ay-modules (where wy- carries a left Ay -structure since it is
an G-equivariant Oy-module, see Convention 3.8).

Theorem 4.6. Assume thatY is Gorenstein such that wy = Oy{—~} for some v: g — C. Then
DT(p, Y, B) = T(p, ¥, B)ln — m],

where 3 := traceoad +v — 8. Hence, if Y consists of finitely many G-orbits, then
D#(p,Y,5) = H" " T(p,Y,p).

Proof. From Proposition 4.5 and Notation 4.1, we get:

DT(p,Y,B) = C*(wy, trace o dp — trace o ad +8)[n — m]
= C*(Oy, traceodp — traceoad —y + §)[n — m|
=T(p,Y, tracecad +v — 8)[n — m). O

We now consider the following situation: For this, let pg: Go — GL(V') be a representation of a group
Go. We extend this to a representation p: G — GL(V) for G := C* x Gy by letting C* act by simple
scaling on V. Let Y C V be a G-orbit closure, which is then the affine cone over a projective Go-variety
Z C PV. In this setup, if Y is Gorenstein, then its canonical bundle is trivial (since Pic(Y) = 0). Then
by considering a trivializing section of wy, it follows that G must act via a group character x : G — C*,

and then we have wy = Oy{—7}, where v: g — C is the derivative of x .

Example 4.7. Suppose that Y C V is a complete intersection given as the vanishing {f; = --- = f = 0}
of homogeneous polynomials f; of degree d;. Then wy = Oy{—~} with v: g = go ® Ce — C given by
v(e) = dim(V) —dy — --- — dj, and, if Gg is semisimple, 7|5, = 0.

To see this, we observe that the Koszul complex on Oy given by fi,..., fr is a C*-equivariant

resolution of Oy (at least when its terms are appropriately graded). Hence we have
wy = Eutdy, (Oy,wy) = Og{dy + ... + di — dim(V)}

as C*-equivariant Oy-modules, recall that wy = Oy {— traceodp} and that traceodp(e) = dim V.

On the other hand, we already know that Y that wy = O3-{—~} for some v: g — C. Therefore we
must have y(e) = dim(V) —d; — ... — d. Moreover, if Gy is semi-simple, so that [go, go] = go, there are
no non-trivial characters on go, hence 74, = 0. &

Example 4.8. Consider the case that Y is the affine cone over a projective homogeneous space G/ P
inside the embedding Go/P < PV by the complete linear system |-Z| of a very ample Gp-equivariant
line bundle . on X. Assume Gy is semi-simple and dim Go/P > 0. The affine cone Y is a G-space for
G = C* x Gy, and it follows from [Ram85, Theorem 5] that it is Cohen-Macaulay, so that Proposition 4.5
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applies. As shown in [GRSSW23, Theorem 5.1, Proposition 5.9 and Corollary 6.13], 7(p, Y, 3) is non-zero
only in the two cases f = 0 or 3(e) = £/k with £®¢ = w?ﬁ?k) as G-equivariant line bundles. Consider
the latter case with the assumption B(e) € Z, i.e., £%* gféo/P for some £ € Z, then wy, , = (’)7\0{—5}
(because we have Og,,p(£) = wéO/P in this case). Since Y is normal and codimy {0} > 2, and since wy

is reflexive, we have wy- & Oy{—A}. In particular, Y is Gorenstein in this case. With Theorem 4.6, we
conclude:

Dy, 7(p,Y,3) = H" ™T(p,Y,0), n=dimY, m =dimG. (4.0.1)

When restricting to the open orbit in Y, this recovers Eq. (3.2.1). On the other hand, in the case
Ble) = L/k ¢ Z, from wgf/P = 290 we similarly obtain w%k = Oy{—kf} as equivariant line
bundles; hence, Y is Q-Gorenstein (but not Gorenstein, since we know by [GRSSW23, Lemma 4.31 and
Lemma 4.32] that wy, is not trivial in this case) and

Dg, #(p,Y,8) = H" "C*(wy, trace o dp), n=dimY, m = dimG. &

5 Applications and Examples

In the setup of the previous section, we can give more precise information on the dual of a tautological
system under some assumptions on the dimension of the group G compared to the dimension of the
(closure of the) G-orbit Y used in the definition of the tautological system. We list below a few cases of
interest.

5.1 Case dim(G) = dim(Y)
In this case, we obtain the most satisfying result as a direct consequence of Theorem 4.6:

Corollary 5.1. Assume that ¥ C V is Gorenstein with wy- = Op-{—v} and such that dim(G) = dim(Y’).
Assume further that Y consists of finitely many G-orbits. Then we have

D#(p,Y,B) =7(p,Y,traceoad +vy — 3).

