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Abstract The algebraic Bernoulli equation (ABE) has several apfibos in con-
trol and system theory, e.g., the stabilization of lineanaiyical systems and model
reduction of unstable systems arising from the discrétimaand linearization of
parabolic partial differential equations (PDEs). As staddmethods for the solu-
tion of ABEs are of limited use for large-scale systems, westigate approaches
based on the matrix sign function method. This includes tietisn of a linear
least-squares (LLS) problem. Due to the large-scale gettspropose to solve this
LLS problem via normal equations. To make the whole appraegqdticable in the
large-scale setting, we incorporate structural infororafrom the underlying PDE
model into the approach. By using data-sparse matrix afppations, hierarchical
matrix formats, and the corresponding formatted arithenet obtain an efficient
solver having linear-polylogarithmic complexity. The posed solver computes a
low-rank representation of the ABE solution.

1 Introduction

We consider the algebraic Bernoulli equation (ABE)
ATX +XA—XBB'X =0, 1)

whereA € R™", B e R™M andX € R™"is the matrix of unknowns. Recent meth-
ods for model order reduction of unstable dynamical sysfdmsgive the motiva-
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tion for an efficient numerical solution of large-scale ABE$ereby, the general
assumption

AA)NC™ £0, AA)NCT £0, A(A)NIR=0 )

is given, using the notation (A) for the spectrum of\, i = /=1 andC~ (C")
for the open left (right) half complex plane. The major pdrtitee computational
complexity of the balancing-related methods for model ordduction stems from
the solution of large-scale ABEs and Lyapunov equationggéneral, numerical
methods for matrix equations have a complexityciin®) (see, e.g., [7, 16]) and
therefore, all these approaches are restricted to proldémsderate size. To over-
come this limitation for a special class of practically relpt large-scale systems,
recent approaches for the solution of Lyapunov equation8][2ombine iterative
solvers based on theégn function method [15] with the hierarchical matrix format
and the corresponding arithmetic. This idea is extendesemtimerical solution of
large-scale ABEs in the following.

This paper is organized as follows. In Section 2, we desdhbesign function
iteration for the solution of matrix equations and provideng basic facts of the
2 -matrix format and the corresponding formatted arithm@&tie.77-matrix based
sign function method is introduced in Section 3. In Sectidnvge explain how the
ABE solution is computed in low-rank factorized form by saly an LLS problem
via normal equations. Symmetrizing this solution is expdai in Section 3.2 and the
derived method is tested on a numerical example in Section 4.

2 Theoretical Background

Necessary basics of the sign function iteration and of tha-dparse hierarchical
matrix format are provided in this section.

2.1 The Matrix Sign Function

Itis well known that a solutioiX of an ABE (which is a homogeneous algebraic Ric-
cati equation) can be derived from the invariant subspactkebéssociated Hamil-
tonian matrixZ as

@(—IX) - (—'x) (A-BB'X),

=Z

see for instance [14]. Thus, (A, B) is stabilizable and (2) holds, the unique stabi-
lizing solutionX of (1) can be computed by th&invariant subspace correspond-
ing to the stable eigenvalues, i4(A—BB"X) c (A(Z)NC™). Using spectral
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projection, the kernel of the projector onto the anti-s#ablinvariant subspace
P := (Ion+sign(Z))/2 describes the stab-invariant subspace. Thus, the sta-
bilizing solutionX can be derived from the LLS problem

%am+s@ma>(_§)=o. 3

One of the numerical methods to compute the sigé &f based on the Newton
iteration forZ? = | [15]. To describe this method, consider a maix R™" with
no eigenvalues on the imaginary axis. Thatrix sign function for Z is defined by
the real version of the Jordan canonical form

sign(z) ;=S {IZ 0

+
0] ]s, with zzgl[J‘Z O}S,
—In—¢

03,
andSe R™™ A(J/) cCH AQJ, ) cC .

To compute the matrix sign function, we use the Newton itenagpplied to
(sign(2))? = In: .

