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Abstract

Many hypergeometric differential systems that arise from a geometric setting can be endowed with
the structure of mixed Hodge modules. We generalize this fundamental result to the tautological
systems associated to homogeneous spaces by giving a functorial construction for them. As an
application, we solve the holonomic rank problem for such tautological systems in full generality.
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1 Introduction

The purpose of this paper is to investigate differential systems that one can naturally associate to group
actions on smooth algebraic varieties, and more specifically to representations of algebraic groups. A
well-known and widely studied case is when the group is an algebraic torus, in which case the corre-
sponding Z-modules are known as GKZ-systems (see, e.g., [RSSW21] for an overview on the algebraic
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aspects of this theory). Consider now the following data: a complex algebraic group acting linearly on
a finite-dimensional vector space, an invariant subvariety of this space, and a homomorphism from the
Lie algebra of the group into the complex numbers. To this situation is naturally attached a tautological
system, which is an equivariant Z-module on the dual vector space. This construction seems to go back
to [Hot98, Section 4.], but has been considered more recently in a series of papers by Bloch, Huang,
Lian, Song, Yau and Zhu ([LSYT13] BHL™ 14, [LYT3, [HLZT6]). One of their main motivations comes from
mirror symmetry, understood in the classical sense of recovering enumerative geometry information (i.e.,
quantum cohomology) of certain symplectic varieties by period integral computations of their mirror
families (or oscillating integrals in the non-Calabi-Yau case). While the case of complete intersections
inside toric varieties can be considered as settled (at least under sufficient positivity assumptions, cf.
[Giv98, [[ril1l, [RST7] and the respective bibliography trees), it is a longstanding and challenging problem
to establish mirror symmetry, expressed as an equivalence of Z-modules (possibly with additional struc-
tures, such as Hodge modules or irregular variants of them) for non-toric varieties. An important class
of examples arise from homogeneous spaces; for a partial list of known results on mirror symmetry in
that context see [Rie08, IMR20, [LT17]. A common feature of these papers is that the mirror of a Fano
manifold which is a homogeneous space for some group GV consists of a Landau—Ginzburg potential,
constructed via Lie theoretic methods from the Langlands dual group G of GV. When restricted to a
torus inside GG, such a potential function can be expressed as a Laurent polynomial. Describing, and
then studying, an appropriate partial compactification of this mirror Laurent polynomial is a major and
central problem in the area; the toric situation is considered for example in [RS17] and, from a very
different point of view, in [CPS22].

Motivated by these results and problems, a question of fundamental importance is, for a given homo-
geneous space X = G/ P, to describe the differential system satisfied by periods of families of hyperplane
sections, for an appropriate embedding of X into a projective space. Such a differential system would
be the analogue of a GKZ-%-module, and should yield (by dimensional reduction) the mirror Z-module
considered in the papers mentioned above. Our main findings paraphrased in Theorem below, give
criteria to determine when tautological systems arise as such Z-modules in a setting where we allow G
to be any linear algebraic group, and where the representation will be in the space of sections of some
equivariant line bundle L on X.

Our investigations show that one needs to impose rather delicate conditions on the bundle L and the
parameter Lie algebra homomorphism mentioned above in order to obtain a non-zero tautological system.
If these conditions—which we make explicit—hold true, we show that the corresponding tautological
system has a functorial description, and thus naturally underlies a mixed Hodge module. We determine its
possible weights, and we show how to compute its solution rank at any point. In particular, we determine
its holonomic rank in terms of the dimension of the cohomology of a natural family of (complements of)
hyperplane sections of X. The latter result gives a complete solution for arbitrary line bundles to the
holonomic rank problem raised in [BHL™14]. We also show that in many cases (depending on the value of
the parameter Lie algebra homomorphism), the monodromy representation defined by the smooth part
of the tautological system is irreducible. Besides applications to mirror symmetry, our results should
also lay the foundations for further study of Hodge theory of various differential modules constructed
from representations of algebraic groups, such as Frenkel-Gross connections (see [FG09]) or generalized
Kloosterman Z-modules ([HNY13]).

In the remainder of this introduction, we are going to describe our main results in more detail, and
we give an overview on the content of this paper. The main character, the tautological system, is defined
below. In terms of notation, for a vector space V and its dual space W := V'V, we denote the Fourier—
Laplace transformation functor FL : Mod(Zy) — Mod(Zw) (see Section below for more details
about Fourier—Laplace transformations on arbitrary vector bundles). For now, G’ can be any linear
algebraic group, but in the later parts we will consider a group G acting transitively on a variety X, and
G’ will denote the product C* x G, acting on equivariant line bundles L — X.

Definition 1.1. Let p: G’ — GL(V) be a finite-dimensional rational representation of an algebraic
group and denote the induced Lie algebra representation by dp: g’ — gl(V). Let Y be a G’-invariant
closed subvariety of V. For a Lie algebra homomorphism 3: g’ — C, define the left 2y-module

(p,Y,B) = Dv/(DvI+ Dv(Zv(€) — B'(€) | € €d))), (1)

where Z C Oy is the vanishing ideal of Y, where Zy (£) denotes the vector field on V given by the



infinitesimal action of g’ (see Lemma[d.3|for a detailed discussion), and where 3'(€) := trace(dp(£))—B(£).
Its Fourier—Laplace transform

T(p7?7 B) = FLV(%(/L?v B)) (2)
is a left Zyv-module called the tautological system associated to p, Y and j3. &

The next statement summarizes our main results. To state them, assume that X is a smooth projec-
tive variety, and that G is a reductive and connected linear algebraic group that acts transitively on X.
Suppose that L — X is a G-equivariant line bundle on X, with sheaf of sections .#, which we assume to
be very ample. We put G’ := C* x G, and we define an action of G’ on L by letting the C*-factor act via
inverse scaling in the fibres of L (see Definition for a more precise and more general description).
Setting V := H(X,.¥)V, we obtain a representation G’ — GL(V'). Moreover, since L is very ample, the
linear system |.Z| yields an embedding g: X < PV. Let X C V be the affine cone; this is a G/-invariant
subvariety. Notice that there is an isomorphism L* 22 X \ {0}, where L* is the complement of the zero
section of L — X and we write ¢: L* < V for the corresponding locally closed embedding obtained by
composing this isomorphism with the embedding X \ {0} < V. Choose any Lie algebra homomorphism
B: g =Ced®g— C with g = 0 (this is forced on f if G is semisimple, since then [g, g] = g), i.e., choose
a number S3(e) € C.

Theorem 1.2 (Theorem Theorem and Corollary [6.15). In the above situation, the following
statements hold true.

1. Let f(e) ¢ Z. We have

(a)
FLY (1, 04F) if 2®¢ =M and B(e) = ¢/k,
(0, X, ) =

0 else,

where (’)i/*]C is a smooth PDr«-module of rank 1 on L* (and we denote by @f—f*’c its associated
local system) which underlies a pure complex Hodge module of weight dim(X) + 1.

(b) If T(,O,X, B) # 0, then it underlies a simple pure complex Hodge module of weight dim(X) +
dim(VV). In particular, the local system corresponding to the restriction of T(p,f(,ﬂ) to the
complement of its singular locus (or, phrased differently, its monodromy representation) is
trreducible.

(¢) The holonomic rank of 7(p, X, 8) equals
dime B (X Z(0), €4*)

for a generic A € V¥ = HY(X,.%), where Z(\) is the vanishing locus in X of the section ),
and where Qf\/k is the local system )\TX\Z(A)Q%]C

2. Let f(e) € Z~o. We then have
7(p, X, B) =FLY (HOLTOL*),

which underlies a (rational) mized Hodge module (i.e. an element in MHM(V'Y) ), with weights in
{dim(X) + dim(V"), dim(X) + dim(VV) + 1}. Its holonomic rank is given by

dimg H™O (X \ Z()\), ©).

Since the above theorem is meant only as an overview of our results, we ignore the case where
B(e) € Z<y here, as it is essentially uninteresting (see Corollary for more details). In a similar
spirit, we only mention the holonomic rank here, whereas Corollary contains finer results concering
the fibre rank (resp. the solution rank) of the system T(p7X ,B) at any point. Notice further that the
points 1.(a) and 1.(b) in the above theorem imply in particular that for any given equivariant line bundle



L that gives a non-zero tautological system, some sufficiently high power of it yields a system with
irreducible monodromy representation.

There are essentially three main ingredients in the proof of the above results. First, one needs to
rewrite the Fourier-Laplace transformation entering in the definition of the tautological system in
as an operation that involves only functors defined in the category of mixed Hodge modules. This
is done using a strategy that already appeared in [Reil4], namely, via the Radon transformation for
algebraic Zpn-modules. Due to the possible non-integrality of 8 however, we need here a variant of this
transformation. This twisted Radon transformation was used in [RS20, Section 5.2], and the relevant
adaptations are discussed in Section

The second main point of our investigations is to study non-vanishing criteria for tautological systems.
As already mentioned, a tautological system, as defined by resp. is often the zero module,
especially when the dimension of the group G is larger than the dimension of the G-variety Y. This
is exactly the situation that we are facing when studying tautological systems defined by homogeneous
spaces. This aspect seems to have been overlooked in the previous studies of tautological systems (e.g. in
IBHL™ 14, [HLZ16]). We therefore need to develop both necessary and sufficient criteria for such systems
to be non-zero. As stated in our main result above, they involve both constraints on the equivariant line
bundle L and on the parameter homomorphism 3. We develop these criteria in Sections [] and [5} using
some facts on modules over a rings of twisted differential operators as well as some standard techniques
from representation theory.

The third important ingredient of our construction is a localization result for the Fourier—Laplace
transform %(p7X ,B) of the tautological system, treated in Section and Section Although the
problem is similar to the corresponding result in the GKZ-case in [SW09], the techniques are very much
different. It is here where the two cases 5(e) € Z resp. 3(e) ¢ Z need to be treated separately. While
the latter is a relatively simple argument concerning eigenvalue decomposition for an operator derived
from the Euler vector field on the space V, the former is more delicate. Contrary to the strategy in
[SWQ9] (using so-called Euler-Koszul homology) we study here various Lie algebroid cohomologies and
prove some vanishing theorems about them.

Outline: Let us give a more specific overview over the various parts of the paper. Notice that the
level of generality is decreasing, in the sense that the results in the earlier sections apply to more general
situations than the main result as stated above. In particular, Section [4] contains results of general
interest about Z-modules related to group actions on algebraic varieties.

We start by defining in Section [2] certain Hodge modules on line bundles L — X over smooth varieties
(or rather on the complement of the zero section L*). Their underlying Z-modules (denoted by o’ .)
generalize the twisted structure sheaf P« /P (0 -t + 3) (which would correspond to the case where the
variety is a point). Then we study their Fourier-Laplace transforms in Section |3 show that they still
underly a mixed Hodge module on the dual bundle and discuss a (complex of) Z-module(s) on the space
of global sections of this dual bundle as well as a geometric interpretation of it as twisted cohomology of
hyperplane sections.

In Section |4{ we address the question under which hypotheses the tautological system 7(p,Y, ) and
its Fourier transform 7(p,Y, 3) are a non-zero Zyv- resp. Zy-module. We first consider a quite general
situation of a smooth algebraic variety Y endowed with the action of an algebraic group G’. From the
vector fields induced by this group action, together with a Lie algebra homomorphism 3, we construct
a Py-module </Vyﬁ . Especially important is the case where Y occurs as an orbit in a vector space V'
underlying a rational representation p: G’ — GL(V). According to principles outlined above, there is
a tautological system 7(p,Y, ) and its Fourier transform 7(p,Y,3). We relate in Corollary the
restriction of 7(p,Y,3) to Y with the intrinsically defined module </Vyﬁ . We then develop therefore a
framework, based on the formalism of Lie algebroids and their universal enveloping algebras, to study the
vanishing resp. non-vanishing of the module </VY5 . The first main result in this section is Theorem
which gives a sufficient criterion for 7(p,Y, 8) to be non-zero. Afterwards, this is applied to the more
specific case where the variety Y is the complement of the zero section of the total space of a line bundle
over a variety X equipped with an action by a group G. Then L can, with the choice of a character, be
made into a G'-space, where G’ := C* x G. The second main result is Theorem which not only gives
sufficient and necessary non-vanishing criteria for the system 7#(p, Y, 3), but also describes this system,
if it is non-zero, as a direct image of one of the modules Og* introduced earlier in Section



In Section |5, we derive (via representation theoretic methods) a formula for the complex parameter
value (e) € C for which the tautological system 7(p, X , B) is non-zero, at least in the case of a semisimple
group G. We also give a geometric interpretation of this formula and show that it is compatible with
the general criterion of Theorem [1.34]

In Section [6] we apply all the previous results in the case where the variety X is a homogeneous
space, and where the representation p is in the dual of the space of sections of an equivariant line bundle
on X. The affine cone of X then takes the role of the G’-invariant space used in the definition of the
tautological system T(p,X ,B). The main result is then Theorem showing that if 8 is such that
7(p, X, B) # 0, then it underlies a pure complex Hodge module for 3(e) ¢ Z and a rational mixed Hodge
module for f(e) € Z~o. Moreover, we exhibit in Corollary a functorial description of 7(p, X, B) as
a direct resp. as a proper direct image of a family of (complements of) hyperplane sections of X, and in
consequence solve the holonomic rank problem as stated in [BHL™14] and [HLZI6| in this generalized
situation. A major ingredient necessary for the formulation of this functorial description is to determine
how the Fourier-Laplace transformation of 7(p, X ,B) is related to its restriction to the complement of
the origin. The answer to this question depends crucially on whether 3(e) is integral or not; we treat
the two cases separately in Section [6.1] and Section [6.2

Notations: Throughout, we work over C. By wariety, we mean an integral scheme of finite type
over C. When we talk about points on a variety, we mean closed points unless mentioned otherwise.
Our convention for the projective space of a finite-dimensional vector space V is PV := Proj Sym V"V,
i.e., PV parameterizes one-dimensional subspaces of V. For a smooth variety X, we let Zx be the
sheaf of algebraic differential operators on X. If not mentioned otherwise, a Zx-module is a quasi-
coherent O x-module equipped with a left action by Zx. The category of such modules is denoted by
Modg.(Zx) and the corresponding bounded derived category by DZC(QX). Similarly, let Modp,(Zx) and
D! (Zx) be the category of holonomic Zx-modules and its corresponding bounded derived category,
respectively. Throughout, for a morphism f: X — Y between smooth varieties over C, we denote by
f+: Db (Zx) = Db.(Py) and f: D! .(Zy) — D.(Zx) the functors defined by

frtl = Rf(Dyx @5, M) and [fTN =Dx_y &%y [N

Moreover, we denote by
DA = w}/( ®oy RHomag, (M, Dx)[dim (X))

the duality functor from D% (Zx) to itself; it respects Mody,(Zx ). We then define the functors
fi=Dof oD and ff:=Do ffoD.

For any variety X, let MHM (X)) be the Abelian category of algebraic (Q-)mixed Hodge modules on X (as
defined in [Sai88| [Sai90]) and D*MHM(X) its bounded derived category. For any morphism f: X — Y
the functors fy, fy resp. fT[dim(Y) — dim(X)], f*[dim(X) — dim(Y)] on D%(Zx) resp. D}(Zy) lift to
functors

fe, fi: D°MIHM(X) — D*MHM(Y)  resp.  f*, f': D°MHM(Y) — D’MHM(X).

We also denote by I the functor on D*MHM(X) which lifts the above defined holonomic duality functor
on DY(Zx). Any object M € MHM(X) is a tuple M = (&, Fo,W,, K) where .# € Mod,(Zx) and
We At is its weight filtration. We denote by HM (X, w) (or simply HM(X) if w is clear from the context)
the full subcategory of objects such that Gr;(.#) = 0 for all | # w; these are the pure Hodge modules of
weight w.

We will need an extension of the notion of (Q-)mixed Hodge modules to the category of complex mixed
Hodge modules. It can be constructed by first defining R-mixed Hodge modules, see [Mocl5l, Section
13.5]. Then a filtered Z-module (.#, F,) is said to underly a complex mixed Hodge module if it is a
direct summand of an R-mixed Hodge module ([DS13|, Definition 3.2.1.]). We denote the corresponding
Abelian category by MHM(X, C), by D’ MHM(X, C) its bounded derived category and by HM(X, C, w)
(or HM(X, C) for short) the category of pure complex Hodge modules of weight w. Many of the known
constructions for R-mixed Hodge modules carry over to the categories MHM(X, C) and HM(X, C) since
they are stable under taking direct summands. The article [DV22] Section 7.1 and Appendix A] contains
a more detailed discussion of complex Hodge modules.



For any variety X, write ax: X — {pt} for the map to the point. We denote by C,; the trivial
complex Hodge structure of dimension 1. Then

fCx = ax""Cpeldim(X)],

is a smooth (constant) Hodge module and indeed an object in MHM(X, C). Notice that our notation
differs from the convention in [Sai88) [Sai90], where the (Q-)constant Hodge module of rank 1 is denoted
by *Q¥.

We will further need a particular smooth (but non-constant) complex Hodge module on the one-
dimensional torus C*. Namely, for any 8 € R, we denote by Og* the Zg+-module

Of. = Do+ | - (04t + B).

We write Hﬂg* for the complex Hodge module with underlying Z-module equal to Og* (placed in
cohomological degree zero), and where Grf: Oé* = 0 for p # 0 and GrZW Og* =0 for i # 1. TIts
corresponding perverse sheaf is V[1], where V is the local system of rank 1 on C* given by the monodromy
with eigenvalue e2mV =18, Again, in the conventions of [Sai88] [Sai90] this object would have been denoted
by PCHP.
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the proof of Lemma

2 Mixed Hodge modules on line bundles

As a preliminary result, we state and prove for the reader’s convenience the following well known fact
about the fundamental group of the complement of the zero section of a line bundle.

Proposition 2.1. Let M be a simply connected complex manifold, i.e. 71(M) ={e}. Let 7: L - M
be a holomorphic line bundle on M, and write

ci(L) = Z \ie; € H*(M,7)

i=1

for some basis ey, ..., e, of H*(M,Z). Denote by L* the complement of the zero section of L. Then
m1(L*) = Z/kZ, where k = ged(A1, ..., Ar).

Proof. We first notice that the assumption 71 (M) = {e} and the universal coefficient theorem for co-
homology implies that H?(M,Z) is free, so the statement of the proposition makes sense. Furthermore,
L* — M is a principal C*-bundle, hence by Milnor’s construction [Mil56] for the case G = C* there is a
classifying space B := BG, a universal principal G-bundle p : £ := EG — B and a map ¢ : M — B so
that L* is the pullback of F along ¢.

