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Abstract

We introduce tautological systems defined by prehomogeneous actions of reductive algebraic
groups. If the complement of the open orbit is a linear free divisor satisfying a certain finiteness
condition, we show that these systems underly mixed Hodge modules. A dimensional reduction is
considered and gives rise to one-dimensional differential systems generalizing the quantum differential
equation of projective spaces.

1 Introduction

In this paper we consider systems of differential equations defined by certain prehomogeneous vector
spaces, i.e. actions of algebraic groups admitting an open dense orbit. These D-modules turn out
to be examples of so-called tautological systems, as studied in [Hot98], [Kap98] and more recently in
a series of papers [LSY13, BHL"14, [LYT3]. The underlying philosophy is that in the case where the
group is an algebraic torus, these D-modules are nothing but the well-known GKZ-systems of Gelfand’,
Graev, Kapranov and Zelevinski (see, e.g., [GKZ90, [Ado94]). They play a prominent role in toric mirror
symmetry ([Giv98], [[xi09], [RS15b, [RS17]), and part of our motivation for this paper comes from the
wish to understand whether certain tautological systems can potentially occur as quantum D-modules.
We consider more specifically the situation where a reductive algebraic group acts on a vector space V'
such that there exists an open and dense orbit. Moreover, we suppose that the complement of this orbit
is a divisor, which has a reduced equation defined by the determinant of the matrix the columns of which
are the coefficient of the vector fields defined by the corresponding Lie algebra action. This is exactly
the situation studied in [BMO6l, [GMNSQ09], where the discriminant divisor is called linear free: it is a free
divisor in the sense of K. Saito (see [Sai80]), that is, the sheaf of logarithmic vector fields is locally free,
and it is linear free since the coeflicients of these vector fields are linear functions. One can consider the
subgroup (called Ap below) of the given algebraic group consisting of linear transformations stabilizing
all fibres of a reduced equation defining the divisor. It is the group G,,, X Ap, acting on the space C x V
that defines the tautological system, called M in the main body of this article (see Definition . This
is a D-module on the dual space of C x V', where the extra factor is needed to ensure some homogeneity
property. From this it follows that the tautological system is regular if it is holonomic, which may not
be the case in general. Indeed, a theorem of Hotta [Hot98] shows that holonomicity holds if the action of
G has finitely many orbits. In order to have this property, we restrict to the case of strongly Koszul free
divisors (see the beginning of Section , a notion that dates back to [GSI0]. We prove in section 4 (see
Theorem that for strongly Koszul linear free divisors, the associated tautological system underlies
a mixed Hodge module. More precisely, this main result can be formulated as follows.

Theorem 1.1 (Compare Lemma and Theorembelow). Let V = A" and let D C V be a strongly
Koszul reductive linear free divisor with (reduced) defining equation h € Oy. Let VV be the dual space,

and hY an equation for the dual divisor. Consider the (free) Oy -module of vector fields logarithmic to
all fibres of hY, that is,

n—1
6(—logh) = P Ovsy
i=1
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where 6 (hY) = 0. Put vV o= A}\U x V'V with coordinates Ao, ..., \n, then for all By € Z such that
Bo < min (Ukzo(k + n - {roots of bh(s)})) (where by (s) € C[s] is the Bernstein-Sato polynomial of h)

the Dy -module (called tautological system associated to D in the main body of this article)

Do

(0%, = h(Oxys -, 00,), 07,01, XY + (n+1) + o)

(where XV =31 AiOx, ) underlies a mized Hodge module on vV,

We will see later that the above presentation of the tautological system as well as the condition on the
parameter 3y is quite natural. A similar statement for GKZ-systems has been shown in [Reild, Theorem
3.5.].

The proof of Theorem is based on two main observations: As in the case of GKZ-D-modules (see
[Reild]), regular singular tautological systems are obtained as Fourier-Laplace transforms of certain
monodromic D-module on the dual space, that is, the space C x V in our above notation. Using
the Radon transformation formalism for D-modules, it is sufficient to show that this Fourier-Laplace
transform underlies a mixed Hodge module. This is done by expressing this module as a direct image
of a (twisted) structure sheaf, and the main point is to show that multiplication with the coordinate
corresponding to the first factor in C x V is invertible on that module (this is parallel to the main
result of [SWQ9]). This is done in sections 2 and 3, based on the construction of Spencer complexes
associated with some Lie-Rinehart-algebras. These complexes can be filtered in such a way that their
graded complexes are Koszul complexes, which become acyclic under our strongly Koszul hypothesis.
This technique has been extensively used in [CM99, [CMNMO02, [CMNMO09, NMT5].

In the last section, we consider a dimensional reduction of the tautological systems defined by linear
free divisors. This again is parallel to constructions in toric mirror symmetry, where GKZ-systems are
reduced to D-modules on the complexified Kéhler moduli space (see also [BZMW18]| for a more general
framework). As mentioned above, our motivation is to study potential Landau-Ginzburg models (i.e.
regular functions on smooth affine varieties) that can occur in Hodge theoretic mirror symmetry for
non-toric varieties. We obtain these functions as hyperplane sections of the fibres of the equation of our
free divisor. The dimensional reduction is done here using a direct image, in constrast to the toric case,
where it is a non-characteristic inverse image (see also the discussion of the example of a normal crossing
divisor in section [5f in particular formula ) This reflects the fact that the regular function occuring
here are not Laurent polynomials, and there is in general no global coordinate system on the Milnor
fibres of the free divisor (whereas Laurent polynomials are functions on algebraic tori).

Our reduced system is a D-module in two variables. It turns out that this system (or rather its partial
Fourier-Laplace transform) is isomorphic to a system already studied in detail in [GMS09] and [Sev1i],
Sev13], where we have explicitly calculated the Gau-Manin cohomology and related invariants (like the
Hodge spectrum) of hyperplane sections of the Milnor fibres of the divisor using a rather complicated
algorithmic approach. Here the structure of the reduced D-modules can be directly obtained from the
shape of the tautological system. More precisely, we obtain the following statement.

Theorem 1.2 (Compare Proposition below). Let D C V be a strongly Koszul reductive linear free
divisor with defining equation h, let b¥Y € Oyv be an equation for the dual divisor DY C VY. Letp € V\D
and write X := h=Y(h(p)) and XV := (V)L (h(p)). Put

U: XY xV — Al x A}
(fiz) — (f(2),h(z)).

Then we have the following expression for the (partial localized Fourier-Laplace transformation of the)
Gaup-Manin system of the family of hyperplane sections of the Milnor fibre h=*(p):

Dpixa,,
(2™bp (t0r) — h(p) - t, 2%0, + ntz0;)

FLES , HOUL Oxv v (x(XY x D)) =

Here FLEZ , denotes the localized Fourier-Laplace transformation as defined in Formula below.



Let us fix some notation that will be used throughout this paper. For a smooth algebraic variety over
the complex numbers, we let Dx be the sheaf of algebraic differential operators on X. If X is affine or
D-affine, we sometimes make no distinction between sheaves of D x-modules and their modules of global
sections.

The Fourier transformation for algebraic D-modules is used at several places and defined as follows.

Definition 1.3. Let Y be a smooth algebraic variety, U be a finite-dimensional complex vector space
and U’ its dual vector space. Denote by E the trivial vector bundle 7 : U x Y — 'Y and by &' its dual.
Write can : U x U" — Al for the canonical morphism defined by can(a, ) = ¢(a). This extends to a
function can : € x &' — Al. Define L := Ogy, g~ ", the free rank one module with differential given
by the product rule. Consider also the canonical projections p1 : € Xy & = &, pa : € xy &' = E'. The
partial Fourier-Laplace transformation is then defined by

FLy :=p2+ (pIL . ®H‘£) .

If the base Y is a point we recover the usual Fourier-Laplace transformation and we will simply write
FL. Notice that although this functor is defined at the level of derived categories, it is exact, i.e., induces
a functor FLy : Mody (Dg) — Mody, (De).

We will also need a localized version of the Fourier-Laplace transformation, defined as follows. Suppose
that U is one-dimensional, with coordinate s. We consider the Fourier-Laplace transformation relative
to the base Y as above, and we denote the coordinate on the dual fiber U’ by 7. Set z = 1/7 and denote
by jr: G, xYY < AL xY and j, : G r XY < AL xY =PL\ {7 =0} x Y the canonical embeddings.
Let AV be an object of Db(DUXy)7 then we put

FLY°(N) := j.4j FLy (N), (1)

notice that this functor again is exact.

2 Lie-Rinehart algebras and Spencer complexes

In this section we will be concerned with the following filtered rings (R, F,) of differential operators:

(i) R = Cz][9] = Clz1,...,2,][01,-..,0,] and F, the usual filtration by the order of differential
operators. The corresponding graded ring will be the (commutative) polynomial ring Gr R =
Clz][&1, - - ., &) with its usual grading: Clz] is in degree 0 and &; = 0(9;) with deg(§;) = 1.

