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FFT

The FFT is, without doubt, one of the most important algorithm in applied
mathematics and engineering.

"The Fast Fourier transform (FFT) is one of the truly great computational
developments of this century. It has changed the face of science and engi-
neering so that it is not an exaggeration to say that life as we know it would
be very different without FFT.” (Charles Van Loan)

1805 Carl Friedrich Gauf3 used an algorithm similar to FFT.
1903 Runge

1942 Danielson and Lanczos

1965 Cooley and Tukey




Problem: fast computation of

N/2-1
f(‘rj): Z fk‘ e—ka::L‘j (]:_M/QaaM/Q_l)
k=—N/2
M/2-1
hk)= ) fie™  (k=-N/2,...,N/2—-1)
j=—M/2

x; € [—1/2,1/2)

for equispaced nodes z; and N = M

zyi=2 (j=—N/2,...,Nf2—1)

FFT in O(N log N) instead of O(N?) flops
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Fourier series

1/2
L*(T) = L*([-1/2,1/2)) Hilbert space [ |f(x)]* dx < oo
—-1/2
1/2 1/2
Fouem = [ f@5@ e, e = | [ @
~1/2 —1/2
orthogonality property of the functions
ep i= 2" — cos2mkx + isin 2wk
with respect to (, ).2(r), because:
1/2 1/2
(ej7 ek:)Lz(T) _ / e27rijx e—27rika: dr = / e%ﬁ(j—k)x dx
~-1/2 —1/2

L 2mi(j—k)z |1/2 -
— 1 T — O k
27“(] . k?) € ’—1/2 (] 7é )

N[ =



f € L*([-1/2,1/2]) can be represented by

o

flx) = > alf) €™ (complex Fourier series)

k=—o0

with
Ck(f) = (f? ek)LQ(’]I‘)

1/2
= / f(x)e > dz  (Fourier coefficients)

~1/2

Theorem: Let f be a continuous one-periodic function with

then the Fourier series converges absolutely and uniformly.



Example of a Fourier series

Fourier series

of the 2mr—periodic function

for N=1and N =2



Example of a Fourier series

Fourier series
Y 2 sin(27kx)
—m k

of the 1—periodic function

flz)=—2z+1
for N =4and N =8




Properties of Fourier coefficients
Linearity

c(f+9) = alf)+clg)
(A f) = Ael(f)

Symmetry

Shift Property - Modulation

ci(h) = ™™Fc(f)  with h(z) = f(x — Xo)
ci(h) = ci(f)  with h(z) ;= e 2% f(g)

Differentiation

c(h) = k)™ cp(f)  with h(z) = f™(z)

10



Parseval’s equation
Let I, be the Hilbert space of square-summable sequences a = (a;)icz,

such that
g |ak|2 < 00
keZ

with the inner product and norm defined by

(@,b), = Zakzb_k:; |alli, = (Z ’%’2) :

For f,g € L*(T) holds that
c(f) = (cu(f))rez, clg) = (ce(g))rez € Iy

and

(e(f) (g, = (f, 9z, el = [1f ]2y



Basic properties (aliasing theorem for Fourier series)
Theorem: Let f be a one-periodic function with absolutely convergent
Fourier series, i.e.,

flz) =Y alf) e (1)
keZ
with Fourier coefficients
ce(f) = 2 f(z) e ™ g, (2)

D=

If the ¢, (f) are approximated using the rectangle quadrature rule by the
discrete Fourier coefficients + f; (k € Z), where

n/2—1

fi=> f <%) g 2mk/m (3)

j=—n/2

then the following aliasing relation holds:
1 -
cr(f) ~ ﬁfk = ce(f) + 4)



Basic properties (aliasing theorem for Fourier series)
Theorem: Let f be a one-periodic function with absolutely convergent
Fourier series, i.e.,

f@) =Y alf) ™ (1)
keZ
with Fourier coefficients
ce(f) = 5 f(z) e ™ g, (2)

N[

If the ¢, (f) are approximated using the rectangle quadrature rule by the
discrete Fourier coefficients %fk (k € Z), where

n/2—1

fk — Z f <l) e—27rijk:/n (3)
. n
j=—n/2
then the following aliasing relation holds:
1 -
er(f) = —fi=a(f) + > Crrmlf). 4)
reZ

r#0

13



Proof: Substituting the Fourier expansion of f from (1) into the definition
of the f;. (given in (3)) yields

n/2 1

_fk: _ 2 : E :C 27r1lj/n e—27r1]k/n
n

j——n/2 leZ
n/2 1

:E:Cl E: eijlk

leZ ]——n/2
_ L i (I—k) /n
> alf) " Z e
j=0
We claim that
1 1 if Erez
= Z e?mj (I-k)/ S (6)
n 0 otherW|se

In the case where % € 7, this holds because all terms in the sum are 1.

14



In the case where =£ Q Z., we apply the geometrical sum

4" — 1
L
k=0 q
This yields
=l omi(l—k) _
Q2mij(l=k)/n _ € 1 _ 0 0
— eZwi(Z—k)/n —1 eQWi(l—k;)/n —1
=

because = ¢ 7 and thus e*m(=F/n £ 1,
Applying (6) to (5) yields

S|

leZ re rez
(I—k)/neZ r#0

o= D alf) = cermalf) = alf) + D chornlf)

15



Corollary: If f is a one-periodic function of which only the lowest n Fourier
coefficients are non-zero, i.e.,

n/2—1

flo)= > alf) ™™,

k=—n/2

then the approximation %fk for the Fourier coefficients is exact for k£ =
—n/2,...,n/2 —1. []

16



Definitions:

Index-set
Il = {kEZd:—Eld§k<E1d}
2 2
with 1, := (1,...,1)T € Z?, inequalities hold componentwise
torus T

T ={x = (z,...,39)  €ER, ~1/2< 2, <1/2,t=1,...,d}

xk = k‘lﬂfl +l€23§'2—|— —l—k'dﬂfd

17



Basic properties (aliasing theorem for d-variate Fourier series)
Theorem: Let f € L*(T¢) be a one-periodic function with absolutely con-
vergent Fourier series, i.e.

f@) =3 el f) e

with Fourier coefficients

If the ¢, (f) are approximated by the discrete Fourier coefficients i (k €

7%) as .
o35 (3) e

jerd
using the rectangle quadrature rule, then the following aliasing relation
holds: !

