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Leaving stationarity

Starting with the groundbreaking work by P.W. Anderson there is
evidence that disordered solids exhibit a metal insulator transition.
This effect is supposed to depend upon the dimension and the
general picture is as follows:
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Figure 1: Metal insulator transition
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An instance where something like that has been verified rigorously is
supplied by the almost Mathieu operator, a model with modest
disorder for which the parameter that triggers the transition is the
strength of the coupling.



The almost Mathieu operator

The underlying Hilbert space is [%(Z). Consider parameters
a, A\, 0 € R and define the selfadjoint, bounded operator h,_ x ¢ by

(haxou)(n) =un+1)+u(n—1)+ Acos(2m(an + 0))u(n),

for u = (u(n))nez € I*(Z).



The almost Mathieu operator

The underlying Hilbert space is [%(Z). Consider parameters
a, A\, 0 € R and define the selfadjoint, bounded operator h,_ x ¢ by

(haxou)(n) =un+1)+u(n—1)+ Acos(2m(an + 0))u(n),

for u = (u(n))nez € I*(Z).

Note that this operator is a discrete Schrodinger operator with a
potential term with the coupling constant A in front and the discrete
analog of the Laplacian. For irrational o the potential term is an
almost periodic function on Z. Basically, there is a metal insulator
transition at the critical value 2 for the coupling constant A. As
references, we mention
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Quite recently, an order parameter has been introduced by Germinet
and Klein to characterize the range of energies where a multiscale
scenario provides a proof of a localized regime. In their work the
Important parameter is the energy.



However, for genuine random models, there is no rigorous proof of
the existence of a transition or even of the appearance of spectral
components other than pure point, so far.



However, for genuine random models, there is no rigorous proof of
the existence of a transition or even of the appearance of spectral
components other than pure point, so far.

This Is a quite strange situation: the unperturbed problem exhibits
extended states and purely a.c. spectrum but for the perturbed one
can prove the opposite spectral behavior only.



Sparse Potentials

As a typical example let us consider the following model in L?(IR%),

H(w) = —A+V,, where V,(z) = »  &(w)f(z—k),

kez™

f <0 is a compactly supported single site potential and the & are
independent Bernoulli variables with py := P{&, = 1}



Figure 2: A typical random sparse potential: the red holes are at
lattice points k where & =1



To understand the appearance of a metallic regime, we recall the
following facts from scattering theory:
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Cook’s criterion

We write —A = H{ so that the operators we are interested in can
be written as H = Hy + V. By 0..(H) we denote the absolutely
continuous spectrum, related to delocalized states.

Theorem 1. (Cooks criterion)

If for some Ty > 0 and all ¢ in a dense set

/ IVe—itHogldt < co ()

To
then Q_ = lim_ o€ e "o exists and, consequently, [0,00) C
oac(H), i.e., there are scattering states for H and any nonnegative
enerqy.



The typical application rests on the fact that (x) is satisfied if
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The typical application rests on the fact that (x) is satisfied if

V()| < CL+Ja))~0H9, (%)

a condition that obviously fails to hold for almost every V., provided
the p, are not summable.

However, the following nice result holds; see Hundertmark and
Kirsch [10] who also provided the absolutely correct name:
Theorem 2. (Almost surely free lunch theorem)

Assume that

|

< C(1 + |z|)~ e,

DNo|—

W(z) = (E(Ve(z)%))

Then V,, satisfies Cook’s criterion for a.e. w.
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Proof.

E ( / ||Vwe_“H0qS||dt>
Tp




Proof.

s( [ OO Va5 )
/ OOE ([ vetalemoto)Pas )

1
2

dt
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Proof.

E ( / - HVwe_”HOngdt>
To
_ / TE ( / Vw(x)2|eitH0q5(x)]2dac>§dt
1o
_ / - (E / Vw(a:)2|e_itH0gb(x)]2dx>2dt
To



VAN

/T:O (/ E(Vw(w)Q)Ie‘“H%b(a:)Fd:c]) »




DNo|—

< [ ([ E0u@e ot ) e

Ty

_ / W (2)e~"Hog)|dt

1o

We can apply this result if the p; decay fast enough to guarantee
sufficient decay of W ().
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We can apply this result if the p; decay fast enough to guarantee
sufficient decay of W ().

On the other hand we want to have that ) |, pr = o0, since
otherwise V,, has compact support a.s. by the Borel-Cantelli Lemma.
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DNo|—

<[ OO ([Er e mow) P ) d

_ / W (2)e~"Hog)|dt

1o

We can apply this result if the p; decay fast enough to guarantee
sufficient decay of W ().