(i) R = Clz][9][s] = Clz1,...,zn][01,...,01,5] and Fo the total order filtration for which Clz] is
the order 0 part and s,01,...,0, have order 1. The corresponding graded ring will be Gr R =
Clz][&1, - -+, &n, s] with C[z] in degree 0 and &1, ...,&,, s in degree 1.

In both cases the commutative C-algebra FyR coincides with C[z] and C[z] has a natural left R-module
structure denoted by
(r, f) € R x Clz] — r(f) € C[z]

(in case (ii) s annihilates C[z]). Moreover, any r € F1 R can be decomposed as r = r(1) + (r — (1)) and
so we obtain a natural decomposition F1 R = (FoR) @ (Gr; R) by identifying r» — r(1) = o1 (7).

We have the following facts (J[Rin63]; see also [NM15l Appendix Al):

e In case (i), the filtered ring (R, F,) appears as the enveloping algebra of the Lie-Rinehart algebra
Der (Clz]) = @, (C[z]0;) over (C, C[z]) with its natural filtration.

e In case (ii), the filtered ring (R, F,) appears as the enveloping algebra of the Lie-Rinehart algebra
(Clz]s) @ Derg(Clz]) over (C,C[z]) with its natural filtration. Here, the anchor map (C|z]s) &

Der¢(C[z]) — Dere(Clz]) is the projection.

Both cases are unified by the fact that R appears as the enveloping algebra of the Lie-Rinehart algebra
Gry R over (C, C[z]).

We will be especially interested in left R-modules of the form % with:
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er, € iRfori=1,...,m (resp. 11 € FyR and r; € FiR for i =2,...,m).

e The system {o1(r1),01(r2),...,01(rm)} (vesp. {oo(r1) = ri,01(r2),...,01(rm)}) is linearly inde-
pendent over FoR = Clz].

e The module &, (C[z] - r;) is closed under the Lie bracket.

The above hypotheses will allow us to consider L = €, (C[z] - r;) as a Lie-Rinehart algebra over (C, Cz])
and to take advantage of the constructions of Spencer complexes ([Rin63, §4]; see also [NM15] (A.18)]).

Under the above hypotheses, let us call Y = U(L) the enveloping algebra of L. The Cartan-Filenberg-
Chevalley-Rinehart-Spencer complex Spj associated with L is defined as:

sze:u@)@[&]/\eL, e=0,....m

where the left ¢/-module structure comes exclusively from the left factor & of the tensor product, the
differentials d=° : Sp;© — SpZeJrl are given by d~1(P ® \) = P\ and

€

A (PR AAX)) =D (1) TIPA@ (AL A A AN) (2)

i=1
+ D CDHPR (AN AM AN A AN, 2< e <m,
1<i<j<e
and the augmentation is P € U = Sp? — d°(P) := P(1) € C[z].
Let us denote by Sp$, the augmented complex Sp$ — Clz] = U(L)/U(L){L).
Proposition 2.1. The complex Sp}, is a left U-free resolution of Clz).

Proof. One has to use two ingredients. The first one is the PBW theorem which asserts that, L being
free over C[z], the graded ring Grif coincides with the symmetric algebra of L over C[z]. The second
one consists of filtering Sp}, with

Fl' sze = (Fi_@U) ®C[§] /\e L, FlC[g] = C[g], ) Z 0,

in such a way that the corresponding graded complex coincides with the augmented Koszul complex
A® L @y Sym® L, which is exact. ]

From the inclusion L = @, (C[z] - r;) C F1 R we obtain a map of filtered rings (L) — R. We define the
Spencer complex over R associated with r = (r1,...,7y), denoted by Sp}z’z, as:

SPk,, = R ®u(r) SpY, -

L
It computes the total derived tensor product R &1y C[z], and its 0-cohomolgy is

R
R Clzl=————"—.
Bu(r) Clz] R{ri,...,rm)
Now we will study some conditions on r = (rq,...,7,,) implying that the Spencer complex Sp;%’z is a
R-free resolution of R/R{r1,...,Tm).

Proposition 2.2. Under the above hypotheses, assume that the sequence of symbols {o1(r;) | i =
L...,m} (resp. {oo(r1),01(r2),...,01(rm)}) is regular in Gr R. Then, the Spencer complex Spy . is
concentrated in degree 0 and so it is a (left) R-free resolution of R/R(ry,...,rm). Moreover, {ry,...,rm}
is an involutive basis of the ideal R{(r1,...,Tm), i.e. their symbols generate the ideal o (R{r1,...,Tm)).



Proof. Let us prove the proposition in the case where r1 € FyR, r; € F1R for i = 2,...,m and where
{o0(r1),01(r2),...,01(rm)} is a regular sequence in Gr R.

We have L = Ly ® Ly with Lo = (C[z] - 1) and Ly = EB;ZQ (Clz] - ;). Observe that Ly is an ideal of the
Lie-Rinehart algebra L.

As in the proof of Proposition and [CMNMO02, Th. 5.9], we are going to filter the complex Sp} ,. in
such a way that the graded complex coincides with the Koszul complex of

0'0(7"1)70'1(7’2), .. .,O’l(Tm) e GrR = Sym@m GI‘l R.

Instead of declaring /\e L to be of order e, we now have to use the decomposition L = Lg & L1, with L
of order 0 and L; of order 1. Namely, we consider the grading AL = (A°L),_, @ (A° L), with

(A L)t = Lo @ (A7 1) (A°L), = ALy,
and the filtration

F;SprS, = Fi (R®¢) A°L) = [(Fi—et1R) ®ca) (A L)e_y] B [(Fi—eR) ®cpa) (A L).]

which is easily seen to be compatible with the differentials. The corresponding graded complex is
isomorphic to the Koszul complex over Gr R ~ Sym Gr; R associated with the C[z]-linear map

o(L) == 0o(Lo) ® 01(L1) == (Clz] - 00(r1)) ® (&4 (Clz] - 01(74))) = Gr R,

i.e. the Koszul complex over Gr R associated with the sequence {og(r1),01(r2),...,01(rm)}, which by
the hypotheses is acyclic in degree # 0, and we conclude that Sp;%’£ is also acyclic in degree # 0.

To prove the involutivity of {ry,...,r,,} one proceeds as in [CM99, Prop. 4.1.2].

The case where r; € FiR for i = 1,...,m and {o1(r1),01(r2),...,01(rn)} is a regular sequence in Gr R
is easier and can be proven in a similar way by considering the filtration

F; Sp;{t = (Fi,eR) ®C[§] /\E L,

and checking that the corresponding graded complex is isomorphic the Koszul complex over Gr R asso-
ciated with the sequence {o1(r1),01(r2),...,01(rm)}. O

3 Free divisors, the strong Koszul hypotheses and the Bernstein

module
From now on, we will write V' = C" and V =CxV. We let (w1, ..., wy) be coordinates on V, and
(wo, w1, ..., wy,) coordinates on V. We will write
Ay = Clwy,...,wy], Dy = Ay {0,y 0w, )-
We assume that h € Ay is a reduced quasi-homogeneous polynomial with weights (p1,...,p,) of degree d

and that D = {h = 0} C A" is a free divisor in the sense of [Sai8(0)], that is, that the module Dery (— log D)
is free over Oy. Let 61,...,0,-1,0, = X = Y. Piw;Dy, be a basis of Der(—log D) C Derg(Ay ), chosen
in such a way that d;(h) =0fori=1,...,n—1.

Notice that the ring of logarithmic differential operators Ay [d1,...,0,] C Dy is actually equal to the
enveloping algebra U(Der(—log D)) [CM99, Prop. 2.2.5]. We assume for the moment the following
strongly Koszul hypothesis ([GSI0, Def. 7.1], [NMI5] Cor. (1.12)]):

(SK) The symbols with respect to the usual order filtration in Dy of h,d1,...,d,—1 form a regular
sequence in Gr Dy, or equivalently, the symbols with respect to the total order filtration in Dy [s]
of h,d1,...,0n,-1,x — ds form a regular sequence in Gr Dy [s].



Hypothesis (SK) makes sense not only for polynomial quasi-homogeneous free divisors as above, but
also for free divisors on any complex manifold. Examples of free divisors satisfying (SK) are those
which are locally quasi-homogeneous ([CMNMO02, Th. 5.9]), for instance normal crossing divisors, free
hyperplane arrangements, or the discriminant of stable maps in Mather’s “nice dimensions”. Later we
will be concerned with the more special class of so-called linear free divisors (see Definition below).
These are discriminants in prehomogenous vector spaces, and then the (SK) condition is equivalent to a
finite orbit type assumption for a natural group action.