Set I := [0, 1], denote by * the base point of B and by PB := {y € B! : v(0) = %} the Moore path
space over B. Since B is path connected we have the Moore path space fibration for (B; x)

OB — PB-2% B p(y) =~(1).

and analogously for 7 : PE — E. Tt can be shown [FHTOI], Proposition 2.10] that there is an action of
G xXg PE on PE, making 7 : PE — B a G xg PFE-fibration. One gets a diagram of fibrations

F<~—PF——PB

N

G<—"Gxgr PEL—~0OB

with fibers



where v and 4 are weak homotopy equivalences (see loc. cit.) .
Pulling back this diagram along ¢ one gets

L* <— M xp PE—— H(p)
\M/

where H(yp) is by definition the homotopy fiber of ¢ giving a fibration

H(p) — X % B.

Notice that L* and H(p) are weakly homotopy equivalent, in particular m (L*) ~ 71 (H (¢)).
Consider the long exact homotopy sequence of the fibration above

(X)) — mo(B) — m(H(p)) — m (M) =0

Since m1 (M) and 7 (B) are trivial we have mo(M) ~ Ho(M,Z) and mo(B) ~ Hy(B,Z) ~ Z. In
particular, we get the exact sequence

Hy(M,Z)troe — Ha(B,Z) — m (M) — 0

By duality we get the map Z -0 ~ H?(B,Z) — H?(M,Z), where 0 is a generator of H?(B,Z). Notice
that this map is simply the pullback of cohomology classes along the classifying map M — B. In order
to identify the image of 6, we notice that there is a commutative diagram

T
\B

M

u()

The map BU(1) — B is induced by the inclusion U(1) — C* and is a homotopy equivalence, in particular
H*(B,Z) ~ H*(BU(1),Z) ~ Z[f] with deg(d) = 2. The map M — BU(1) is the classifying space of
the sphere bundle of L. By definiton of the Chern classes the pullback of  along M — BU(1) is

the first Chern class of L. We conclude that, with respect to the dual basis of eq,...,e,, the map

Ho(M, Z)ree — Hz(B,Z) is given by 2" 225 7,

O

From now on, let X be a smooth complex projective variety and let L — X an algebraic line bundle.
Unless noted otherwise, we work in the algebraic setting and denote the associated complex manifolds
by X2 L2 .... In particular, when assuming that 71 (X?") = {e}, we can apply the above proposition
to the case where M := X®" and to the holomorphic line bundle L®*" — X?". We therefore conclude that
w1 (L*?") = Z/kZ. For the remainder of this paper, we will moreover assume that L is a non-trivial line
bundle on X (in particuler, we assume that Pic(X) # 0). This implies in particular that the number &
obtain in the previous proposition is different from zero.

Definition 2.2. Let L — X be as above, and let k be as in Proposition 2.1} Choose a rational number /3
in +7. Consider the representation 71 (L**") — C* given by sending [1] € Z/kZ = 71 (L**") to the k-th
root of unity e=27%. This defines a local system on L**" which we denote by QB «. The corresponding
Op,+»-module with integrable connection (i.e., the corresponding smooth Zy+-module) is denoted by Og*.
It underlies a complex smooth pure Hodge module on L* denoted by HQQ*. &

Notice that it follows from this definition that (’)g* = Og/ for s — 8 € Z.



Proposition 2.3. Locally, over an open subset U C X trivializing the line bundle, C’)}BJ* is isomorphic
to the Y+ «y-module
Do~/ (0t + B) K Oy

Proof. Write Lj; for the restriction of L* over the trivializing set U C X. Clearly, U is also a trivializing
open set for L*, i.e., we have Lj; =2 C* x U. First we note that

(L™ 2 1 (C° X U™) = Z x m (U™).

Notice that although one can find trivialising sets of the analytic bundle L** — X®" which are simply
connected, this is not necessarily true for the set U*?, which is the analytification of a (Zariski open)
trivialising set of the algebraic bundle L — X.

The group homomorphism 7 (L;;*") — 1 (L**") induced by the inclusion is given by

ﬂl(LEan):Zxﬂ-l(Uan) N Z/kZ:Tl'l(L*’an)

since m1(X?") = {e}. Now, the restriction by Lj;*" < L**" of Q[Z* is given by the representation
71 (L;™) — C* obtained by composing the map 71 (L;;™) — 71 (L*?") with the given representation
71 (L**) — C* defining C5.. Hence, it sends (1,7) to =273, Therefore, the restriction of Qg* to L™
is isomorphic to @g* X Cyran, and consequently the restriction of the algebraic Zr--module (’)f* to Ly,
is given as stated above. O

The following fact about the holonomic dual of (’)g* is obvious from the definition, since for smooth
objects, the holonomic dual coincides with the dual bundle (with dual connection).

Lemma 2.4. We have ]D)Oﬁ* = OZB for all g € %Z.

The next step is to consider extensions of the Zp«-module Og* (resp. of the corresponding Hodge
module Hgﬁ*) over the zero section of L — X. For this, we chose a covering X = J,.; U; by Zariski
open subsets over each of which the bundle L (as well as its restriction L*) trivializes. We write Ly,
and (as above) Lj; for the restriction of the bundle L and that of L* over the open set U;. We denote
by ji : Ly, — L resp. by Ji: L, < L* be the canonical open embeddings. By shrinking U; if necessary
(so that it becomes the complement of a divisor in X, and so will be Ly, in L, and Ly, in L*), it will

be convenient to assume that both j; and j; are affine maps, in particular, the functors Jix and j; . are
exact for x € {+,1}.

Moreover, we write jr, : L* < L for the open embedding of the complement of the zero section into
L. We then have the following cartesian diagram of canonical open embeddings:

Ly, —— L
i i (3)
Ly, — % L

By construction of the module oﬁ*, for any 7 € I, we have an isomorphism (depending on the choice
of a trivialisation of L resp. of L* over U;)

b OF. ROy, = jFob..
Then we have the following statement

Proposition 2.5. 1. The Zp-modules jL,+O§* resp. jLﬂrO[L;* underly the mixed Hodge modules
jL,*HQ/z* resp. jL7gHQ[z* on L.



2. If 8 ¢ Z, then
jL,*H@/]i* = jL,!Hﬁﬁ* = jL,!*HQLZ*,

which is pure of weight dim(X) + 1.

3. For any 8 € %Z the following isomorphisms hold in MHM(L)
oYL 2 gl in O and . HCT. = jingiin FC).,

i.e., these mixed Hodge modules are the minimal extensions of their restrictions to open sets
LUi C L.

Proof. 1. This is obvious.

2. Notice that we have a well defined morphism
jL’]LOg* — jL’+O€*.

It suffices to show that if 8 ¢ Z, then this is an isomorphism in Mod(Z},). This is a local statement,
therefore, we can reduce the proof to show that for any i € I, the morphism

i iLsOL. — i 07

+

is an isomorphism. Since jj = 4!, this is equivalent by base change (see diagram ) to show that

JLidi Of. — jraii Of.
Is an isomorphism. Since jj (’)2* is isomorphic to (’)g* X Oy, via v¢;, and since the functors 3L7+
resp. jr+ correspond to (jc x idy,)+ resp. (je x idy,)+ under this isomorphism, the statement
reduces to the well-known fact that jc 4+ Op. = jc 1O = jo i1+ Op. for 8 ¢ Z.

3. Again it suffice to show the statement on the level of Z;-module, i.e., we need to show that for all
i € I we have

jL,+O€* = ji,T+ji+jL,+O€* and jL,Tof* = ji,TJrj;er,TOg* (4)

Let us prove the first statement concerning the extension j L,+O§*, the proof of the second one is
similar. Fix ¢ € I. Then for any r € I\{i}, we obtain an isomorphism

G082 it i i i OL. (5)

by an argument similar to point 2. above. Namely, in order to show , it suffices by base
change (notice that all functors involved are exact, so the base change property also holds for the
intermediate extension) to prove

Jrt+OLy = jintediinL 0Ly

where now j.r : Lj; < Ly, and where j; : Ly,nu, — Ly,. However, since both L* and L
trivializes over U, and since the module OLZ* resp. the extension j L7+OLZ* is isomorphic to the
exterior product Og* X Oy, resp. to j@,Jr(’)g* X Oy, (and since obviously Oy, is the minimal
extension of Oy,ny,), we obtain the existence of the isomorphism . Now it is a tedious but
straightforward check that these isomorphisms are compatible on intersections of trivializing open
sets, hence they yield the desired isomorphism

G4 O = jisrdi i+ Of..



3 Fourier—Laplace transformation

The purpose of this section is twofold: First we recall a few basic properties of general Fourier-Laplace
transformations on (not necessarily trivial) vector bundles. We then apply these constructions to study
a (complex of) Z-module(s) that generically computes cohomology groups of hyperplane sections of
projective varieties. These results are used later in Section [G] for the special case of homogeneous spaces
and their corresponding tautological systems.

3.1 Fourier—Laplace transformation on vector bundles

Definition 3.1. Given a vector bundle ¥ — X on a smooth variety X, we consider the canonical
projections p1: Exx EY — Eand py: Exx EY — EY. Let a: Exx EV — C x X — C be the natural
pairing and denote ¥ := a*(Z¢/%c(0; + 1)). The Fourier-Laplace transformation is the functor
FLY: Db .(Zg) — D! .(Zpv) given as

FLY (M) = pay (0F M @6, ., H).

¢

We first note a well-known fact concerning the behavior of the Fourier-Laplace transformation with
respect to the holonomic duality functor.

Lemma 3.2. We have
ct oFLE oD = Do FLE

as functors from D%(Zg) — D%(Zgv), where ¢ : EV — EV is the automorphism given by fiberwise
negation.

Proof. This can be shown exactly as in [Dai00, Corollaire 2.2.2.1., 4)] (see especially loc.cit, Proposi-
tion 2.2.3.2) 0O

We proceed with the following two basic properties that follow rather directly from the projection
formula and base change.

Lemma 3.3. Let ¢: £ — F be a morphism of vector bundles over X and denote by ¢V: FV — EV the
induced morphism of dual vector bundles. Then for x € {4, {} we have

FLY op, = ¢¥V* o FLE
as functors D%(Zg) — DY(Ppv).
Proof. We only show the case x = + from which the case x = { follows directly using Lemma We
denote #'F 1= (o) (D /Dc(0;+1)) and X := (of') T (De/ P (0:+1)), where o : Ex x EV — C and

af’: Fxx F¥Y — C are the natural pairings. Moreover, denote by ¢1: Exx F¥Y — Eand ¢o: Exx FY —
FV the projections onto the first and second factor. Consider the commutative diagram

. E = F
q1 P
Exx EY «—— ExyxFY 20 py BV
idg xpV
lpf qzl /

F
EV FV P2

oY ’

10



whose squares are cartesian. For every .# € D%(Zg), we have:

FLﬁ‘;((er/%)

=ps (0, Tl @y, ., AT

=ph (o xidpv) gl A @6, ., ") (base change)
= p2,+(90 X idpv) ((h M ®OE v (o x ldFV)Jr:%/F) (projection formula)
=g (6 M ®,,, (pxidpv) ") (2 = p5 o (¢ x idpv))
= g1 (4 A ®6,,,, (idexe") A T) (a” o (idp x¢") = " o (¢ x idpv))
= g1 ((idp x@")tpy R0, (1dE x@V)THT) (@1 = p7 o (ide x¢"))
= o\py Tyt @, ) (base change)
= | FLY (A). O

Lemma 3.4. Consider a cartesian square

_9,
X
—

< —
Neé—m

where the vertical arrows are vector bundles over smooth varieties. Denote by ¢g¥: EV — FV the
corresponding morphism of dual vector bundles. Then for x = {+, {} we have

FLY og, = gY o FLY and FLY og* = gV* o FLE
as functors D%(Zg) — D%(Ppv) and DY(Zr) — D%(Pgv), respectively.

Proof. Again we restrict to the case x = +, and invoke duality to deduce the corresponding statements
for x = {. We use notations as in the proof of Lemma[3.3] Note that we have the following commutative
diagram with cartesian squares:

Py 23
1
E+— Exx EY 25 EY

J{Q J{gxgv J{gv
F F

F & FPxy vV 22 pv,

For every .# € D(I;C(@E)7 we have:

FL$(9+///)

=50 gt S, ., HT)

§p£+((g X g )+p1 4 @)OFXYFv %/F) (base change)
= pf (g% g")(py @%EXXEV (gxg")rx") (projection formula)
S (a4 ®]%9EXXEV (gxg")tx™) (p5 o(gxg’)=g"op?)
= gips (M 5, ., HF) (0" =ao(gx g"))
= g FLY (A1)

11



Similarly, for A" € Db (ZF), we get:

FLE (g7 1)
p2E,+(p Tt ®OEX iy HF)
~p5 . ((gxg")" F+«/V®0EX o HE) (gopt =pi o(gxg”))
=py (9% )t @, . (939 AT (@ =a"o(gxg"))
= g"" p; +(p1 s ®(9FX Y t%/F) (base change)
= gV T FLE (). 0

In the following, we wish to relate Fourier-Laplace transforms on vector bundles with classical
Fourier-Laplace transforms on a finite-dimensional vector space (which is the special case of a vec-
tor bundle over a point). For this, we consider the following situation: Let 7: E — X be a vector bundle
on a smooth variety and denote by £ its sheaf of sections, i.e., E = Tot(£) := Spec, Sym® &Y. Let
W CT(X,€) be a non-zero finite-dimensional vector space of global sections of E and let V := WV be
its dual vector space. There are natural bundle morphisms ev: W x X — E and evV: BV — V x X,
where EV denotes the dual vector bundle to E.

Proposition 3.5. Let W be a finite-dimensional space of global sections of a vector bundle £ — X on
a smooth variety. Let V denote its dual vector space. If ay: V x X — V and ay: W x X — W denote
the projections onto the first factors, we have

FLY (av,+ev¥///) =~ ay rev’t FLJ)E(V (A)
for all .# € D!.(Zpv).

Proof. The claim follows from Lemma and Lemma considering the diagram

EY @,y X W L,y

~ 0o«

X —— Spec C.

3.2 Fourier-Laplace transform of extensions of O,

We now determine the Fourier—Laplace transform of the Zp--modules (95* defined in Section [2| where
L* is the complement of the zero section of a line bundle 7: L — X. Recall that the definition of (’)f*
depends on the choice of a line bundle F with L = F®* for some k € Z satisfying k3 € Z.

Note that the dual line bundle 7V: LY — X is the (—k)-th tensor power F®(~*). In what follows, we
will consider the Z;v.«-module 025* whose definition we always base on the choice of F' as a (—k)-th
root of LV (or, equivalently, based on F'V as a k-th root of LV).

We denote by jr: L* < L and jrv: LY"* < LV the open embeddings from the complements of the
zero section into L and LV, respectively.

Proposition 3.6. Let 5 € C with k3 € Z. Then

FL (jL.+07.) = jrv 1070

Proof. We know (see (4))) that
Jo+OL 2 Gitidi ju O and O =i 43t in O

12



(Recall diagram for the maps involved in these isomorphisms). Moreover, we have trivially
OF. 2 ji43; O,
since Oi* is a smooth Zp--module. By base change, this implies that

jL,+3i,f+5¢+O§* = ji,T+5+3i+O€*

and o o
Jptditdi Ofe & jigsdidi OL..
Similar statements hold for (’)ZVB and its extensions to Zpv.»-modules (they involve the canonical open
embeddings j;' : Ly; < LY on the dual bundle).
By Lemma we have FL§( Ofij s = sz* ) FL(LJU for * € {+,1,}. Moreover, since all of the four

functors FLﬁ,ji,*,jX*, FLiU are exact, we also obtain FLY oj; 11 = Jiy o FLg:’ It follows that

FLX(jr.+Of.) = ity FLY 5504 OF.

Il

. Ly, (.
i FLE e 08 005

1%

7+ (FL (e + 08 B O, )

Il

Jilts (J'C,TO&B X OUi)

1

. AV, —
JiV,T+(Jiv' JLV,TOLg*>

1%

jrv 1050,
O

Corollary 3.7. Let k € Z and let § € R with k8 € Z. Then the Fourier-Laplace transform on L of
the Zr-module j L’Jr(’)f* can be equipped with the structure of a complex mixed Hodge module which
is pure of weight dim(X) + 1 if 8 ¢ Z.

Proof. We have just seen in the previous Proposition that
FL% (jr,+ 0F.) = jrv 0.0

On the other hand, we know by Proposition that j Lv,T(ng* underlies the the object
jrva Bl e MEM(LY, ©),

and that it is pure if 5 ¢ Z. O

3.3 Twisted cohomology of hyperplane sections

In this subsection, we describe a complex of Z-modules that generically computes certain twisted co-
homologies of hyperplane sections of our variety X (resp. the complement of those). We show that it
underlies an object in the derived category of mixed Hodge modules. In the more specific situation stud-
ied later in Section [6] when X arises a homogeneous space, these Z-modules will appear as tautological
systems.
With the notations from before, we fix a non-zero finite-dimensional subspace W of I'(X,.¥). Let
V := WV denote its dual vector space. The linear system W on X defines a rational map g: X --» PV.
The natural evaluation morphism
ev: Wx X — L, (6)

13



is a morphism of vector bundles over X and it induces a dual bundle morphism
evV: LY -V x X.

The following diagram commutes:
LV~ Vx X
v i
gxidx v

X 928 5 PV x X

If the linear system W is base-point-free, then g: X — PV is a morphism and ev" restricts to a
morphism
ev’: LV — (V\{0}) x X

of complements of zero sections. In this case, we have the following commutative diagram:

€

LV — L yxX W Ly
jLV]\ indx]\ X j]\
LV = (VA {0}) x X —— V\ {0}

Lo
gXidx

X —— PV XX — PV

If, moreover, the linear system W separates points and tangent directions (in particular, . is very ample
in this case), then g: X — PV is a locally closed embedding. In this case, LV’* is isomorphic to X \ {0},
where X C V is the affine cone over g(X) C PV, and LV is the blow-up of X in the origin: LV = Blyoy X.
We denote further by ) := ev~1(0) the inverse image of the zero section of L, by U := (W x X)\Y
its complement, and we write ay : Y — W resp. ayy : U — W for the restrictions of the projection
aw: W x X — W to Y resp. to U.

Proposition 3.8. Assume L to be very ample and let W C H°(X,.%) be a finite-dimensional linear
system defining a locally closed embedding g: X < PV, where V := WV. Let i: LV* 2 X\ {0} — V
denote the locally closed embedding of the punctured affine cone over X into V. Then we have the
following.

1. For all g € C with kf € Z, the complexes of Zy-modules
FLY(i,0%,.) and  FLY(0;8.)

underly elements of D°MHM(W, C) that we denote by H*.‘/\/lg and by H”/\/lzﬁ , respectively. We
have

H,ﬂM[z o~ H,W[z-i-f and H,Mzﬁ o~ H,.!A/lz,@-i-f
for any ¢ € Z.

2. For B € 7Z, the complexes FLV(Z+(9€W*) and FLV(ZTOZ@*) underly elements in MHM(W) that
we denote unambiguously by M, resp. by #M.

3. For 8 ¢ Z, we have an isomorphism H7*/\/l§ = H'/\/li If X is projective, then the cohomology
modules HZ(H*Mg) are pure Hodge modules of weight dim(X) + dim(W) + .