Ck(f) ~ _fk - Ck:(f) + Z Ck+nr(f)'

d
n
reZzs

18



Basic properties (DFT)

The discrete Fourier transform (DFT) of a vector f = (fj)?iQ_nl/Q
given by
n/2—1
for= ) fie ™ (k=-n/2,... nf2-1).
j=—n/2

matrix—vector form

£ . £ \"/2 : —omiki/n\"/2—1,n/2-1
f= (fj)ji—n/Q’ F, = (e it/ )j:—n/Q,k:—n/2

f=F.f

c C"is

(7)

Theorem: The discrete inverse Fourier transform (IDFT) of the vector f S

C" is given by

n/2—1

1

fi=— Z f, e2miak/n (j=-n/2,....,n/2—1).

k=—n/2

(8)

19



Proof: To prove that (8) holds, substitute (8) into (7).

n/2-1 n/2—1 n/2—1
Z f] ef2Trijk/n _ Z Z f'r 27T1]r/n —2mijk/n
j=—n/2 j=—n/2 ’I“—*TL/Q
n/2 1 n/2—1
_ Z Z e27rij7'/n e—27rijk/n
r——n/2 j=—n/2
— fk:

The identity follows from the orthogonality relation:

nelo y {n if r = k

2rijr/n —2wijk/n __

E e e = )

. 0 otherwise
j=—n/2

(see (6)).
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Example:
F2 S (
with

I 1
I -1

F,, contains only n different values;

e 2mk/n (| € 7) is n periodic

1

11 1 1
>, F3: 18 92 3 F4: 1 1
1 6% 46 B

1

0 — e—27ri/3

1 1 1
—1 —1 1
I -1

1 —1

—1
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Basic properties (FFT)

Computation of the DFT by standard matrix-vector multiplication would
take order O(n?*) operations. The Fast Fourier Transform (FFT) speeds up
this computation to O(nlogn) by using a divide-and-conquer approach.
Namely, the FFT reduces solving the problem of size n to two problems
of size n/2 at the cost of only O(n). Since the recursive application of
this method will result in approximately logn halving steps, the result is
O(nlogn) running time. The idea behind the FFT is highlighted by the
following formula:

Fo_ odd — even F,, 0 I.,o I,/
" | permutation 0 F,;, W —-W
where W = d|ag(1, e—27ril/n7 e—27ri2/n7 o e—27ri(n/2—1)/n)_

Software: e.g. FFTW

FFTW is a C subroutine library for computing the discrete Fourier transform
(DFT) in one or more dimensions.

The FFTW package was developed at MIT by Matteo Frigo and Steven G.
Johnson (see http://www.fftw.org/).

22



FFT (main idea)
N = 2" (n € N) divide and conquer
compute DFT(N) (= DFT of size N)

N-1
fi = fe kN (B =0,...,N —1)
j=0
N-1 .
_ fjw%f Wy e—27r1/N
j=0

Decimation-in-frequency or Sande-Tukey-algorithm

divide the above sum

2

-1

2

- S+i)k

=S Fudt+ 3 fu i B =0,

=0 =0

.

N —1)

23



2
r il >+7 )21
=S F 4 S fe T k=0, N 1)
J=0 j=0
note that
](Vg[ﬂ)% _ o5 ) F _ g-2mit —2mijl/(N/2) _ w!!
§7
hence
J-1 21
Ju = ijwjé-l— fg+jw§7
j=0 =0
=1l N
. )
fa = D (Fi+ fyu)wh (1=0,...,5 —1).
j=0

5 additions f; + fx,; (j=0,...,5 —1),
compute DFT ()

24



case2.:. k=20+1 (I=0,...

& ) N
& ; X+j)(20+1)
B §(21+1) SREDL . A
f2l—|—1 - waN + f%‘l‘ij (l = O7 ceey 2 1)
j=0 j=0
note that
N 0 . . 5
2 J o i J Jb J J
wz<v ) = Wy Wy =€ N wNw% = —wNw% ;
hence
g-1 g1
3 _ gl J gl j
Ja = E fjw%wzv - f%—i—jw%w]\h
j=0 j=0
81

o = Z(f]—f{zvﬂ)w‘ngg (I1=0,... E—l).



5 additions (f; — fx.;) (j =0,...,5 — 1) and

N
2

compute DFT ()
Summary: DFT(NN) can computed with

N additions, 3 multiplications and 2 DFT(%)
with a recursive procedure

N

N
DFT(N) — 2DFT(+) — ADFT(-) — -+

2

N add. 2.4 add.
5 mult. 2.%

mult.
altogether
n-N add. + n - % mult., i.e.,

O(Nn) = O(N log N) arithmetical operations

Y multiplications with twiddle factors w?, (j =0, ..., % —1)

s N DFT(1)
output

26



FFT Flow Graphs

Example: decimation-in-frequency: N =8

27



Fourier transform
[P = [P’(R) (1 < p < o0) Banach space

norm »
flﬁ:</gﬂ@pd%>

The Fourier transform f of f € L'(R) is given by

o

f@y:/f@e%MW (v € R)

—Oo0

28



Example:
1. characteristic function

1 if |z < L,
f(x) = % if ==L, (L>0)
0 else
‘ 1
r _ —2mivx d — —2mivx | L
fo) = [ e dn = -,
yy
- g PO (L 2wl 2iL sin(2wv L)
B 2miv B i27v L
= 2Lsinc (27 Lv)

with sinc-function

. % if x#£0,
SINC & :=
1 if z=0.

29



Example:
1. The Gaussian function

fle)=¢e"
We claim that
flv)=vmer ™. (10)
Proof:
o0 2 o0 o0
(/etht) = /edex/eygdy

30



00 2 2m o0 2 o0
2 2 1
(/et dt) ://e_rrdrdwzéf/e_sdsdgo
0 0 0 0

= —me°|g
= T
hence o
£(0) = / e dt = /7 (11)

The Fourier transform of f is given by

o0

f(v) = / e~ " o 2T o

The exponent can be rewritten (by completing the square) as

—z* — 2mive = —(z + wiv)? — v’ 31



and then

put x + miv = z, so that dx = dz. Then by (11)

o0

— 00

flo)y=e™" / e dz=yme ™Y,

32



Basic properties (Poisson’s summation formula)
Let ¢ € L*(R) N L'(R) given, such that

o(a) =) plz+r)

res

has an uniformly convergent Fourier series

p(z) =) i)™

keZ
with Fourier coefficients
1/2
3] = / H(z)e ™ de (ke T).
—-1/2

If the Fourier transform
o) = [ pla) e do
R

of ¢ is known, then ¢, () can be obtained by sampling ¢ at the frequencies *
keZ,ie. o(k)=c.(p), because



cx()

1/2

/ @(Jf) e—27ri/~c:c dZU

~1/2
1/2

/ Z oz +7)e ™ dg
~1/2 rel
1/2
Z / o(x + 1) o 2R Qg
rEZ_1/2
1/24r

—2miky | 2mikr
> [ e gy

TeZ—l/Q—l—r

/ p(y) e ™ dy

p(k).