We observe that the class of GKZ-systems given by a matrix of full row-rank fall into this case
where the dimension of the group and the orbit agree. Corollary 5.1 generalizes the duality result for
GKZ-systems [Wal07, Proposition 4.1].

Application: As a specific example of the construction described above, we consider a situation
arising when studying so-called linear free divisors. We refer specifically to the setup of [NMS19, Section
4]. Namely, consider a reductive algebraic group acting prehomogeneously on a complex vector space Vo
(and denote by z1,...,2, a coordinate system relative to a chosen basis of Vj), meaning that there is
a dense open orbit in V. Additionally, we require that the stabilizers for all points of this open orbit
are finite groups. Let D be the complement of the open orbit, and assume that D C V is a divisor.
The group we started with can then be characterized as Gp := {g € GL(V) | gD = D}. We also have
dim(Gp) = dim(Vy) = n. Moreover, let &1,...,&, € gp be a basis of the Lie algebra of Gp, then let
A = (a;j) € Mat(n x n, C[V];) such that Zy (&) = Y., a;;0,, (where Zy is the notation for the anchor
map used in Example 2.3). Then we require that the determinant f := det(A4) € Oy is reduced (it is
then automatically a reduced equation of D, and necessarily we have that f € C[V],). Under these
conditions, we have that the module of vector fields Oy (—log D) logarithmic along D is free, and D
is called a linear free divisor (it is a free divisor in the sense of K. Saito, see [Sai80], and it is called
linear free since the polynomials a,; are linear forms on V). We will later further restrict to the class of
so-called strongly Koszul (SK) free divisors, which in the current situation can simply be characterized
by saying that the action of Gp on V has finitely many orbits.

We briefly recall some of the main constructions in [NMS19]. First notice that there is a subgroup
Go C Gp (with dim(Gy) = n — 1) consisting of all linear transformations that stabilizes all fibres of f
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(which was called Ap in loc.cit.). Then we put G := C* X Go, V = C x V and we consider the extended
action

p:G — Aut(V)

(t,g) — (v t-po(9)(v)),

where pg is the restriction of the original prehomogeneous action to Gy C Gp. Let Yy := f~1(t) for
t € C%, then Yj is a (closed) Go-orbit. Let Y := C(Yp) be its cone in C* x Vp, i.e. Y = p(G)(1,p) for
any point p € Yy. In particular, we have an isomorphism ¢ : C* x Yy = Y, (t,y) — (¢t,t-y). Then YV is a
(usually non-closed) G-orbit, and we let Y C V be its closure. Clearly, the boundary dY is contained in
{0} x V. The main results of [NMS19] then concerns the tautological system 7(p,Y, 3). For simplicity,
we will assume that Gy is semi-simple, which then implies that traceoad = 0 and that 35, = 0, where
g = Ce @ go. We cite the following result (notice that the various shifts and sign differences occuring
here are due to the change of convention for the Euler field Zy (e) and for the definition of the module

0)

Theorem 5.2 ([NMS19, Proposition 4.5]). Let D C V' be a SK linear free divisor defined by a group
action Gp — GL(V). Let p: G := C* x Gy — GL(V) be as above, and denote by k : Y — V the locally
closed embedding of the orbit G-orbit Y into V.. Then if 8(e) ¢ n - (1 + roots(bp)) + Z~o, we have

#(p, Y, B) = (ko) 4 (057 ROy,

where Oéf(e) = Dc- /(t0; — B(e)). In particular, 7(p,Y, ) then underlies a complex Hodge module on
V, i.e., an object of MHM(V, C), which is an element in MHM(V'), i.e. a rational Hodge module on V,
if B(e) € Z.

From the basic functorial properties of the holonomic duality functor, we obtain the following conse-
quence.

Corollary 5.3. Under the hypotheses of the previous theorem, we have
Do, #(6, Y, 8) 2 (ko 1); (05 B Oy ).
If moreover 3(e) € 17, then there is a morphism

D@v%(pv ?7 B) — %(p7?a 5)

Proof. 1f 3(e) € 37, then Og&e) = (’)6*6 (©)and the morphism is then simply given by the forgetful
morphism from the properly supported to the ordinary direct image. O

Combining this last statement with our duality result Corollary 5.1 then yields the following.
Proposition 5.4. Let D C V be an SK-linear free divisor, and let G, p, Y be as above. Then
1. If B(e) ¢ n- (1 +roots(bp)) + Z<o, then

7(p,Y,B) = (ko )t (Oéf(e) X OY)-

In particular, under this assumption, we also obtain that 7(p, Y, ) underlies an object in MHM(V, C),
and in MHM(V) if B(e) € Z.