4. Let f € Z and assume again that X is projective. Then for any k € Z, there exists morphisms in
the abelian category of mixed Hodge modules

H*(ay . Cy) — H*(FMy) resp. H*(FMyp) — H¥(ay . 7Cy)(-1)

with constant kernel of weight & + dim X 4+ dim W — 1 resp. k + dim X 4+ dim W and constant
cokernel of weight k + dim X 4+ dim W resp. k 4+ dim X + dim W + 1. In particular there are the
following weight estimates for #*M and M

Gr) (H*('Mp)) =0 for £# k4 dimW +dim X — 1,k + dim W + dim X,
Cr)V (H* (ML) =0 for £# k+dimW + dim X, k + dim W 4 dim X + 1.

14



Proof. 1. We start by showing the statement for 7 */\/lg For this purpose, we combine Proposition
and Proposition to get a purely functorial description of this complex of Zy,-modules not
involving Fourier-Laplace transforms, namely

FLY (i, 0%,.)

= FLV(GV7+€U_\~/_.].LV7+O§\/,*)

> ayiev’ F[&v (ij7+(’)§v,* ) Proposition [3-5] (7)
= aw,+ev+jL,TOZ;6 Proposition [3.6]

= aW,JrevTjL’TOZ*B ev is smooth

aw 4 evt[dim L — dim(W x X)]j,+O; [dim W — 1],

where the last equality is due to the obvious dimension count dim(L) = dim(X) + 1.
Since OE*B underlies the complex pure Hodge module H@I}B (see Definition 7 we obtain that

BB = aywev*jp 10, P [dim W — 1] € DPMHM(W, C). (8)

Define
T (D Hv*Mﬁ) (dim(W x X))

where D is the duality functor in MHM(W, C) as recalled in the introduction. Clearly, the complex
of Py -modules that underlies H’.!/\/izﬂ is then DFLY (4 Ogv,*), where this time D is the holonomic
duality functor on Zy -modules.

On the spaces V and LV"*, we consider the isomorphisms ¢y and crv.~ given by multiplication by
—1 (in all variables for ¢y and fibrewise for ¢zv.-). Then since the Fourier transformation FLY
and the holonomic duality commute up to the action of ¢y (i.e., since D o FLY 2 FLY oDo cJ‘;), we
obtain the following isomorphisms in D®(Zy) for the complex of Py -modules underlying # ’!/\/IZB :

DFLY (i, 0%, .) ~FLY D¢ (i, OF,.)

~FLY D(Z_,_czv,*ogv,*) since ¢y, o L = i o ¢pv.» by definition of ¢
~ FLY ]D)(ZJFC’)?V,*) 3 isomorphism CJLFV‘*OQVY* = Ogv,*
~FLY (DO, .) Di, =D
~FLY (5;0.5.) DOY,.. = 0., by Lemma 24}

This shows that the underlying complex of Zy-modules of 7 ’.!/\/lzﬁ is FLV(ZTOZVﬁ,*), as claimed.
The second statement follows directly from the fact that Of* = O[Z; for 8 — 3 € Z.

2. For § € 7Z, we have (’)ZB = Op-, which underlies an element in MHM(L*), and by the above
argument we get that # M, M € DPMHM(W).

3. Recall from @ above that
FLY (i,070.) = aw revl, ;05

Applying the holonomic duality functor yields
DFLY (i, 0;0.) = aw yevlj, \DOY. = aw yevljp  O77,

~

since awt = aw,+ (aw is proper) and since ev™ 2 ev' (ev is smooth). Now if 8 ¢ Z, by using
Proposition we have jL,JrOZ*ﬁ = jL,TOZ*ﬁ, and thus we obtain

DFLY (i,0;0.) = awqevljp 107 2 FLY (1,07, L),
from which we deduce an isomorphism

a2 ]
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in DPMHM(W, C).

Moreover, under the assumption that 8 ¢ Z, we have seen in Corollary that jr, ngﬁ is pure
(of weight dim(X) + 1). Since the morphism ev is smooth, and since ay is projective here, the
second assertion thus follows from [Sai88, Théoreme 1].

4. Recall that we denoted by jr: L* — L the inclusion of the complements of the zero section and
denote by i5,: X — L the inclusion of the zero section of L. There is the following adjunction
triangle

. - . - 1
JL.,!]L1 H@L — HQL I ZL,!ZL1 H@L _>+

Since i; ' 1€, =" C[1] we get the triangle
L, HQX — jL,IjZl H@L — HQL +_1> (9)

Since the map 7, is affine, the functor jr,, from MHM(L*) to MHM(L) is exact and H°(jr, ’C;.)
is the only non-zero cohomology. Therefore we get the short exact sequence

0— i 1Cy — H(jr, HCp.) — HC, — 0

We have the following diagram with cartesian squares

YV X kW ~——U

L

X L L*

Applying the exact functor ev*[dim W — 1] to the short exact sequence @ we get the short exact
sequence
0 —> iy, "€y — H(ev*jp, "Cp. [dim W — 1)) — "Cx .y — 0 (10)

Notice that iy, ”C,, is pure of weight dim X + dimW — 1 and that #Cyy, is pure of weight
dim X + dim W. We apply the functor aw . to and get

Hk_l(aW7* H@Xxw) - Hk(ay,* H@y) — H* (H*/VIL) - Hk(aw* H@Xxw)~ (11)

Since H*(ay . Cy,) is pure of weight k+dim X +dim W —1 and the constant mixed Hodge module
H* (a{/{V’*QXXW) is pure of weight k£ + dim X + dim W we conclude that

Gr) (H* (M) =0 for £# k4 dimW 4+ dim X — 1,k + dim W + dim X.

and there exists a map H*(ay . HQy) — HF (H’*/\/lL) with constant kernel and cokernel. Applying
D to the sequence and doing a Tate-twist by —(dim X x W) we get for m = —k

H™(aw, "Cx ) = H™ (TML) = H™ (ay,. "Cy)(=1) = H™ (aw,. "Cx )
Since H*(ay . #Cy)) is pure of weight k + dim X + dim W + 1 we conclude that
Gr)/ (H™ (M) =0 for £#m+dimW + dim X, m + dim W + dim X + 1.

and there exists a map H* ("M ) — H*(ay . #Cy)(—1) with constant kernel and cokernel.
O

We will discuss next a natural geometric interpretation of the complex of mixed Hodge modules
H’f/\/lﬁ resp. H’.!/\/IZ’B.

For this purpose, fix some value A € W. Then, by definition, we have A € I'(X, %), and interpreting
this global section as a morphism A: X < L, we can consider the image Ly := im()\) C L. We identify
the zero section of the projection 7: L — X inside L with X and recall that L* := L\ X denotes the
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complement of the zero section. We denote by H) := Ly N X C X the zero locus of the section A (which
was called Z()\) in Theorem and by Uy := X \ H, its complement in X.

Notice that the full family of zero loci of sections of L is given by Y 1= ev™1(0) — W, (5,\) = A,
i.e. the fibre of this map over a point A € W is exactly the hypersurface Hy. Similarly, we have
U =W xX)\Y = Uyew Un, the evaluation morphism ev from Formula () then restricts to a
morphism

evy: U — L*.

Recall that we defined the constant (complex) pure Hodge module Hgﬁ* in Definition We then put
gy = evfy, €Y. [dim W — 1] € HM(U, C).
Moreover, for A € W as above, consider the restriction Ay, : Uy < L*. We put, for 8 € Q,
HER = Ay, . [-1] € HM(Uy, ©)

Proposition 3.9. We continue with the setup of Proposition [3.§ and additionally assume that X is
projective. Let § € C with k8 € Z. Then the following statements hold true:

1. Let ay: U — W Dbe the restriction of the projection aw: W x X — W. Then we have an
isomorphisms

ay Hg;ﬁ = H’f/\/lg and ay « H@i(? dim W + 2dim X)) & H'/\/lzﬁ
in DPMHM(W, C).
2. For any m € IN, and any A € W we have isomorphisms of (complex) mixed Hodge structures
H™ (i3 TM [ dim W) = BT, HElP),

H™ (i PM P [dimW]) = gty HEP) (dim W+ 2 dim X).

Proof. In the course of the proof, we will make repeatedly use of the base change property for algebraic
mixed Hodge modules, as stated in [Sai90l Section 4.4.3].

1. This is almost immediate by considering the following cartesian diagram

EU‘M

U Lx
“ Ju i
W X xW —F—— L
which yields (using (8))
ol (é) aw, ev* jp, 1O P [dim W — 1]
(%)

aw, ju, eUEAHQZ? [dim W — 1]

au, ev";{HQZ*ﬁ[dimW —1]

ay, ngjlﬁ7

where the isomorphism (*) holds because ay is proper (since X is projective) and ev is smooth,
and where (x*) follows by base change. We then apply the duality functor D on D®MHM(W, C)

on both sides of ay, H@;’B ~ H*/\/l/z to obtain that ay « H@5(2 dim X + 2dim W) = H’.!/\/IZB.
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2. Write
BN = ev*jp, PC P [dim W — 1] € MHM(X x W, C),

then by the proof of the previous Proposition we have that

H’W[z = aw, H’Wf.
Now consider the cartesian diagram
i
Xx{A} ————— X xW

Dy e—2 W

Then
BHEME = faw, TN
= Xt *7\/’5 = aX iy evtipn (DL* [dim W — 1] (base change)
>~ X A HCT P [dim W — 1) (evoiy =A)
>~ X Ay ACT P [dim W — 1) (a* proper).

Now we consider the diagram

X —2

A|U
U>\ . ? L*v

then base change yields A* jr 1 = ji >‘|U , 50 we get an isomorphism of objects in D*MHM({\}, C)
(which we identify with the derived category of complex mixed Hodge structures).

i3 H’*y\/lg =~ aX j) Au HCL* [dim W — 1] 2 o j 7C) A [dim W]
=~ qf jy HQ [dim W] = o> AIC; Bldim W],
where aU>: Uy — {\} and where we have used a2X = a{¥ since X is projective. We apply H™(—)

to both sides to obtain an isomorphism of complex mixed Hodge structures
H™ (i3 "M [ dim W]) = H™ (> 1C;7) = HI' X (U, 7C57).

recall that we use the convention #C y := a%C,[dim(X)].

For the second statement, we apply the duality functor D in D*MHM(W, C) to the isomorphism
i H’*/\/l/z =~ g Hggﬁ[dim W1 just proved, which gives

i\ M P = U B (dim W 4 2 dim X )[— dim W],
and then by taking cohomology again we find that
H™ iy M P [dim W) = HImCO+m (g, HER) (dim W + 2 dim X)),
as required. O

In the subsequent sections of this article, we will investigate to which extent tautological systems for
homogeneous spaces X are examples of the Z-modules underlying HM? for particular line bundles L
and values .
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4 Non-vanishing criteria for tautological systems

The definition of a tautological system does not always describe a non-zero Z-module. In fact, for
tautological systems arising from projective homogeneous spaces, this fails in a striking way, as we will
see below in Section In that setup, tautological systems 7(p,Y,3) will only be non-zero for very
particular representations p and specific choices of 5. In those cases however, tautological systems are
particularly interesting. The aim of this section is therefore to develop general criteria for vanishing resp.
non-vanishing of tautological systems.

4.1 Z2-modules from group actions

Here we consider the action of a linear algebraic group G’ on a variety Y. The main case of interest
(which will be discussed from Section on) arises when we are given an action of a reductive linear
algebraic group G on a smooth variety X, and an equivariant line bundle .# on X. Denoting by G’ the
group G x C*, we let G’ act on Y, which we take to be the total space L (or the complement L* of the
zero section) of Z. For the purpose of clarity, it is however useful to first treat the case of an arbitrary
variety Y admitting a G’-action, where G’ is any linear algebraic group. This is the point of view that
we are going to adapt in Sections [4.1] to

We begin by recalling some facts concerning group actions on smooth varieties. They are mainly
included for the reader’s convenience and in order to fix notations. The proofs are rather elementary
and will therefore be omitted.

Lemma 4.1. Let G’ be an algebraic group acting on a smooth variety Y. Then there is a unique Lie
algebra homomorphism

Zy:g - T'(Y,0y)

associating to every element & of the Lie algebra g’ of G’ a vector field Zy (£) on Y with the following
point-wise description: At a point y € Y, the tangent vector of the vector field Zy (£) is given by dg¥(€),
where ¢¥: G’ =Y, g+ ¢! -y, and ¢ is understood as a tangent vector to G’ at the point 1 € G’.

In the complex analytic category, the vector field Zy () may be defined as the derivation

Ze(&)() = 7 (exp(t) ™+ (),

If the G'-variety Y considered is clear from the context, we will drop the index and just write Z(£). In
the literature, the vector field Z(&) is sometimes denoted by Lg, see e.g. [Hot98| I1.2].

Example 4.2. Consider the action of G’ on itself by left-multiplication (i.e., Y = G’). Then —Zg(§)
is the right-invariant vector field associated to & € g'. If, for example, G/ = (C*)% and ¢ € C? = ¢/, then

d
Zigya(§) = =Y &itidy,,
i=1

where (t1,...,t4) are the standard coordinates on (C*). &
For group actions on finite-dimensional vector spaces, we also have the following description:

Lemma 4.3. Let p: G’ — GL(V) be a finite-dimensional rational representation of an algebraic group
G'. The induced left action of G' on C[V] = @+, Sym? V'V describes a morphism of algebraic groups
G' — GL¢(C[V]) whose induced Lie algebra homomorphism g’ — Endg(C[V]) makes the following
diagram commute:

g Endc(C[V])

T

Der(C[V])
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Explicitly, if we fix coordinates x1,...,x, on V and consider the associated Lie algebra representation
dp: g — gl(V) = gl(n,C) = C™*™, then

— > dp(&)ji i,
ij=1
for all £ € Lie(G").

Example 4.4. Let G’ = (C*)? be a d-dimensional torus acting linearly on an n-dimensional vector space
V. We identify V with C™ by picking a basis that diagonalizes the action, i.e., t = (t1,...,t4) € (C*)¢
acts on x = (x1,...,2,) € C" by

t-x=(t%"xy,...,t%x,) with a1, ..., o, € Z%

If ¢ € Z¢ = Lie((C*)?) is the i-th standard basis vector e;, we get the vector field

= (a))iz;0n,
j=1

on V. These are the vector fields showing up in GKZ-systems associated to the given torus action. <
Example 4.5. Let X C P* be the rational normal curve of degree k, i.e., the image of

IPlLO@LIPk, [zo:zl}H[(’Z):pg i i=0,...,k],
and let Y := X \ {0} be the punctured affine cone over X in V := C**1. The group SL(2) acts on
V = HO(P', O(k))¥ = Sym*(C?), the k-th symmetric power of the standard SL(2)-representation, and
we extend this to an action of G’ := SL(2) x C* by letting the C*-factor act by scaling on V. The Lie
algebra g’ is generated by Eja, Fa1, E11 — Eas € 5l(2) and the generator e of Lie(C*) = C. The induced
vector fields on V are

k
v(E2) = lez o1 Zy(Ban) ==Y (k—i+1)2i10x,
i=1
k k
ZV(Ell — Egg) = — Z(k’ — Qi) zi(')zi, Zv(e) = — Z zi(')zi,
i=0 =0
where zp, ...,z denote the coordinates on V = C**!. Note that the minus signs appear because we

differentiate the contragredient action on the coordinate ring of V.

On the G’-invariant subset Y, these vector fields restrict to the vector fields Zy (€). In local charts,
these can be expressed as follows: We may cover Y by the two open subsets Uy and U; given by the
non-vanishing of x§ € VV and ¥ € V'V, respectively. Identifying

Up = C* x C, A (1, ks, (5)52,...,k5k*1,5’“) — (A 9),
Uy =2C* xC, - (0 R (B)R=2 0kt 1)« (),

the vector fields induced from the G’-action on Y are:

Zy (Br2) |y, = —ksAOx + s20s, Zy (Er2)ju, = —0i,
Zy (E21) |y, = —0s, Zy (Ba1) v, = —ktpd, + t*0;,
Zy (B — Em)% = —kA\Oy + 250, Zy (B — Bao)yy, = kud,, — 2t
Zy (e)jy, = — A0y, Zy (), = — 0,

Note that these local expressions coincide on the intersection UyNU; under the gluing C* x C* = 0*x C*,

(A, 8) = (AsF, 571 = (u, t). O
Using the vector fields defined Lemma [£.1] we introduce the following Z-modules:
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Definition 4.6. Let G’ be an algebraic group acting on a smooth variety Y and let 8: g’ — C be a Lie
algebra homomorphism. Then we define the left 2y -module

MNP = wy ®oy Dy [(Zy (€) — BE) | €€ ¢)Dy.

¢

Remark 4.7. In case that the action of G’ on Y is transitive, it is easy to see that if ,/VYB # 0, then it is
a smooth Zy-module of rank 1 (namely, the vector fields Zy (£), when £ runs through g’, generate the
tangent bundle of Y). As already mentioned, our main case of interest is when Y = L* for some C* x G-
equivariant line bundle L on a homogeneous G-space X. Then G’ := C* x G clearly acts transitively on
L*, and therefore JV,}B corresponds to a rank 1 local system on L*. By the discussion in Section [2, we

then know that </VYB must be one of the Z+-modules introduced in Definition Under the hypothesis
that G is semisimple, one can also show that then JVYﬁ ~ (’)g*. However, one of the main points in this
section is that very often, the modules </Vyﬁ (and, if Y is an orbit in a representation space V of G’, the
tautological system 7(p,Y, 3)) is zero, and then it is certainly not isomorphic to 07.. We will develop
below criteria that guarantee the non-vanishing of the modules </I/Yﬂ resp. of tautological systems (see

Proposition and Theorem below). &

Example 4.8. Let G’ = T = (C*)? be a d-dimensional torus acting on itself. We identify Lie algebra
homomorphisms 3: C¢ = g’ — C with vectors 8 € C?. Then

NP =Y @0, Dr)(—t:idr, — Bi li=1,....,d)Dr = D) Dr( Oyt — Bi | i=1,...,d).

This Z7-module was called (’);ﬁ in [RS20). &

Example 4.9. We reconsider the action of G’ = SL(2) x C* on the punctured affine cone Y over
the rational normal curve of degree k from example and use the notations from before. Every Lie
algebra homomorphism : g" — C is given by fBj4512) = 0 and 3(e) = By € C. By the computations in
example in the local chart Uy =2 C* x C C Y, the Zy-module JK,B can be expressed as

(M) o = Wiy ®0u, Duy/(—ksAOx + 5705, —0s, —kADx + 250, —A\0x — Bo) P,
>~ D,/ Duy (ksONN — D552, D, KON — 2045, O\ — Po)
>~ Dy, | Du, (ksAOx — 8205 + (k — 2)s, Dg, kAON — 2805 + (k —2), A\ + 1 — Bo)
=~ Duy/ Pu, (05, NOx + 1 = Bo, k(=14 o) + (k—2))
- {%*/@C*(am —Bo)R D) P05 if By =2/k,

0 otherwise

and similarly for the other local chart Uy of Y. In particular, for one specific value for S(e), we obtain
a non-zero Yy-module that will be of interest to us.
Note that in contrast, if we define the cyclic left module

N = Dy | Py (Zy () = BO) | E € 9),
then, in this example, we get

(M) vo = Do/ Doy (—ksAO\ + 5205, —Ds, —kXI + 2505, —AIx — Bo)
Oy, if By =0,

0 otherwise.