34



Basic properties d-variate Poisson’s summation formula
Let o € L*(R?Y) N L'(R?) given, such that

p(x) =) px+r)
reZd
has an uniformly convergent Fourier series
p(@) =) cu(p) e
keZd

with Fourier coefficients

(k) = /gp(w) e 2k dgp

Rd

of ¢ is known, then ¢, () can be obtained by sampling ¢ at the frequencies *
keZlie olk)=c.(p), because



IE:
(w) e—27rikac
da

’7
Td rezd (p(w +
Z / r) e—27riksc
reZd Sp(w dw
Td o
Z B )e—2wik:c
el d
> / 1/2+ w
/ —1/2+4r /Td
2 1 _
(y) e 2k wy _2
y dy mik(y—r)
d
Y

Rd

p(k) .

36



Four different Fourier transforms can be defined by sampling in time
(space) and frequency domains

continuous time discrete time

continuous
frequency

discrete
frequency




Four different Fourier transforms can be defined by sampling in time
(space) and frequency domains

continuous time discrete time
continuous _
Fourier Transform
frequency
discrete

frequency




Four different Fourier transforms can be defined by sampling in time
(space) and frequency domains

continuous time discrete time
continuous _ L .
Fourier Transform | semidiscrete Fourier transform
frequency
discrete

frequency



Four different Fourier transforms can be defined by sampling in time
(space) and frequency domains

continuous time discrete time
continuous _ L .
Fourier Transform | semidiscrete Fourier transform
frequency
discrete

Fourier series

frequency



Four different Fourier transforms can be defined by sampling in time

(space) and frequency domains

continuous time

discrete time

continuous
frequency

Fourier Transform

semidiscrete Fourier transform

discrete
frequency

Fourier series

discrete Fourier transform
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Fourier transform

forward:

inverse:

periodicity:



Fourier transform

(©.9]

forward:  f(v) — / f(z) e=2m" dy

inverse:

periodicity:



Fourier transform

forward:  f(v) — / f(z) e=2m" dy

(©.9]

inverse:  f(x) = / fv) ™ dg

periodicity:



Fourier transform

forward:  f(v) — / f(z) e=2m" dy

(©.9]

inverse:  f(x) = / fv) ™ dg

periodicity: none
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semidiscrete Fourier transform

forward:

inverse:

periodicity:



semidiscrete Fourier transform

forward: f(v) — Z F(5) e~ 2w

j=—00

inverse:

periodicity:



semidiscrete Fourier transform

forward: f(v) = i f(]) o 2Tivj

j=—00

1/2

inverse: f(j):/f(v)ezﬂi“jdv

~1/2

periodicity:



forward:

inverse:

periodicity:

semidiscrete Fourier transform

fo)= ) flG)e™

j=—00

1/2
1) = / F(0) 274 dy
—1/2

A

f) = flv+1)

49



Fourier series

forward:

inverse:

periodicity:



Fourier series

1/2

forward: ce(f) = / f(x) e 2™k g

~1/2

inverse:

periodicity:



Fourier series

1/2
forward: ¢ / f(x) e 2™k g

—1/2

inverse:  f(z) = Z cr(f) ¥R dy

k=—o00

periodicity:



Fourier series

1/2
forward: / f(x) e 2™k g

—1/2

inverse:  f(z) = Z cr(f) ¥R dy

k=—o00

periodicity: f(z) = f(x + 1)

53



discrete Fourier transform

forward:

inverse:

periodicity:



discrete Fourier transform

forward:  fp =) fje ?HA

inverse:

periodicity:



discrete Fourier transform

N-1
forward:  fp =) fe 2mk/N
§=0
H N_l ..
Inverse: fi = % e
k=0

periodicity:



discrete Fourier transform

N-1
forward:  fp =) fe 2mk/N
§=0
H N_l ..
Inverse: fi = % e
k=0

periodicity: fi = firy: fi = Fiten

57



Content
References: G. Steidl [42]; P., G. Steidl, M. Tasche [38]; S. Kunis, P. [23]

o NFFT
—NFFT-1D
—NFFT-1D, algorithm
— NFFT-1D, matrix vector form
—NFFTH-1D, algorithm
-~ NFFT-1D, error estimates
e NFFT, Window functions
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NFFT-1D

Problem: fast computation of

N/2—-1

flz;) = Z foe ke (= —M/2,... , M/2—-1)
k=—N/2
M/2—-1

hk)y= Y fie™  (k=-N/2,...,N/2—-1)
j=—M/2

x; € [—1/2,1/2)
for equispaced nodes z; and N = M
r; == (j=-N/2,...,N/2-1)

N
FFT in O(N log N) flops

59



Problem: (NFFT) fast computation of

N/2—1

A

flzj)= Y fre™™  (j=-M/2,...,M/2-1)

k=—N/2

matrix—vector form

3 5 \N/2 M)/2  omikw\M/2-1,N/2-1
.f;::(j%)ki_sz,j’;: Qf(xj)%ziﬂmﬂ=14-::(e ’ kj)j:—AUQk:fAUQ

Problem: (NFFT") fast computation of

M/2—1

hk)y= ) fie™  (j=-N/2,...,N/2-1)

j=—M/2

matrix-vector multiplication with A’ = A"

60



Problem: (NFFT) evaluation of the 1—periodic function

N/2-1

f(x) _ Z ]Ek: e—27rik:c

k=—N/2
atthenodes z; (j = —M/2,...,M/2—1)
|dea: approximate f by

n/2—1 I

siz) = Y g @z — ﬁ)

I=—n/2

withn .= oN (o > 1), ¢ is 1—periodic function
switching to the frequency domain

81(1’) — i Ck(sl) e—27rikx

k=—o00

1/2

cr(s1) = / si(x)e®™ dx (k€ Z)

~1/2

61



cr(s1) = /sl(az)e%’mdaz (k € Z)

~1/2
1/2 791
_ / i @(% . _)e2nikx dr
g =2
n/2—1 1/2
. L\ orike
= Z gi / @(x—ﬁ)e dz
I=—n/2 i T
. 1/2-1/n
_ Z gle%ikl/n / g5<y>e27riky dy
== —1/2-1/n

62



hence .
si@) =Y grer(@)e ™

k=—o00

with discrete Fourier coefficients of g,

n/2—1

gk — Z a e27rikl/n

I=—n/2
and Fourier coefficients of ¢

1/2

cp(p) = / o(z)e*™ ™ dx (k€ Z)