On the other hand we want to have that ) |, pr = o0, since
otherwise V,, has compact support a.s. by the Borel-Cantelli Lemma.

If we fix d > 3 and %—I—% < a<dand pir ~ k™% we can moreover
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control the essential spectrum below 0. We can summarize this in
the following picture:

LOCALIZED STATES EXTENDED STATES

—&—0&—0 0 0+ .

Figure 3: Conclusion and open problems for the sparse model
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Discrete and continuum surface models

Consider the following self-adjoint random operator in L?(IR%) or
gZ(Zd) Rd R™ % Rd—m:

H(w)=—-A+V,, where V,( Z qr(w — (k,0)),

kez™

the gi are i.i.d. random variables and f > 0 is a single site potential
that satisfy certain technical assumptions. This leads to the
following geometry characterizing random surface models.
Sometimes the upper half plane is considered only.



Figure 4: The structure of a surface potential
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There is a lot of on the discrete case using a
decomposition into a bulk and a surface term.
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There is a lot of on the discrete case using a
decomposition into a bulk and a surface term.

The moral of the story is the appearance of a metal insulator
transition at the edges of the unperturbed operator.
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The continuum model

We now concentrate on the continuum case, where we have the
following picture:

Figure 5: A typical realization of a continuum random surface po-
tential
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The spectrum

It is not hard to see that
O'(H(u))) — [E(), OO) where EO — 1nf0-(_A + Qmin - fper)7
and

=" fle—(k,0)

keZm™

denotes the periodic continuation of f along the surface.
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The spectrum

It is not hard to see that
o(H(w)) = [Ey,o0) where Eg = inf 0(—A + gmin - P,

and

frer=3  fla—(k0))

keZm
denotes the periodic continuation of f along the surface.

Near the bottom of the spectrum E( one expects
suppression of transport as is typical for insulators.

For nonnegative energies one expects

l.e.
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Extended states

To stress the existence of a metallic phase let us cite Theorem 4.3 of

[10]:

Theorem 3. Let H(w) satisfy . Then we
have, for every w € Q: [0,00) C gac(H (w)).
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Extended states

To stress the existence of a metallic phase let us cite Theorem 4.3 of

[10]:

Theorem 3. Let H(w) satisfy . Then we
have, for every w € Q: [0,00) C gac(H (w)).

The idea of the Proof is that a wave packet with velocity pointing
away from the surface will escape the influence of the surface
potential and is asymptotically free. The rigorous implementation of
this idea uses Enss’ technique from scattering theory.



Localized states

What follows is the main result of the joint paper with A. Boutet de
Monvel:

Theorem 4. Let H(w) be as in with T > d/2.

(a) There exists an € > 0 such that in [Egy, By + €| the spectrum

of H(w) is pure point for almost every w € ), with exponentially
decaying eigenfunctions.

(b) Assume that p < 2(21 —m). Then there exists an € > 0 such
that in |Fo, Eg + €] = I we have strong dynamical localization in
the sense that for every compact set K C R?:

E{sup ||| X [Pe™* ) Pr(H(w))xx |} < o0

t>0
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A consequence is pure point spectrum in the interval
\Eo, Eg+ €] = I. Together with the result on we get
the following picture that leaves open some important questions.
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A consequence is pure point spectrum in the interval
\Eo, Eg+ €] = I. Together with the result on we get
the following picture that leaves open some important questions.

LOCALIZED STATES EXTENDED STATES
— N S

Figure 6: Conclusion and open problems for the continuum surface
model



Idea of the proof of localization

The multiscale scheme is an inductive procedure to prove
exponential decay estimates for the (box) resolvent. The induction is
from one length scale ¢ to the next (much higher, typically ).

The starting point (initial length scale estimates) comes from
absence of spectrum and a small divisor condition (Wegner
estimate) is needed in addition.

The proof of both these latter properties needs an additional idea in
the nonstationary case.
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Assumptions

(1) 0 < m < d and points in R? = R™ x RY™™ are written as pairs,
if convenient;

(2) The single site potential f > 0, f € LP(R%) where p > 2if d < 3
and p > d/2 if d > 3, and f > o > 0 on some open set U # () for
some o > 0.

(3) The gi are i.i.d. random variables distributed with respect to a
probability measure p on R, such that supp ¢ = [gmin, 0] with

We will sometimes need further assumptions on the single site
distribution p:

25



(4) p is Holder continuous, i.e. there are constants C, a > 0 such
that

pla,b] < C(b—a)® for gmin < a < b < 0.

(5) Disorder assumption: there exist C', 7 > 0 such that

| Q@min, Gmin + €] < C - €7 for e > 0.
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