ZO — 27 Zj+l — é(

This so called sign function iteration converges globatligdratically to the sign of
Z and is well-behaved in finite-precision arithmetic. In arttesolve the ABE (1)
satisfying (2), the sign function is applied to the HamilamZ associated with (1).
By the block structure aZ, the iteration splits into two parts

-1

Ao— A Al 3(A+AD,

_ . 4
By — B, Bj+l<—%2[Bj,Aj18,-}, i=0,12,..., 4)
with quadratic convergence rate and
. Aw BBl
sign(z) = ( 0 —AOTO-)’ (5)

using the notations

Ao = J_IirrgoAj, Bw 1= J,Iirrzij.
In [5, 6], this iteration scheme is used for solving Lyapuequations and modified
for the direct computation of the Cholesky (or full-rankgtars. We review the iter-
ation scheme in Section 3 and propose further improvemseirtg the hierarchical
matrix format as briefly introduced in the next section.
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2.2 /-Matrix Arithmetic | ntroduction

In [11], the sign function method for solving algebraic Riticequations is com-
bined with a data-sparse matrix representation and a @mmeéng approximate
arithmetic. This initiated the idea to use th€-matrix format for computing low-
rank solutions of ABEs. As our approach also makes use of/fiisnatrix format,
we will introduce some of its basic facts in the following.

The 2Z-matrix format is a data-sparse representation for a speeiss of ma-
trices, which often arise in applications. Matrices thdbhg to this class result, for
instance, from the discretization of partial differentiaintegral equations. Exploit-
ing the special structure of these matrices in computatimethods yields reduced
computing time and memory requirements. A detailed deonpf the./Z-matrix
format can be found, e.g., in [9, 10, 12, 13].

The basic idea of thgZ-matrix format is to partition a given matrix recursively
into submatrice$/| _ that admit low-rank approximations, rafi ) <k, where
k denotes the block-wise rank. The corresponding submatsioired in factorized
form as

M. =ABT, AeR™K BeR

all remaining blocks correspond to submatrices which anedtin the usual dense
matrix format.

The set of.7#’-matrices of block-wise rank is denoted by . The storage
requirements for a matrid € .4, i are

Nty s = O(nlog(n)k)

instead of¢’(n?) for the original (full) matrix. We denote bl the hierarchical
approximation of a matri#. The formatted arithmetie (&), ®, (~);¢} is a means
to close the set afZ-matrices under addition, multiplication and inversiohese
operations in formatted arithmetic are performed blockenwith exact addition or
multiplication followed by truncating the resulting bloblck to rank using a best
Frobenius norm approximation. The truncation operatarpted by.%, is realized
by a truncated singular value decomposition, see, e.g},fftOnore details. For
two matricesA, B € .# »  and a vectov € R" we consider the formatted arithmetic
operations, which all have linear-polylogarithmic conxitg:

Vi— AV: O'(nlog(n) )
A®B = Ty k(A+B): O(nlog(n)k ) (6)
AGB = Ty x(AB): 0 (nlog?(n)k?).

In this work the.#- mverseA* of a matrixA is computed using an approximate
J7-LU factorizationA ~ L_,U ,» foIIowed by ansZ- forward ands#’- backward
substitution. The complexity of the#’-inversion is¢’(nlog?(n)k?).

Note that in practice, the blockwise rank is chosen adalptifiee each matrix
block instead of using a fixed rark Thus, the rank in each blod¥ . is deter-
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mined so that the formatted operation yields an error leas tr equal to a pre-
scribed accuracy. We will use thes-matrix structure to compute solution factors
of ABEs, which reduces the complexity and the storage requénts of the under-
lying iteration scheme.

3 Efficient Solution of Large-Scale ABEs by use of theZ”-matrix
arithmetic

It is observed that in usual applications which stem fromdiseretization of some
elliptic partial differential operator thB-iterates in (4) and thus the solutighof
the ABE (1) have a small (humerical) rank. Thus, memory negmeéents are reduced
by computing low-rank approximations to the factors disedturthermore, the hi-
erarchical matrix format is incorporated in the sign fuantiteration (7) to reduce
the cubic complexity and the quadratic storage requiresent

1 _

Aj+1 E(Aj @Aﬁ},j)a (7)
1

i — |Bj, A} B; j =

BJ+1<_\/§|: IRV 7N J:|a J 031523 (8)

for details see [1, 3, 6]. Since the number of column®pin (8) is doubled in
each iteration step, it is proposed in [6] to apply a ranleedwng LQ factorization
(RRLQ) [8] in order to reveal the expected low numerical rae denote the nu-
merical rank determined by a threshaltdy t. Thus, after convergencB,, € R™.
Since the spectral norm of at’-matrix can be computed without much effort, it is
advised to choose

1A 1= Ajll2 < tol | Aj1]l2

as stopping criterion for the iteration.

