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We present a slight generalization of Simon’'s Wonderland theorem
... based on regularity properties of certain sets of measures. As a
byproduct we get that a generic measure is singular continuous.

Here we apply our abstract analysis to Delone Hamiltonians: these
constitute models for geometric disorder. We show that these
operators exhibit purely singular continuous spectrum generically.
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Figure 1: The potential of H(w) for one w.



Aim: under some mild assumptions there exists a dense G-set of
w's for which H(w) exhibits a purely singular continuous spectral
component.
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Theorem 1. Let (X, p) be a complete metric space and H : (X, p) —
(6, Tsrs) @ continuous mapping. Assume that, for an open set
U CR,

(1) the set X1 ={z € X| o,p(H(x)) NU =0} is dense in X,

(2) the set Xo ={x € X| o4e(H(z))NU = 0} is dense in X,

(3) the set X3 ={x € X|U C o(H(x))} is dense in X.

Then, their intersection

{2 € X| U C o(H(x)),00e(H(2)) NU = 0, 0y (H(z)) N U = 0}

18 a dense Gg-set in X.
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operators. Annals of Math. 141, 131 — 145 (1995)

By Baire's theorem, it suffices to prove that X; — X3 are (Gs-sets.

By continuity it suffices to prove that the corresponding sets of
measures are (G s-sets.

In fact, for fixed & € ), the mapping

X — M, (U) := {measures on U}, z — p, (x)|U
IS continuous.
For every dense {&,|n € N} C 9:

= (N {z] pd@ly € M (U)}.
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(3) For any closed F C S the set {u € M (S)| F C supp(u)} is a
Gs-set in ML (S).
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K :={peMy(S)vek:v<u}
18 closed.

The proof is easy.
Proposition 4. Let K C S be compact and a > 0. Then

{a-d,| x € K}
is compact in M, (S).

The proof is evident from the fact that S — M, (S),z +— J, is
continuous.
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Proposition 5. Let A € M, (S), K C S compact and v > 0 be
given. Then

K :={fAfeL*N,[fllrzn <1,0 < f,supp(f) C K,/fd)\ > v}

1S compact.

Proof. The densities considered in K form a closed subset of the unit
ball of L?(K, \).

Since the latter is weakly compact and the mapping L*(K,\); —
ML (S), f— f-Xis w-w*" -continuous we get the desired compact-
ness. H
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Since H(wy) and H (7¥) only differ by a compactly supported potential,
Oac(H(wp)) NU = 0..(H(H)) NU = 1.

Similarly, the other sets are shown to be dense and the Wonderland
theorem implies the assertion. L]
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Conclusion

M_.(S) and M,(S) are Gs-sets, for polish S.

This implies the Wonderland theorem and the fact that generic
measures are singular continuous in “nice spaces’ .

A particular example is given by “geometric disorder” (= Delone
Hamiltonians).
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Strong resolvent topology

Reminder:
A, — Ain Tgre
<
(An +9) 77— (A+9)7°¢ (E€9)
—

p(An)€ = ©(A)E (£ €9, ¢ € C(R))

—
Ap,

pe — pg vaguely, where (pf, @) := (p(A)E[E).
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Delone sets




Figure 2: A Delone set w and r.
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~v and 7

Figure 3: crystallographic v (green) and 7 (green—+blue)
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Figure 4:

Wn
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