Hypothesis (SK) implies the following properties ([CJUEQ4, Criterion 4.1], [CMNMO09, Th. 1.24], [NM15]
§4]):
(a) The natural map
L
Dv[s] @ay(s,....5,)s) Av[s]h® = Dy[s|h®
is an isomorphism, or equivalently:
(a-1) The annihilator of h® over Dy [s] is generated by d1,...,0,—-1,x — ds; and
(a-2) The Spencer complex over Dy [s] associated with (d1,...,d,—-1, x —ds) is exact in degrees # 0,
i.e. it is a Dy [s]-free resolution of
DV[S]/DV[SK(SD sy 5n717X - d8>
(b) The natural map
Av[s]hs D\/[S]hé

L
Dv[s] @y (6r,...60]1s] Ayt Dylslhe!

is an isomorphism, or equivalently:

(b-1) The annihilator of the class of h® over Dy [s] is generated by h,d1,...,0n—1,x — ds; and

(b-2) The Spencer complex over Dy [s] associated with (h,d7,...,d,—1,x — ds) is exact in degrees
# 0, i.e. it is a Dy [s]-free resolution of

DV[S]/DV[SKhaélv teey (Snfly X — d8>
This property implies that the b-function by (s) of h satisfies the symmetry: by (—s — 2) = £by(s).

(¢) The Logarithmic Comparison Theorem holds, or equivalently in terms of Dy-module theory, the
natural map

L
Dy ®ays,,....5,) Av(D) = Ay [xD]

is an isomorphism. This property is equivalent to the following facts:

(c-1) The Dy-module of meromorphic functions Ay [xD] is generated by h~! (this is a consequence
of the fact that by (s) has no integer roots < —1); and

(c-2) The Spencer complex over Dy associated with (d1,...,d,-1,x + d) is exact in degrees # 0.

As a consequence of (b-1), the b-function by (s) belongs to Dy [s](h,d1,...,0n—1,X — ds). Actually, it is
the generator of C[s] N Dy [s](h,d1,...,dn_1,Xx — ds).

Let us consider now a new variable wg and the rings

A“; = Av[’wo} = C[wo,wl, - ,wn], D“; = Dv[w0]<8w0) = A‘7<8w0,8wl, .. .,aw"D.

Let us consider h = h — cwd, Y = x + wodw, with ¢ € €\ {0}. We are interested in the ideals
I(B) = Dy (h,d1,...,6,-1,X—dp) for some complex parameter 3 and the Dg-module N(3) = Dy /1(f).

Let also consider the ring Dg;[s] endowed with the total order filtration, the ideal
I(s) = D [s](h, 81, ..., 6,—1,X — ds) C Dg[s].
and the Dy [s]-module N(s) = D [s]/I(s).
Let us denote by Sp®(3) the Spencer complex over Dy associated with (71, 01y -y 0n—1,X — df), and let
Sp°®(s) be the Spencer complex over D [s] associated with (iNL, 01y eneyOn—1,X — ds).



Proposition 3.1. The complex §I\)7(5) is concentrated in degree 0 and so it is a free resolution of N(s).
Moreover h,é1,...,0n—1,X — ds is an involutive basis of I(s).

Proof. We are going to use Proposition [2.2|for the case R = Dy |[s] together with the total order filtration
(for which Oyq, ..., 0, as well as s have degree 1). Notice that the symbols of the generators of I(s)
with respect to that filtration are:

h=h—cwd,o(1),...,0(8,-1),0(x) — ds + woko.

We have to show that they form a regular sequence in Gr Dy [s|] = Ay[s, &, ..., &]. We already know
by the (SK) assumption that h,o(d1),...,0(d,—1),0(x) — ds is a regular sequence in Ay [s, &1, ..., &)
To show that h = h — cw& o(01),...,0(0n-1),0(x) — ds +woép is a regular sequence in Ag[s, &o, . . ., &nl,
we first notice that h,o(d1),...,0(dh-1),0(x) — ds,wy is a regular sequence in Ay [s,&1,...,&][wo] =
Agyls, &1, .., 6n]. Since

<h,0‘((51), B 0’<6n71)70(X) - dS,’UJ[)) = <h - ng70'((51)7 s 70-(6n71)a U(X) - d57w0>
we deduce that h,o(81),...,0(6n_1),0(x) — ds,wp is a regular sequence. On the other hand,
E» 0(51)7 ceey 0—(57171)7 J(X) - dS, Wo, 50

is again a regular sequence in Ay[s,&1,...,&][0], and in a similar way we deduce that

71,0(51), ey 0(0p—1),0(x) — ds + wo&o, wo, &o
is a regular sequence. We conclude that E, 0(01),...,0(0n-1),0(x) —ds+wpép is a regular sequence. [
Proposition 3.2. For any § € C, the multiplication (s — 3) : N(s) — N(s) is injective.

Proof. Since the generators of I(s) form an involutive basis and o(s — ) = s, it is enough to check that
the following sequence

S,E,O’((Sl), s 70'(67L—1)70-(X) —ds+ waO
is regular in Gr Dy [s] = Ay [s, 6o, ..., &n] -

We know that 0(d1),...,0(0,—1),0(x) is a regular sequence in Gr Dy = Ay [&q,. .., &,] (this is the Koszul
property). So, o(d1),...,0(dn-1),0(x), s is a regular sequence in Gr Dy [s] = Ay [&1,...,&n, 5]

Let us prove that h — cwd, o(81),...,0(6n—1),0(x), s is a regular sequence in Ay [w][¢1,. .., &n, 5]. We
filter by the degree in wy and since wd, o (d1),...,0(6,_1),0(x), s is a regular sequence, we are done.
Now, we add the new variable £, and we know that

h—cwd, a(61),...,00n-1),0(x), s,

is a regular sequence in Ay [wo][€o, &1, - - -, &n, 8]. We repeat the procedure in the proof of Proposition
and we deduce first that

h—cwd, a(81),...,00n-1),0(x) + wobo — ds, s,&
is a regular sequence, and second that
h—cwd, o(61),...,0(0n-1),0(x) + wolo — ds, s
is a regular sequence. O

Corollary 3.3. For any 8 € C, the Spencer complex over Dy associated with (E, 01y-«y0n_1,X — dB)
is a free resolution of N(B).



Proof. We proceed as in the proof of [NMT5], Cor. (4.5)]:

D‘7 [S] D‘7 S] L

NB) = DR —B) = Dolsls )

O

Proposition 3.4. For any complexr parameter 3 € C, the Dg-module N(B) is holonomic and the
generators
h—cwd, 61,..., 8, 1,X — dp

form an involutive basis of I(f).

Proof. The proposition is a consequence of the fact that the symbols of these generators

h— Cwo, (61) (671—1)’ U(X) + wogo

form a regular sequence in Gr Dy;, and this is proven following the same lines as in the proofs of the two
preceding propositions. O]

Now we are concerned with the question of invertibility of the multiplication wo : N(8) — N (). After
Corollary |3 . we are reduced to study the cokernel of the injective map wy : Sp (8) = Sp*(B).

Theorem 3.5. The cokernel of wy : Sp 8) = Sp'(ﬂ) 1s acyclic whenever the following condition holds:

5¢ U (5 + tootsof 1))

k>0

Proof. Let us call K® the cokernel of wy : g?(ﬁ) — g?(ﬁ) and E(ﬁ) C Dy the Lie-Rinehart algebra
over (A, C) with basis h — cwd, 81,y 01, W0, + X — df .

We consider the filtration F.a "% Dy given by the order with respect to 0y,. The graded ring is Gr?wo Dy =
Dy [wo][€o]-
Let us call Q := Dy /(wo) Dy, that can be naturally identified, as left Dy-module, with Dy [0y,]. From
the identity 07, wo = wodi,, + j0%, we see that the exact sequence of (Dy; Dy )-bimodules

0 — Dy =% Dy — Q= Dy[du,] — 0 (3)
is strict with respect to F.(9 “0 and the right action of wy on Q@ = Dy [Dy,] is given by

ZP o € Dy[0u,] — Y iP5t € Dy[0u,].

J
So, the right action of wgdy, on Q = Dy [dy,] is given by

> Poi, € Dy[0u,] — Y jP;d, € Dy|[0u,)-

J J

For each e = 0,...,n we have K~¢ = Q®a_ \° L(8) and the differentials d® : K—¢ — K¢ are given by
the same expression as in . Since the right multiplication on Q of the elements in Z(B) is compatible
with the Fy “°-filtration on each K~¢, we may consider the filtration F.8 “9 on the whole complex K°.