= Duy/ Pu, (s, AOx + o, kBo) = {

For k = 2, we have </VY(6°:1) = JVY(BOZO), but in general they do not agree with each other. In fact, one

can show that although e/VYB is locally a cyclic left Zy-module, it does not admit a global description as
a cyclic left Zy-module for k& > 3. &

The main reason we wish to consider the 2y -module f/VYB defined via the right-left-transformation
of a cyclic right-module is the following behavior under equivariant closed embeddings:
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Proposition 4.10. Let G’ be an algebraic group and let i: Y7 — Y5 be a G’-equivariant closed em-
bedding between smooth G’-varieties Y7,Y5. Then, for all Lie algebra homomorphisms S: g’ — C, we
have

i N 2wy, @0y, Dry /(T + (Zv,(€) — BE) | £ € 9)) D,

where Z C Oy, is the ideal sheaf of Y; in Y5.

Proof. Since i: Y7 — Y5 is a closed embedding, the functor ¢, is exact and the transfer module %y, .y,
is a flat Zy,-module. Therefore, the direct image of </VY€; under ¢ is given by

iy M =Wy, oy, i (P /(Zv,(§) = BE) | £ € )P @y, Pviova)-
Hence, the claim is that
Do) (2 (€) = BE) | € € ) Pri By, Priorvy
=~ i (D /(Z3,() — BE) | € € )Ty, +TDy,)).

as right i1 %y,-modules. Note that %y, .y, = i Y(Dy,/IPy,) as right i~ Py,-modules, since i is a
closed embedding. Under the left %y,-module structure on %y,_,y,, vector fields on Y; act via the
push-forward homomorphism

di: ©y, — i"Oy, = Oy, Qi-10y, iil@YZ = Z‘il(OYQ/I X0y, Oy,).

We note that the push-forward of the vector field Zy, () on Y7 agrees with the restriction of the
vector field Zy, (§) on Y to Y7, ie., di(Zy,(§)) = 1 ® Zy,(£). Indeed, this follows from the construction
of Zy, (§) and Zy, (£), using the commutativity of

G/XY1L>Y1

J{idG/ X1 J{l

G' XYy 225 Ys,

where ¢1, o are the morphisms given by the G’-actions.

This shows that Zy, (£) € Der(Oy,) acts on the right i~ Zy,-module %y, vy, = i~ *(Py,/I%y,) by
left-multiplication with Zy,(£). This implies the claimed description as a cyclic right i~ Zy,-module of
Dy, [(Zyv,(§) = B(E) | §)Dvy @2y, Pvi—v,, concluding the proof. O

The Z-modules in Proposition look similar to the S-twistedly equivariant Z-modules considered
in [Hot98| I1.2], yet they are different: Instead of considering a cyclic left module obtained by quotienting
out a G’-stable ideal and the vector fields induced by the group action (twisted with 3), we instead
consider the right module constructed in the same way and apply a right-left transformation to obtain a
left Z-module. The behavior under direct images of closed embeddings in Proposition [4.10}is the reason
why for our purposes we work with the definition via right modules in Definition

We next consider the situation where Y is an orbit of a rational representation p of our group G’ in
a given vector space V. Recall from our basic Definition that under this hypothesis, we can define,
for any Lie algebra homomorphism 3: g’ — C, the Zy-module 7(p,Y, 3) (as well as its Fourier-Laplace
transform 7(p, Y, ) which was called tautological system in Deﬁnition. The next result tells us about

a technically easy but imporant relation of this 7(p, Y, 3) to the Zy--module </1/Yﬁ considered above.

Corollary 4.11. Let p: G' — GL(V) be a finite-dimensional rational representation ~of an algebraic
group and let 3: g’ — C be a Lie algebra homomorphism. Let Y C V' be a G'-orbit, let Y be its closure
and let 0Y :=Y \ Y. Then

Y, B) 2P
where Y =Y\ Y <5 U 1=V \ 9y & V.

In particular, if 7(p,Y, 3) is localized at Y (meaning j, it 7(p,Y,B) = #(p,Y, 3)), then it is the
direct image of e/i/)}ﬁ under the locally closed embedding Y — V.
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Proof. We apply Proposition to the G'-spaces Y1 :=Y, Y5 := V' \ 9Y and the closed embedding
i: Y7 < Y5 to see that

iy M 2w ®o, Tu/ (T +{Zu(€) - BE)}) P

Choosing coordinates x1,...,z, on V, we may by Lemma express the vector field Zy(€) as the
derivation — 77 i=1dp(§)ji xi0z;. The right-left transformation wy; ®o,, (-) is then explicitly given by
transposing operators:

Z.;,.JVf = QU/-@U (I+ {ZU(g)T - 6(5)}>

An explicit computation of the transposed vector fields yields:

Zr©T = 3 dp(€)i 0w = 3 dp(€);iwi0s, + 3 dpl€)st = —Zur(€) + trace(dp()),

ij=1 i,j=1 i=1
hence (using Zv ()| = Zu(§)) we have that i+</VYﬂ ~ it 7 (p, Y, B). O

Example 4.12 (GKZ-systems). Consider a torus representation p: (C*)™ — GL(n,C) that is given
by p(ti,...,tq) = diag(t®,...,t*) with a; € Z?. Let Y C C" be the orbit closure of the point
(1,...,1) € C"; this is a (not necessarily normal) affine toric variety. The Zgn-module 7(p,Y,3)
is the Fourier-Laplace transform ////,\4(fﬁ) of the GKZ-system .Z4(—p3) (see, e.g. [RSSW21] for an
overview and for the notation used here), where A is the d x n-matrix whose i-th column is «; and
B: Lie((C*)?) = Z* — C is identified with the vector (B(€i))i=1,. a € c.

In this case, Corollary applied to Y = Y N (C*)" says that /Z/:‘(—B) is the direct image of
Ji/(g*)d = O@q)d under the locally closed embedding (C*)¢ & Y < C", whenever .#(—3) is localized
at the intersection of Y with the union of coordinate hyperplanes of C". This was observed in [SW09],
where an explicit combinatorial characterization of the localization property in terms of A and 3 was
proved using Euler-Koszul complexes. &

Example 4.13. Reconsider from example [£.5] the punctured affine cone Y over the rational normal
curve of degree k. This may be identified with the complement of the zero section in the line bundle
L = Tot(Op:(k)) — P!. The calculation in example shows that 457 = ng(e) if B(e) = 2/k and
</Vyﬁ = 0 otherwise. Corollary shows that the restriction of the FL-transformed tautological system

o k\ [k k\ [k o
T(p,Y,ﬂ) = @V/@V{ (’LQ) <j2>zi1zj1 - <Zl) <j1)zi2zj2 | 11 +]1 =12 +]2}

k

k
U {— Ziziaziﬂ, — Z(k‘ — i+ 1) Zi_1azi,
=1

i=1
E k
— Z(k —20) 2,0,,, — Z 205, — (k+1) + ,B(e)}
i=0 i=0
to the complement of the origin in V is

i 077 i Ble) = 2/k,
0 otherwise.

(0, Y, B)v\joy = {

4.2 2-modules from equivariant line bundles

The non-vanishing of tautological systems is by Corollary closely tied to the non-vanishing of the
Z-modules Jl/},ﬁ . The aim of this section is to study criteria for e/VYB to be (non-)zero. In order to do so,
we introduce another construction of Z-modules on a G’-variety Y, which also depends on the choice
of an equivariant line bundle on Y. It will turn out (this is the main result of Section below) that
the modules ,/Vyﬁ can be expressed in exactly this way. For such Z-modules defined by equivariant line
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bundles, it is possible to develop non-vanishing criteria using an interpretation via modules over rings of
twisted differential operators (called 27-modules below).

We continue with the setup of the previous section. Let G’ be a connected linear algebraic group
acting on a smooth connected algebraic variety Y. Denote by g’ the Lie algebra of G’ and by U(g’)
its universal enveloping algebra. Every element £ of g’ induces a vector field Zy(¢) € T'(Y,Oy) by
Lemma and this map extends to a homomorphism of Oy -modules

Zy: Oy ®@c g — Oy
via Zy (f ® §) = fZy(§) for f € Oy, { €¢'.
Definition 4.14. Given the G’-variety Y, we define
Ay = Oy @cU(g'),
which has the structure of an associative C-algebra with multiplication given by

(1i®&) (208)=fife®&&+ [1Z2v(&)(f2) ® &.

The Oy-module homomorphism Zy extends to a homomorphism of associative C-algebras
Zy: Ay — Dy
For any left Ay-module M, we may consider the left Zy-module obtained by scalar extension
Dy Q@ay M.

On the other hand, note that the homomorphism Zy induces a forgetful functor from the category of
left Zy-modules to the category of left Ay -modules.

The associative algebra Ay is the universal enveloping algebra of the Lie algebroid (Oy ®¢g’, Zy) on
Y, see [BB93, 1.8.4.Example|. This is the reason why, in many ways, modules over Ay behave similarly
to modules over the algebra 2y (which can be viewed as the universal enveloping algebra of the Lie
algebroid ©y). For example, the tensor product of two left Ay-modules over Oy is again naturally a
left Ay-module, while the tensor product of a left and a right Ay-module over Oy naturally becomes a
right Ay -module. Applying basic results on modules over universal enveloping algebras of Lie algebroids
[CMNMO05, Appendice] to Zy: Ay — Py, we obtain the following elementary properties:

Lemma 4.15 ([CMNMO05, Théoréme A.6 and Corollaire A.2]). Let M be a left Ay-module. Let N
(resp. N') be a left (resp. right) Zy-module. Then there are natural isomorphisms

1. 9y @4, M R0, N) = (Dy @4, M) R0, N as left Dy-modules,
2. Moy, N)@ay Dy Z(Dy @4, M) R0, N’ as right Zy-modules.
Here, on the left hand sides, N and N’ are considered as Ay-modules via Zy : Ay — Py

From now on, we will only be interested in the case that G’ acts transitively on Y. In this case, the
Oy -module homomorphism Zy : Oy ®@cg’ — Oy is surjective, hence the same is true for Zy: Ay — Dy,
SO

Dy = .Ay/kel"Zy.

We observe that the kernel of Zy (which is a two-sided ideal in Ay) is generated as a left ideal in
Ay by the kernel of Zy:

Lemma 4.16. If G’ acts transitively on Y, then

ker (Zy: Ay — 9}/) = Ay - ker (Zy: Oy®g — @y).
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Proof. We check the claim locally. For this, let p € Y be an arbitrary point and let U C Y be an open
neighborhood of p admitting a local coordinate system (z1,...,,), so that Oy = @, Oyd,,. We
claim that by further shrinking the open set U, we may choose an appropriate Oy-basis 61, ...,60,, of
the free Oy-module Oy ® g’ such that the surjective homomorphism of Opy-modules

(Zy)v:Ov®@g — Oy

is given by

0y, ifi<n
0; — o
0 if i > n.

Indeed, (Zy )|y is a surjective homomorphism of free Oy-modules of finite rank and we may represent
it by an n x m-matrix A (with m > n) by choosing any Oy-basis of Oy ® ¢g’. By surjectivity of Zy,
some n X n-minor of A does not vanish at the point p. After permuting the chosen Oy -basis of Oy ®@ ¢,
we may assume that the non-vanishing set V' C U of the minor given by the first n columns is an open
neighborhood of p. Writing

A= (A41]|Ay) with A; € Mat(n x n,Oy), As € Mat(n x (m —n), Oy),

we have A; € GL(n,Oy). Changing the Oy-basis on (Oy ® g')jy = Oy ® g’ corresponds to right-
multiplying A with an element of GL(m, Oy ). Then

-1 -1
(5 ) =0

shows that a choice of 04, ...,0,, as desired exists.
Now, every section of Ay can be expressed as a sum of elements of the form f67'605>...05m with
f€0u,ai,...,a, €N, each of which gets mapped under (Zy )y to

fOz1052 ... 05 ifapir = =a, =0,

T1 " T2

091032 ... %™ —
10703 m {O otherwise.

From this, we can see that every section of Ay getting mapped to zero under (Zy )y is an element of
AU -{9n+1,...79m} Z.AU -ker((Zy)|U). O

Lemma [£.16] is in fact a special case of a more general fact about Lie algebroids: If p: % — F5 is a
surjective homomorphism of two locally free Lie algebroids of finite rank on the same variety Y, then the
kernel of the induced homomorphism of universal enveloping algebras ¢: U(F1) — U(F>) is generated
by ker ¢ as a left U(F#;)-ideal. A similar proof to the above carries over.

Equivariant line bundles as Ay-modules: If EF — Y is a G’-equivariant line bundle and we denote
by & its sheaf of sections, then for every open subset U C Y, the Lie algebra g’ acts on I'(U, &). This
makes & a left Ay-module. We will be particularly interested in the left Zy-module Zy ® 4, & arising
from this.

Remark 4.17. If U C Y is an open subset not invariant under G’, then G’ does not act on U. Yet,
we still get Zy: Oy ®¢ ¢ — Oy, allowing us to define Ay. While &y is not G’-equivariant, it still
is a left Ay-module, and we may consider Yy ®.4,, 6jy. This suggests a generalized viewpoint, where
we replace the G’-action on Y by a g’-action on Oy, and replace G’-equivariant line bundles with line
bundles carrying a left Ay -module structure. &

Next, we examine when equivariant line bundles give rise to non-zero Z-modules.

Proposition 4.18. Assume G’ acts transitively on Y. Let & be a G’-equivariant line bundle on Y.
Then the following are equivalent:

L. @Y Ay 5#07
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2. & - Dy @4, & is an isomorphism of left Ay-modules,
3. &Y% — Py @4, £Z% is an isomorphism of left Ay-modules for some k € Z,

4. &Y% — Dy @ 4, 2% is an isomorphism of left Ay-modules for all k € Z.

Proof. First, we show that the first two items are equivalent: By transitivity of the group action,
Zy: Ay — Dy is surjective, hence the natural homomorphism of Ay-modules & — %y ® Ay € 18
also surjective. Since the support of %y ® 4, & is a G'-invariant subset of Y, by transitivity we must
either have Py ®4, & = 0 or Supp(Py ®4, &) =Y. Since & is a line bundle on Y, the only quotient
of the Oy-module & with support equal to Y is & itself. This shows [1| <

The implication [d] = [] is trivial. To show the implication 2] = [ we assume for contradiction
that there is some k& > 2 for which the claim does not hold and assume k to be minimal. Applying
Lemmato M= E®FD and N := Py @4, & gives:

Dy DAy (’?@k = (@Y DAy (g@(kil)) Koy (@Y XAy 5) = (g@(kil) R0y & = g@k

as left Ay-modules (by minimality of k). This is a contradiction to the choice of k.
It remains to show the implication [3| = [2| Consider the two-sided ideal

7:= ker(Zy: Ay — @y)

of Ay. Note that the natural homomorphism & — Py ® 4, & of left Ay-modules is an isomorphism if
and only if Z annihilates &. Using Lemma it suffices to prove that & is annihilated by ker(Zy).
Let s € T'(U, &) be a non-zero local section of & and let P € T'(U,ker(Zy)) C Oy ® g’. By assumption
we have &% = 9y ® 4, £2F as left Ay-modules for some k > 1, meaning that &®* is annihilated by
Z. In particular, the local section s* € T'(U, £&%%) is annihilated by P, so P-s* = 0. On the other hand,
we have

P.s® =ks"1(P - s).
Since Y is an irreducible variety, we deduce that P - s = 0. This concludes the proof. O

Corollary 4.19. Assume G’ acts transitively on Y. Let & be a torsion element of the equivariant
Picard group Pic% (Y), i.e., &% = Oy as equivariant line bundles for some k € Z~o. Then the natural
homomorphism

E =Dy Qa, &

of left Ay-modules is an isomorphism.

Proof. By Proposition it suffices to consider the case that & = Oy as equivariant line bundles. The
Lie algebra g’ acts trivially on the 1-section of Oy, hence

E=2 Ay /Av(E1E€d)
as left Ay-modules. Tensoring with 2y over Ay gives
Dy @ay 6= Dy |Dy(Zy(§) 1€ €d) =Dy /PDvOy = Oy = 6.

Here, we use that the vector fields Zy (§) for £ € g’ generate the tangent bundle Oy, as the action of G’
on Y is transitive. O

Remark 4.20. Note from the proof above that the equivalences of 2., 3. and 4. in Proposition
hold more generally for any line bundle & with a left Ay-module structure, not necessarily arising from
G’-equivariant structure on &. The equivalence with 1. moreover holds whenever 2y ® 4, & is known
to have G’-invariant support (as will be the case for example if we know that some positive power of &
underlies a G’-equivariant line bundle, or if & is a twist of a G’-equivariant line bundle by a Lie algebra
homomorphism as we will consider in Section . &

26



Corollary shows in particular that Py ® 4, & # 0 for G'-equivariant torsion line bundles. Under
certain assumptions on Y, the converse is also true:

Proposition 4.21. Let G’ act transitively on Y and assume that there is an open cover Y = (J,;.; U;
such that for each ¢ € I, there is a subgroup NN; of G acting freely and transitively on U;. Then

Dy @4, E#0 & & =2 0Oy as G'-equivariant line bundles.

We remark that under the assumptions on Y in Proposition there are no non-trivial equivariant
torsion line bundles on Y.

Proof. One implication is given by Corollary For the converse, we assume that Py ® 4, & # 0.
Since & is G’-equivariant, the support of this Zy-module is a non-empty G’-invariant subset of Y, hence
(by transitivity of the group action)

Supp(Zy ®a, &) =Y. (12)

In particular, the restriction to U; is a non-zero Zy,-module for each ¢ € I.

Denote by E* the complement of the zero section of E = Tot(&) = Y. For i € I, the choice of a
point w; € E* such that p; := w(w;) € U; determines a local section s, € I'(U;, &) geometrically given by

Si: Uz i)NZ‘ — W_I(Ui)

g-pi g = g-w;

Here, we use that N; — U;, g — g-p; is an isomorphism, since N; is assumed to act freely and transitively
on U;. Since E* is invariant under the action of G’ on E, the local section s; does not vanish on U;,
hence &y, = Oy, s;.

By definition, s; is an N;-invariant section of &jy,, hence £ - s; = 0 holds for all £ € Lie(N;) =: n,.
Since N; acts transitively on U;, the Op,-module homomorphism O, ® n; — Oy, is surjective, so from
the above we may deduce that Oy, annihilates the cyclic Zy,-module (Zy ®4, &)y, generated by 1®s;.

