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Random operators
H:Q>w— H,

can be used to describe disordered solids via the Schrodinger
equation

¢/(t) — _Z.wa(t)

The specific form of disorder is encoded in H.

A very basic yet interesting quantity: the integrated density of
=) IDNY



Figure 1: The IDS

~ #fstates < E of H,,
unit volume

N(F) :
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Mathematical issues

Rigorous definition and selfaveraging
— ergodic theory, trace formulae

Continuity properties
— Wegner estimates for localization

Asymptotics near spectral edges
— Lifshitz tails



2. Quasicrystals, tilings and Delone sets

Discovery of quasicrystals was an important trigger for the analysis
of aperiodic order.
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specific ergodic properties of () are related to combinatorial
properties of its elements w € ().

Assume that (£2,7T") is minimal and uniquely ergodic with invariant
measure L.

In this case
. tr X (—oco,E](Hw|c)]
1111
1C|— 00 |C|

=: N(F)

exists, is independent of w and

N(E) = TX(~oc,5)(H)]
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Continuity properties
do not hold in general (Penrose tiling).

A strong ergodic theorem (Lenz, S) implies (Klassert, Lenz,S.)

N(F) is discontinuous at FEj
—> d a compactly supported eigenfunction, scar, for H, and Ej.
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Curvature and scars

1 1

50 1) = o cdges(v) T # edges(f)
Klassert, Lenz, Peyerimhoff, S.:
k(v, f) <0 for all (v, f) = Exist no scars
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3. Percolation graphs
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3. Percolation graphs

Starting from the vertex set Z¢ and edge set E? we let Q = {0, 1}Ed
and G, the graph with edges specified by w(e) =1 (bond
percolation).

As a random operator consider

Hw .= AGw-

The IDS exists and satisfies

N(E) = [ Bdo) (oo X1
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We get (Dirichlet b.c.)




We get (Dirichlet b.c.)

Lifshitz tails for N (Kirsch, Miiller for p < p., Miiller, S. for p > p..)
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ask |. Veselic :-)

Continuity properties
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Continuity properties

ask |. Veselic :-)

No Wegner estimate; but localization holds trivially for p < p..

13



4. Anderson models

An alloy type model is a random Schrodinger operator
H, = Hy+ V,, where Hy = Hx + V)¢, with a periodic potential
e

14



4. Anderson models

An alloy type model is a random Schrodinger operator

H, = Hy+ V,, where Hy = Hx + V)¢, with a periodic potential
Ve

The random part of the potential has the form

Vo) = D _pegawru(T — k).

14



14

4. Anderson models

An alloy type model is a random Schrodinger operator

H, = Hy+ V,, where Hy = Hx + V)¢, with a periodic potential
e

The random part of the potential has the form

Vo) = D _pegawru(T — k).

The coupling constants wy, k € Z%, are a sequence of bounded
random variables, which are independent and identically distributed
with distribution 1. The expectation of the product measure

X cza 1 is denoted by E. The single site potential u # 0 is of
compact support.



Continuity properties

Denote for € > 0
s(p,e) = sup{u([F — ¢, E+¢]) | E € R}.

With this definition, we have (Hundertmark, Killip, Nakamura, S.,
Veselic)

E{tr{\(—cp+ (Halc))} < Cw s(,2) (log 1) |Gy

Improves upon many recent results, Combes, Hislop, Klopp,
Nakamura. Better estimates in the discrete setting and for
absolutely continuous measures.
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With this definition, we have (Hundertmark, Killip, Nakamura, S.,
Veselic)

E{tr{\(—cp+ (Halc))} < Cw s(,2) (log 1) |Gy

Improves upon many recent results, Combes, Hislop, Klopp,
Nakamura. Better estimates in the discrete setting and for

absolutely continuous measures.
Not yet published Breakthrough: Bourgain and Kenig show
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localization in the 2D Bernoulli-Anderson model.




Asymptotics

Recent results on precise Lifshitz tails by Gartner and Konig
(strongly related to intermittency) and Metzger (PhD thesis).
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Nonstationary models

A lot of interest due to metal-insulator transition: Jaksic, Krishna,
Last, Molchanov, Pastur (discrete) and Boutet de Monvel, Bocker,
Hundertmark, Kirsch, S., Stolz (continuum).
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Conclusion

Different levels of disorder lead to different phenomena
(dis/continuity, asymptotics) while certain features are quite
universal (existence).
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