Taking the Gr?#0 of (3) we obtain an exact sequence of graded (Dy; Dy [wo][€o])-bimodules (here Dy
has the trivial grading)

0 — Dy [w][€] = Dv[wo][o] — Gra,, @ = Dv[&] — 0



where the action of wy on Growo Q = Dy [&p] vanishes and the action of woy on the degree k piece
Gr)" Q = Dy - €k is given by

P-gheGrl™Q=Dy &k kP-¢hec G Q=Dy &

So, the degree k piece Grg’”’o K* is isomorphic to the Spencer complex Sp}, , .« over Dy associated with
r* = (h,d1,...,0n-1,x — dB + k) and we have

Ouy 1o e N
G0 K* = Spy, v

Dyls] . (b)
<DV[5]<3 _V(ﬂ - k/d))) ®Dyls) SpDV[SLzS =

Dy s] L Dy [s]h®
(DV[SKS — (8- k/d») Dyl <W> 7
with r* = (h,61,...,0n—1,x — ds). If bp(8—k/d) # 0, then s — (8 — k/d) and by(s) are coprime and the
map

DV [S]hs DV [8} h®
Dylsih*t1  Dy[slh=+1

s—(B—k/d):

.. . Oy 1 - .
is invertible, and so Gr,“® K*® is acyclic. O

Remark: Actually, we do not need to assume that h is quasi-homogeneous. At most we need to have an
Euler vector field, let us say with x(h) = h. This is actually implied by the (SK) hypothesis (see [NMT5,
Prop. (1.9) and (1.11)]). On the other hand, instead of considering the deformation h=h-— cwd, with
d equal to the degree of h, we can consider any deformation h=h-— cwd with d > 1 arbitrary, including
the case d = 1, and the deformation of x, assuming x(h) = h, would be ¥ = x + éwoawo. That covers
the case of studying the graph embedding h — wy.

Let us also notice that if instead of taking a basis d1,...,0,—1,x as before, with §;(h) = 0 for i =
1,...,n— 1 and x(h) = h, we take a general basis d1,...,0d, with 6;(h) = a;h for i = 1,...,n, our
deformation ideal would be defined as

I(s) = D;,[s](ﬁ =h—cwl,by,...,0,)

with &; = 6 + LwoOw, — % s. Observe that I(s) is always contained in the Dy [s]-annihilator of the class
~s . Dglslh®

of h* in 7D‘~,‘Es]ﬁs+1‘

Finally, everything works at the level of germs of analytic functions instead of the global polynomial

case.

4 Tautological systems and Fourier transformation

We introduce here the main playing character of this paper, which is a certain generalization of the
A-hypergemetric system of Gelfand, Kapranov, Graev and Zelevinski (see, e.g., [GKZ90], [Ado94]). The
main point is that the GKZ-systems are build from a given torus action on an affine space, and this
will be replaced by an action of a more general algebraic group. The D-module thus obtained has been
considered rather recently in a series of papers by Yau and others (see [LSY13, [BHLT14, [LYT3]), but
the idea dates back to [Kap98] and [Hot9g].

Let us start with the definition of a tautological system, which we adapt slightly to fit to our purpose.
Recall that we write V = C", with coordinates wj,...,w, and V = C,, x V. We denote by V'V resp.
VV the dual spaces, with dual coordinates (A1,...,An) resp. (Ao, A1,.. .y An).

Definition 4.1. Let G be a reductive algebraic group acting on V wvia p : G — GUV') and let dp : g —
End(V') be the associated Lie algebra action. For any x € g, we write Z4,)(») € Dery for the linear

vector field on V' given by
d —1ix
Z(ap@)(9)(w) i= —g(p(e™) (W) e=0-



Let moreover X C V be a closed subvariety of V' which is G-invariant, i.e., a union of G-orbits. Chose
a Lie algebra homomorphism 8 : g — C. Then we consider the left ideal

I(G,p, X, ﬁ) = Dv(I(X)) + Dv(Z(dp)($) — B(a:))ieg C Dy
and the quotient M(G, p, X, ) = Dy /Z(G, p, X, B). Moreover, we put

M(G,p, X, B) := FLIM(G, p, X, 3)) € Mod(Dy)

and call M(G,p, X, ) the tautologicavl system associated to G, p, X and B. If all the input data are
clear from the context, we also write M := M(G,p, X, 3) and M := M(G, p, X, 3).

Below we will consider, for a given tuple (G, p,V, 3), a homogenized version of the action p, namely, we
let G := G,, x G and we consider V := Al x V together with the extended action

p:G — Aut(V)
(t,g) — [(wo,2) = (tzo,tp(g)()].

Given a G-variety X C V, let X be the closure of its cone in V

X = {(t,m) eV|te Gy, GX}.
We will consider the “extended” differential systems
M(G,5,X,B) € Mod(Dy;)  resp.  M(G,p, X, B) € Mod(Dy,),

where we write E :g = C x g — C for any Lie algebra homomorphism restricting to 8 on g.

We are going to apply the above construction in the setup where the group and its action is defined by
what is called a linear free divisor (see [BMO0G]). Let us recall the basic notion.

Definition 4.2. Let D C V be a reduced divisor. Suppose that it is free, i.e., that Der(—logD) is
Ovy-free. Then D is called linear free if there is a basis 61,...,0, of Der(—log D) such that we have
0; = Z?Zl a;jiOw,; where aj; € Clwy, ..., wy]1 are linear forms.

Let D C V be a linear free divisor and write h € Clwy,...,w,] for its defining equation, then h is a
homogeneous polynomial of degree n since the matrix S := (a;;); j=1,..» (called Saito matrix) has the
property that det(S) = h (see [Sai80, Lemma 1.9]).

Recall (see, e.g., [GMNS09]) that Gp denotes the identity component of {g € GI(V) |g(D) = D}. We
call the linear free divisor D reductive if Gp is so. A major class of examples of linear free divisors
come from quiver representations, they are all reductive. However, there are non-reductive linear free
divisors, see, e.g., the example after [GMNS09] Definition 2.1]. In the sequel of this paper, we will only
be concerned with the reductive case.

The Lie algebra gp of Gp acts on V via derivations, and we have the Lie algebra isomorphism

gp — Der(—logD)g
A — w-A”-QH.

Here Der(—log D) is the set of logarithmic derivations along D of degree 0 (notice that since D is linear
free, the module Der(—log D) inherits the natural grading of Dery, where the variables w; have degree
1 and partial derivatives 0,,, have degree —1). Similarly, we let Ap be the unity component of the group
{g € GI(V)|g*h = h}. We have gp = ap ® C - x, where x = Y ; w;dy, (this vector field was also
called 9,, in soction where it was defined for any quasi-homogeneous free divisor). Notice that the pair
(V,Gp) is a prehomogeneous vector space (see, e.g., [Kim03]), with discriminant locus D and open orbit
VAD. Let us also recall that a linear free divisor D C V satisfies the (SK) condition if and only if the
stratification of D by orbits of Ap is finite [GSI0, Prop. 7.2].

We are going to study the tautological system as well as its extended version for the group G := Ap.
Let p : Ap — GI(V) denotes the action of Ap on V. Moreover, chose a point p € V\D and put
X = p(Ap)(p). Actually, our construction (in particular, the tautological system associated to the
divisor D) does not depend on the choice of the point p up to isomorphism, but we will not elaborate
on this point here.

We have the following lemma, which describes the geometry of the orbit closure X.
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Lemma 4.3. Let as above D a reductive linear free divisor and consider the action p : Ap — GlI(V') and
its extended version p: Ap — GU(V') (recall that Ap = G, X Ap). Then we have the following facts.

1. The orbit p(Ap)(p) is closed, i.e., we have X = p(Ap)(p).

2. Consider the extended action p: Ap — GI(V) (recall that Ap = G, x Ap). Put p = (1,p) and
X :=p(Ap(p)) then o B
X\p(Ap)(p) c {0} xV C V.

Proof. 1. As has been shown in [GMS09, Section 3|, the orbit p(Ap)(p) is nothing but the fibre
h=1(h(p)), which is obviously a closed subvariety of V.

2. This follows directly from the definition of the action p and from part 1.: By definition, the orbit
p(Ap) C Gy, x V is simply the cone over the orbit p(Ap) C V, hence closed in G,, x V by the

first point. Hence the boundary of its closure in V is contained in the divisor {0} x V.
O

The next step is to give a more explicit description for the extended system M(é, 0, X , E) for the case
G = Ap. We consider the dual action p¥ : G = Ap — GI(VVY). As has been shown in [GMS09]
Proposition 3.7], since G is reductive, this action is again prehomogeneous, with discriminant locus (i.e.,
the complement of the open orbit) a divisor, which we call dual divisor of D and which we denote by
DY cVVY.
Lemma 4.4. Let D C V be a reductive linear free divisor, and let Ap, p, X be as above. Put 3 := 0
and B := (Po,0). Then

M = M(éa Z)/aj(\:a/’g) = DV/(h(p)wg - h,él, ER) 571—172 - BO)? (4)

where 81, ...,0p_1 is a basis of Der(—log h) and where X = woOy, + Z?zl Wy Oy, -
As a consequence, we have

M = M(G,5,X,B) =Dy /(h(p)L, — h(Dxy,- -1 00,),8Y s+, 001, XY+ (n+ 1) + Bo).

Here X¥ = 3" X0y, and 6Y,...,8Y_4 is a basis of Der(—log h"), where h" is a reduced equation of
the dual divisor DV C V'V.

