The complex Laplacian and its heat semigroup

PETER STOLLMANN
Department of Mathematics,
Chemnitz University of Technology

Hammamet, Tunisia, 22.11.2011

CHEMNITZ UNIVERSITY
OF TECHNOLOGY

of Mathematics, Chemnitz University of Technology




Overview

» The O Neumann operator - an introduction.
» The definition of the complex Laplacian [J.
> The basic estimate.
» A Nash-type inequality.
> More results.

Based on

> J.J. Perez and P.S.: Heat kernel estimates for the 9-Neumann
problem on G-manifolds, Manuscripta Math., to appear

» J.J. Perez and P.S.: Essential self-adjointness, generalized
eigenforms, and spectra for the 9-Neumann problem on
G-manifolds, J. Funct. Anal. 261 (2011), pp. 2717-2740 and
available at
http://www.mat.univie.ac.at/~esiprpr/esi2301.pdf oeeainoioer
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The set-up

Area: Several complex variables (SCV) and complex geometry and
PDE. The 0 Neumann Laplacian O is the analogue for complex
manifolds of the Hodge Laplacian of Riemannian manifolds. It
acts on spaces of forms.

M M a complex manifold with

boundary bM, local coordinates

\d/'t/_\’: z=(z4...,z").
| Classical: M = M U bM compact.
s ?““ S Our results: M invariant under a
< free group action with compact
quotient.
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Introduction
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(p, g)-forms

The complex structure comes with

0 1/ 0 L 0 1 N
— = = | — | — = e
0zi  2\0x Oy T
dzl = dx/ +idy/,dz/ = dx/ —idy/,j=1,...,n.
We now introduce (p, g)-forms:
U= Z .y dz' A dz? € C°(M, NP9),
[ll=p,|J|=q
where dz! = dzi A - NdzP, dzd =dZ A AN dPe, | = (i, ip),
J=01, - sJg) i < -+ <lp, j1 < -+ < jg, and the u; s are smooth L
functions in local coordinates. @
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Introduction
00e00

The antiholomorphic exterior derivative 0

For
u= Z upy dz' A dz? € C°(M, AP9)
l1=p,|J|=q
let

n
5 Oury i ! =J
ou = g g o3k dz" Ndz' ANdz”.
l=p,|J|=q k=1

With respect to a smooth measure on M and a smoothly varying
Hermitian structure in the fibers of the tangent bundle, define the spaces
L2(M,AP:9). Let us extend the above O to the corresponding maximal
operator in L2 (and still call it ) and let 9* be its adjoint operator (the
differential forms in the domain of 9* will have to satisfy certain

boundary conditions) ... later. _
orTEcanoloey

f Mathematics, Chemnitz University of Technology




The operator [1.
The central operator is now
O =0%d + 00",
defined as the form sum. Standard reference

Folland, G.B., Kohn, J.J.: The Neumann Problem for the
Cauchy-Riemann Complex, Ann. Math. Studies, 75 Princeton
University Press, Princeton, N.J. 1972

Classical work: F. Hartogs, E.E. Levi, K. Oka, K. Stein, H. Grauert
...(SCV, sheaf theory).
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Introduction
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The operator [1.

J.J. Kohn, L. Hérmander, L. Nirenberg, C. Fefferman, E.M. Stein
... (PDE).

Gromov, Henkin and Shubin (noncompact).
We rely additionally on work of E. Straube, M. Englis, J.J. Perez.
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Definition of [1.
[ o)

The form domain of [.

“It seems that K. Friedrichs was the first to realize that the shortest
distance to the heart of a symmetric, non-negative definite operator is
through its quadratic form”

(D. STROOCK).

In our case, L
O=0pq=0%0+ 00"
is the selfadjoint operator in L?(M, AP:9) associated with
dom(QP9) := dom(d) N dom(d*),
QRPI(u,u) = <5u, 5U>L2(M’/\p,q+l) + <({§*U, d* U>L2(M,Ap,q—1)

The domain of the corresponding operator [, 4 is

dom(0, ) = {u € dom(QP9) | du € dom(9*),0*u € dom(3)}. =
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Definition of [1.
(o] )

The form domain of [.

The condition v € dom(é*) is determined by an integration by parts; for
u € C°°(M,AP9) it reads

P
Y Uikt =0 for all K.
T O zk
k=1,...,n

Here p is the function defining the boundary.

NOTE: u € C*(M,AP9) N dom(9*) and ¢ € C*(M,C) =
pu € dom(0*). By continuity this gives:

Proposition

Let o € WL°(M,R) and u € domQ. Then pu € domQ and

Qpu) < oMl [@(u) + lull] -

This is important for our definition and use of the intrinsic metric. Cortcmoiaey
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The basic estimate.
[ leJele]

The basic estimate.
Due to the boundary, the operator is not elliptic; we are concerned with a
noncoercive boundary value problem. The basic estimate shows that O is
subelliptic, provided the boundary satisfies a suitable convexity
condition. Let p be a smooth function defining the boundary, i.e.,

M ={z] p(z) < 0}, bM = {z | p(z) = 0}
and define the Levi form L, by

napk

Ly(v,w) = Z 3 13 kvjv_vk,v,we TE(bM).
210z

M is called strongly pseudoconvex, if L is positive definite for every E
X € bM.
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The basic estimate.
[e] Tele]