Take any £ € g’. Then {-s; = f-s; for some f € I'(Us, Op,). But then f annihilates (Zy ®4, &€)u,,
as f-(1®5;) =1® (£ 5;) = Zy (v, - (1 ® s;) = 0. Because of (12)), this forces

£-5,=0 for all £ € ¢'.

On U;; := U; NUj for ,j € I, the non-vanishing local sections s; and s; only differ by an invertible
function:

(s)jvy; = ij(si)jvy;s i € DUy, OF,)-
Since
0=2¢(si)jv,; =& (ij(sj)vs;) = Zv (§) v, (iz)(85) vy + i (€ (8))ju,,) = Zy (§)u,, (@ig)(85) v,

we see that «;; = 0 is annihilated by all vector fields on U;; (since Oy is globally generated by the image
of Zy: Oy ® g = Oy). Therefore, a;; € C*.
We may now fix some k € I and define non-vanishing sections

5= a,;ilsi e (U, &) foralliel
which are still annihilated by the action of g’. Then §; and §; agree on U;; for all ¢, j € I, so they glue

to a global non-vanishing section § € I'(Y, &) annihilated by g’. This section defines an isomorphism
& =2 Oy of left Ay-modules and hence of G’-equivariant line bundles. O
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4.3 Twist by characters and non-vanishing of tautological systems

Next we relate the construction from the previous section to the Z-modules /VYB from Definition
Recall from Corollary [£.11]that these Z-modules describe restrictions of Fourier-transformed tautological
systems and hence we obtain in Theorem below a non-vanishing result for tautological systems
7(p,Y, B) based on the non-vanishing of 45" .

To start with, we need to consider twists of equivariant line bundles by characters:

Definition 4.22. Let x: G’ — C* be a character. We define a G’-equivariant line bundle Oy {x} on Y’
by equipping the trivial line bundle Oy with a G’-equivariant structure such that the action of G’ on

Tot(Oy{x}) = C x Y is given by g- (A, y) = (x(9)\, g - ).
For any G’-equivariant line bundle &, consider the G’-equivariant line bundle

E{x} =8 ®0, Oyv{x},
which has the same underlying Oy -module, but a different equivariant structure. &
One easily checks that Hom(G’, C*) — Pic®’ (Y), x = Oy{x} is a group homomorphism.

Remark 4.23. For a given equivariant line bundle & whose G’-action is given on E := Tot(&) as
¢: G’ x E — E, the G'-action on Tot(&{x}) = F is given by

G'xE—=E,  (g9,¢) = n(x(9), ¢(g.¢)).
where p: C* x E — F denotes the natural C*-action on F by scaling fibers. &

We have seen before that every G’-equivariant line bundle on Y is a left Ay-module, so for every
character y: G’ — C*, we get the left Ay-module

Oy{x} = Ay /Ay (€ — dx(§) [ £ € @),

where dy: g’ — C is the Lie algebra homomorphism induced by .

Note that the left Ay-module structure on a G’-equivariant line bundle & results just from the
infinitesimal action of g’ on local sections of &. Therefore, it is natural to make the following more
general definition:

Definition 4.24. For any Lie algebra homomorphism §: g’ — C, we define the left <% -module

Oy{B} = Ay /Ay (£ = B(&) | € ¢').
If & is a left Ay-module, then denote by &{8} the left Ay-module & ®0, Oy {3} &

This may in general not be a G’-equivariant line bundle. Note that Oy {x} = Oy {dx} as Ay-modules
for x: G" = C* inducing dy: g’ — C. Similarly to before, given a left Ay-module &, we denote by &{S}
the left Ay-module & ®p, Oy{B}. If & is a line bundle with a left Ay-module structure, we denote
(£(8))Y = &V {-5).

Recall from Definition that for any Lie algebra homomorphism 3: g’ — C on a smooth connected
G'-variety Y, we defined the left 2y -module

M = wy @0, Dy [(Zy(€) = BE) | & € d) Py

Our next aim is to show the following result describing this Zy-module as arising from a g’-module
structure on the anticanonical bundle on Y:

Proposition 4.25. Let §: g’ — C be a Lie algebra homomorphism. Considering wy with its natural
G’-equivariant structure, there is an isomorphism of left Zy-modules

Dy @ ay (Wr{B})Y = 47,
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For the proof of Proposition we need some technical remarks on left-right transforms of Ay-
modules that we carry out first:

The line bundle ay = AM™ ¢ (Oy ®c ¢')V on Y has the structure of a right Ay-module which is
given by the negated Lie derivative: A Lie algebra element £ € g’ acts on an alternating form w by
mapping it to the alternating form w - £ given by

m

(W& O1,...,0m)=—Zyv(§)(w(01,...,0m)) + Zw(@l, vy [6,04], -, 0m)
i=1
for any 01,...,0,, € Oy ®¢ ¢'. This defines transformations between left and right Ay -modules giving
rise to an equivalence of categories
Mod(Ay ) ————— Mod(AP),

M — ay ®o, M,
qu/ Koy M < M.

Remark 4.26. If &1, ...,&,, form a C-basis of g, then

ay =0y & A NE,

m

The right action on ay is given by
(FE A+ AEL) - € = (trace(ad () — Zy ())& A+ A&, foréeg.
In general, if M is a left Ay-module, then the right Ay-module structure on ay ®¢, M is given by
(AN RS)-E=E N NE, @ (trace(ad(€)) — &) -s for € g5 € M.

¢

The canonical bundle wy on Y is a right Zy-module and hence, via Zyl Ay — Dy, it also has the
structure of a right Ay-module. On the other hand, the action of G’ on Y extends naturally to an action
on the tangent bundle on Y, so wy = /\dle ©Y. is naturally a G'-equivariant line bundle, which induces
a left Ay-module structure. The next lemma states that these left and right module structures on wy
relate to each other via the transformation above:

Lemma 4.27. Let 0 := traceoad: g’ — C and let &;,...,&,, form a C-basis of g’. There is an isomor-
phism of right A4y -modules

wy i ay Qo wy{(S}
S E A A s

where on the left hand side, wy is endowed with its right Ay-module structure induced from the homo-
morphism Zy : Ay — Py, and on the right hand side, we consider wy with its left Ay-module structure
by viewing it as a G’-equivariant line bundle.

Proof. Denote a := &5 A--- A& € T(Y,ay) and recall that &,. .., &, are a C-basis of g’. Since a is a
non-vanishing global section of the line bundle ay-, the homomorphism wy — ay ®e, Oy{i} Ro, wy,
s+ a®1® sis an isomorphism of Oy-modules, hence it suffices to show:

@®1®s) f=a®1®(s- &)

for sewy, €g'.
The right Ay-module structure on wy (inherited from the right Zy-module structure) is given by

(s-&)(01,...,0m) =—2Zy(&)(s(b1,...,0,)) + Zs(@l, N A 1 N
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for £ € g, s €wy, 01,...,0, € Oy. On the other hand, the right Ay-module ay satisfies a - £ = §(§)a,
so the right Ay-module structure on ay ®o, Oy{d} satisfies

(a®1)-£=0.

The left Ay-module structure on wy results from the left Ay-module structure on the G’-equivariant
vector bundle ©y given by
E-0=1[Zy(£),0] for all € € ¢

The induced left Ay-module structure on A" Oy is given by

n

E-(Or A AO) = 01 A A[Zy(), 0] A~ Aby

i=1
for £ € g’. Passing to the dual line bundle wy, we get

n

(€-5)(01,...,0,) = Zy (&)(s(01,...,0,)) — 28(91,...,[Zy(f),0i], sy On)
= —(5-6)(01,...,00) fZ all € € g/,
The right Ay-module structure on ay ®p, Oy{d} @0, wy resulting from this satisfies
(a®1®s) - E=((a®1)- ) Rs—(a@1)R (€ -s)=a®1® (s-&)
for £ eg'. O

We can now turn to the proof of the description of JK}B via the (twisted) equivariant anti-canonical
bundle:

Proof of Proposition [{.25. Equivalently to the claim, we may show that there is an isomorphism between
the corresponding right %y -modules

!
wy ®oy (Dy @ay (wy{B})Y) = Dy /(Zy (&) — BE) | € € ¢)Dy.
By Lemma we have an isomorphism of right Zy-modules

wy oy (Zy @4y (Wy{B})Y) = (wy oy (Wr{B})Y) ®ay Dy,

where, on the right hand side, the first occurrence of wy is equipped with the right Ay-module structure
inherited from its right Zy-module structure. Combining this with Lemma [4.27] we obtain:

wy ®oy (Zy @4y (Wy{B})Y) = (ay ®o, wy {0} ®o, (wy{B})") R4, Py
= (Oéy R0y Wy oy w}\ﬁ Koy OY{5 - 6}) Ay Dy

where 0 := tracecad: g’ — C and wy is now considered as a left Ay-module via its natural structure as
a G'-equivariant line bundle. Since wy ®o, wy = Oy as G'-equivariant line bundles (and therefore also
as left Ay-module), we conclude:

wy ®oy (Zy @4y wy{B}) = (ay @0, Oy{d - B}) @4, Py
Recall that Oy {0 — B} = Ay /Ay (€ — (6 — B)(§) | £ € @), so by Remark [1.26] we have
ay ®o, Oy{d — B} = Ay/(§—B(E) | § € g') Ay

as right Ay-modules. Tensoring with %y over Ay by means of the homomorphism Zy: Ay — Py
yields the claimed result. O

By using all the constructions and results of this section, we get the following non-vanishing theorem
for tautological systems:
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Theorem 4.28. Let p: G' — GL(V) be a finite-dimensional rational representation. Let Y C V be a
G'-orbit and let Y be its closure. Let B: g/ — C be a Lie algebra homomorphism. If (wy{8})®* = Oy
for some k € Z as left Ay -modules, then 7(p,Y, ) # 0, and hence also 7(p,Y,3) # 0.

Proof. By Corollary we have i+</VYﬁ =~ #(p,Y, B) 1, where i denotes the closed embedding of Y into
U:=V\9Y for Y :=Y \ Y. With Proposition 4.25L we conclude that

(0 Y, Bl =i (v ©ay (wr{B}))

as left Zp«-modules. To show that the right hand side is non-zero, it suffices to see that we have
Dy @4, (wy{B})Y # 0. But this follows from Corollary respectively Remark because we
assumed that (wy{3})®* = Oy as left Ay-modules. O

4.4 Application to projective homogeneous spaces

We now apply the previous results to the following setup: Consider a smooth projective variety X with
a transitive action of a reductive connected linear algebraic group G (i.e., X is a homogeneous space).
Let L — X be a G-equivariant line bundle on X with sheaf of sections .. We consider G’ := G x C*
and denote the Lie algebras involved by g’ := Lie(G’), g := Lie(G) and Lie(C*) = Ce, so

g =g @ Ce.

We view £ as a G’-equivariant line bundle on X by letting the C*-factor of G’ act trivially on X and
by inverse scaling on the fibers of L — X. Note that then G’ acts transitively on L*. Denote by L* C L
the complement of its zero section. The morphisms to X are denoted 7%: L — X and 7% : L* — X.

Lemma 4.29. Every point of X admits an open neighborhood on which a subgroup of G acts freely
and transitively. The same holds for the action of G’ on L*.

Proof. For any point p € X, the stabilizer P := {g € G | g-p = p} describes the variety as a quotient:
G/PiX, gP — g-p.

Since X is projective, the subgroup P C G is parabolic. Let N~ C G be the unipotent radical of
the opposite parabolic subgroup to P in G. Then N~ N P = 1, which shows that N~ acts freely and
transitively on the N~ -orbit N~ - p. On the other hand, we have Lie(N~) @ Lie(P) = g as C-vector
spaces, so N~ - p is of dimension dim G — dim P = dim X, hence it is an open neighborhood of p in X.
For the G'-action on L*, take any point w € L* and consider p = 7% (w) in the argument above.
Then ©%>~1(U) is an open neighborhood of w in L* on which €* x N~ C G’ acts transitively and
freely. O

In the following, we remark that the assumptions on X guarantee that we are in the setup of Section[2}

Remark 4.30. Projective homogeneous spaces X = G/P are smooth Fano variety (we recall a short
representation-theoretic argument in Lemma below). As such, it has the property that the under-
lying complex manifold X?" is simply-connected (see e.g. [Deb01l Corollary 4.29]). In particular, we
may apply Proposition to X2 to get k € Zso with m(L"*") = Z/kZ and we may consider the
Pr,--modules (’)i/*k for £ € Z as in Definition

Additionally, the Fano property of X implies H*(X,Ox) = 0 for all i > 0 by the Kodaira vanishing
theorem, hence in particular Pic(X) = H'(X,0%) & H?*(X*,Z). In algebraic terms, the integer k
in the statement of Proposition is therefore the largest positive integer such that £ admits a k-th
root in the Picard group. Moreover, Pic(X) = H?(X®",Z) has no torsion, as observed in the proof of
Proposition [2.1 &

Lemma 4.31. Let M be a G’-equivariant line bundle on X. Then
M2 O, & ML for some 1 € Z,

where both sides are isomorphisms of G’-equivariant line bundles.

31



Proof. For the implication “<”, it suffices to consider the case r = 1. Note that the G’-equivariant
structure on 7" *.Z corresponds to the diagonal G’-action on Tot(nl"*.2) = L* xx L 2% L*. Note
further that the map
s:L* S L xx L* — L* xx L
is a G'-invariant global section of the line bundle 72" *.% that vanishes nowhere on L*. Then
Ope = 7l *, 1—s

is an isomorphism of G’-equivariant line bundles.
To show the implication “=", let M be a G'-equivariant line bundle on X with 72" *M = Op.. This
means that there is a G’-invariant global section of 7% * M which we may view as a morphism

s: L* = Tot(n? " M) = L* xx M,

where M = Tot(M) and where s is the identity on the first component. Since the section is non-vanishing,
it is therefore given by s = idp« X¢ for some morphism

p: L* = M*

over X. The G'-invariance of the section s translates to G’-equivariance of the morphism . Recall that
the C*-factor of G’ = G'x C* acts trivially on X and by inverse scaling on the fibers of 7% : L — X. Notice
that on M, the C*-action must also be given fiberwise, so there exists some r € Z such that C* C G’
acts on fibers of #™: M — X by scaling with (—r)-th powers. In particular, the C*-equivariance of
@: L* — M* implies the following fiberwise description: Over p € X, we have
. = % AT . = %
op: Ly, — C° —— C" — M,
Aw <~ A po— pp(w)
for any choice of w € L. From this, we can conclude M = ", for instance as follows: Take an
open cover X = |J;.; U; trivializing .2 as Zjy, = Oy, s; for some choice of non-vanishing local sections
s; € T (Ui, Z). On Uy == U; NUj, we have s; = a;;s; for some a;; € F(Uij,(’)LX,ij) and the collection
(vij)ijer forms a Cech cocycle whose class in H'(X,0%) = Pic(X) defines the isomorphism class of
Z. Viewing the sections s; geometrically as morphisms U; — L*, we may compose them with ¢ to get
non-vanishing local sections ¢ o s; € I'(U;, M). On Uy, we then have ¢ o s; = (a;)(¢ o s;) since ¢ is
given on fibers of X by taking r-th powers. This shows that the class of M in the Picard group of X
is the class of the Cech cocycle (af)ijer in HY(X,0%) = Pic(X). On the other hand, the same is true
for the line bundle .Z®" (as can e.g. be seen in the same way, using the morphism L* — L®™* given by
fiberwise 7-th powers). Hence, M = #®" and the G’-equivariance of this isomorphism follows from the
G’-equivariance of . O

Lemma 4.32. There is an isomorphism
wr 2wy ®o, gl v
Y L

of G’-equivariant line bundles on L. In particular, wr- = 7" *wx as G'-equivariant line bundles on L*.

Proof. The second claim follows directly from the first claim by pulling back the line bundles to L* and
using Lemma Hence, it suffices to prove the formula for wy,.

Let .Z be a G’-equivariant vector bundle on X and put F := Tot(.%#) with projection 7f': F — X.
The variety F is then equipped with a G’-action. We first claim that there is an isomorphism

@F/X g7TF’*<9\.

of G’-equivariant vector bundles on F', and a corresponding isomorphism Q}r /x = 7 FV of dual vector
bundles. Namely, any section s € I'(U, F) can be considered as an element s € I'(U, Homo, (#V, Ox)),
and it extends via the Leibniz rule as a section of T'(U, Zero, (Symo, (% ")). This yields a G'-equivariant
morphism of Ox-modules

F — %Tox (Symox (y\/)) = %TOX (ﬂ-fOF)
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It is also injective, since for any s # 0, there is some section of .#" that is not killed by s, so that s is
not the zero derivation in Zere, (7 OF). Since both .# and Zere, (7FOF) are locally free of the same
rank, it follows that the cokernel of the inclusion .F — Zere, (7F'OF), if not zero, must be a torsion
sheaf on X, but this is impossible since this map is equivariant, and so is its cokernel. We conclude
that there is an isomorphism .# = Zerp, (7F'OF) of G'-equivariant vector bundles on X. Applying the
functor 7* then yields an isomorphism

o ()
i F = 7 Gero, (nF Op) = Jer r10, (OF) = Or/x,

of G’-equivariant bundles on F, as required. Notice that the isomorphism (%) in the above displayed
formula holds since the map 7% is affine.
We apply this to the special case F' = L, i.e., tk(.%#) = 1, to obtain the Op-isomorphism

wpx =LY, (13)

which again is G’-equivariant.
Consider the cotangent sequence

0— " Q% — Qp — wp/x — 0,

which, since 7%: L — X is G’-equivariant, is an exact sequence of G’-equivariant vector bundles on
. dim(X)+1

L. Applying /\(9121( )

bundles on L:

(=) to this sequence, we get the following isomorphism of G’-equivariant line

~

wy, = WL’*wX Ro, Wr/x-
Plugging in the isomorphism from Equation yields

L,*

wr ETwx Qo WL’*Q%V,

as required.
O

Proposition 4.33. Let §: g’ — C be a Lie algebra homomorphism with 8y = 0. Let k € Z~ be such
that m (L**") = Z/kZ (see Section [2). Then

A (’)i/*k if 3¢ €Z:p(e)={/kand L** = w?@;(*k) as G-equivariant line bundles,
70 otherwise.

Proof. Recall from Definition [4.6] that
N = 0l ®0,. Di- )(Z1-(6) = BE) | € € 9) P

We first assume that Jl/Lé # 0. Since G’ acts transitively on L*, the vector fields Zp«(§), when & runs

through g’, generate the tangent bundle of L*. This implies that Ji/Lﬁ is a smooth Zr+-module of rank
one, i.e., corresponds to a local system on L*?". By the discussion in Section [2] we therefore have an
isomorphism of Zr,«-modules Ji/Lﬂ = Oi/*k for some ¢ € Z.. Let U C X be a Zariski open affine coordinate
set (in the algebraic sense, see, e.g. [HTTO8, Definition A.5.2]) such that L trivializes over U. Then

‘/VLE|C*><U = Dovxv | Do xv(Zr () (o xu | € € 8) + Do xu (=0t — B(e)),

where we denote by (—)7 the transpose of a differential operator written in the chosen local coordinates.