Proof. We have I(X) = (h(p)wjy — h) since deg(h) = n. Moreover, for any = € ap, the linear vector
field Z4,(;) is an element in Der(—logh). On the other hand, we have ap = C x ap, and for the

element x = (1,0) € ap, the corresponding vector field Zap(z) is nothing but Y. Hence we get M =
Dy /(h(p)wy — h,61,...,0n_1,X — Po), according to the definition of M.
To show the second statement, remark that under the isomorphism of C-algebras

I(V,Dy) = Clwo, -, 0] (Bugs - -1 0u)  — CAos- oy An](@rgs- -5 0n,) = T(VY, D)

w; > Oy,
8wi — 7)\2

corresponding to the Fourier-Laplace transformation functor, we have
X—Bo=—> 0\X\i—Bo=— (Zw& +<n+1>+5o) :
i=0 i=0

Moreover, the dual divisor DV C V'V is free since Gp is reductive (see [GMS09, Proposition 3.7]), and
the module Der(—log 1Y) is generated by the image of ap under the morphism

gp — Der(—log D)o
A — =X-A-0.

But this implies that a basis element d; of Der(—log h) is sent under the Fourier-Laplace isomorphism
to an basis element §;" of Der(—log h"). O

11



The next step is to obtain a more functorial description of both M(CN}’ 0, X E) and M(é P, X7 B) This
has been carried out for the case G = G™ in [SW09] and used extensively in [Reild, RS17].

Let X° be the “open part” of X, i.e., X0 := p(AD)(l p) C X. Write k : X° < V for the composition
of the closed embedding %’ : X0 Gm x V' (see the second point of the Lemma with the canonical
open embedding j : G,, X V < V. Notice that we have an isomorphism

t: G x X — X0
(t,z) — (t,tx).

As a matter of notation, for any complex number 5y, we write Oéﬁn :=Dg,, /(t0: — Bo). However, from
now on we will only consider the case where [y is a real number. Consider the Dg,, x x module

NP = 0 K Ox.

Notice that since 3y € R, the module A% underlies an element of MHM(G,,, x X, C) (the abelian category
of complex mixed Hodge modules, see, e.g., [DSl3 Definition 3.2. 1]) Then we have the following result,

which gives a functorial description of M(G 0, X ﬁ) for the case 6 (5o, 0).

Proposition 4.5. Suppose that D C V is linear free and satisfies (SK). Suppose that By lies inside the
good non-resonant set of Theorem that is,

Bo ¢ U (k4 n - {roots of by(s)}).

k>0
Then the module M = M(é,ﬁ, X, (Bo,0)) is obtained as
M= (ko) NP
Consequently, M underlies a complex mized Hodge module on V.

Proof. Recall that k = j o k/, where k' : X0 < G,,, x V is closed and where j : G, x V < V is the
canonical open embedding. From the closedness of ¥’ we conclude that

Dg,,xv
(k' o)+ N = — - = (5)
(I(Hn(k/))a (0)9€Derv(—X)7 X — BO)
(notice that the direct image of O x under the closed embedding X — Visgiven by Dy /(I(X), (#)sepery (-x)))-
It follows by comparing this expression to formula (@) that jTM = (k' o t);N. We now use Theorem

which tells us that for our choice of By, the multlphcatlon with wyg is invertible on M. Hence we
have that M = j,j* M, and hence

M= jag* M= (K 0 )3 NP = (j ok 01) 2 N = (ko) A,

as required.
The last statement follows since we have a direct image functor (with respect to the morphism k o ¢)

from MHM(G,, x X, C) to MHM(V, C). O

As a consequence, we obtain the following property of the tautological system associated to a linear free
divisor satisfying the (SK) hypothesis.

Theorem 4.6. Let G = Ap as above, where D C V is a linear free divisor satisfying the (SK) condition.
Put

c:=min | ZN U (k +n - {roots of by (s)}) | . (6)
k>0

Then for all By € Z with By < c¢ the tautological system M(é,ﬁf(,(ﬁo,O)) underlies an object in
MHM (V).

12



Before entering into the proof, we have to relate the Fourier-Laplace transformation entering in the
definition of M to the Radon transformation of Dy, i -modules, as has been done in [Reild], [RS17] as

well as in [CDSI7]. We recall the necessary definitions.

Definition 4.7. Denote by Z C ]P(f/) x VY the universal hyperplane given with equation Z?:o wiA; =0
and by U := (P(V) x VV)\ Z its complement. Consider the following diagram

U
U U
PV)<—2—P(V)x VY —2 VY,
\Jiz 2
1 2
Z

The Radon transformations are functors from Dth(D]P((,)) to DY, (D) given by

7 Z+ it
R :=my m"" Eme iz iy,

o._ U U+ ~ - P
R” = To 4T =T24+JUu+JuTy

o._ U U+ C 4
R = T2, =T+ Jutiu T

— +
Rcst =T 4T

Proof of Theorem[{.6, Consider the following diagram, where the dotted arrows denote functors on D-
modules, not maps.

G, x X <Fts v FL y vV

-
Jo L

P {0} o

X —9 5 vIl,pw).

It can be shown along the lines of [Reil4, Proposition 2.5, Lemma 2.6, Proposition 2.7] that for any
Bo € Z we have the following isomorphism in D), (D)

R2((j 0 9)+Ox) ZFL((ko1)4 (0 KOx)). (7)

In particular, since FL is exact, it shows that the left hand side is actually an element in Mod(Dy. ), i.e.,
that we have H*(RS((jog)+Ox)) = 0 for i # 0. Notice also that for all 8y € Z, we have an isomorphism
p3Ox = O K Ox.

In particular, since the functors entering in the definition of Ry exist at the level of mixed Hodge modules,
we obtain that the Dy, -module FL((k o L)+(Og‘jn X Ox)) underlies an object in MHM(V") (notice that

since By € Z, we have that Oé"m is an actual Hodge module, i.e., such that its perverse sheaf is defined
over the rational numbers, and not just an element of MHM(G,,,, C) as in the case where 3 is an arbitrary
real number).

To finish the proof of the theorem, we now use Proposition [{.5] As we assume that Sy < ¢, which implies
in particular that By ¢ Ug>o (k + n - {roots of b,(s)}), we can conclude that

FL((k 0 1)1 (0@, B Ox)) = FLIM(G, 5, X, (0, 0))) = M(G, 5, X, (5o, 0))
which shows the statement of the theorem. O

Remark: As already stated in the introduction, Theorem should be considered as an analogue
to [Reild, Theorem 3.5.], which treats the case of GKZ-systems, i.e., where our group G is a d + 1-
dimensional algebraic torus acting on an n + 1-dimensional affine space (noticed that [SW09, Corollary
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3.8] plays a key role in the proof of this latter result in the same way that Theorem is needed to
show Theorem . In the paper [RS15a)], this kind of result is pushed further by not only showing
that certain regular GKZ-systems underly mixed Hodge modules but proving that the associated Hodge
filtration is simply the induced filtration by orders of differential operators (up to a shift). One of the
main ingredients was the calculation of the certain b-function (or Bernstein-Sato polynomial) of the
generator of the total Fourier-Laplace transform (corresponding to the module M in our notation) along
the coordinate hyperplane wg, which was achieved using general estimations for such b-functions from
[RSW18]. In the present situation, one would be much interested in a similiar result.

The first interesting example is the so-called x3-quiver (see [GMNS09, Example 5.3.]), here the underlying
graph is of Dynkin type, and hence the corresponding linear free divisor satisfies the (SK) hypothe51s
A Macaulay?2 calculation shows that the b-function of the class of 1 in the module M(A D P X B)

the polynomial b(s) such that

b(wo0uw,) € V' Dy + (h(p)wf — h, 01, ..., 6p—1,X +9).

has roots —1,—3,—-3,—3, -3, —5 (notice that Sy = —9 is the largest integer satisfying the assumptions
of Proposition . This contrasts [RSWIS| Corollary 3.9], which treats a similar question for the case
of GKZ-systems with normal toric rings, and where all roots are contained in an interval of length
smaller than one. The latter result is crucially used in the proof of [RSlE)a, Theorem 3.16]. Hence
we cannot a priori conclude that the Hodge filtration on M(AD, D, X ﬁ) (and consequently the one on
M(AD, 7, X, [3)) is, up to a shift, given by the order filtration on Dy (resp. the order filtration on Dy, ).
On the other hand, as it has been already noticed in the last remark of section [3] we can also study the
ideal (wg—h,d1,...,0n—1,n X —Bo) for suitable fy. If the analogue of Theoremholds for the quotient
by this ideal, then it can be shown that it is nothing but the graph embedding i5 4+ Oy (*D)hY (not of
the module of meromorphic functions itself, but of the twisted version Oy (xD)h?Y for some suitable 7).
Notice also that for By = 0 the module M (;L; D X, (0,0)) is then obtained as a pullback under a cyclic
cover of such a direct image under the graph embedding.