If M is strongly pseudoconvex, one gets (Kohn, Englig, Perez):

[Jul

Hermaea) S 10Ul psmoaeay + ulliz(maea),

where we need the invariance of M with compact quotient (or some
uniformity). There are variants under weaker convexity conditions, see
work of d’Angelo and Catlin. In these cases, one has to replace s + 1 by
s+ &. We use a Corollary:

Corollary

Let M be a strongly pseudoconvex G-manifold on which G acts freely by
holomorphic transformations with compact quotient M/G. For integer
s > dim¢ M and q > 0 we have the estimate

[(E+ 1) ull o (maeay S [lull2(m,noays (u € L2(M,\P9)).
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The basic estimate.
[e]e] o]

Examples: Tubes in Matrix Groups.

The procedure is from HEINZNER, HUCKLEBERRY AND
KuTzSCHEBAUCH '95 and DELLASALLA AND PEREZ '10: For K=R or
C, define the three-dimensional Heisenberg group

1 z; z
H3(K)={(g 31 z1§>|zke]1<}.

The function ¢ : H3(C) — R given by
0(Z) = (Gmz)* 4 (Imz)* + (Imzz — Rez Tm z)?
is invariant under right multiplication by matrices in H3(R). Then
M. ={p<e}cC?

is strongly pseudoconvex as long as € < 1.
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The basic estimate.
[e]e]e] ]

Examples: An example with no L?-holomorphic functions.

.. is taken from GROMOV, HENKIN AND SHUBIN '98:

1
G. = {(z1,2) € C? | Imz > (Rez)* + 6—2(311121)2}

A2 2ine t+ig?
G—{<o A €2 >|f,t€R,)\>0}.
0 0 1

(z1,22) = Az + €, X220 + t + 2iNEz + i€?).

on which

acts viz.
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Nash inequality
e0

A Nash-type inequality.

Here comes one of our results

Theorem

Let M be a strongly pseudoconvex G-manifold on which G acts freely by
holomorphic transformations with compact quotient M/G. For integer

s > dim¢ M

241 1
lulZ2 g pmey S QUlIullfrpgpney (€ dom(QP) A LM, AP)).

For the Proof we first use the above Corollary to estimate: For integer
s > dim¢ M and g > 0, we have

||PtuHLoo(M,Ap,q) S.; max(1, t_S)HLI|‘L2(M7/\p,q), (Ll S Lz(M,/\p’q)).
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Nash inequality
oce

Proof of the Nash inequality.

From the above ultracontractivity and duality we get:
t72°([ul|7r > (Pru, Peu) 2 = || Prul|Za.
We use the fundamental theorem of calculus and
HPt“HL2 M,AP-a) = —2Q(P:u).

to get
t
25 ]2, > [lu]% -2 / Q(Pu)ds
0

> [lulf — 2tQ(u)

. o
by functional calculus. Putting t = Q(u)_mHuHii?;\/l Ava) Bives B

the assertion.
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Gaussian decay
@000

Gaussian decay for the heat semigroup

We can also prove off-diagonal decay of the heat semigroup:

Theorem

Let M be as above. For measurable subsets A, B of M it follows
that the heat semigroup satisfies

d(A; B)?
1 1P 1all 212 < exp [_()] _

4t

For the distance d we use an intrinsic distance that turns out to
be the usual Riemannian distance of the underlying real manifold.

CHEMNITZ UNIVERSIT
OF TECHNOLOGY

of Mathematics, Chemnitz University of Technology




|dea of the proof of Gaussian decay.
Want to estimate
|€” Pre™"|| 2,2

for suitable weight function w and § > 0. Leads to “integrating”
Qe u, ™ u);

... which works by invariance of dom(Q) under multiplication;

Lemma
For w € W1 and u € dom(Q):

Qe u, e u) = Q(u, u) +i[...] = 6*(|Ow A |3 + |Ow Axul)3).
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Gaussian decay
[e]e] e}

|dea of the proof of Gaussian decay.
Let [Ow| < 1, u € dom(Q):

t
d
e Pl —lle™ulf = | L™ pulids

t
= —29%/ Q(Psu, € Psu)ds
0

t
< 452/0 €2 Poul2.
By Gronwall’s inequality:
2
1 Peull3 < €*°¢le™ ull3

and therefore .
|2 Pee ™" |22 < €27
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Gaussian decay
[e]ele] ]

|dea of the proof of Gaussian decay.

this implies:

|18P: 1422 < e262"he_5dint(A7B)7

where
dint(x, y) = sup{w(y) — w(x) | [Ow| < 1}.

This is known as Davies trick. By good luck:
dint(va) = \/id(X,y).

Inserting the right § gives the assertion.
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More results.
[ ]

More results.

By a nontrivial cutoff procedure, using ideas of Straube, we get

Theorem

Let M be as above. Then [ is essentially self-adjoint on
C°(M, AP9) N dom[].

We also have results on expansion in generalized eigenfunctions
based on Boutet de Monvel& P.S., '03 and on Shnol's Theorem,
based on Boutet de Monvel, Lenz& P.S. '09.
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