2. If B(e) € 3Z\ (n- (1 + roots(bp)) + Z=o), then the natural duality morphism from Corollary 5.3
is expressed as o o

3. If B(e) ¢ n - (1 +roots(bp)) + Z, then 7(p,Y, ) underlies a simple pure complex Hodge module
on V. The total Fourier-Laplace transform 7(p,Y, ) (i.e. the actual tautological system) has
therefore has irreducible monodromy representation.
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Proof. 1. By Corollary 5.1, and under our assumptions (using Example 4.7), we have

Dg, 7(p,Y,B) = 7(p,Y, 1~ B), (5.1.1)

where 1 — § means the Lie algebra homomorphism g — C trivial on g and given on e by 1 — f(e).
Then the statement follows from Theorem 5.2 by rewriting the condition on 1— /3(e) as a condition
on f((e), and using the symmetry around 0 of the set 1 + roots(bp) shown in [NM15].

2. Follows by combining the second statement in Corollary 5.3 with Eq. (5.1.1).

3. Under the assumptions made, we have that
.Y, 8) = (ko )i+ (079 Oy ),

and therefore it necessarily underlies a simple pure Hodge module. For the last statement, consider
the total Fourier-Laplace transformation functor

FL : Mod(2y) — Mod(Zy ),

which is well known to be an equivalence of categories. The tautological system 7(p,Y,3) is by
definition the module FL(7(p, Y, 3)), therefore, if 7(p, Y, B) is a simple Zy-module, then 7(p,Y, 3)
is a simple %y v-module. The monodromy representation of the restriction of 7(p,Y, ) to its
smooth part is then necessarily irreducible.

O

Note that the intersection of n - (1 4 roots(bp)) + Zso and n - (1 + roots(bp)) + Z<o is a finite set.
Therefore, the above in particular shows:

Corollary 5.5. Let D C V be an SK-linear free divisor, and let G, p, Y be as above. Then, for all but
at most finitely many values of 3(e), the Zy-module 7(p, Y, §) underlies an object in MHM(V, C).

In some special cases, where the roots of bp are known, we get an even sharper result. In particular,
we know by [Sevll, Table 1] that for the linear free divisors which are discriminants in representation
spaces for quivers of types A,, Eg and D,, if 31 m — 1 that no two roots of bp differ by a multiple of
1/n, so that the intersection of n - (1 + roots(bp)) + Zso and n - (1 + roots(bp)) + Z<o is necessarily
empty, so that 7(p,Y, ) underlies an object in MHM(V, C) for all 3(e) in these cases.

5.2 Case dim(G) =dim(Y) +1

We consider again the case of a representation pg: Go — V' which we extend with the scaling action on
V to a representation p: G — V for G = C* x Gy. Let Y be a G-orbit closure (this is in particular the
affine cone over a projective Go-variety Z C PV). We then have the following general lemma (which

does not depend on assumptions on dim(G) and dim(Y")).

Lemma 5.6. Assume Y consists of finitely many Gy-orbits. For every Lie algebra homomorphism
Bo: go — € with 7(po, Y, By) # 0, there exists a smallest monic univariate polynomial bg, # 0 such that
bs, (dim V' — Zy (e)) lies in the ideal of #(po, Y, Bo)-

If 3: g — C is such that )5, = Bo, then 7(p,Y, ) # 0 if and only if 5(e) is a root of bg,.

We remark that we choose to consider dim V — Zy/(e) for 7(po, Y, By) because, after Fourier-transform,
this becomes the Euler vector field E on V'V, meaning that bg, (E) lies in the ideal of 7(po, Y, Bo).