~1/2

note (12) =l
Ck\P) = ¥

63



compare

N/2-1
f(af) _ Z fk: e—27nk:c
k=—N/2
and
s1(z) = Gk cr(p) e77mke
k=—00
o0 n/2—1



compare

N/2-1
f(af) _ Z fk: e—27nk:c
k=—N/2
and
siz) = ) Grer(@)e ™
k=—00
o0 n/2—1

— Z Z Ak—l-nr Ck:—i—nr(@) e_QWi(k—HW)x

r=—0k=-n/2 g,



compare

N/2-1
f(ﬂf) _ Z fk: e—27nk:c
k=—N/2
and
s1(z) = Gk cr(p) e77mke
k=—00
o0 n/2—1

— Z Z Ak—l-nr Ck:—i—nr(@) e—27ri(k:+nr)x

r=—0k=-n/2 g,



compare

N/2-1
f(gj) — Z fk: e—27nk:c
k=—N/2
and
si(x) = Z . (@) o 2mike
k=—o00
oo n/2-1
= Z Z Ak—l—nr Ck:—i—nr(@) e—27r1(k:+m~)x
r=seok=—n/2 g,
g oo n/2-1
~ Z ﬁk Ck(@) 6_2771]‘333_'_ Z Z gk‘ Ck:er“(@) e_QWI(k_‘_nT)x
k=—n/2 r=2s° k=—n/2
b= G =  S/ex(@) k==Nj2,... Nj2-1,

(13) 67



n/2—1 /

si@) = Y g @lr— ﬁ)-

l=—n/2
suppose ¢ is small outside [—m/n, m/n| (m << n)
approximate ¢ by compactly supported function

() = { p(x) ifx € [—m/n,m/n|,

0 else,

and approximate ¢ by 1—periodic function

zﬂ(aj) = Zw(x +7r) € L*(T).

re
forj=—M/2,...,M/2 — 1 compute

[zjn]+m

fa) ~sm) ms@) = S ad ( -

I=|zjn]—m

[

n

)

(14)
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Algorithm (NFFT)

1.Fork=—-N/2,..

2. Forl=—n/2,...

3.Forj=—-M/2,..

arithmetic operations

., N/2 — 1 compute
G = fu/cr(@):

,n/2 — 1 compute by FFT(n)

PR
. ~ —2rikl/n
o — € c
g1 o § Ik

O(N +nlogn+ 2m + 1)M) = O(nlogn + mM)

(15)
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NFFT, matrix-vector form:
A may be factorised approximately as follows:

A~ BFD,

where each of the three matrices corresponds to a step in the NFFT algo-
rithm:

1. D € RY*" is a diagonal matrix:

1 N/2—1
D :=dia ( ~ )
| n cy(p) k=—N/2

2. F € R"! is a truncated Fourier matrix:

, n/2—1 N/2-1
F = ( —27r1kl/n>
© I=—n/2, k=—N/2

70



3. B € RM*" is a sparse band matrix with 2m + 1 non-zero entries per

rOW: M/2—=1  n/2-1
B = (bjl)j:—M/Z, I=—n/2
where
[ (= by ifle {lan] —m...., [an] +m)
0 otherwise.

Structure of the matrix B. Non-zero entries are indicated by dots. The row
index j runs from —M /2 to M /2 — 1, the column index [ runs from —n /2
to n/2 — 1. Parameters used were M = N = 64, n = 128 and m = 5;
Legendre nodes were used for the ;.
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Algorithm (NFFT"-1D)
The factorisation that was derived for A allows us to derive an NFFTH
algorithm simply by transposing A:

A"h ~ D"F"B"h.
We thus propose implementing the operation g = B"h like this:
forl=-n/2,...,n/2 -1

gr:=20
end
forj=-M/2,... M/2—1
forl=|xn] —m,...,[z;n] +m
g1 = g1+ h; by
end

end
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Error estimates:

E(z;) = |f(z;) — s(z;)| < Eulz;) + Ei(z))

aliasing error E,(z;) == |f(z;) — s1(x;)]

truncation error Ei(z;) := |s1(z;) — s(x;)|

N/2-1

Theorem : Let || f||, := Z | fx|, then the errors can be estimated as

k=—N/2
A - Chtnr(P)
) < 16
Buay) < Iflh,_ g > |2 (16)
r#0
and )
|1 L r

Ei(z;) < max > e+ - (17)
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Proof:

IA

IA

| f(5) — s1(z;)]



Proof:

Eu(x;) = |f(z;) — s1(z)]
o n/2-1

5D S S REIS

Tj;go k=—n/2

IA

IA



Proof:

Ck:+nr(§5) e—27ri(/c+nr)x

IA

IA



Proof:

= |f(z;) = s1(z;)

— Z Z Gk Ck+nr(95) o~ Pmitnr)e

T #go k=—n/2

oo Nj2-1 A

_ Z Z Ck:—l—m" ) e—27n(/c+nr)x

oo k= N2 ©
< Nil ‘fk‘ Z Ck+m’(@>
- — . Ck(@

r£0

IA



Proof:

Ey(z;) = |f(x;) — s1(a;)

oo n/2-1

= Z Z gkz Ck—i—n'r(sb) e_2Wi(k+nr)$
r #80 k——n/?

o N/2-1 f

= OOk N/2
N/2 ! Cr4rr (D)
< X |4 c+n<r~>|
k=—N/2 0. K
> C]g—i—m’(@)
< Wl e, S |2
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note

hence

E (5’7.7‘ ) <

I

fk‘ —27T1/~cl/n

n lell keIl (’0( )

(o (3
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1 fk . [ ~ [ o
E(z;) < — Z _ Z (¢ <$j _ _) — 3 (x] _ _>> o—27ikl/n
" \kery k) lel} n n
| £11 I (( l) ( z)> .
< o — ) = _ mikl/n
= Tn hen (k)| ; P\ h v n)) "

consider sum over [

~

o) —P(z) =
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finally

[EilR 1 Z _rikr
) < 1RT /N
Bley) = = Ol e

2( 5

Corollary: For even, monotone decreasing ¢ > 0 holds

Bz < | nH s |(p(2) (g; (%) +ng (g) dx) .8

£
n

171l 1
S T R T N Z

>
—n

§\ﬁ
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Multivariate functions

d
0 R*" =R by ox):= H o(xy)
=1

with @ = (21, 2o, ..., 24)"

note
d

p(k) = || (k) with k := (ky, ... kq)"

t=1
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Content

e NFFT, Window functions
— B-splines (E; = 0)
— Gaussian bells (E; =~ F,)
— Sinc, Kaiser-Bessel (E, = 0)
e NFFT, Window functions, Summary
e NFFT, Software, Numerical examples
e NFFT, further topics

84



B-splines (E; = 0)
References: G. Beylkin [2]; G. Steidl [42]
centered cardinal B-spline of order m

1 it zel=1/2,1/2),
My(z) ::{O else, =[S

1/2
My(z) = / My —t)dt  (m=1,2.)
—-1/2
suppM,, = [—m/2,m/2]
by (9) follows
1/2

Mi(v) = / e 2™ dx = sinc(7v)

~1/2
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Lemma: We claim that

A

M, (k) =

Proof: by induction

A

Mm+1<k) —

(sinc(wk))™  (m € N).