Now using Proposition the isomorphism Oi/*ITC*x v = JVﬁlC* v can be made explicit, and then

it follows easily that 8(e) — ¢/k must be an integer, but this yields an isomorphism .47 = Oige) by the
remark after Definition In particular, this shows that when </VL5 # 0, we must have 3(e) € %Z.
In order to show the remaining statements, we therefore assume that 5(e) = ¢/k € Q for some ¢ € Z.
By Proposition we know
N2 D @4, (wr-{B))Y.
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Because of Lemma we may apply Proposition to decide when a Zp--module of the form
D+ ®4,. € is non-zero. However, notice that this criterion only applies to equivariant line bundles &,
while (wr«{8})Y is for non-integral 3(e) only a line bundle with an A --module structure. However, the
k-th tensor power

(wr- (8D = ™ {—kp},
underlies an equivariant line bundle, since k3 = dyy, where x,: G’ = G x C* — C* is the character given
by (g,t) + t*. With Proposition Remark and Proposition we see that

N0 & D @a,. (Wi {BNY #0 & Dp- 94, Wi —dx} £0 & WP —dy} = O
Now wp+ 2 7L *wy as G'-equivariant line bundles by Lemma and Lemmam Hence,
_k ~ - —k
wit = dxey =t (WP = died).
By using this, and invoking Lemma again, we see that

M40 & w;eé(_k){— dye} =2 £%" as G'-equivariant line bundles for some 7 € Z.

Since the C*-factor of G’ acts trivially on X, note that the natural C*-equivariant structure on w?;(_k)

is also trivial. On the other hand, C* acts by inverse scaling on the fibers of L = Tot(.¢). Hence, if
w?}(_k){dxg} &~ £97" holds for some r € Z, we must have r = £. Therefore:

</VLﬁ #0 & w?;(_k){— dy,} = Z%% as (’-equivariant line bundles.

& w?;(_k) >~ ¥9 a5 G-equivariant line bundles. O

We now conclude with the final result of this section classifying when Fourier-transformed tautological
systems are non-zero away from the origin. We work in the setup stated at the beginning of this section,
i.e., X is projective and admits a transitive action by a reductive algebraic group G, L is G-equivariant,
G’ := C* x G, and G’ acts on L by letting the C*-factor act by inverse scaling in the fibres. Moreover,
we now assume that £ on X is very ample. Consider the G'-representation p: G’ — GL(V) with
V := H(X,.%)" and the equivariant closed embedding X < PV defined by |.Z|. Let X C V be the
affine cone of X in V Notice that we have an isomorphism X \ {0} = LY* given by identifying LY
with the blow-up of X at the origin. We write i for the closed embedding of X \ {0} into V' \ {0}.
Together with the isomorphism inv: L* — LY'* given by inverting fibers, we obtain a closed embedding
i': L* — V' \ {0} defined by ¢’ := i o inv, as shown in the following diagram.

L 5 L* \
iy |2 X\ {0} —= v\ {0} (14)

o

Bl{o}(X) > LY «—— LV

JLv

Theorem 4.34. Let 3: g’ — C be a Lie algebra homomorphism with f|g = 0. Let k € Zwq be such that
T (L*™) 2 Z/KZ (see Section[3). Then

7.0Y% ez fle) = b/k and L = 2P

. 5 - as G-equivariant line bundles,
(0, X, B) v\ {0y &

0 otherwise.

Proof. This follows directly from the work above by combining Corollary (applied to Y = X \ {0})
and Proposition [4.33
For convenience, we roughly summarize the main steps that led to the proof of Theorem
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e The restriction of 7(p, X, ) to V' \ {0} is supported on X \ {0} = L* and can be described as
; B
M\ oy ¢

the vector fields induced by the group action (Definition {4.6]).

Corollary [4.11)). Here, ,/V)f\ © arises from a cyclic right Z-module constructed from

e The Z-module JV)?\{O} is alternatively described as Z¢, (o, DAz 0y (WX\{O} {B})Y (Proposition .25

where A 5, = Ox\ oy ®U(g') and (wx gy {B})V is the anticanonical bundle with a g’-module
structure determined by f.

o Identifying X \ {0} with L*, we can argue that D10y O A5 0y (Wi (o3 {B})" is non-zero if and
only if £ is a {/k-th rational power of wy and is equipped with a suitable equivariant structure
(Proposition jl_ri%%[) The geometric reason is that in this case (wX\{O}{ﬂ})@)k = Ox\foy- This
statement is based on vanishing results for Z-modules constructed from equivariant line bundles

in this way (Proposition Corollary and Proposition [4.21]).

e In the cases that A

)? 0 is non-zero, it is a smooth Z-module of rank 1. As such, it is isomorphic
to Oi/*k (see Section and one confirms that 8(e) = £/k (see Proposition |4.33]). O

Remark 4.35. If G is a semisimple linear algebraic group, then we have [g,g] = g. This shows that
Blg = 0 holds for every Lie algebra homomorphism 3: g’ — C, so this condition in Theorem is
always fulfilled in this case.

Remark 4.36. For G not semisimple, let us drop the assumption g = 0. If %(p,X, B)v\qoy # 0, then
it is necessarily of the form 4/, Oi/*k for some ¢ € Z as before, since Ji/Lﬁ is a smooth Zr--module of rank
one. One can also show that Ji/LB = (’)ZL/,!C forces k3 = dy for some group character x: G' — C*. With

the same arguments as in the proofs above, we then get:

7 OY* i3 eZ: Ble) = /k and LP{x} = WEP
. 5 ~ as G-equivariant line bundles,
7(0s X, B) v\ {0y =

0 otherwise.

Hence, in the general situation we still only get a non-zero 7 (p, X, B)|v\{oy for £ being a rational power
of the anticanonical bundle and for exactly one suitable 8 uniquely determined by .Z. &

5 Representation theoretic criterion

The purpose of this section is to give a necessary criterion for the non-vanishing of tautological systems
in terms of the representation of G on the space V = H°(X, L)V, at least in the case where G is semi-
simple. On the one hand, this is a slight sharpening of one direction of Theorem [£.:34] which only
concerns vanishing of 7(p, X, B) on V\{0}. On the other hand, the methods used here heavily rely on
the representation theory of semi-simple Lie algebras, and this section is therefore in large parts logically
independent of the rest of the paper.

5.1 Formula for 5(e)
We work in the same setup as in Theorem Additionally, we assume throughout this section

G is semisimple.

This implies automatically that any Lie algebra homomorphism 3: g’ — C satisfies 3|; = 0, since
g = [9,¢]. In particular, the choice of 8 is equivalent to the choice of a complex number S(e). As we
will see, the tautological system T(p,X ,3) will only be non-zero for particular values of f(e) that we
can express in terms of the highest weight of the (necessarily irreducible by Borel-Weil, see e.g. [Ser54]
or [Both7, Cor. to Th. V] or also Theorem below) G-representation p.
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To state this formula, let t be a Cartan subalgebra of g, let T C tV be a choice of positive roots,

and set 1
Aedt+

Theorem 5.1. Let u be the highest weight of the irreducible G-representation V = H°(X,£)V. If

T(p,X,ﬂ) s monzero, then
2(0, )
Ble) e {0, 525
(VW T
where (—,—) is the inner product on t¥ dual to (the restriction to t of) the Killing form, and |u| =
(1 1)

Corollary 5.2. If 7(p, X, B) # 0, then 3(e) is a non-negative rational number.

Proof. Since p is a highest weight, the inner product of u with all positive roots is a non-negative integer,
hence (8, 1) > 0 and so 224 € Q. O

[u]?

In the remainder of this section, we will give proof of Theorem [5.1] as well as a more geometric
interpretation of it.

Notation 5.3. Throughout this section, we use the following notation.
e g = Ce® g — the Lie algebra of G’
e T — a maximal torus of G
e B — a Borel subgroup of G containing T’
e t — the Lie algebra of T'

®(M,T) — the roots of an (affine) algebraic group M relative to a subtorus 7. This is the set of
characters A\: T'— C* of T such that

my = {{ € m | Ad(1)§ = A()E} # O,
where m is the Lie algebra of M. (Cf. [Hum75|)

® := (G, T) — the root system of G relative to T. As usual, we view this as a subset of t¥.

¢+ := &(B,T) — the choice of positive roots corresponding to B

e A C &+ - the simple roots

1
= 3 Z a — the Weyl vector.

aedt

e B(—,—) — the Killing form on g

(—, —) — the symmetric bilinear form on t" induced by the restriction to t of the Killing form. Since
g is semisimple, (—, —) is nondegenerate. &

Since g is semisimple, there is a decomposition

(@) (2e)

Each g, is one-dimensional. In fact, one can choose a generator E, € g, for each a € ® such that
[Eo,E_o] =t Hy € t, B(Eo, E_y) = 1, [Ha, Eo] = 2E,, and [Hs, F_,] = —2E_,. Note that the H,
might not form a basis for t, as there may be too many of them.

A straightforward argument shows that for each o € ®*, H, is the unique element of t for which
B(H,H,) = a(H) for all H € t. We can use this property to define Hy for all A € t'—then the
nondegenerate bilinear form (—, —) is given by

(\NN) = B(Hy, Hy) = MHy) = N (Hy).
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Definition 5.4. The (second order) Casimir element is the element

C:=Y_ AiB; €U(g),

where {A;} is any basis for g, and {B;} is the dual basis under the Killing form. In particular, if {H;}
is an orthonormal basis of t with respect to the Killing form, then

C=> H}+ Y EoE_o+ » E_oFEa.

aedt acedt

A straightforward exercise shows that C' is in the center of U(g).

Lemma 5.5. Let U be an irreducible representation of g with lowest weight A and lowest weight vector
vy. Then
C- (N (|)\|2 — 2((5, )\>)UA.

Proof. Then
C vy = (ZH§+ > E.Eo+ ) E_aEa> N
i acdt aedt
- (ZHE— S Ho+2 ) EaEa> N
4 aedt acdt
= (Z H? - 2H5> U,
since E, kills vy. Now use that Y, H? - vy = >, A\(H;)v; = |A\|?v; and Hs - vy = A(Hs)va. O

For the proof of Theorem we need a few facts about differential operators on affine varieties,
which we introduce now. The full power the theory of such operators is not needed here, so we only
touch on a very small bit of it.

Set

R=T(V,0y), Dy :=T(V,%y), and S := R/I,

where I is the defining ideal of X.

Define
A = {PeDy|PU)CI},
(15)
J = {PeDy|PR)CI}=> cnn10%
and
YA — E}dC(S)
P +— (f—Pef) (16)

Dsg = im(y).

Note that it is not immediately obvious that this Dg is the same as the ring of Grothendieck differential
operators of S over C—that it is is the content of the surjectivity part of [Mil99, 1.2. Prop.]. That said,
for our application in the proof of Theorem [5.1} we will start with a particular element of A, and we will
need to show that it is in fact in J. In other words, we need the following

Lemma 5.6 ([Mil99, part of 1.2. Prop.]). kert = J. In particular, kert C I Dy .
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Under the assumption that G is semi-simple, the definition of 7(p, X , B) simplifies to
#p, X, 8) = Dv [(Dv I+ Dv(Z(€) | € € 9) + Dv(Z(e) — dimV + B(e))).

Here, we denote by Z(§) the vector field Zy (§) defined in Section and we will also denote by Z the
map U(g') — Dy extending it.
Because X is G-invariant, the ideal I is g'-stable, i.e. Z(&)(I) C I for all £ € g’. Hence, the map
Z induces a g’-module structure on S for which the elements of g’ act via derivations. If Sy is the dth
graded component of S, then
£-54C 8y forall € eg,

and
e-f=—df forall feS,. (17)

Denote the induced map U(g') — End¢(S) by Zs.
Lemma 5.7. Zs(C) = Zs(e)?|u|? —2Zs(e) (0, u).

Proof. By definition, R; = VY. The construction of the embedding X — PV implies that R; = S; also.
Hence, if z € S1 & V'V is a lowest weight vector, it has lowest weight —u (recall that p is the highest
weight of V). A straightforward argument shows that for all d € N, the element z¢ is a lowest weight
vector of Sy with lowest weight —du. Hence, by Lemma [5.5]

C-at = (| = dpl? - 2(8, —dp))z”.

Since C' is in the center of the universal enveloping algebra, it acts on the irreducible g-representation
Sq as a scalar, which then must be the factor on the right hand side. Now use that e acts on Sy as
multiplication by —d (eq. ) O

By definition, the operators Z(C) and Z(e)?|u|?> —2Z(e)(, i) are contained in the subalgebra A from
(15). By Lemma their difference is in the kernel of the map  from . Hence, by Lemma we
know that

2(C) — (Z(e)*|f* — 22(e)(6, w)) € IDy.

Applying the standard D-module transpose (—) ' and identifying Z(e) with minus the Euler differential
operatOIE —F gives

(2(0)" = ((B+dim V)?|u[* = 2(E + dim V) (3, 1)) € Dv1, (18)
since (—E)" = E +dimV and I is homogeneous.
Lemma 5.8. (Z(C))" = Z(0).

Proof. Because g is semisimple, [g,g] = g. Hence, g acts on V via trace-free matrices. Let £ € g act
on V via a square matrix A = [a;;]. Then Z(¢) is the derivation — 3, ; a;;z;0y;. The transpose of this
operator is then ) a0, i = Y aj;2:05; + Tr(A) = —=Z(£). As C arises as evaluation on elements of g
of a homogeneous quadric, (Z(C))" = Z(C). O

Proof of Theorem[5.1 Combining Lemma and eq. yields
Z(C) = ((E+dimV)?|u> = 2(E + dim V)(6, 1)) € Dy .
Taking cosets in 7(p, X, B), we find
0=2Z(C)=(E+dimV)2|u]2 — 2(E + dim V) {4, u)
— (B +dim V)((E + dim V)[]2 — 2(5, 1))

)
On the other hand, the defining ideal of 7(p, X, 8) also contains
Z(e) —dimV + f(e) = —E —dimV + ((e)

So, we deduce

e e {0t}

O

1The minus sign comes from the fact that the action of g on the coordinate ring of V is the contragredient action.
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5.2 (Geometric interpretation

We now aim for the following geometric description of the quantity for 3(e) from the previous section,
showing the compatibility of the non-vanishing result of 7(p, X, 8)jy\o in Theorem with that of

72(/)7)2,,8) in Theorem

Proposition 5.9. If ¥®¢ =~ w_?;(*k) as G-equivariant line bundles for some integers k, ¢ # 0, then

The proof of this proposition will be based on the correspondence between characters of P and
equivariant line bundles on G/P (where P is parabolic), and identifying the character corresponding
to the canonical bundle wg,p (Lemma below). For this, we first recall some facts about parabolic
subgroups.

Recall ([Hum?75l §21.3]) that a closed subgroup P < G is called parabolic if G/P is projective. We
recall some facts about parabolic subgroups.

Lemma 5.10.

(a) If X is a projective homogeneous G-space, then X = G/P for some parabolic subgroup P of G
containing B.

(b) There is an inclusion-preserving bijection between subsets I C A and parabolic subgroups P;
containing B E|

(¢c) ®(P,T) = o+ U (B~ NZI).

Proof. @ This is standard. It uses that every parabolic subgroup contains a Borel subgroup ([Hum?75,
Cor. 21.3.B.]), and that all Borel subgroups are conjugate ([Hum75, Th. 21.3]).

(b)] [Hum75, Th. 29.3].
()] [Flum5, Th. 30.1]. .

Let P be a parabolic subgroup of G containing a maximal torus 7. Recall that the characters

A: T — C* which are extendable to P correspond one-to-one with G-equivariant line bundles Ly p on

G/P; see, e.g., [HTT08, §9.11] (although the argument there is for P = B, the same argument works

verbatim with N~ replaced by the unipotent radical of the parabolic subgroup of G opposite P). Note

that there are two common conventions for this correspondence—we choose the convention for which P

acts on the fiber of Ly p at P asb-v = )\(b)fuﬂ In this case, the sheaf of sections £ p of Ly p is given
by

DU Lp)={fel(g " (U),0c) | f(gb) = Ab)"'f(g) for all g € G,b € P}, (19)

where ¢: G — G/P is the quotient map. Since Ly p is G-equivariant, there is a G-equivariant structure

on %y p. Although we won’t need to know this structure explicitly, it may help the reader to note that
the induced action of G on I'(G/P, %, p) is given by

(g-N)=1flg7'd) (9.9 €G, feT(G/P,.L))).

There are many proofs of the following theorem throughout the literature. It is often stated and
proved only for P = B. However, it was originally proven for all parabolic subgroups, e.g. in [Serb4] or
[Bot5T, Cor. to Th. V].

Theorem 5.11 (Borel-Weil). If —\ is a dominant weight which is extendable to the parabolic subgroup
P, then T'(G/P, %\ p)Y is the irreducible representation of G with highest weight —\.

2 Although we won’t need it, the actual definition of P; can be found directly above Th. 29.2 in [Hum?75].
3The other convention is b-v = A(b) " 1v.
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Lemma 5.12. Let I C A be a subset of the set of simple roots, and let P; be the corresponding parabolic
subgroup. Define
1
61 = 5 Z Q.

€D \ZI
Then
wa/p; = Las, Py -

Proof. The following argument is based on the argument given in the MathOverflow post [Sca].
According to [CG10, Lem. 1.4.9], T*(G/Pr) is the (unique) G-equivariant vector bundle on G/Py
whose fiber over Py is the P;-module

pr={&cg| (&) =0forallzepr},
where P; acts via the coadjoint action. But, letting 7" be a maximal torus of G contained in Pj, we have
a sequence of Pr-isomorphisms

pr

1

(9/p1)"

P o

aE®P not a root
of Pr rel. to T

P e

ae—(+\ZI)

D o

a€dHt\ZI

I

1%

1

Taking the determinant gives the Pr-equivariant line bundle whose fiber at P; is the Pr-module

SO

aedt\ZI

The action of P; on this module is determined by the action of 7', and the action of t € T is just
multiplication by
> alt) =26(t).
a€dT\ZI

Thus, wg/p, = Los,.p;- [
We need one more technical lemma before beginning the proof of Proposition [5.9
Lemma 5.13. Let I C A be a subset of the simple roots. Then (3, ;) = (Jy,07).