Proof. Right-multiplication with dimV — Zy (e) defines a Py -linear endomorphism of the cyclic Zy-
module 7(pg, Y, Bo) (it is well defined since the ideal of 7(pg, Y, Bp) is C*-equivariant). By Corollary 3.4,
70 := 7(po, Y, Bo) is holonomic, hence the vector space Homg,, (79, 70) = H4™Va, (D7 ®H@V 7o) is finite-
dimensional. Therefore, the endomorphism given by right-multiplication with dimV — Zy (e) has a
minimal polynomial, this is the polynomial bg, .
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For the second claim, consider 3: g — C with 3|5, = (o such that 3(e) is not a root of the polynomial
bs,- The ideal of 7(p,Y, 3) is generated by Zy (e) — ' (e) = Zy(e) — dim V + S(e) and the ideal of 7,
which contains b(dim V' — Zy (e)). Since the polynomials bg,(s) and s — 8(e) are assumed coprime, we
have p(s)bg,(s) + q(s)(s — B(e)) = 1 for some p(s),q(s) € C[s]. Plugging in dimV — Zy (e) into this
polynomial equation, we conclude that 1 lies in the ideal of 7(p,Y, 3), hence #(p,Y, 3) = 0. O

Example 5.7. If Y is the affine cone over a projective homogeneous space Go/P as in Example 4.8, it

turns out that there are only two Go-orbits: {0} and Y \ {0}. Indeed, the way the parabolic subgroup

acts on the one-dimensional linear subspace of Y spanned by [1] € G/P, is given by a character P — C*

and it is classically known that this data determines the equivariant line bundle .Z on G/ P uniquely.

Since the very ample equivariant line bundle £ is non-trivial, this means that P acts non-trivially on

this one-dimensional subspace of Y. This implies that the G-orbit Y \ {0} is in fact already a Gg-orbit.
For Gy semisimple, the are no non-trivial 5y: go — C. The b-function by(s) is the polynomial

= Wg,o/P

bo(s) s(s—§) if L®0 k) for some £,k > 0
s otherwise.

This follows from results in [GRSSW23]: The proof of Theorem 5.1 in loc.cit. shows that by(s) divides
s(s — 2(6,p1)/|p?), where p is the highest weight of the irreducible Go-representation V and § is the

half-sum of the positive roots of Gp. In the case ¢ = w?é??, the quantity 2(d, i) /|u|? equals £/k by
Proposition 5.9 in loc.cit. Finally, by(s) is determined by the characterization that 7(p,Y, 3) = 0 except

for exactly this case and the case of 8(e) = 0 (Corollary 6.13 in loc.cit.). &

Proposition 5.8. Consider the case dimG = dimY + 1. Assume that Y has finitely many Gg-orbits
and is Gorenstein with wy- = O3{—~}. For every f: go — C, the b-function from Lemma 5.6 satisfies

b, (5) = b50+’¥0*ﬁ0 (’y(e) - S)

for 6g := (traceoad)|q,, Y0 := V|go- If B: g — C is such that (e) is a simple root of b, then

D%(ﬂ?, B) = f'(p, ?, traceoad +vy — 8).

Remark 5.9. If G is semisimple, then go = [go, go], S0 there are no non-trivial characters Sy: go — C
and there is only b := by. Then we obtain the symmetry b(s) = b(y(e) — s). O

Proof. Since dim Gy = dimY’, we know from Corollary 5.1 that

D7 (po, Y, Bo) = 7(po, Y, 60 + 0 — Bo)

Consider the endomorphism ¢ of the cyclic Zy-module 7(pg,Y, By) given by right-multiplication with
dimV — Zy (e). This dualizes to an endomorphism

L = L = D = =
#(po, Y, 00 + 70 — Bo) = D7 (po, Y, Bo) —= D7 (po, Y, Bo) = #(po, Y, 80 + 70 — Bo)-

By functoriality of the isomorphism in Theorem 3.9 and by tracking how this functoriality carries through
the isomorphism in Lemma 4.4 and wy = Oy-{—7} to lead to Theorem 4.6, we see that Dy is given by
right-multiplication with y(e) — (dim V' — Zy (e)). By functoriality of D, the morphisms ¢ and Dy have
the same minimal polynomial, therefore we can conclude that bg,(s) = bs,4~,—g, (Y(€) — 5).

For the duality claim, note that 7(p,Y,3) = coker(¢ — B(e)id), since it arises from 7(pg,Y, Bo)
by quotienting out the left ideal generated by —(Zy(e) — #'(e)) = (dimV — Zy(e)) — S(e). We have
#(po, Y, Bo) = ker(p — B(e)id) @ im(p — B(e)id), because B(e) is assumed a simple root of the minimal
polynomial of . Hence, 7(p,Y,3) = coker(p — B(e)id) = ker(¢ — (e)id). By dualizing, we see that
D7(p,Y, B) = coker(Dyp— B(e)id). As discussed before, the morphism Dy — 3(e) id is right-multiplication
with y(e) — B(e) — (dim V — Zy (e)) on #(po, Y, do+7v0— Bo)- Its cokernel is by definition 7(p, Y, 5+ —f3)
for ¢ := traceoad (note that §(e) = 0). O
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5.3 Homogeneous spaces

Consider again the case of the affine cone Y C V over a projective homogeneous space X := Go/P as in
Example 4.8. Here, V :=T'(X, %)V for a G-equivariant very ample line bundle on X for G = C* x Gy.
Assume G is semisimple, so that every Lie algebra homomorphism 8: g = go ® Ce — C is given by
Blgo = 0 and B(e) € C.

