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The metal-insulator transition: physics and history.

Starting point is the Schrödinger equation

ψ̇(t) = −iHψ(t), ψ(0) = ψ0,

where

ψ : R → H describes the time evolution of a state in the
Hilbert space H
and H is a self-adjoint operator.

Typical:

H = L2(R3),

H = −∆ + V , −∆ - kinetic energy, V - potential energy
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The metal-insulator transition: physics and history.

Easy: the solution of the Schrödinger equation is

ψ(t) = e−iHtψ0.

But: what does it look like?
To this end one studies the spectral resolution of H.

If ψ0 is an eigenvector of H with eigenvalue E0 ⇒

ψ(t) = e−iE0tψ0.

One speaks of a bound state.

If the spectral measure ρH
ψ0

of ψ0 w.r.t H is continuous,

⇒ lim
T→∞

1

T

∫ T

−T
‖χBψ(t)‖2dt = 0 for compact B.

One speaks of a scattering state.
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The metal-insulator transition

Atomic models are described by a negative potential V
that decays rapidely enough near infinity:one gets bound
states for negative energies and scattering states for
positive energies.

Solid states with perfect order are described by a periodic
V : ⇒ H = −∆ + V has only scattering states.

P.W. Anderson proposed a new paradigm for disordered
solids in dimension ≥ 3:
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Localization

Once translated into the language of spectral theory there is a
transition from a
localized phase that exhibits pure point spectrum
(= only bound states = no transport)
to a
delocalized phase with absolutely continuous spectrum
(= scattering states = transport)
However, for genuine random models, there is no rigorous proof
of the existence of a transition or even of the appearance of
spectral components other than pure point, so far.
This is a quite strange situation: the unperturbed problem
exhibits extended states and purely a.c. spectrum but for the
perturbed one can prove the opposite spectral behavior only.
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Disorder?

Disorder is modelled by random potentials:

H(ω) = −∆ + Vω

E.g., Ω = RZd
, P = µZd

a probability space describing
independent, identically distributed coupling constants

Vω =
∑
k∈Zd

ωk · v(· − k)

sometimes called alloy type models. Localization has been
proven for such models under additional technical hypotheses
on µ and v .
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History

Mathematical rigorous treatment needed

new techniques

led to new aspects of spectral theory ...

... with generic exotic spectral types

Localization: Goldsheidt, Molchanov, Pastur 1977 ...
Fröhlich, Spencer 1983,... with multiscale analysis ... Bourgain,
Kenig Inv. Math. 2005
”Caught By Disorder”, Birkhäuser 2001
Aizenman, Molchanov 1993 fractional moment method
...Aizenman et al. Inv. Math. 2006
Boutet de Monvel, Naboko, S., Stolz, to appear
Elgart, Graf
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