/ Mm—l—l(x) e—27ri:ck dz
R

1/2
/ / M, x—t e 2k 4t dg
~1/2
1/2
/ / M, (y) 279 dy =27

~1/2
/ m(k)

(sinc(wk))" sinc(mk)
(sinc(mk))™
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Lemma: For 0 < u < 1 with m € N it holds that

( U >2m 4m ( U )2m
> : |
u+r 2m — 1 \u—1

reZ\{0}
( U ) 2m ( U ) 2m
<
u—+r - \u-—r

Proof: For » > 0 holds

and

IA
_|_
B
AN
IS

> ()

rel

IN
—_
_|_
(N)
IS
| |
| —
N—— 7~ 0
[\
3
(N)
= I
8[\')
Y
IS
RS
S
N———
[\
3
@F
S




Theorem:
Let f(x;) (j = —M/2,...,M/2 — 1) be approximately computed by the

NFFT with
p(x) = Moy (n)
andn := oN (¢ > 1). Then the approximation error can be estimated by

. 4dm 1 2m
Eoo = E ) < )
max E(z) < | g (555
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Proof:

m
—, —N] = F, =0 (see (14))

—2mikx d.fE

ON :1: e 2Tk

y

[
[

_ Mm 27Tiky/(0N)d
— [ M) y

R
! (S|nch)
oN olN
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with

v - (o)

- (S (i)

- e (o)

follows by (16) and Lemma

<1l o, o)

The right-hand side increases since

uw?™ [ (u — 1)*™"

increases for u € [0,1/2] and |k| < N/2. The assertion follows for

k= N/2.
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Gaussian bells (E: ~ E,)

References: A. Dutt and V. Rokhlin [9], G. Steidl [42], [38], L. Greengard
and J. Lee [15]

Theorem:
Let f(x;) (j = —M/2,...,M/2 — 1) be approximately computed by the
NFFT with

1 2
o(x) = o SR (b € RY)

ando > 3/2,b:= 2231%. Then the approximation error can be estimated

Bn = max B(z;) < 4| fll; 055
je€Ty

S

where f == (fi)en,:
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$phi$

0.4

0.3

0.2

0.1

0.035

0.03

0.025
0.02
0.015
0.01
0.005

-15 -10 -5 0 5 10 15

Gaussian bells ¢ and ¢ for c N = 32 and different parameters
b e {2,15,30}.
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Proof: by (10)

ce(p) = (k) = —e
o)
we frequently use fora > 0, c > 0

o

00 00
2 2 9 e*CCL
/e—cx dx — / e x—l—a dx < o —ca /e— acx dl’ —
2ac
0 0

a

consider E,, with (19) and (16) follows

E.(x )<HfH1maX S (),
eIy Leznoy

since
max o™ Gr+r?) < oo (Frr?)
ke[}v

IA

(19)

(20)
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oo

Eu(zy) < £ (et (k) 4 ot (k)

r=1

A o . W
< [I£lh (eb” (1-2) <1 — e‘bo> + &

£ 2 1 2br2 T
< [I£lh (e’” (1=3) (1 — e‘bo> + &

finally with (20)

o)
(20 — 1)bm?

Ea<xj) < Hf”l e_bWQ(l_%) (1 N

o

(20 4 1)bm?

)
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consider E;

m 1 5
— —m*/b _ _ b(r/(20))
<p<—> = e ; max — - —oNe
n Vb vty [P(K)|  |o(N/2)]
with (18)
2 (£)? | —m2/b i —a? /b
B(z;) < Iflh—= e | o +/e Az
with (20)
2 b —br2((m 2_ 1 )\2
Ei(x;) < || £l ﬁ(u%) () -())
since b = 222
(B ()
b 2%/ o
2 o) _p2(1-1
B(e;) < I flh—— (1+ o m) o (1)
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finally £ < F, + E,

) o 1 -
B <||Fll e 00) |1+ — 4 o34 <1+2(

20—1 ) 1 (2031)77
+
2mm

20 + 1)mm

am
2(20—1)

A
A is increasing for for fixed m > 1 and increasing o
A is decreasing for fixed o and increasing m

vJm+m 4+ 2mm
m3/2r

A—= 2+ for 0 — >

assertion follows for m > 2 with

Eo < 4||flh e™0=7)
— 4| f|l e Oz,
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Sinc functions (£, = 0)

since
suppMy,, = [—m, m]
from
| 2mk ‘
m
(20 —1)N| —
follows that ; L ]
K < 2oV :aN(l——>
2 20
hence

1

‘ = f kl>oN|1——

o(k)=0 for |k|>0o ( 20)
:>Ea(:cj)=O

21
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compute ¢ such that ¢ is given in (21) note

i 1 2m
/MQW(N?U) e P dg = = (sinc (%))
R

2mk o N2S(20'_1)
(20—1)N2 and let w = =

IR{/]\Qm ((202?];)]\]) o 2miks q1 — N(220m— 1) (sinc (sz(QQTZ _ 1>))2m

hence

substitute x =

o(z) = N(20 — 1) (Sinc (wa(ga _ 1)))zm -

2m o
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Theorem:

Let f(x;) (j = —M/2,...,M/2 — 1) be approximately computed by the
NFFT with ¢ given in (22) and ¢ > 1. Then the approximation error can
be estimated

) | A . 2m—1
Ey = E(x;) <
- gré%:;( (z;) < H‘fH12m—1 <g2m+ <20—1) )

A

where f = (fiker-
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Proof:

note
2mk N(20 —1) TNs(20 — 1)))2m i
M = 1 Sd
o ((20— 1)N) 2m /(S'nc( 2m o
R
hence

¢ (g) — Mo, (20_”11) M=) / (sinc (”N e ”))m &miN® ds

with sin(z) > 2z for = € [0, 7 /2]
N(20 — 1 2\ ¥
v (g5) = 5o [ (5) e
20— 1 m s
2 2m
— — 100
)




finally

L _ (W)Qm
max —
kel o(k) = \ 2
furthermore

[o(Z) ar = NI [ (o (D))",
= N(220m_ 1)7[ (7rx(22(j7m— 1)>2m do
B (;)2’"202—1%]\11 <200_1>2m

3 (2)2m NO_ ( o )2m1
A\ dm — 2 \20 — 1

8
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estimate ¢ ()
by definition of (22)

. < m ) _N@2o-1) (SinC(QJ - 1)w>2m

O'—N 2m 20

fora>1ho|ds§<2‘;—;17r<7rand

4 4
| sin(z)| < —Pﬁ + T for =€ (g,ﬂ')
we obtain
(sne (7)) < (=)
sinc T < | —
20 TO
and
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finally for F; see (18)

o1 m2n [N2o—1) 2\ [2\*"™ No o )2’”‘1
EOOSQHleO'_N<§> [ 2m <E> +(%) 4m—2<20—1

Il 20-1 1 1 ( Y >2m1
- o oot o — 1\ 20 — 1
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Kaiser-Bessel functions (£, = 0)
References: K. Fourmont [13, 14], [35]

(

sinh(by/m? — (oV)2z?)
W\/mQ — (o N)2a?

