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Quasicrystals?

Figure 1. (a). A patch of a Penrose tiling. (b). The diffraction diagram of the
vertex set V of (a) is essentially discrete; thus F is an aperiodic crystal,
according to the new definition.
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Figure 1. (a). A patch of a Penrose tiling. (b). The diffraction diagram of the
vertex set V of (a) is essentially discrete; thus F is an aperiodic crystal,
according to the new definition.

As a rule of thumb quasicrystals exhibit:

» Sharp diffraction peaks - usually coming with long
range order.

» Forbidden symmetries - excluding translation
invariance.
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Figure: A real quasicrystal and the Penrose tiling
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The basic idea is very simple: at each point of a Delone set
w an ion is sitting, whose potential is given by v. This leads
to the Hamiltonian

Hw):=-A+ Z v(- —x)

XEW

The potential

is depicted below
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Hamiltonians: continuum models

If the Delone set w is periodic, then H(w) describes a
crystal.  If we choose the point set w as the points of a
Poisson process (typically no Delone set) then H(w)
describes a disordered solid. If w is aperiodically ordered,
then H(w) can be used to describe electronic properties of a
quasicrystal.
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W(t) = —iH(w)y(t)  (SE)
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it describes the time evolution of a wave function ¥ (t). Hamiltonians
Spectral properties of H(w) can be translated into
qualitative properties of solutions of (SE).

The specific form of (dis-)order is encoded in H(w).

It will be very useful to consider a whole collection

(H(w),w € Q) at the same time, for physical reasons and
for analytical reasons.
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Delone dynamical systems

. simply consist of a translation invariant, compact set
Q c D(RY), on which the group T; : RY — R9(t € RY) of
translations acts; we denote such a system by (€, T).
We interpret such a DDS (€2, T') as a model for a certain
type of (dis-)order.  Ergodic properties of (2, T) reflect
combinatorial properties of the elements w € 2 and vice
versa. Moreover, spectral properties of the H(w) are
sometimes related to ergodic properties of the DDS. E.g.

(2, T) minimal
I
o(H(w)) = o(H(w")) for all w,w’ € Q.

Minimality and unique ergodicity are equivalent to certain
combinatorial properties of the w's.
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For a DDS (2, T) that describes aperiodic order one is
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Spectral properties

For a DDS (2, T) that describes aperiodic order one is
tempted to expect and
this has been verified in some classes of discrete examples in
one dimension (quasiperiodic Hamiltonians, substitution
potentials) as well as continuum models in one dimension,
see the talk of D. Lenz. However in higher dimensions
there are only very few rigorous results :-( .
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A very modest step has been taken in showing that
generically in the topological sense singular continuous
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Theorem (D. Lenz and P. S., Duke Math. J., 2006)
Let r,R >0 with2r < R and v >0, v # 0. Then there
exists an open () # U C R and a dense Gs-set Qsc C D, g
such that for every w € Qg the spectrum of H(w) contains
U and is purely singular continuous in U.
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Spectral properties: continuum models

A very modest step has been taken in showing that
generically in the topological sense singular continuous
spectrum occurs.

Theorem (D. Lenz and P. S., Duke Math. J., 2006)

Let r,R >0 with2r < R and v >0, v # 0. Then there
exists an open () # U C R and a dense Gs-set Qsc C D, g
such that for every w € Qg the spectrum of H(w) contains
U and is purely singular continuous in U.

This follows from a variant of Barry Simon's Wonderland
Theorem and uses heavily the spectral properties of periodic
operators.
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Back to Wonderland

Fix a separable Hilbert space §), consider the space
S = 6(9) of self-adjoint operators in § with the strong
resolvent topology Tes.

Theorem (D. Lenz and P. S., Duke Math. J., 2006)

Let (X, p) be a complete metric space and H : (X, p) — (&, Tgss)
a continuous mapping. Assume that, for an open set U C R,
(1) the set X1 = {x € X| opp(H(x)) N U = 0} is dense in X,

(2) the set Xo = {x € X| gac(H(x)) N U = 0} is dense in X,

(3) the set X3 = {x € X| U C o(H(x))} is dense in X.

Then, their intersection

{x € X| UCo(H(x)),oac(H(x)) N U =0, 0,(H(x)) N U =0}

is a dense Gg-set in X.
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This generalizes a result from B. SiMON, Operators with
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is a lattice, then H(p) is periodic. Consequently, H(p) has
purely absolutely continuous spectrum.

Since 2r < R, there exist crystallographic ~y,4 such that
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Since H(w}) and H(7) only differ by a compactly supported
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» A particular example is given by “geometric disorder”
(= Delone Hamiltonians) for which we can prove that
purely singular continuous components turn up,
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