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Starting with the groundbreaking work by P.W. Anderson (Nobel
laureate) there is evidence that disordered solids exhibit a metal
insulator transition. This effect is supposed to depend upon the
dimension and the general picture is as follows:
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absolutey continuous spectrum (= scattering states = transport).
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the existence of a transition or even of the appearance of spectral
components other than pure point.
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This is a quite strange situation: the unperturbed problem exhibits
extended states but for the perturbed one can prove the other
spectral type only.

overview




As a typical example let us consider the following model in L?(IR%),

H(w) = —A+V,, where V,(z) = »  &(w)f(z—k),

where f < 0 is a compactly supported single site potential and the
§1. are independent Bernoulli variables with py := P{&, = 1}.

Figure 2: A typical random sparse potential: the peaks are at lattice
points k£ where &, =1



To understand the appearance of a metallic regime, we recall the
following facts from scattering theory:




We write —A = H{ so that the operators we are interested in can
be written as H = Hy+ V. By 0,.(H) we denote the absolutely
continuous spectrum, related to delocalized states.

Theorem 1. (Cooks criterion)

If for some Ty > 0 and all ¢ in a dense set
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then Q_ = lim_ o€t e "o exists and, consequently, [0,00) C

guc(H), i.e., there are scattering states for H and any nonnegative
enerqgy.
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The typical application rests on the fact that (x) is satisfied if

V(@) < CA+ |z, (xx)

a condition that obviously fails to hold for almost every V., provided
the p, are not summable.

However, the following nice result holds; see Hundertmark and
Kirsch [12] who also provided the absolutely correct name:
Theorem 2. (Almost surely free lunch theorem)

Assume that

W(z) = (E(Vo(2)?)? < C(1 + af)~(+9.

Then V,, satisfies Cook’s criterion for a.e. w.
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Proof.

We can apply this result if the p; decay fast enough to guarantee
sufficient decay of W (x).




We can apply this result if the p;. decay fast enough to guarantee
sufficient decay of W (x).

On the other hand we want to have that >, p; = oo, since
otherwise V,, has compact support a.s. by the Borel-Cantelli Lemma.
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We can apply this result if the p;. decay fast enough to guarantee
sufficient decay of W (x).

On the other hand we want to have that >, p; = oo, since
otherwise V,, has compact support a.s. by the Borel-Cantelli Lemma.

If we fix d > 3 and ng% < a<dand pr ~ k™ we can moreover
control the essential spectrum below 0. We can summarize this in
the following picture:
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Figure 3: Conclusion and open problems for the sparse model
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Consider the following self-adjoint random operator in L?(IR%),




Figure 4: A typical random surface potential
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It is not hard to see that
o(H(w)) = [Ey, ) where Ey = inf o(—A + gmin - [P¢),
and

fPr= ) fla—(k0)

kezm
denotes the periodic continuation of f along the surface.

Near the bottom of the spectrum FE; one expects , l.e.
suppression of transport as is typical for insulators. This is the
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content of the main result in [3]. For nonegative energies one
expects extended states.
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To stress the existence of a metallic phase let us cite Theorem 4.3 of
[12]:

Theorem 3. Let H(w) satisfy . Then we have, for
every w € {):

0, 00) C g5c(H(w)).
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To stress the existence of a metallic phase let us cite Theorem 4.3 of
12

Theorem 3. Let H(w) satisfy . Then we have, for
every w € §2:

0, 00) C gac(H(w)).

The idea of the Proof is that a wave packet with velocity pointing
away from the surface will escape the influence of the surface
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potential and is asymptotically free. The rigorous implementation of
this idea uses Enss’ technique from scattering theory.




Theorem 4. Let H(w) be as in with T > d/2.

(a) There exists an € > 0 such that in [Ey, Ey + €| the spectrum
of H(w) is pure point for almost every w € Q, with exponentially
decaying eirgenfunctions.

(b) Assume that p < 2(27 — m). Then there exists an € > 0 such
that in |Eg, By + €] = I we have strong dynamical localization in
the sense that:

B{sup [[[X Pe= 1) Py (H (w))xxk |} < o

for every compact set K C R
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A consequence is pure point spectrum in the interval
|Eo, Eg +¢] = I. Together with the result on « =0 <10 we get
the following picture that leaves open some important questions.
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A consequence is pure point spectrum in the interval
\Eo, Eg+ €] = I. Together with the result on we get
the following picture that leaves open some important questions.

LOCALIZED STATES EXTENDED STATES
— N S

Figure 5: Conclusion and open problems for the continuum surface
model
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The underlying Hilbert space is [%(Z). Consider parameters
a, A, 0 € R and define the selfadjoint, bounded operator h x ¢ by

(haxou)(n) =u(n+1)+un—1)+ Acos(2m(an + 0))u(n),

for u = (u(n))nez € I*(Z).




The underlying Hilbert space is [%(Z). Consider parameters
a, A, 0 € R and define the selfadjoint, bounded operator h x ¢ by

(haxouw)(n) =u(n+1)+un—1)+ Acos(2r(an + 0))u(n),

for u = (u(n))nez € 1*(Z).

Note that this operator is a discrete Schrodinger operator with a
potential term with the coupling constant A in front and the discrete
analog of the Laplacian. For irrational o the potential term is an
almost periodic function on Z. Basically, there is a metal insulator
transition at the critical value 2 for the coupling constant A. This is
work of Jitomirskaya [11]; see also recent contributions by Bourgain
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and collaborators, [2] ©




(1) 0 < m < d and points in R? = R™ x RY™™ are written as pairs,
if convenient;

(2) The single site potential f > 0, f € LP(R%) where p > 2ifd < 3
and p > d/2 if d > 3, and f > o > 0 on some open set U # () for
some o > 0.

(3) The gi are i.i.d. random variables distributed with respect to a
probability measure p on R, such that supp ¢ = [¢min, 0] with

We will sometimes need further assumptions on the single site
distribution p:
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(4) w is Holder continuous, i.e. there are constants C, a > 0 such
that

pla, b] < C(b—a)® for gmn < a <b <0.

(5) Disorder assumption: there exist C, 7 > 0 such that

1][qminy Gmin + €] < C - €7 for € > 0.