Let B(e) = ¢ € Z~¢ and assume £®* = wéD/P (which is then the only case in which 7(p,Y, 3) is
non-zero). In [GRSSW23, Theorem 6.3 and Corollary 6.13], it was shown that

72(/)’ ?7 5) = HOLTO7\O’

where ¢: Y \ 0 = V. Then -
Df'(p7 Y, ﬂ) = HO["FO?
and by Eq. (4.0.1) in Example 4.8 this is H"_mT(p,?, 0), where n :=dimY, m := dim G.
In particular, we have a natural morphism

#p,Y,B) = H'1;05, = H 1 O\, = D7(p, Y, 8) = H* " T(p,Y,0) (5.3.1)

whose image is ¢4 (97\0, i.e, the intersection cohomology Z-module of the singular variety Y.

In order to given an explicit description of LT+07\0 it would therefore be of interest to describe
the morphism 7(p,Y,3) — H"™T(p,Y,0) explicitly. Recall that the latter is the cohomology of the
complex Zy ®p, Oy ®o,, /\(_9"/ (Oy ® g) in cohomological degree m —n = dim Gy — dim X = dim P. Tt
is natural to suspect that the parabolic subgroup P and its Lie algebra p lead through dim /\7m p=1
to a class of the (n —m)-th cohomology, to which the generator of the cyclic Zy-module 7(p, Y, §) maps
underi5.3.1). More specifically, the locally free Lie algebroid £ := ker(Oy ® g — ©y) of rank m — n on
Y := Y\ {0} has determinant A5 " € = A (Oy ®@g) @0, wy- = Oy by the Gorenstein property of Y as
discussed in Example 4.8. This leads to a distinguished global section of Ay " € € Ay " (Oy ® g) and
therefore of O ® A¢ " (Ov ®g) which defines a class in H"™T(p,Y,0). We expect that the generator

of #(p,Y, ) is mapped to this global section by the morphism (5.3.1). We postpone the details of this
construction to a subsequent paper.

Example 5.10. For Gy = SL(n) consider Go/P = P"~! and the equivariant line bundle . = Opn-1(d)
with d | n (so that 8(e) = n/d € Z). Y is the cone over the d-th Veronese variety of P"~!. Note that
sl(n) @ Ce = gl(n). The coordinates 1, ...,z, on C" lead to coordinates on V = Sym? C" being the
degree d monomials in z1,...,2,. On U :=Y \ {z¢ = 0}, the elements

{xfll ® E;; — mjm;ifl QRE;,|i<n, j<n}COy®gln)

form a basis of ker(Oy ® gl(n) - Or). Their wedge product is

N @By —aai” @ Bu) = Y (~)Z (20,00 ) @apth ) - (@, @) By Ao A B,
4,7 ae{l,...,n}"

Here, Elal A~ '/\EA’mn means the (n2 —n)-term wedge product obtained from E11 AE1aAFE13---AEy, by
removing the terms Fj,,. The element z,, ...xz,, € Sym™(C™)Y, which can be expressed as a product of

n/d linear forms on V' in several ways, but is a well-defined element of Oy-. Hence, in Oy®0,, /\?;an gl(n),

we may consider the element where the above element is divided by apd) (which was invertible on U):
7L2—71
(= Z (_1)21- U Tay - Ta, Elal Ao A Enan S (’)7 Koy, /\ Oy ® g[(n)).
ac{l,...,n}m Oy

One can check that 1® ¢ € Zv ®o, Oy o, Ao, " (Ov @ gl(n)) lies in the kernel of the differential
of the complex C"~"™(Os-, (). We expect the morphism 7(p, Y, 8) — 7(p,Y,8) = H""™T(p,Y,0) to
be given (up to a constant) by mapping the generator of 7(p,Y, 5) to 1 ® ¢. In this example, it can be
checked using some topological arguments that 7(p,Y, 3) is self-dual, so this morphism will also be an
isomorphism. Despite this speciality, the description of #(p,Y,3) — H"‘mT(p, Y,0) in this example
should be illustrative of the general case. &
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