The roots of the element [1] of this module are simply shifts of the roots of by itself. This means that
in case where these roots are contained in an interval of length < 1 (like in the case of x3, where they
are —4/3,—1,—1,—1,—1,—2/3), we may actually be able to detect the Hodge filtration on the graph
embedding module. This is closely related to the general problem of how the Hodge filtration behaves
on the module Oy (xD), a question that has raised much attention over the last years in the context of
birational geometry, see, e.g. [MP16], [Pop18].

5 Hyperplane sections and Gauf-Manin systems

In this section we discuss the relation of the tautological system M = M(é, 0, )Z', (80,0)) (where G =
Ap) to the GauB-Manin system of the universal family of hyperplane sections of a Milnor fibre of D.
This family is the hypothetical Landau-Ginzburg potential for a (yet to be found) non-toric A-model.
Both the tautological and this GauB-Manin system are regular holonomic Dy, -modules (and actually
underly, using the results of the last section, objects in MHM(‘N/V)) We first show that they are are equal
up to smooth Dy, -modules. In a second step, we consider the dimensional reduction briefly discussed
in the introduction. It consists in applying a direct image under a morphism from VvV to A2 given by
the identity on the first component and the equation of the dual divisor DV as the second component.
We obtain a reduced system that has been intensively studied in [GMS09] using algorithmic methods.

We start with the following statement, which is a direct consequence of the corresponding results in the
toric case, as worked out in details in [Reil4] and [RS15b, RS17]. Let ¢ € Z be the constant from formula

().

Proposition 5.1. Let D C V be a linear free divisor with defining equation h and suppose that D satisfies
the (SK) condition. Let X = h™'(h(p)), where p € V\D is a chosen point. Let can: V x V¥ — A} ,
(w,\) = > wi\; be the canonical pairing. Consider again the closed embedding g : X — V from
above (see Lemmaw and let ¢ be the composition

¢ = (cano (g,idyv),pry) : X x VY — A} x VV = VY.
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Then for all By € Z. with By < c there is an exact sequence in Mod(Dﬁv)
0 — H" (X, C) @c Oy — Hp:Oxxyv — M(G, 5, X, (Bo,0)) — H" (X, C) ®c Oy, — 0,

where the left- resp. rightmost term are free O, -modules with the trivial connection (having H"%(X,C)
resp. H" (X, C) as flat sections).

Proof. From the definition of the various Radon transformation functors and the adjunction triangle for
the embeddings Z < P(V) x P(VY) and U — P(V) x P(V") we obtain exact triangles

RM)[-1] — Rea(M) — Ro(M)

RIM) — Re(M) — R(M)+1] 5

for any M € D?, (Dp(i7)) (where the second is dual to the first), see [Reild, Proposition 2.4] for details.

Recall (see the discussion after formula (7)) that we have H'R2((j 0 g)+Ox) = 0 for i # 0. Moreover, it
can be shown as in [Reildl Proposition 2.7] that

R((j°9)+O0x) = ¢4+ Oxxv,

and since we have ¢ Oxyxy € thO(D‘;v), we obtain H!(R((j 0 g)+)Ox) = 0. This implies that the
second triangle yields an exact sequence

0 — H "Rest((j 0 9)Ox) — HR((j 0 9)Ox) — HRE((j 0 9)Ox) — H'Reat((j 0 9)Ox) — 0.

Similarly to the proof of [Reil4, Theorem 2.1], it can be shown that H R .. ((jog)Ox) = H" 171X, C)®¢
(9‘7v for i = —1,0. Moreover, we have seen above that

HORE((j 0 9)Ox) = HOFL((k 0 1)+ Og,, xx) = HOFL((k 01), O R Ox)

= HO FL(M(é7ﬁ7jZ7 (ﬂ()?O))) = M(é7 ﬁ7—§z7 (6070))7
as required. O

Similarly to [Reildl Proposition 3.1, Proposition 3.3.] it follows that this sequence can be read in the
category MHM(‘N/V)7 where appropriate versions of the Radon transformation functors can be defined.
We obtain the following consequence for the partial Fourier transformation of the two (non trivial)
D-modules in the above sequence.

Corollary 5.2. For 3y € (=00, c) N Z we have an isomorphism of Dp1xyv-modules
FLYS (004 Ox xvv) = FLYS M(G. 5, X, (50, 0))-
Proof. The functor FL{%¢ is exact and kills kernel and cokernel of the map
Hop4 Oxxvv — M(G, 5, X, (5o, 0))
since these are are Oy, -locally free. This yields the statement of the corollary. O

Remark: Notice that it follows from our main result (Theorem that the partial Fourier transform
FLYS M(G, 7, X, (f0,0)) underlies an irregular Hodge module in the sense of [Sabl8]. However, since
we do not have control over the Hodge filtration of M(é,ﬁ,x ,(B0,0)) for the moment, this structure
cannot yet be entirely described.

Next we are going to consider the dimensional reduction of the tautological system M (G, p, X, (5o, 0)).
As has been explained in the introduction, the main motivation to consider this operation is that it
is parallel to the reduction process from a GKZ-system to a classical hypergeometric module that is
considered in toric mirror symmetry (see, e.g. [RS15bl Section 3.1] and [RSIT, Section 6]). As an
example (which is covered by the present case of a linear free divisor satisfying the (SK) condition but

15



which is also of toric nature, i.e. which is a reduction of a GKZ-system to a classical hypergeometric
module), consider the case where D is the normal crossing divisor with n components (the easiest example
of a linear free divisor). Then the tautological system is a GKZ-system, more precisely, we have

Dy

(3310 — [Tty O 2o Aida, 4 (n+ 1) + Bo, (M0, — )‘ia)\i)i=2,...,n)

M(év 57)?7 (5070)) =

We have the dual divisor DY = {hY = Ay -...- A, =0}, and we can consider the morphism  : A} x

Al < V given by (Mo,t) — (Xo,t,1,...,1). Then one calculates directly that the (non-characteristic)
inverse image by k of the localized GKZ-system is given as

DAl

+ [ M(G, 5, X, (80,0) ®o. O, (x(AL x DV))| = doxhs 8
" [MIG.5.X. (80.0) @0, Op (B, X D)] = s s T A ©

which corresponds, after a partial Fourier-Laplace transformation relative to the parameter space Gy,
to the quantum differential equations for the projective space P"~!. The results below generalize this
example to the case of an arbitrary linear free divisor satisfying the (SK) condition. However, we will
consider a direct image to Aio x A} instead of the inverse image by k as above.

Consider again the equation hY of the dual divisor DV, seen as a morphism hY : VV — Al. Let
¢ = (idA;O ) VY o Aj, x Aj. Then we have the following statement.

Proposition 5.3. For any 8y € R, write M(xD") for the localization
M(G, 5, X, (50,0)) @0y, Opv (x(A}, x DV)).

Then we have an isomorphism of DAioxgm)t—mOdules

Day xat [t~]

0 VYY) o
P04 MEDY)) = R T v 1) + Bo.hp) T 0%, = bn(t0,))

Before starting the proof, we state the following preliminary lemma.

Lemma 5.4. Let X = Spec(R), Y = Spec(T) two smooth affine algebraic varieties over C and g :
X — 'Y a surjective morphism yielding an injective ring homomorphism T — R. Consider the rings of
differential operators Dgp = T'(X,Dx), Dr =T(Y,Dr).

Let P € Dy be given, and suppose that for all elements t € T, we have P(t) € T, where we see P as an
element of Endc(R). Then P yields an element of Dr, that is, there exists an element Dy which we
denote by Py such that for allt € T we have P(t) = Pip(t). The order of Pir is smaller than or equal
to the order of P.