Proof. Set 07 =6 — 67 = 23 cornzr @ We want to show that (67,d;) = 0. To begin with, let ®; be
® NRI viewed as a subset of the vector space RI. It is immediately clear that ®; is a root system (in
RI), and that I forms a base of ®;. Hence, ¢} is the Weyl vector dg, of ®; (with respect to this base).
Moreover, the inner product of two elements of IRI is the same as in the ambient vector space t¥ of the
root system ®. So, the coroots of ®; are the coroots H, = 2a/{a,a) of ® for o € ;. Therefore, by
[Hall5, Prop. 8.38],

<6,IaHa> = <6‘1’1,H01> =1

for all a € I. Hence, for all o € I, we have

25272? = (Ha, 01)
- <Hoéa §— 6/1>
= <H(X75> - <Hou5/1>
=1-1=0,
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where the final equality again uses [Hall5l, Prop. 8.38]. Therefore, («,d;) = 0 for all & € I and hence for
all @ € RI. In particular, (67,d;) = 0. O

Proof of Proposition[5.9 Since X is a projective G-homogeneous space, it is isomorphic by Lemma [5.10]
to G/ Py for some I. By assumption, .Z®¢ = w?@;(*k) as G-equivariant line bundles. Therefore, since
Pic(X) and therefore Pic®(X) is torsion-free, and applying Lemma

j = f—EQ(SI,P'

[

Therefore, by Borel-Weil (Theorem [5.11]), the G-representation V = I'(X,.#)" has highest weight

2k 2k
b= (-0 = o

Then
206, ) _ £00,6r) _ €{or,6r) L _ e
(o) K(61,61)  K(61,61) K o) -

We finish this section with the following well-known fact concering the anticanonical bundle of X =
G/ P the proof of which we include for the convenience of the reader.

Lemma 5.14. Assume only that G is reductive. Then X = G/P is a Fano variety.
Proof. By [Jan03| I1.4.4], a G-equivariant line bundle Z_ p on G/P is ample if and only if
(A a) >0 for all « € A\ I.

By Lemma the anticanonical bundle wY is 235, p, so we need to check that (47, ) > 0 holds for
any o € A\ I. The reflection s,: ® — & given by

20,8)

(o, a)

sa(B) =B~

maps « to —a and permutes @1\ (ZI U {«}) (this follows easily from the defining property of the set of
simple roots A). Hence, s,(67) = d; — a, which means that % =1>0. O

6 Tautological systems associated to homogeneous spaces

The purpose of this section is to gather all the previous results and to apply them to the special case where
we are given a projective variety X with a transitive group action together with a very ample equivariant
line bundle. We obtain a representation on the space of sections, and we can therefore consider the
corresponding tautological system. The non-vanishing results from Section [4] then apply. Moreover, we
show in Section[6.1] a localization property of the corresponding Fourier transform 7, and in Section [6.2]a
property that is in a certain sense dual to the first one, which is why we called “colocalization property”.
These results, combined with the discussion in Section will finally give our main result (Theorem
stating that the tautological system 7(p, X, 8), if non-zero, underlies a complex pure resp. a mixed Hodge
module, this is discussed in Section [6.3

6.1 Localization property of 7

The purpose of this and of the following section is to prove a key property of the differential system
'F(p,f(,ﬁ) concerning its relation to its restriction i*7(p, X, B), where ¢: {0} < V. In this section we
only consider the case where 5(e) € C\ Z, whereas in the next section also the case where §(e) € Z is
studied. For the moment, we are working in a slightly more general setup, therefore, we let temporarily
V be any finite-dimensional vector space, and we consider the Euler operator E on V (i.e. the differential
of the scaling action). For A € C, define Eig(V, A) to be the full subcategory of Mod(I'(V, Zy/)) consisting
of modules M satisfying

M= P M, (20)

HEAN+Z
where M), :==ker(E — p) C M.
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Proposition 6.1. Let .# € Mod,.(Zv). UT(V,.#) € Eig(V, \) for some A € C\ Z, then
M= j+j+%7
where j denotes the open embedding of V'\ {0} into V.

Proof. Let N := dimV and choose coordinates x1,...,2xy on V. The distinguished triangle
RT oy (M) = M — joj T
in DSC(@V) (see [HTTOS, Prop. 1.7.1(i)]) shows that it suffices to prove RT'(g}(.#) = 0 in order to

conclude the claim. Since V is affine and .# is quasi-coherent, we actually just need to show
HL(M)=0 for all i,

where M =T(V, . #) and m = (z1,...,2N). )
Recall that HE (M) may be computed as the cohomology of the Cech complex

0—- M — @Mxi — @wa — = My py — 0.
% i,

A straightforward application of the definition of eigenvector implies (a) that each term in this complex
is also in Eig(V, \), and (b) that Eig(V, \) is closed under taking subquotients. Hence, each HE (M) is
in Eig(V, \).

Since H: (M) is m-torsion, it remains to show that every m-torsion module in Eig(V, \) is zero. Let
M’ be one such module, and assume there is a nonzero n € M’. Without loss of generality, we may
assume that n € M/, for some p1 € A + 7 and that mn = 0. Then

N N
un:E-n:in8i~n:Z(6ixi—1)-n: —Nn.
i=0 i=0

Thus, because n # 0, « must be —N—in particular, «, and therefore also A\, must be an integer, which
is false by assumption. Hence, M’ = 0. O

We draw a conclusion of the previous general result that concerns the Fourier transform of tautological
systems as studied in Corollary where we only make the assumption that the boundary of the G'-
orbit is reduced to the origin in the vector space V. This is of course satisfied in the case of interest like
in the situation studied in Theorem [£.34l

Corollary 6.2. Let p: G’ — GL(V) be a finite-dimensional rational representation of an algebraic group
of the form G’ = G x C*, where C* acts by scaling elements of V. Let Y C V be a G’-orbit and let Y be
its closure. Assume that Y\ Y = {0}. Let 8: g’ — C be a Lie algebra homomorphism with 3(e) € C\ Z.
Then the Zy-module 7(p,Y, 8) from Definition [I.1] satisfies

7(p,Y,B) = jrj 7(p, Y, B),
where j denotes the open embedding of V' \ {0} into V.
Proof. By Proposition it suffices to prove that T'(V,7(p,Y, 8)) € Eig(V, 5(e)). To do this, let

P = Z Cayx®07
ay
be a global section of Zy. In I'(V,7(p,Y, 3)), we have
EP = an7(|a\ — |y)zc0" + anvxamE
ay

ay

=3 carlla] = W)z d + Y Ble)eara®d
oy

ay
= (Be) + la| = [¥))carz®d”
ay
c P
HEB(e)+Z

Thus, I'(V,7(p,Y, 8)) € Eig(V, 5(e)). O
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6.2 Colocalization property of 7

In this section, we consider a similar property as just studied, but which also includes the case where
B(e) € Z. Tt turns out (see example below) that in general the Zy-module 7(p, X, 3) is not equal
to the direct image of its restriction to V' \ 0, but to one cohomology group of the properly supported
direct image. In the case where the value of 8 on e is not an integer, this is consistent with the previous
result since both direct images are equal then.

We work in the setup described before Theorem i.e. X C PV is projective with affine cone X
with vanishing ideal Z C Oy . Consider the embeddings

X v\ {0} Lo v L9 o)

Our main result in this section is the following.

Theorem 6.3. If B(e) ¢ Z<y, then 7(p, X, B) is colocalized, in the sense that the canonical morphism

H j15*#(p, X, 8) — #(p. X, )
is an isomorphism in Modp(Dv).

Before we discuss the proof of this theorem we show by example that integral parameters may
correspond to systems that are colocalized but not localized. From here on and until the end of this
paragraph, in order to keep the notation light, we write 7 for the 2y-module 7(p, X , B) that appears in
the theorem above.

Example 6.4. Let X be P! x P!, where the group G := SLy x SLy acts transitively via the action on
each factor. Choose the projective embedding induced by the line bundle O(1,1). The target space is
PV = P3 and X is cut out by f = T11%T2,2—22,1%1,2- We write F = 3317181,1 +l‘1728172+l‘2)182,1 —‘1-332’282,2.
The interesting B(e) (for which, according to Theorem the restriction of 7 to V '\ {0} is non-zero
and has full support) equals 6 (so that §'(e) = trace(E) — f(e) = —2), and then the defining ideal of 7
is generated by f, EF — 3/(e) = E + 2, and the operators

221011 + 222012, 11021 + 12022, 11012+ 221022, 12011 + 222021,
O11+012+1, O21+022+1, O11+021+1, O12+022+1,

where we write 0; ; for z; ;0; ;.

Let P = 01,102,2 — 02,101 2. It is an easy calculation using the above generators to see that the class
of ; ;P is zero in 7, for 4,5 € {1,2}. A computer computation shows that P is not zero in 7, and so
7 contains a submodule K of holonomic length one that is supported at the origin. In particular, we
certainly have 7 # j, 477 in this case.

Inspection shows that there is a natural Zy-module map from 7 to the local cohomology sheaf
H = H}((Ov) that sends the coset of 1 to the coset of 1/f. Notice that this map is not surjective,
since ‘H =2 OV(*X)/OV is generated by 1/f2, due to the fact that the Bernstein-Sato polynomial of f is
(s+1)(s+2).

The image of 7 — H is the Kashiwara—Brylinski module B attached to f (i.e. the module obtained
as i1+ O g\ oy € Mod(Zy ), recall that i: LY* 2 X\ {0} < V is the composition of the closed embedding
i: X\ {0} < V \ {0} with the canonical open embedding j: V \ {0} < V from above), and so B is
in particular simple and self-dual. The cokernel C = H/B is the Zy-module generated by 1/f?; it is
supported at the origin and of holonomic length one. The kernel is the module K above. We thus arrive
at the following sequence of Zy-modules.

0—K—7—H —C—0.

It is automatic that DA = C since both are length one and supported at the origin, but one can also
verify that DH = 7. Moreover, it follows from the fact that OV(*X ) is localized along X that it is also
localized at {0}, i.e. that we have j,j*Oy(*X) = Oy (xX). Then since j,jtOy = Oy we get that
jijTH = H, and thus the module D7 also satisfies

j+jTD? = D7,
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The proof of Theorem will be given after several intermediate steps. First we recall that we
have the algebra 7, (see Definition 4.14]), which is the universal enveloping algebra of the Lie algebroid

Oy ®c¢ g’- Tt comes with a (in general non-surjective) algebra homomorphism Zv: oy — Py which
extends the map Zy as defined in Lemma[4.1] Then we consider the left < -module

=ty [ I+ y (E - B(E) € € ).
From the right exactness of the tensor product we get
P =Dy Qu, 77 = H(9y @Y, 77),
using that Zy makes %y into a right @,-module. We first have the following comparison result.

2;err:)ma16.5. If H*(wy @% 79) =0 for k = 0,—1, then also H*(DR7) = H*(wy ®%, 7) = 0 for

Proof. Consider the Grothendieck spectral sequence for the composition of functors wy ®g, — and
Dy Qu, —, With Eg-term

Eg,q = Hp(wv ®]L92V Hq(@\/ ®HL;{V fﬂ)) - Hp+q(wv ®E¢‘fv f‘“d)

We clearly have that Eg 0 = HO (wy ®H‘;{V #) and moreover, because we are dealing with the second

page of a third quadrant spectral sequence, E5 1,0 injects into H~1(wy ®E;{V #9). Hence, under the

assumption of the lemma, we obtain
By’ =H(wy ®%, #) =0 and  E; "’ =H '(wy ®%, 7)=0. O
Next consider the following adjuction triangle
GtitE = (igoy iy Fldim V] 25 (21)
and the associated exact sequence
0 — H " ((ig0).+i}oy)F[dim V]) — HO(jijT7) — 7 — H'((if0y,41}y)F[dim V])

We would like to show that the left- and the rightmost terms in this sequence vanish. Since clearly iy,
is an exact functor, it suffice to show that

H* (i}, #[dim V]) = 0
for k = 0,—1. To that end, we apply the functor ay 4 (where ay: V — {pt} is the projection) to the
triangle , this yields
ay it — ay P — ifo Fldim V] 5 (22)
since

av,ifoy 4150y ldim V] = (ay 0ifoy) yilo, Fldim V] = agoy (i, #ldim V] 2 if ) #[dim V]

as elements in D°(C).
Now we have the following piece of the associated cohomology sequence of the triangle

H 'y 7 — H'il, #[dim V] — Hay, 1 ji "% — Hay, 47 — Hi, #[dimV] — 0. (23)
Here zero on the right most term comes from the vanishing
H'ayjijt7 =0,

which holds since both functors ay,4 and j; are right exact. We now claim
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Lemma 6.6. The map
H'ay, 7 — H il #[dim V]

is an isomorphism.

Proof. Tt can be shown more generally that under the assumption made here, we have an isomorphism
ay, 7 — ifo, Fldim V]

in D®(C). In order to see this, we apply [Stel9, Lemma 4.4] (which is based on an earlier result in
[RW19, Lemma 3.3]), when seeing ay: V' — {pt} as a bundle over the point {pt}. Then it is clear
that this map is fibered in the sense of [Stel9 Definition 4.1]. It therefore remains to check that the
Pv-module 7 is twistedly C*-quasi-equivariant (as defined in [Stel9) Definition 4.2]). This is a condition
that depends only on the restriction j+7, and this restriction has support on X \{0}. Recall that we have
the isomorphism L* 2 X \ {0}, obtained from composing the restriction to LY* of the blow-up LY — X

with the fiberwise isomorphism inv: L* = LV*. 1t is therefore sufficient to show that ¢# is twistedly
C*-quasi-equivariant with respect to the C*-action in the fibres of L — X, where ¢ is the composition
of j: V\ {0} — V with the closed embedding X \ {0} < V \ {0} and with the above isomorphism
L* =~ X\ {0}.

It follows from Theorem [£.34] that this restriction is either zero, in which case the equivariance
property we are after is trivially satisfied, or else equals Oi/f. It is an easy exercise to check (e.g., locally

over trivializing neighborhoods) that Oi/*k is twistedly C*-quasi-equivariant. O

By using the exact sequence as well as the previous lemma, Theorem is proved once we
have shown that H*(ay %) = 0 for k = 0,—1. But clearly ay 7 = ay. DR(#) since ay is an affine
morphism. Therefore, by Lemma [6.5] we are left to show the following.

Proposition 6.7. Using the above notation, we have
k L~y _
HY(wy ®4, 7)) =0
for k =0,-1.

For this, we will need some further preparations. We start with an algebraic property of the left
oyy-module oy /oty T.

Lemma 6.8. 1. Z C Oy has naturally the structure of a left .@,-module (and consequently, also O ¢
has)

2. For any & € ¢/, we have
ay-LT-§Cay -1

as subsets of 27,. Consequently, .27, -7 is a two-sided ideal, and o7, /24,7 is also a right 2/-module
(i.e., it is sheaf of rings).

Proof. 1. Clearly, Oy is a left o;,-module through Zy: oy — Dy. We need to show that this left
action leaves 7 invariant. Let £ € Ag’ and let g € Z be given. Consider the following piece of the
dual to the conormal sequence of X CV

0— %TC(O}() — Zere(Oy) ®o,, OX LN Homo,, (Z, OX)?

Since X C Vis a G'-variety, Zy (§) descends to a derivation of Oy, i.e., it lies in the kernel of the
map «. Therefore Zy (§)(g) € Z.

2. Since &, is the universal envelopping algebra of the Lie algebroid Oy ®¢ ¢, for any g € Oy, the
commutator

§-9—9-¢
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must be equal to the result of applying the anchor map to &, and then applying the correspondig
derivation to g. But the anchor map Oy ®¢ g’ — ©y is nothing but the scalar extension of Zy/, so
that £-g —g-& = Zy(€)(g), which lies in Z by point 1. Consequently

g-§&=E&-9—2Zv(§)(9) e - T

for g € Z, as required.
O

We next consider a homological construction that can be considered as a generalization of both
the Spencer complex in Z-module theory (see, e.g. [HTTO8, Lemma 1.5.27.]) and of the Euler-Koszul
complex as defined in the theory of hypergeometric differential systems ([MMWO05, Section 4]) and which
is closely related to Lie algebra cohomology resp. homology (see, e.g., [HS97), Section VII.4]). We therefore
call it the Euler-Koszul-Chevalley-Eilenberg-Spencer complex. Let first V" be a right #,-module. Define

14

L
STHN) =N o, \Ovecd)=Nec 7,

Ov

where the differential is as follows

5 SN — ST

@EA NG = T (DTG = BE) @ E A AG AL A&+
oo (CD)"Im@ ([ELEGING N ANE N NE N NE).

1<i<j<e

where the right <%,-module structure on A is used in the first term of the differential when writing
m(& — B'(&)). In general, S*(N) will be a complex of sheaves of C-vector spaces only.

We will apply this construction several times, but in particular in the following more special situation.
Let M be a left .a4,-module (e.g. Oy ). Consider the sheaf

Gy R, M.
We view this sheaf as an (&4, & )-bimodule as follows: The left %, -action is given by
bla ®m) =ba®@m.
The right action is induced by

(a@m)f=af@m  (f€Oy)
(a@m)é=a@m—a®fm  (feg).

It is easy to check that this construction extends to a functor from left #,-modules to (<, o4/ )-
bimodules.

To consider a specific example, we can take M := O, which is a left .«j,-module by Lemma above.
Let ¢: @ty ®o, O — @y /I, a @G+ a- g be the canonical isomorphism of left 2/,-modules. Now
by the previous construction, the left hand side is also a right «#,-module, and by invoking Lemma
again, so is the right hand side. Then the morphism is also an isomorphism of right @ ,-modules: Since
g’ kills the element 1 of O, we have (for a € @4/, g€ O¢ and § € g')

Y((a®79)¢) = Y((ag ® 1))
Y(agé @1 —ag® (£-1))
Y(ag§ ® 1)

I
—~

I
IS
s8gss
.o

£
a®g)E,
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as claimed.
We now apply the construction of the complex §*(—) (taking as input a right .&,-module N') to the
particular case where N := &/, ®0,, M, i.e., we put for all £ € Z

C M) = S (A o, M),

yielding a complex (C*®,0). It is readily checked that since @4, ®@, M is also a left @#,-module, the
differentials 6~¢ are now left o7 -linear. Again, it is an easy exercise to see that this construction is
functorial, so that C*(—) yields an exact functor from the category of left o -modules to the category
of complexes of left 2, -modules.

Pursuing the above example where M = O, we see immediately that

HO(C*(0g)) = 7.
We also have the following important homological property of this complex.

Lemma 6.9. For any left .« -module M, C*(M) is a resolution of H°(C*(M)) by left @4 ,-modules
(which in general are not o7 -free though). In particular, for M = Oy, we obtain that C*(Oy) is a
resolution of 77 by left .&/-modules.

Proof. We follow a standard strategy by filtering C*(M) by degree using the natural filtration on <74, .

More precisely, using @4, = Oy ®@c Ug', we set Fof, := Oy ®¢ Fi(Ug'), where Fo(Ug') is the standard
filtration on the universal enveloping algebra. By the Poincaré-Birkhoff-Witt theorem, we have

Gre & = Oy Q¢ Sym'(g’).

We consider the induced filtration Fo (24 ®0, M) = Fo(4y) @0, M on the left o4 ,-module 4 ®0p, M.
Then we have the following isomorphism of Oy ®¢ Sym®(g’)-modules

Gre (A ®0, M) = Gro (/) @0, M = Sym®(g) @c M.