=S
e}
=
8
|
|

sin(b\/(aN)2sc2 — m?)

else
7T\/(O'N)2562 — m?

\

(k) = { - To(m/b? —0(27Tk/(aN))2) 1:';:.: —oN(1-—5),...,0N (1

where [, denotes the modified zero-order Bessel function

for |x| < I b=m(2-2)),

(23)

~ )
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Theorem: [30]

Let f(x;) (j = —M/2,...,M/2 — 1) be approximately computed by the
NFFT with ¢ given in (23) and ¢ > 1. Then the approximation error can
be estimated

A 1
E, = max E(z;) < || fll.4r(v/m +m){/1 — = ™ 1-1/o
J€IY o

where f == (fi)ren, -
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Window functions, Summary
Theorem: Let f(x;) (j = —M/2,..., M/2—1) be approximately computed
by the NFFT. Then the approximation error

E(z;) = | f(z;) — s(z;)| < Clo,m)||£|l;

can be estimated with

g 2m
4 (201_1) for B-Splines,
4 g1 P=It) for Gaussian bells,
C(O', m) = < 2m—1 ) .
2 (20"_1) for sinc-functions,
| 4m(y/m 4+ m)y/1 — Lem™ V177 for Kaiser-Bessel-functions.

Corollary: In order to achieve a precision e of the relative approximation
error E/ we have for fixed o > 1 to choose m at least as m ~ log(1/e).
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Software available: NFFT
NFFT — C subroutine library (Keiner, Kunis, P. 2002—2010)
http://www.tu-chemnitz.de/~potts/nfft

Generalization

Time and frequency nonequispaced, nonequispaced DCT/DST, yyperbolic
cross, NFFT on the sphere, iterative solution of the inverse transforms

Applications

fast summation, fast Gauss transform, summation on the sphere, MRI, po-
lar FFT, Radon transform, CT, ridgelet transform

Documentation

NFFT3 Tutorial (Keiner, Kunis, P.) [19]
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Content

e NFFT, further topics
— Approximate factorizations of NDFT matri-
ces

— Fourier matrices with nonuniform knots in
both time and frequency

— Fast trigonometric transforms at nonequis-
paced nodes (NDCT, NDST)

— Roundoff errors
e 'Inverse” NFFT
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Approximate factorizations of NDFT matrices
References: A. Nieslony and G. Steidl [28]
aim: reduce the approximation error by choosing a sparse factorization of
A of the form .

A~ BF,D,

with different entries of the matrix B

|Af — BF,Dfll;<|[A~BF,D||fll,

where || A||r denotes the Frobenius norm of A
since ||x||s < ||x|]2 < ||z||; this also implies

|Af — BF,D f|l« <||[A~BF,Dl|||flh
we intend to choose the (2m + 1) N nonzero entries of B such that

becomes minimal
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by

N/2—-1 N/2-1 [na;]+m

- . | 1
A;,—B FnD 2 6_27“]‘7333' _ b. il —27ikl/n
14, DD D e
j=—N/2 k=—N/2 I=[nx;]—m
it follows with
_ —omike\ V/2-1 . [nx;]+m B _orikl/n N/2—-1,[nz;]+m
ej'_'(e J)k:—AUQ ; bj'_'(bﬁ0#=hwﬂ—"l’ T;= (e /:>k=—AU2#=W$ﬂ—WL

~ T N/2—-1

D = (On(m-n)2 | D|Onm-nyj2) 5 D = (diag(1/(np(k)))ly s
with the (N,(n — N)/2)-zero matrices Oy (,—n) 2, that

N/2-1
|A-BF,D|;= ) |le—DT;b;.

j=—N/2
The above expression becomes minimal iff
le; — DT;b,|[; = min (24)

forall j = —N/2,...,N/2 — 1.

12



The solution of (24) is given by

_ 1 _
b, = (T;D’T;) T, De;. (25)

The matrix T]T D’T;is the (2m + 1) x (2m + 1) Toeplitz matrix

N/2—-1 1 2
T D2T. — ) _2mik(r—s)/n
DT = 2, (ns@(k) e

k=—N/2

2m

r,5=0

which is independent of 5 and can be precomputed once for all 5. Note
again that the entries 0, , are treated n—periodically with respect to /.

Remark: A similar algorithm for the fast multiplication with A was intro-
duced by Ngyuen and Liu [27]. Instead of (24) these authors suggested to
minimize

|D""e; — T;bl[;
forall j = —-N/2,...,N/2—1.
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Numerical examples

References: A. Nieslony and G. Steidl [28]

The following table presents the Frobenius norm
|A; — BF,D||;

and the corresponding error

1A f — BF, Df|l,/||f]l;

for the three different choices of B according to ALGauss, NLGauss and
FRGauss.

The figures show the arithmetic means of the errors
Ey=||Asf — BF,Dfl||5/||Asfll»

and .
E.=||A;f — BF,Df||./||fll

taken over 10 runs of the algorithm.
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- ALGauss: algorithm with function values of ) as entries of B and
Gaussian window function

- ALKBessel: algorithm with function values of ¢ as entries of B and
Kaiser—Bessel window function

- NLGauss: algorithm of Ngyuen and Liu with Gaussian window function

- NLKBessel: algorithm of Ngyuen and Liu with Kaiser—Bessel window
function

- FRGauss: algorithm with minimal Frobenius norm of the difference ma-
trix and Gaussian window function

- FRKBessel: algorithm with minimal Frobenius norm of the difference
matrix and Kaiser—Bessel window function
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ALGauss

L

Ly

NLGauss

Ly

By

FRGauss

Ep

Ly

O~NOOAWNS

Comparison of [|A — B F,, D||r (Er) and ||Af — BF, Df||s/||f|l

2.40e-01
2.91e-02
3.74e-03
4.53e-04
5.53e-05
6.86e-06
8.52e-07

8.52e-02
8.46e-03
8.54e-04
9.21e-05
9.25e-06
1.15e-06
1.27e-07

6.47e-02
3.02e-03
1.48e-04
4.94e-06
3.28e-07
1.26e-08
3.88e-08

5.01e-03
2.35e-04
1.13e-05
3.86e-07
2.30e-08
9.63e-10
2.92e-09

2.16e-02
8.56e-04
4.69e-05
1.68e-06
9.42e-08
3.18e-09
3.00e-09

4.81e-03
2.12e-04
9.56e-06
3.55e-07
2.28e-08
6.13e-10
5.87e-10

(E») for B in ALGauss, NLGauss and FRGauss, where a = 2 and
N = 256.
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10° B e
: —%— ALGauss
3 +- NLGauss
O- FRGauss |]
—©— ALKBessel
107 F = NLKBessel
o * - FRKBessel ]
PR 4+ - — e — == === — +
8 | +F< -7
o T
O
r O - .
0} o o ©
|_|_|NlO_9 =
107k i

1071 .

ed ! ! ! !
64 256 512 1024 2048

10

Comparison of the approximation error E2 of the three algorithms with
Gaussian window function and Kaiser—Bessel window function for a@ = 2,
m = 6 and different transform lengths N.