Proof. This is elementary using Grothendiecks definition of Dg resp. Dy, namely, the statement is
obvious if P is a function (i.e., an element of R) or a vector field (i.e., an element of Derg(R, R)), and
then one argues by induction on the degree of P. O

Proof of the proposition. First note that according to the second statement of Lemma [4.4] we have the
following explicit expression of M (xDV):

DVV(*(A%\O x D))
(h(p)aj\lo — h(@xl, .. ,(9)\1), 51/, R 57\{_1, Z;L:O )\iﬁ)\i =+ (Tl + 1) + ﬁo)

M(xDV) = (9)

where 8Y,...,8Y_, is a basis of the module Der(—log(D")) of vector fields on VV annihilating the
equation hY of the dual divisor DY of D. Write more explicitely

57 = 3 al)xon,.
G k=1
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for some Oé(k) € C. Put D := Dy, (x(A}, x DY)) and consider the right D-module [M(xDV)]rieht
associated to M(xDV), which is glven by D/(Py, P1, ..., P,)D, where

PO:h(p)afo _h(ax\u"'a P = Z Oé a)\k ,‘..,nflapn :ZAia)\i _60

J,k=1

Notice that we have for all i € {1,...,n — 1} that

Pi=3Y" Yoy =3 alixos, + Trace(a Z alir0n, = 8Y

g k=1 Gk=1 G k=1

since Trace(a(.ik)) = 0 as reductive linear free divisors are special in the sense of [GMS09, Definition 2.1].
Chose a D-free resolution F* by right D-modules, i.e. an exact sequence

Dn+1 (PO'v--an')

D M(@*DV) —— 0.
Now consider the transfer module
Ox (*(Al X Dv))@) -1 —1 ¢_1D 1 1[t_1]
vV Ao ) OA&O XA% [t=1] AXOXAt

which we abbreviate by D_,. Recall that the left Dy, (x(A}  x D))-module structure on D_, is given as
follows: Interpret a section g® @ € D_, as a differential operator from ¢~ OAI watlt” '] to Op (x(A], X

DY) sending k € 6710,y [t71] 10 9 (6" (Q(E))) (where ¢ : 67105y s [F1] = O, (s (4}, x D))

is the morphism of sheaves of rings that corresponds to ¢), then we have for all P € Dy, (x(A}, x DV))
that

Plg@Q)(k) = P(g- ¢*(Q(k))).
The direct image complex ¢, M(xD) is represented by the complex of left Dp1 xal [t~1]-modules asso-
0 t
ciated to the complex of right Dy1 a1 [t~1]-modules ¢.(F ®@p D_,) (using that ¢ is affine), where
) t

F@p,, Do o.—— it Ly p 0,

where the last sheaf D_, sits in degree 0 and where the map II is given by
i=0

for any go,...,gn € Opy(x(A}, x DY)) (notice that because D_, is a right ¢_1DM «al [t~ ]-module,
0
and the map II is qS*lDAi XAl [t~!]-linear, it suffices to describe it on elements g; ® 1 € D_,). Notice
0
moreover that since Py, ..., P,_1 are vector fields and P, is a vector field plus a constant, we have

Pi(gi - (¢7k)) = Pi(g:) - (97k) + gi - Pi(¢"k) (10)

fori=1,...,n—1 and

Po(gn - (¢7k)) = (Z AiOx, — /BO> (gn) - ( )+ Gn - (Z AiOx, >
1=0

(Z /\iaM) (gn) - (97K) + gn - (ZA O — ) (¢7F).
i=0

Our aim is to calculate the cohomology H%¢.(F ®p D_,), i.e., the cokernel of the map II, seen as a
Dyt wal [t~1]-module.
0 t
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Notice that for alli € {1,...,n—1} and for all k € ¢_1OA§ «at[t71], we have P;(¢*k) = 0 since P; = 6/
0 t

is a vector field in Der(—logh"). Write eq,e1,...,e,_1,€, for the canonical generators of D! then
we see from from formula that

O((gi®1)e;) =6(g5) @1 €D, i=1,....,n— 1.
In other words, the image of II is the right ¢*1DAi a1 [t~ !]-submodule of D_, generated by
0 t
{H((QO & 1)60)7 61/(91) ® 1a R 57\{—1(971—1) ® lvn((gn & l)en) |gOa <3 9n € Of/v(*(A%\O X DV))} .
Consider O, (*(A}\O x D)) as a qS_IOAi a1 [t~ !]-module. Then it is clear that the C-vector space
0 t
{6(9)|1<i<n—-1g¢€ Of/v(*(A;o x DY)}

has the structure of a ¢~'Ou1 ,1[t™!]-submodule (since elements from ¢~'Ou1 ,1[t™"] are killed by
0 t 0 t

the vector fields 6y, ...,6Y_;). We claim that we have an isomorphism of (é_lOAi «at [t~ ]-modules
0

Op (x(A}, x DY)
{0V(9)|1<i<n—1,g€O0p, (x(A} x D))

v = ¢_10A;0 at[t™1]

or, equivalently (recall that the first component of ¢ is the identity) an isomorphism of (hv)_l(’)Atl [t=1)-

modules
Ovv (*Dv)

{61\/(9) | 1<i<n-1l,g€ Ovv(*Dv))}
In order to show the claim, consider n — 1-st (i.e. the top) cohomology of the relative (meromorphic) de
Rham complex

=~ (1) 'Ot ).

H (1) ( Qs (5D¥),d) = (V). H Qs (+DY), ).
The cohomology (hv)*’anl(Q{/v/Al(*DV),d) is nothing but Oy [t~ !]: each (non-singular) fibre of hY

t t
is an orbit of the dual action of G = Ap on V'V, having finite stabilizers, and since Ap is reductive and
connected, it has a deformation retraction to a compact connected n — 1-dimensional real Lie group,
hence H"1((hV)71(t),C) = C for all t # 0.
Notice that we have

(Q;/\//A% (*Dv)7 d) = (Q.(f IOg hv)(*Dv)7 d),

where
2 (—log DY)

d(hVv °o— ’
(hlv ) A QVVI(— log DV)

Q*(—logh") :=

see [GMS09, Section 2.2]. Then
ML Q0 (+DV),d) = HL(QP(—log h¥)(+DY), d)

1%

OV\/(*DV) a
{07(9).---.07_1(9) |g € Oyv (DY)}

where o = i,v (vol /hY) = nvol /d(h") is a volume form in the fibres of h¥ (see [GMS09, Formula 2.7]).
Here x" denotes the Euler field Y. | X\;9,, in the space V'V (Notice that we have again a decomposition
Der(—log DY) = Der(—logh") ® Oyvx", where Der(—logh") = {6 € Deryv |0(hY) = 0} since DY
is again a reductive linear free divisor), and we write i,v : Q% (*DV) — Qi (*DV) for the interior
derivative.

Namely, if we write A; := isv(a) € Q"2(—log h), then since d\; = 0 (because D and DV are special,
see [GMS09, Lemma 2.6]) and since isy (dg Aor) =0 € Q" 1(log hY) (see [GMS09, Proof of Lemma 4.3])
the morphism d : Q"~2(—1log hY) — Q" !(—log h") is identified with

n—1
@Ovv)\j — Ovv()é
j=1

(915 rGn-1) +— [E;:ll 5;-/(gj)} a.
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This shows the claim. As a consequence, we have an identification

D,
(§IV(9) ®1,... 757\{—1(9) ®1, ‘g € O?V(*(A%\O X D\/))) ¢71,DA§\0><A% [til]

O";v (*(A}\o X D\/>) ®¢_1OAi xal [t-1] (ZS_IDA%\OXA% [t_l]
(0¥ (9)®1,..., 07 1(9) @1, |g € Op (x(A3, x DY) ¢~ Dy war[t™]

= ¢_10A;OxAg [t Bp=10,1 oy lt1] ¢_1DA;OxA,} [t = Qf)_lDA;OxAg ]
0
and hence . .
¢” Day xatlt™]
(I((90 ® 1)eo), I((gn @ 1)en)) 971 Day azt™]

where now II((go ® 1)eg) resp. II((gn, ® 1)e,) denotes the image of these two elements of D_, in
QS*lDAi x Al [t~1] under the identification given by equation .
o XA

Consider the Bernstein polynomial by (s) = [];—, (s — a;) of h¥ normalized such that we have

D_,/im(II) =

h(@kl, e 78)%)(}1\/)5 = bpv (S) . (hv)s_l.

Notice (see [GS10] or [NMT5]) that the roots «; are symmetric around zero and write bpv (s) = s- Bpv(s),
where we take the convention that Byv(s) = [[;,(s — «;), L.e. that a3 = 0. We now claim that

Dy watlt™]

(0%, h(p) — By - Buv (t0y), Oxg Ao + ntdy — 1 — fo) - Day xa [t

HOp, (F @p D_,) = (13)

Using formula , we have

Po(¢7k) = (Y X0, = Bo)(67k) = (Dr, o + Y i, — 1 = Bo)(¢"k),
i=0 i=1
which means that the differential operator Y ., A0, — (o satisfies the assumptions of the previous

lemma (Lemma for X = ‘7v, Y = Aio x A} and the morphism ¢ : X — Y. On the other hand,
Bernstein’s functional equation

h(&,\l,. .. ,a,\n)(hv)s = bhv (8) . (hv)s_l

for the function hY implies that the differential operator h(d1, ..., d,) also satisfies the assumptions of

the previous lemma (in the situation where X = VY, Y = A} x A}, ¢ : X = Y). Hence Lemma

shows that they both define differential operators on the subalgebra gb*lOAi <4, Namely, the operator
o X

h(Oayy---s 8,\71)‘4)71@&;0 o € ¢_1(DA§O [t71]) corresponding to h(dy,, .- .,dy, ) via the previous lemma

