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Dirichlet forms

X a second countable locally compact space
m a Borel measure
E a strongly local Dirichlet form
with energy measure Γ(u, v), so that

E(u, v) =

∫
X

dΓ(u, v)

V = µ+ − µ− where µ− is form small w.r.t. E

Theorem
If u is a weak solution of (H − V )u = λu then:∫

E
dΓ(u, u) ≤ C

r2

∫
Br (E)

|u|2dm

holds for any closed E ⊂ X and any r > 0.
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Consequences of locality

Leibniz rules: dΓ(u · v ,w) = udΓ(v ,w) + vdΓ(u,w).
Chain rule: dΓ(ζ ◦ u,w) = ζ ′ ◦ udΓ(u,w).
Cauchy - Schwarz:∫

X
|fg |d |Γ(u, v)| ≤ 1

2

∫
X
|f |2dΓ(u) +

1

2

∫
X
|g |2dΓ(v).

For a weak solution (H − V )u = λu, we have∫
η2dΓ(u) =

∫
(λ− V )(|ηu|2)− 2

∫
η u dΓ(η, u).
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More results

I Combes - Thomas estimate for H + V in terms of the
intrinsic metric. Eigenfunction expansion for H + V
(Boutet de Monvel, S. ’03).

I Sch’nol’s theorem for H + V (Boutet de Monvel, Lenz,
S. ’08).

I Allegretto-Piepenbrink for H + V (Lenz, S., Veselić)
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