10" T T T

E T
: —— ALGauss
i +- NLGauss

O- FRGauss |]
—©— ALKBessel
107 F = NLKBessel
o * - FRKBessel ]
///’+—““—*—‘-—~+
P A+
108 LY T 4
00 -0 o
@ acceecosacanssas o
|_.ng0'9 = 2
107107 i
107117 i
107

Comparison of the approximation error E., of the three algorithms with
Gaussian window function and Kaiser—Bessel window function for a@ = 2,
m = 6 and different transform lengths V.



—%— ALGauss
+- NLGauss
O- FRGauss
—©— ALKBessel |]
= NLKBessel
*- FRKBessel | |

Comparison of the approximation error E2 of the three algorithms with
Gaussian window function and Kaiser—Bessel window function for o« = 2,
N = 256 and different ’band widths’ m.



E —%— ALGauss
L +- NLGauss
§Q O- FRGauss
10 DX —©— ALKBessel ||
- NLKBessel
*- FRKBessel | |
10° b
10° F
8
w
10—10>
107+
107
10‘15 ! ! !
2 4 6 8 10

Comparison of the approximation error E,, of the three algorithms with
Gaussian window function and Kaiser—Bessel window function for a@ = 2,
N = 256 and different ’band widths’ m.
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Fourier matrices with nonuniform knots in both

time and frequency
References: A. Elbel and G. Steidl [10, 38, 28]
fast evaluations of sums of the form

N/2-1
flo)= Y fre /N (j=-N/2,...,N/2-1),
k=—N/2
i.e. fast matrix—vector multiplications
“ , N/2-1
F=Ayf, Ay= (o)

jk=—N/2

N/2-1

A

where f = (fk)gﬁ_]\}ﬂ and f = (f(“j))

Ty, v; € [-N/2,N/2)

j=—N/2’

(26)

27)

equispaced data z;, = k and v; = j, the matrix—vector multiplication (27)

coincides with the uniform discrete Fourier transform
aim: sparse factorization of A,



main difference: {e"*"* : k € Z} is related to periodic functions

{e~?m" . v € R} corresponds to functions defined on R
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let ¢, € L,(R) denote a sufficiently smooth and even function with Fourier

transform

o1(v) = [ prla)e > da,
R
where ¢, (v) # 0 forallv € [-N/2, N/2). Then we obtain for

that
N/2—-1

C:

k=—N/2
By (26), we have to ask for a fast computation of

G(v;)) (j=-N/2,...,N/2—1).

= > fee N = fv) (ve[-N/2,N/2).

(28)

(29)

122



Let ny = oo N (o7 > 1) and m; << N. We approximate ¢, by a function
Y, with support in [—(m; +1/2)/ny, (my +1/2) /n;]. Then we obtain for all
Ty € [—N/Q, N/Q) that

Tr T mi+1/2 2, my+1/2 a a
suppwl(x—ﬁ) C [N 1n—1/’ﬁ+1n—1/] - [—§;§]a
where o 4 1
a=1+ h :
n

Now we conclude by (29) and (28) that

N/2-1

fuew) = S £ / o1 — e d
=—N/2 %
N/2-1 a/2

Q

> /wlx—— —2mizv; o

B=—N/2 %

123



Evaluating the integral by the rectangular rule we obtain

N/2—-1 any/2—1 "
¢ k —2milv;/n
HONEACHEEES fk > ¢1(——N)e2lﬂ/1.
k=—N/2 ™ l=—any/2 ™

Here we have to ensure that an;/2 = ao;N/2 € Z. Finally this can be
rewritten as

any/2—1
HCEACHIIEY (Z fi s (— — —>> e 2mian/lem) (30
I=—any/2 \k€l
where | .

After the computation of the inner sums the computation of (30) reduces
to the NFFT.
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matrix—vector form
A~ D, A;B, (31)

D, = diag(1/(nlgbl(vj)))j,\[:/ivl/2 LAy = (e—zmzvj/m)

. N/2—1,an;/2-1
B, = (bl,k‘al)k:—N/Zl:—anl/Q

N/2—1,an;/2—-1

j:—N/2,l:—cm1/2

with

= | 0 (%) T=[ —me 2
o 0 otherwise.

Note that in contrast to the entries of the matrix B, the entries of B, were
not arranged periodically. For a = 1 and periodic or non—periodic entries
of B, the algorithm doesn’t work.
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Fast trigonometric transforms at nonequispaced
nodes (NDCT, NDST)

References: M. Fenn and P. [11, 29]
Problem: fast computation of

o)=Y fCcos(2nka) (32)

at knots
Ty [0,1/2] (j:O,...,M—l)

for equispaced nodes z; and N = M

- ;:% (G=—N/2,...,N/2)

DCT in O(N log N) flops
DCT-

. km\ Y
x = Cy, T, Cy., = (5N’j COS “77) (33)
k,j=0

witheyg=evn=1/2,exy.=1(7=1,....N — 1)
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approach based on the NFFT
@ even with ¢ € L*(R) N L'(R)

oN
l
= i — — 34
51(x) ;gzsﬁ (x - N) (34)
compute g, €ER (I =0,...,0N) such that s; ~ f¢
N-1 ) .
f@)= > fie®™ (35)
k=—N
chose fy e R (k=0,...,N — 1) with fy = f_rand f_y =0

then ) )
fc(x) = f(z) fif fkc = 2en ik fr
since ¢ is even ¢(¢) = ¢_,(¢) and with (13) follows g, = §_.
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to take into account this symmetries in (15)

1 okl

gl:Re(gl):O_—N EUN’kﬁkCOS(O_N) (l:O,,O'N>

k=0

note g; = goonr_i (1 € Z) ie., g in (34) with DCT-lo N finally

[20 Nx]|4+m

s()= > g (:c - ﬁ) (36)

I=|20Nz|—m
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Algorithm: (NFCT)

Input:N,MeN,a>l,f,SER(k:O,...,N—l),
v, €10,1/2] (j =1,..., M).

Precomputation: ¢.(¢) (k=0,...,N — 1),
o (v;—g5) (G=1,..., M;
(Il=|20Nv;| —(m—1),...,[20Nv;| +(m — 1))

fi

2€N7kck(g0)

1. Fork=0,..., N —1compute g, := andfork=N,...,ocN

set g, .= 0.
2.Forl=0,...,0N compute g, by a fast DCT-I of length o V.
3.Forj=1,..., M compute s(v;).