XA}
is precisely 0 - Bpv(td;) (since it acts on t* as h(dx,,...,0,) acts on h®). Similarly, the operator
> o Xi0x, € Dy corresponds to M\gdx, + ntdy = Ix Ao + ntdy — 1 € ¢~ 1Dy . [t~1]. This shows the
Ao xAl
claim, i.e. formula .
The final result follows by taking the associated left D1 xal [t~1]-module of the right hand side of
0 t

equation , notice that

(O Buv (t0,))T = —Bpv(t0)T - 0y = (—1)" [[(t0r — ai)" - 0 = (=1)" [ [ (—0ut — i) - 04 =
i=2 =2
n—1 n—1 ) n—1
= [ o +1+0)o =0 [] t0r + i) = 0, [] (t0r — i)
i=1 i=1 i=1

= 0;Bpv(td) =t~ by (t0)
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where (—)T denotes the operation of taking the transpose operator and where the equality (*) holds by
the symmetry around 0 of the roots of Bpv.
Finally, as we have already noticed above, we can assume that h and hY are equal since both define

linear free divisors, so that also By, = Bjv resp. by = bpv.
O

In the sequel, we draw some consequences of the above proposition.
Corollary 5.5. We have an isomorphism

DAixGm,t
(z7by, (t¢) — h(p) - £, 220, + ntz0;)’

FLE’;J(’HO@ 0 0)LOxxyv (*(X x DY)))

where FL%’;J : MOd(DAioxGm,t) — Mod(Dy1xa,,,) is the localized partial Fourier-Laplace transforma-
tion with base Gy, (see formula (1)) at the end of the introduction).

Proof. We deduce from corollary W that for any By € (—o0,¢) NZ we have an isomorphism of Dy, 41-
modules

HO(idps, hY) 4 (FLI‘SS (H%mxwv)) 2 20 (idy1, hY) 4 (FLI‘SS M(G, 5, X, (50,0)))) :
and similarly we get
HO(idps, hY) 4 (FLI{}S (04 Oxe v (+(X x DV>))) = 20 (idy1, hY) (FLI‘% M(*DV)) (14)

(assuming that Bg used in the definition of M (xDV) satisfies B9 € (—o0,¢) NZ). On the other hand, we
have

HO(idps, )4 FLYS () = FLGS, , HO¢4 (K)
for any K € Db(Df/v) since the first component of ¢ is the identity mapping on A%\O. We know that

H (04 Oxxvv (#(X x DY))) is Opy (x(A}, x DY))-free of finite rank for i < 0 since the restrictions
Qixxify : X = A}, x {f} (for f € VY\DY) are tame functions (see [GMS09, Section 3.3] for the

tameness, and then [Sab06, Theorem 8.1]), so that FLS (H (¢ Oxxyv (x(X x DY)))) = 0 for i < 0.
This implies that

HO(id a1, hY) 4 FLYS (94 Ox vy (x(X x DV))) = HO(id a1, hY) 4 FLYS (H0%4 Ox xyvv ((X x DY))).
Using this, it then follows from equation [I4] that
FLGS  Hb 404 Oxxvv (x(X x DY) = FLES  H¢ M(xD").
Recall that we have shown in Proposition that
Hop M(xD) = H'$ M(G,5,X,(Bo,0)) ®o,., Op(x(A}, x DY)

,DA}\OXGm,t
(AoOx, +ntd; + (n+ 1) + Bo, h(p) - t - Y — by (t0r))

R

Now notice that

FLIOC DA; XGvn,t
Gmt \ (Nody, + ntdy + (n+ 1) + Bo, h(p) - t - 9%, — bu(tor))

o DA}Z X Gt
(27bp, (t0;) — h(p) - t, 220, + ntz0; + z(n + Bo))’
however, multiplication by z is invertible on this module by construction (since it is a direct image under

the open embedding j. : Gy, X Gy g — Ai X Gp,¢) and it is easy to see that multiplication with 2 HBo
induces an isomorphism

~

Dpixa,, ~ Dpix@pm,e
(27by, (t0y) — h(p) - t, 220, + ntz0;)  (27bp(td;) — h(p) - t, 220, + ntz0; + z(n + Bo))
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Next we discuss the relation of the D-modules obtained from tautological systems associated to linear
free divisors to the one studied in [GMS09] and [Sevli]. Let f € (hY)~1(h(p)) C VV be a linear form
on V. In these papers we have considered the morphism (f,h) : V — Al x Al and the direct image of
Oy (xD) with respect to this morphism. Since this morphism depends on the chosen linear form f, we
would like to consider it here rather as a morphism

UV:XVxV — A;XA%

(fiz) — (f(x),h(x))
where XV := (hY)~1(h(p)). Then we have the following comparison result.
b g Y

Proposition 5.6. Let, as before, p € V\D, X = h=1(h(p)) and XV = (h¥)~1(h(p)). Then there is an
isomorphism in Db(DAi < Al)
0 t

U Oxvxv (+(XY x D)) = (¢09) 4+ Oxxyv (*(X x D))
and hence an isomorphism of Dy xg,, ,-modules

FLES , HOUL Ox vy (((XY x D)) = FLE ,(HO(6 0 9)4(Oxxvv (+(X x DY))))

m,t

DA;XGWLJ,
(2"bp, (t0;) — h(p) - t, 2%0, + ntz0y)’

1%

Proof. By choosing appropriate coordinates on V' (and the induced dual coordinates on VV), we can
assume that the equations h and h"Y are simply equal. This holds since for a a general reductive preho-
mogeneous vector space V we have h¥(\) = h(w) if (w1, ..., w,) are unitary coordinates and (g, ..., Ap)
the corresponding dual coordinates (here h is a defining equation of the discriminant of V). But it is
known (see [GS10, Theorem 2.5]) that for a linear free divisor D, its defining equation i can be defined
over @ in appropriate coordinates. Consider the following diagram

XXVV (g,idyv) VXVv%VVxV%XVXV
\ (can,pr)
Aj x VY= vV

:=(cano(g,idy v ),h") qﬁ:(id)\mhv)

1 1
Ay, < Ay

here can’ : VYV xV — A%\U is given by (f,p) — f(p). On the other hand, we write dual for the morphism
given by identifying V with V'V (and vice versa) via the chosen coordinates wy,...,w, on V and their
dual coordinates Aq,..., A\, on V'V (so it is not just the involution reversing the factors of V' x V'V resp.
VY x V). Nevertheless, we have can = can’ o dual. It follows that (can,hY) = (can’, h) o dual since h
is defined over Q. In particular, the morphism dual sends X x V¥ = h=*(h(p)) x V'V isomorphically to
(hY)"Y(h(p)) x V = XV x V. Similarly, the subvariety X x DV inside X x V" is send to XV x D.

It is easy to check that the above diagram commutes. We conclude that we have an isomorphism

(60 9) 1 Oxxv (x(X x D¥)) =, Oy (+(X x D))
= (can’, h)+(dual) 4 (g,idyv) 1+ Ox xvv (x(X x DY))
= ((can’, h) o dualjx xyv)+Oxxyv(*(X x DY) = U, Oxvyy(x(XY x D)).

The second assertion follows by combining this result with Corollary O
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Notice that this gives exactly the result in [SevI3] Theorem 4], which in turn was based on the rather
involved algorithmic arguments of [GMS09, section 4]. Actually, it is possible to show Proposition
without assuming the (SK) hypotheses. However, since Theorem is not available in this case, one
is forced to consider a partial Fourier-Laplace transformation of the object (k' o ) N from formula
instead of the total Fourier-Laplace transform of M, as has been done in the proof of Theorem
The latter can be expressed as a Radon transformation, but not the former, and hence the argument
runs quite differently (compare also [CDRS18] where a similar strategy is used in the toric case). We
postpone this discussion to a subsequent paper.

Remark: The most basic case of linear free divisors (satisfying the (SK) hypotheses) is the normal
crossing divisor given by h = w;y - ... w,. It is well known that in this case G = Ap = G”!, and so the
tautological system M (G, p, X, ) is nothing but the GKZ-system ./\/li7 where

1 0 0 ... 0 -1

o 1 0 ... 0 -1
A:

: : e |

0o ... 1 -1

In this case the exact sequence of Proposition is the same as in [Reil4l Theorem 2.13], and obviously
the reduced module FL}E;’jm Hp, (M(xDV)) (or rather its restriction to z = 1) is nothing but the

quantum differential equation of the projective space P*~!. Notice that in this case the dimensional
reduction can be done by a direct image (under the map ¢ = (id Al ,hY), as in the current paper, as well
0

as by a direct image under an embedding A}\O X Gyt — Ako x V'V as has been done in [RS15bl Section
3.1]. As we have mentioned at several places, it is a natural question to ask whether the more general
tautological systems defined by prehomogeneous group actions (say under the current hypotheses, i.e.,
with a linear free divisor satisfying (SK) as discriminant) can also be interpreted as quantum differential
equations of some variety or orbifold. This is particularly interesting in the case of quiver discriminants,
since one may hope to construct an appropriate A-model directly from the given quiver.
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