3.1 Solving the LLS Problem (3)

When the sign function iteration has converged, includiigf¢r the sign ofZ in
(3), the LLS problem is equivalently given by

)

A b

It admits a unique solution if rarfR) = n. Since ranki, — AL) = n— ¢, where( is
the number of unstable eigenvaluestofve must have rar{B,,BJ,) > /.
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To proceed the computations in low complexity we solve trabfam using the
normal equations . .
ATAX = ATh,

exploiting thatB., is of low rank andA is stored as#’-matrix. The matrices in-
volved are computed in the following way:

ATA = BoBLBWBL + (In—Aw) (In— Ax)T
/ ~ —_———— ——————
S —matrix low rank S —matrix 7 —matrix

ATh = B. [BL + BLA]
~~ —_———

low rank low rank

where the notation “low rank” indicates that the matrix isretl as product of two
rectangular matrices.

Using the.#’-Cholesky-decomposition oA" A = CCT and .»#-based forward
and backward substitutions, we compute the stabilizingtem X of (1) as low
rank matrix, i.e.

X=XXJ, X;=C1Bw, Xo=C }AlBw+Bw)=CIAIB.+X;. (10)

3.2 Symmetrizing the low-rank presentation of ABE solutions
obtained by normal equations

The stabilizing solutiorX of an ABE is known to be symmetric [4]. This property
is not reflected in the representation (10) which is not a lgralfor certain applica-
tions as model order reduction of unstable systems. Butsa tiaat symmetry o
is required we give a procedure that achieves this task.

Let Bo € R™, From [4] we know that raniX) = ¢, thust > ¢. AsX = XT >0
we haveX;Xjg = XX{ andX;X] is the positive semidefinite square rootd,

X2 = (X1X3 )2 = Xy XJ XoX{ . (11)

Now let X; = Q;R; be a thin QR decomposition wit®; € R™!, R; € R upper
triangular and compute a singular value decomposition

XoR] =UsVT. (12)
We then get from (11)

X2 = QIRIXJX%RIQ] = QUaVv)T(UsvT)Qf
= (QVEN)(QVET)T = (Quv2AVTQ[)?,

wheres = 3(1:t,:) e R,
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HenceQ:V3VTQ] is the positive semidefinite square roob@fandQlVf%VTQI
is the positive semidefinite square root Xf Due to uniqueness of semidefinite
square roots,

X=X Xg =QVEVTQl.

A rank+ factor of X is thus given by
Y=QV5:
asX=YYT.

Remark 1. Note that the accumulation &f € R™! in (12) is not necessary which
reduces the cost of the SVD computation fronmt£4+ 8t3 to 4nt2 + 8tS flops.

4 Numerical Results

In this section we examine the accuracy and complexity ofittia-sparse approach
for the numerical solution of ABEs. As exemplary system wesider the following
reaction-diffusion equation

d
D8) = AX(LE) +ox(t,E) +b()ut), &€ (0.1 e (0,),
which is discretized in space by finite elements, leadingpéoLiT| system
X(t) = (A+cln)X(t) + Bu(t). (13)
=A

For the problem sizes = 4096 andn = 16,384, we choose the parametesuch
that one eigenvalue of the coefficient mathixas positive real park = 0.25. We
compute the relative residual

|ATX + XA~ XBBTX||r
2([| Al X lF) +11X12]1BBT ||

of the ABE (1) obtained by applying (7), (8) and (10) to thetabte system (13). We
vary the parametensfor the numerical rank decision in the RRLQ factorizatiod an
€, the approximation error in the adaptive rank choice of #fematrix arithmetic.
The numerical rank oB.,, the computational time and the accuracy are depicted
in Table 1. We observe in Table 1 high accuracy in the soluféators computed
with the algorithm inzZ-matrix arithmetic by low numerical ranks Bf, and in low
execution time. The results of the parameter variation sth@iexpected behavior,
we have increasing accuracy agets smaller and the relative residual is observed
to remain bounded from above for increasing problem size.
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| n| g] T|# it.Jrank(B.., T)[time [sec]rel. residug|
4094 1.e-04|1.e-04| 26 36 261 7.1e-04
1.e-06|1.e-04| 22 14 391 1.8e-07
1.e-08|1.e-04| 19 14 635 3.8e-04
1.e-06|1.e-04| 22 31 395 1.8e-07
1.e-081.e-06 19 21 636 3.7e-09
1.e-081.e-08| 19 39 639 3.7e-04

16,384 1.e-041.e-04| 27 34 2376 2.3e-0§
1.e-061.e-04| 26 15 4235 5.2e-07
1.e-081.e-04{ 22 14 7136 6.1e-04
1.e-061.e-06| 26 42 4273 5.2e-07
1.e-081.e-06 22 23] 7150 6.0e-04
1.e-081.e-08| 22 42 7183 5.9e-04

Table 1 Accuracy and rank rariB., 7) of the computed ABE solution for different problem sizes
and parameter combinations.
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