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What's new?

Band edge m We present a fractional moment method that works
focelization without a covering condition.
Peter
Stollmann m We can treat quite arbitrary geometries, quite arbitrary
What's new? background ...

m ... as long as the ground state energy is induced by the
random perturbation.

m We can handle certain models that have not been treated
by multiscale analysis.
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Fluctuation boundaries

m This notion is classical; it refers to extreme spectral
energies that are subtle to changes of the randomness.

m At Fluctuation boundaries one expects

In our results we assume d < 3 and rely upon the following
assumptions, which guarantee self-adjointness and lower
semi-boundedness of all the Schrodinger operators in question.
(A1) The background potential Vj € Lﬁ)c’unif(Rd) is real-valued,
Ho = —A + V.
(A2) The set T C RY, where the random impurities are located,
is uniformly discrete, i.e.,

inf{lla =Bl :a# 0 €I} =rr>0.
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General assumptions

(A3) The random couplings 74, o € Z, are independent random
variables supported on [0, 7)max] for some 7max > 0 and
— with absolutely continuous distribution of bounded density
Iocalization pa With a uniform bound sup,, ||pa|le =1 M, < 0.
Peter The single site potentials U,, a € T satisfy

Stollmann

CUXAy(a) < Ua < CuXag,(a)
Fluctuation
boundaries

for all a with ¢y, Cy, ry, Ry > 0 independent of «.
Vio(x) = Zna(w)ua(x)
acel

and
H:= H(w) := Ho + V., in L?(RY).
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The random bumps may have different shape and need not be
situated at the sites of a lattice.
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Fluctuation boundaries

The most important condition expresses the fact that the
ground state energy comes from those realizations of the
potential that vanish on large sets:

Pandedee  (A4) Denote Eg := inf o(Hp) < info(H(w)) and let

localization

Peter

Stollmann HF = HO s o Z Ua,
acl
Fluctuation
boundaries the subscript F standing for full coupling.
Assume that Eg is a fluctuation boundary in the sense
that

(I) ErF = infO'(HF) > Ep, and
(i) Thereis m € (0,2) and L* such that for my := 42 - d, all
L>L[*and x e Z9

P(a(HMO)(w) N [Eo, B + L™ # 0) < L=™.
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Our main result is

Theorem
Let d < 3 and assume (A1)-(A4). Then there exist § > 0,

0<s<1l pu>0andC<oo suchthatforl:=[Ey, Ey+ ¢],

all open sets G ¢ RY and x,y € RY,

sup E(|lxx(H® — E —ie) "y, [I°) < Cem# .
Ecl,e>0
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The result

Our main result is

oosivtn | heorem
beter Let d < 3 and assume (A1)-(A4). Then there exist § > 0,
Sl 0<s<1 pu>0and C <oo such that forl :=[Ey, Eg+ 0],
all open sets G ¢ RY and x,y € RY,

sup E([[xx(H® — E —ie) Iy II¥) < Ce (1)
The result EEI, e>0

Exponential decay of fractional moments of the resolvent as
described by (1) implies spectral and dynamical localization.
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Surface potentials

What is it that we need to verify the fluctuation boundary
assumption in the surface case? As usual, the background is
assumed to be partially periodic:

(B1) Fix 1 < d; < d and write R = R% x R%, x = (xq, x);

assume that Vg € L2, .(R9) is real-valued and periodic

with respect to the first variable, i.e.,
Vo(x1 + m, x2) = Vo(x1,x2) for m € Z.
Denote Hy := —A + V.
For Vo, Ho as in (B1) we get a direct integral decomposition
®
Hy = (2mr) / hg d,

T%

where T% = R /(27Z)% is the d;-dimensional torus and
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Surface potentials

hg = —A + Vo in L?(S;)

with 6-periodic boundary conditions on the unit strip
oone ecee S1 = A1(0) x R%.  We now fix the assumption

localization

Peter ( Bz)

Stollmann

inf o(hg) < inf oess(ho).

It is well known that under (B2) we have that

Eo = infO'(Ho) = inf U(ho)

Applications

and there is a positive eigensolution 1 of the distributional
equation
Hoo = Eoto,

see Kirsch & Warzel.



Surface potentials

Finally, our random perturbation is assumed to satisfy
Band edge

localization (B3) The set Z C RY, where the random impurities are
Wi located, is uniformly discrete, i.e.,
inf{la — | :a«# B €Z} =: rr > 0. Moreover Z is dense
near the surface R x {0} in the sense that there exist
R\, ci > 0 such that for L large enough and x; € R%:
Applications #[Iﬁ (AL(Xl) X /\RJ_(O))] = cl Ldl'

(B1)-(B3)= (A4)
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sometimes also called alloy models. Note that in this case
localization (B1) means periodic background and (B2) becomes trivial.
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. This can then be
applied to models with random displacements. E.g., we can
treat the following model introduced in Combes & Hislop and
further studied by Zenk.

Aysiesiians (D1) W e 12 (Rd) is real-valued and periodic.

loc,unif

(D3) Letn;, j € 79 be independent random couplings, defined
on a probability space € with distribution p; and U; as in
(A3).
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Band edge (D4) Let x;, j € Z9 be independent random vectors of length

localization
. at most % in R?:denote the corresponding probability

Stollmann

space by .

Define

H(w,8) = —A+ Vo + Y 0i(w)Ui(- —j — xi(@))-

Applications jEZd
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Anderson plus displacement

Corollary

Assume (D1), (D3), (D4).Then, for H(w,@) as above there
exist § >0,0<s<1, u>0and C < co such that for
| = [Eo, Eo + 0], all open sets G C R? and x,y € R

sup EE(||xx(H® — E —ie) Yy, |I¥) < Ce7#vlL (2)
Ecl,e>0
In particular, the following consequences hold:

(a) The spectrum of H in | is almost surely pure point with
exponentially decaying eigenfunctions.

(b) There are i > 0 and C < oo such that for all x,y € 79,

EE(sup|xxe " Pi(H)xy ) < Ce#l (3)
teR
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