Then we consider the filtration on C*(M) defined as

¢
ch_g(./\/l) = Fk_;,_g(szfv Roy, ./\/l) Re /\g/.
This makes FoC*(M) into a filtered complex, and by the usual arguments one checks that
Grl Cc* (M) = Kos® (M ®@¢ Sym®(¢), (¢1,. .. ,Eaim(g)))

for some basis (1, ..., 8dim(g)) of the Lie algebra g’. Since clearly 1, ..., &qim(y) is a regular sequence

on M ®¢ Sym®(g’), we obtain H*(Grl C*(M)) = 0 for i < 0. Then by a general argument (see, e.g.
[SST00, Theorem 4.3.5]) it follows that

HO(Gra(C*(M))) = Gro H(C*(M)).

We have therefore shown that Grf C*(M) is a resolution of Gre H(C*(M)), but then the original
complex C*(M)) is a resolution of H°(C*(M)), which is the first statement of the lemma. Since, as
remarked above, we have HC*(O¢) = 7%, C*(Oy) is a resolution of 7 by left <% -modules. O

The terms of the complex C*(M) are not o -free in general. This is cured by the following construc-
tion.

Lemma 6.10. There exists a finite resolution (F*(M),d) - M by left <#,-modules that are free over
Oy.

Proof. We first construct via induction an infinite resolution G® of M by left Ay -modules that are free
(but possibly of infinite rank) over Oy .
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Let W9 be the g’-submodule generated by a global Oy -generating set of M. Then G° := Oy @¢ W°
is a left Ay -module via

f-lgew)=(fgew (fe€Oy),
-(gow)=(Zv)9)@wt+ge (- -w) (Ecd).

The obvious map G° — M is surjective and Ay -linear. Repeating this procedure with ker(G° — M),
and continuing in that way, we get an infinite resolution G® of M of the required type.

We now construct F*(M): Since Oy has finite global dimension (say equal to n), im(G—" — G—"*1)
is Oy -projective (see, e.g., [Sta22l Lemma 0005|) and therefore Oy -free. Thus,

Gt if i <mn,
FHM) = im(G™ — g1, if i =n,
0, if i > n.
with the differential induced from G® works. O

Remark 6.11. For what follows, a resolution of modules that have possibly infinite rank over Oy
as just constructed is sufficient. However, it is actually possible to obtain a resolution by finite rank
Oyp-modules under the additional assumption that M is graded, and finitely generated over Oy by
homogeneous elements such that the grading is compatible with the left o7 -structure on M. This is in
particular the case for M = O, which is the only case that we will use below. Namely, under these
assumptions, the g’-submodule W constructed in each step is then necessarily contained in a finite
number of homogeneous components of M, i.e. in a finite dimensional vector space. This suffices to
obtain a free Oy -module of finite rank G° as above, which is again graded in a compatible way with the
left <7, -action, and then one argues again by induction. &

In the sequel, we specialize to the case M = Oy. According to the previous lemma, by applying
the functor C*(—) to the Oy-free resolution F*(Oy) = Oy by left o/-modules, we obtain the double
complex

K**:=C*(F*(Oy))
and its associated total complex Tot®(K**®). Then Tot®(K**) provides a resolution of #¥ by free left
of,-modules (of possibly infinite rank). Therefore, we have

wy ®E§{V 79 Wz oty TOt.(/C".) = TOt.(wV Q oty K£**)

Consider the spectral sequence associated to the double complex wy ® 4, K*® with Ej-term given
by first taking vertical cohomology, i.e.

EP? = Hi(wy @, CP(F(0g))) = HPM(wy @4, 77).
Then we have the following
Lemma 6.12. The above sequence collapses at the F;-term, and we have
wy ®H;{V 72% ~ (S.(UJV Koy OX)’ 5)7

where we consider the right module structure on N' = wy ®p, Oy coming from the tensor product of
the right .4,-module wy with the left @%,-module O . Explicitly, we have
)
St (wy ®o, O) i=wy/Iwy B¢ /\E/,

and where the differentials are

—0+1

—t
7. wy / wy /
oo @ Nd — - [\ g

(f-vo) @ (&1 N...N&) — é (=1)' 7N (= Liegy, (e;) —B'(€))(Fvo)@(E1 A AE .. AE)+
S (1) (Fvo)@([€5,65]AEL A NG AEGA.AER)
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Proof. According to the above construction, we have

Hi(wy @, CP(F*(0x)))

p
ker (wv Ruy (v ®o, F1(Og)) ®c /\g’,id@id@dq ® id)

p
im (w Bery (v D0, F17H(05) @c \ ¢ id@ided ! @ id)

p
= wy ®o, HI(F*(0g)) @c \ ¢

)0, if g <0,
wy Qo OX Re /\pg’, if g=0.

(recall that d is the differential of the complex F*(O)) from which it is obvious that the spectral sequence
collapses, and that the induced differential §—*: S¢(wy ®o, Ox) = B 5 B0 = 85 (@0, Ox)
is as indicated. O

Using all these preliminaries, we finally obtain the vanishing of the two de Rham cohomology groups
we are interested in.

Proof of Proposition[6.7 It remains to show that under the assumptions of the proposition, we have
H*(S*(wy ®o, Og)) = 0 for k = 0,—1. Let us first notice that the complex S®(wy ®o, Ox) is
naturally graded by the grading of Oy and of Oy (by putting deg(vol) := dim(V')) and by setting
deg(g’) := 0. Then it is easily verfied that the morphism Zy is homogeneous of degree 0, and therefore
also the differentials ¢ are so. Consequently, it suffices to calculate the cohomology of the graded parts
of §*(wy ®o, Oy).
The relevant maps in this complex are as follows:
wy

w
5L IT;VV ®@cg —

(f-vol) @& — (=Lieg, g —A'(§))(f - vol)

IWV

_ wy wy
§ 2 . / /
= ®¢ /\9 — Tor ®c g

(f-vol)®I9An +— (—Lieg, ) =0 (9))(f - vol) @ n+ (Lieg, ) +6'(n))(f - vol) @ ¥
—(f - vol) ® [, n]

=0 N(f-vo) @) @n—61((f-vol)®n) @I — (f -vol) @ [¥, 7).
In order to describe these morphisms, first notice that for any 6 € g’, we have

Liez, (o) (vol) = Lie_ s> ap(),m.0,, (Vo) = =D dp(6) i Lie,a, (vol)
0,J

= - de(ﬂ)ji@-j - vol = —trace(dp(#)) - vol.
-’j

We thus get

(Liezy (o) +8'(0))(f -vol) = (Zv(0)(f) — [ - trace(dp(0)) + 2'(0) f) - vol
——
=trace(dp(9))—B(0) (24)

= (Zv(O)(f) = B(O)f) - vol
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After these preliminaries, let us first show that H°(S*(wy ®0, Og)) = 0, i.e., that the the morphism
0~ is surjective. According to Lemma 4.3. of our paper, for £ = e € g’, we have

dim V

Zv(e)=—E:=— > 0,

i=1

when z1,. .., Zdim(v) are coordinates on V. We thus have

07H((f-vol) ®e) = (= Lieg, (o) —B'(e)(f - vol) = (E(f) + B(e)f) - vol

Since E(f) = d- f for f homogeneous of (non-negative) degree d, the fact that 3(e) ¢ Z<o shows that
6~ is surjective, hence H%(S*(wy ®o, Ox)) = 0.

The vanishing of H(S8*(wy ®o, Oy)) will similarly be shown in each degree of the complex.
Therefore, suppose that we have homogeneous elements f; € Oy all of which have the same degree
d€Z>pand ¢ €g fori=1,...,r such that

5 (i(fi - vol) @5,») = 0.

i=1
By assumption, we have d 4+ 3(e) # 0. Then it follows (using [e, &;] = 0) that

5_2<§(d+f;3() vol) ®e/\§l) Za <d+ﬂ o vol®e/\&>
_Z< d+5( ) -vol) @ e) ®§1) Za ( ( ) vol)®§z>
:i(&‘l((%-vol)(@e)@&) d+ﬁ Zé (fl vol) ®§1>

=0

M

- fi) +B(e)fi
(dJrﬂ) V01®fz‘>,

so that Zi:l(fi -vol) ® &; € im(6~2), thus showing H'(S*(wy ®o, Og)) = 0. O

The next statement summarizes the results obtained so far in Section[6l We consider the situation as
described before Theorem and we would like to describe how the Zy-module 7(p, X ,B) is related
to its restriction to V' \ {0}. We only state the results under the simplifying assumption that G is
semi-simple, since this is the main case of interest and since it allows us to use the results proved in
Section |5l Recall that under the assumption that G (and cosequently its Lie algebra g) is semi-simple,
we necessarily have 85 = 0.

Corollary 6.13. In the above situation, assume that 7(p, X, 8) # 0. Then we have:
1. B(e) & on.
If 5(e) = 0, then 7(p, X, B) is a free Oy -module of finite positive rank.

W N

If B(e) € Qso, then we have an isomorphism in Mod(Zy )
H%j1j*#(p, X, B) = 7(p, X. B)
If 5(e) € Q>0 \ Z>o, then we have isomorphisms in Mod},(Zy)

jrit (0, X, B) — #(p.X,B),

L

and

Jrit (e, X, B) = jiiti(p, X, B)

50



in particular, we have H'(j,j7(p, X, B)) = 0fori # 0and for € {+,1} in this case. Furthermore,
7(p, X, B) is simple.

Proof. 1. This is exactly the statement of Corollary [5.2}

. It has been shown in Lemma [5.14] “ that X is Fano. This implies by Theorem [4.34] “ that if S(e) =
then necessarily T(p,X B)jv\{oy = 0. Therefore, #(p, X,0) has support in the origin in V and
consequently, 7(p, X ,0) is a free O - module (of positive rank by the assumption 7(p, X ,B) #0).
Notice that the non-vanishing of 7(p, X, B) # 0 is automatic if S(e) = 0: in this case, any constant
function on W is a (classical) solution to 7(p, X, 0), since it is annihilated by any operator in the
denominator.

3. This follows directly from Theorem [6.3}

4. The isomorphism jagT (p,X B) = T(p,X B) is exactly the content of Corollary |6.2| (applying it
for Y = X\ {0} and Y = X). Moreover, the second isomorphism is obviously true if 7'(p7 X,p5)=0.
Otherwise, we must have by the first isomorphism that j*7(p, X, 8) # 0, but then by Theorem
we know that e

it (p, X, 8) 2 i, 0
with S(e) = £/k. Since i’ is proper, we are therefore left to show that
N Y Ny
]+Z/+OL/* =Ji l'TOL/* ) (25)
but this follows from the proof of Proposition [3.8 points 1. and 3., by noticing that we have
i=joi'oinv i LV* < V. It follows from Eq. (25) that 7(p, X, 8) is an intermediate extension
of i;OeL/*k. Since Z+OL* is simple, we conclude that 7(p, X, $) is simple as well. Since FLY is an
equivalence of categories the claim follows.
O

6.3 Tautological systems as mixed Hodge modules

The purpose of this section is to finally achieve the functorial construction of tautological systems an-
nounced in the introduction (more specifically, in Theorem , by combining the results in Section
the description of 7jy\ oy from Theorem as well as the localization resp. colocalization properties of
7 summarized in Corollary above.

Let us recall once again the setup we are working with: We let X be a projective variety and we
consider a transitive action of a reductive connected algebraic group G on X. We let L — X be a very
ample G-equivariant line bundle. We extend the group action on X and L to a an action of G’ := C* x G
by letting the C*-factor act trivially on X and by inverse scaling in the fibers of L. We consider the
G'-representation V := H?(X, #)V and the equivariant closed embedding X — PV defined by |.Z|. Let
X C V be the affine cone of X in V, and we have an isomorphism X \ {0} & LY-* by identifying LY with
the blow-up of X at the origin. We write i: LV* = X \ {0} — V for the locally closed embedding given
as the composition of the closed embedding i: X \ {0} < V \ {0} with the canonical open embedding
j: V\ {0} = V. Together with the isomorphism inv: L* — LY* given by inverting fibers, we obtain a
locally closed embedding ¢: L* < V defined by ¢ := o inv.

For the convenience of the reader, we summarize the various maps that occur by extending the

diagram from Section

inv| X\ {0} 3 v \{0} L5V (26)

P LA
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We let, as before, §: g’ = C be a Lie algebra homomorphism satisfying ) = 0. Denote W := V.
Theorem 6.14. Under the above hypotheses, the following statements hold.
1. Assume that B(e) = ¢/k € Q\ Z. The tautological system 7(p, X, ) is non-zero if and only if
Lt w;eé(_k) as G-equivariant line bundles. In this case, we have isomorphisms
7(p, X, 8) = FLY (1, 0/F) 2 FLY (11 O7)

in Mod(Zw ), and the Pw-module T(p,X,B) underlies a complex pure Hodge module on W of
weight dim(X) + dim(W).  Moreover, 7(p, X, B) is simple, and, consequently, the local system
associated to T(pvXvﬁ)\W\Sing(T(p,X,ﬁ)) 1s 1rreducible.

2. If B(e) € Zso, then 7(p, X, B) is non-zero if and only if LEP©) =~ w¥ as G-equivariant line
bundles, in which case we have an isomorphism
7(p, X, B) = FLY (H*1;O,-)
in Mod(Zw). Then the Dy -module 7(p, X, ) underlies an element of MHM(W) with weights in
{dim(W) + dim(X), dim(W) + dim(X) 4 1}.
Proof. Under the assumptions of the theorem, we have in both cases that
i OYF if ot = (8P,

0 otherwise

iti(p, X, B) = {

by Theorem (with £ = B(e), k = 1 in case 2), notice that we had implicitly identified L* with X\ {0}
in Theorem [£.341
We now distinguish the two cases.

1. Since ¢/k ¢ Z, we know from Corollary [6.2] that
%(pvf(vﬁ) = ]+J+%(p7X7B)
Therefore, since + = j o4’, we conclude that

L+O€/* if @t~ w?f,(*k),

0 otherwise.

?(p7X7B)%{

As we have FLY (7#(p, X, 8)) = 7(p, X, 8) by Definition we obtain

FLY (1, OF) if 280 = 80,

0 otherwise,

T(p,f(,ﬁ)%{

as required. The fact that FLV(L+O€/*]€) = FLV(LT(’)Z/*]C) is simply the Z-module version of Propo-
sition , point 3. Then it follows as in Corollary that T(p,X ,B) is a simple Py -module,
and in particular that the local system (and the monodromy representation) of its restriction to
its smooth part is irreducible.

For the second statement, assume .£®¢ = wg(_k) and recall from Proposition that
A =Lk ~ . o/k
FLV(L+OLV,/* ) = aw,+evT]L7TOL/*
as elements in D% (Zy), using the notations from Proposition Since we have inv (’)Zf,/ o= i/*k,
we get
' . o/k
FLY (14 OYF) = aw, evtj, ;O
in Dg(@w). However, as we have just proved, this is actually a single degree complex isomorphic
to the tautological system 7(p, X , ). Hence it follows from the second statement of Proposition
that this 2y -module underlies the pure complex Hodge module
AR = HO(IMY®Y = ayvev i, PCY F[dim W — 1]
which has weight dim(X) + dim(W).
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2. Since S(e) ¢ Z<o, we know from Theorem [6.3| that

HOjij*#(p, X, ) it 290 = uy,
0 otherwise.

?(p,f(,ﬁ)%{

Hence,
HOj:i! Op-  if 290 = WY,
0 otherwise,

?(pj,ﬁ)%{

~

using 08 ~ Op- since B(e) € Z. Since 7' is a closed embedding, we have i, = iﬁr, 0, using
t = j o', we conclude the first statement.

The second statement then follows again from Proposition [3.8] points 1. and 2. More precisely, we
had shown there that FLY (i;Opv.-) underlies )M, € MHM(W), so that

7(p, X, ) =2 FLY (H°;Op+) 2 FLY (H°0: Opv.) = HOFLY (5 Opv.r)

underlies H°(F:)M ) € MHM(W). The weight estimate then follows directly from Proposition
point 4. for the case k = 0. O

As a corollary, we solve the holonomic rank problem from |[BHLT14, Conjecture 1.3.] in general (i.e.
for all homogeneous spaces and all possible equivariant line bundles that give rise to non-zero tautological
systems). Recall from the discussion before Proposition that U == (W x X) \ev™1(0) C W x X
and that ay: U — W denotes the restriction of the first projection ay : W x X — W. Moreover, for
any A € W, we write ix: {A\} — W for the corresponding closed embedding, we let Uy C X be the

complement of the zero locus of the section A\: X — L, and we denote by @f the complex local system
on Uy that underlies the pure complex Hodge module Aj;; HQQ* [—1].

Corollary 6.15. 1. Under the assumptions of Theorem point 1., i.e., B(e) = £/k € Q\ Z and
Lol w?}(*k) as G-equivariant line bundles, we have isomorphisms in Modp (2w )

O + ~—L/k + ~—L/k
7(p, X,0) = auyTevWOL* = au,+ev‘u@L* .
As a consequence, we have an isomorphism of vector spaces

H™(if7(p, X, §)) = HImCO+m (¢ /%) (27)

resp.
H™(i{7(p, X, §)) = HImCO+m 1y ¢ /) (28)

for all m € Z and for all A € W.

2. If we assume that the hypotheses of Theorem point 2., hold true (i.e., 3(e) € Zsq and
PoB(e) o wY as G-equivariant line bundles), then we have an isomorphism

7(p, X, B) = HOQL[,_;,_GULOL*.
In particular, we obtain for all A € W an isomorphism
H(i{7(p, X, ) = H™ X (U, ©). (29)
3. The holonomic rank of 7(p, X ,B) is given in the two cases as
dim HI™O (U, €,") = dim HI™) (U,, € F) if B(e) € Q\ Z,

resp. )
dim H4™X) (U, ) if B(e) € Zso,

for any value A € W that lies outside the singular locus of 7(p, X, B).
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Notice that H(i{ 7 (p, X, ) is the space dual to the space of (classical) solution of 7(p, X, 8) at the
point A, so that that Eq. and Eq. also comprise and generalize [HLZ16, Corollary 2.3].

Proof. 1. Using the previous Theorem the first statement is exactly the Z-module version of
Proposition 1. Similarly, the second statement follows from Proposition 2.

2. The first statement is obtained by combining Theorem [6.14] with Proposition[3.9} 1. In order to get
the second one, we apply the functor Hoij\' to the isomorphism 7(p, X, 5) & Hoau,+evri{(9L*. This

shows that H OZ';:T([), X, B) sits at the origin of the Fs-term of the (third quadrant) Grothendieck
spectral sequence for the composition of the functors zj and ay 4. Therefore, it is isomorphic to
the (0, 0)-spot of the abutement, which is

0,4+ + ~ 0
H"iy au,+ev‘u(9L* ~2H au7+ev|"z:[(9L*.

3. This follows from point 1. resp. 2. since the holonomic rank is the fibre dimension of 7(p, X, B) at
any A € W outside the singular locus. For such points A\ we also have z;\" = Z; and this is then an
exact functor.

O
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