Output: s(v;) approximate values for f¢(v;).
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NDST

Problem: fast computation of

5(z) = A,f sin(2mkx)
z; €10,1/2] (j=0,...,M—1)
for equispaced nodes z; and N = M

2= (§=-N/2...,N/2)

DST in O(N log N) flops

(37)
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approach based on the NFFT
kaRWlthf_k——fk(k'—l, N—l)andfo f_N—O
then in (35)

f(z) = z_: i, ek — Z 2 fy sin(2mkz).
k=N k=1

we obtain for f§ = 2, that fS(z) = if(x)
compute gy, in (13)
Ggp=—gr(k=1,...,0N —1)andforl=0,...,0N

: —i = ~ mikl/(oN) 1 = ~A Tkl
— g1 = 5o N gk € =N gk SIn
o k=—oN v k=1

note 9ooNr—1 = — Ui (T € Z)

finally .

oNz;|+m
. ~ [
I=|20Nz;|—-m 20N

with fs(il?]) if(x;) ~is(x;).

(39)
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Algorithm: (NFST)

Input: N, M € N, o > 1, fkeR(kzl,...,N—l),

v, €10,1/2] (j =1,..., M).
Precomputation: ¢, (¢ k = 1, LN =1),
& (v —5y) =1, ,M;
l=[20Nv;| —(m—1),...,[20Nv;] + (m — 1))

A

S

Ix
2c(p)

1.Fork=1,..., N — 1 compute g, .= andfork=0,N,...,

set g, .= 0.

2. Forl =0,...,0N compute g; by (38) by a fast DST-I of length o V.

3. Forj=1,..., M compute is(v;) by (39).

Output: is(v;) approximate values for f5(v;).

olN
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Roundoff errors
References: P.,, Steidl, Tasche [38, 39]
classical FFT [40, 17] is robust with respect to roundoff errors

Problem: Is the NFFT robust ?

Let us call an algorithm robust, if for all £ € R" there exists a positive
constant ky with £y u < 1 such that

1(F) = £ll2 < (kvu+ O@@) || £ll;

with f = Af.

standard model of real floating point arithmetic (see [17], p. 44):
For arbitrary £, € R and any operation o € {+, —, X, /} the exact value
¢ o1 and the computed value fl(¢ o n) are related by

fi(§ on) = (& o n)(1+0) (|| <u),

where u denotes the unit roundoff (or machine precision).
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Example: single precision (24 bits for the mantissa (with 1 sign bit), 8 bits
for the exponent)

uw=2"%~5096x 108

double precision (53 bits for the mantissa (with 1 sign bit), 11 bits for the
exponent)

u=2""~1.11x 1071,

complex arithmetic is implemented using real arithmetic

the complex floating point arithmetic is a consequence of the correspond-
ing real arithmetic (see [17], pp. 78 — 80):

For arbitrary £, n € C, we have

A€+n) = +n)(1+9) (19| <u),

fi€n) = En(1+49) (4] < 12{521,:)-

In particular, if £ € RUIR and n € C, then
fi(&n) =&n(1+90) (6| <wu). (42)
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compute X
J=Axf
by conventional multiplication and cascade summation
(Jlogo N| 4+ Du
— ([log, N1+ L)u

f(f); — fil <5 [alr

and by taking the Euclidean norm

18(F) — Fll < (uN (Tlogy NT + 1) + O@?) | £]l2 -
In particular, we have for f = F'y f that

I(Fyf) = Fyflls < (uN ([log, NT+ 1) + O@?)) [ ]l -
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If we compute f = Fxf (f € R, N power of 2) by the radix—2 Cooley—
Tukey FFT, then, following the lines of the proof in [44] and using (40) —
(41), the roundoff error estimate can be improved by the factor v/ N, more
precisely

I8y F) = Fxfllo < (w(d+ V2)VNIog, N + O(w)) [|f»

The following theorem states that the roundoff error introduced by NFFT
can be estimated as the FFT error up to a constant factor, which depends
on m and a.
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Theorem: Let m, N € Nand letn := aN («a > 1) be a power of 2 with

2m < n. Furthermore let the nodes w; := 2 € [—1,3), w; £ 1 (j € Iy)
be distributed such that each “window” [—2 + L 2 + 1) (] € [,) contains

at most v/« nodes. If

f =BF,Df (feRY),

is computed by with the NFFT, then the roundoff error can be estimated by

I8F)  Fla < 87 (w4 + VD)V (log, N+ logya+ 3 2) +00)) 1]
with )

(£°(0) +l¢
(/)|

)

8=
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Linear system of equations - INFFT

inverse problem, f € C given in
Af = f

: .ot :
Moore-Penrose pseudo-inverse solution f = A’ f fulfills

residual

* R ~
[Af = Fll: < |1Af = Fll2 forall fecC"

~> approximation problem

At R . ~ .
Hf HQ S HfH2 for all f with HAf — fH2 — min

~~ minimization problem

special case IDFT, Gaul3 quadrature, M = N, z; = ﬁ — 0.5

AW A=T = f=A"Wf
1T
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Interpolation problem

vanishing residual, i.e. Af — f = 0, ~ interpolation problem
damped minimisation problem, &y, > 0, W := diag (@k);f:m

2

N
k:—j

substitute

S
>
|
N[ —

£l I min  subjectto AW:f = f

damped normal equation of second kind

AWA f=f  f=wAaA"f

g : A
(Z d’klsz) = Hf||wfl s min subjectto Af=Ff
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Towards normal equation of second kind (1)
standard minimisation problem, i.e. W = I,

11l 4y min subjectto Af = f

null space and range of A

/\/(A)::{feCN:Af:O}, R(A): {f:Af:fe@N}

equivalent problem
fLN(A) subjectto Af=f
furthermore
N YR (A" = 3Ifecd. f=aA"f
normal equation of second kind

AA"f=f  f=A"f
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Towards normal equation of second kind (2)
interpolation with polynomial kernels

o —2miky ~ 2mikx
Ky(x —y) = E e "0, e T

kel},
Dirichlet Fejer ‘Gau3’
A A k ~ 1.2
wkzl/N wk:%—F%—% wk:ek/N/N

linear combination
M-1 ~ _ B
Z [iKn(-— ;) = f, J= WAH.f
j=0

discrete version - damped normal equation of second kind

AWA"f = f. AW A" = (Ky (y, — z;)) 0 00t

§=0,1=0
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Interpolation - eigenvalues
compare f € CM and f € Ly = span{e*™* : k € I} with f (z;) =
and || f||;— minimal (Marcinkiewicz-Zygmund)

NFllz < A1+ < ENFI;

best possible constants

€= (A (AWA")) " 2= (A (aW47))

for w, = 1 with the theorem of Gershgorin

’)\(AAH>—1’ < Af Dy (2, 21)]

J=055#1
1 M
< —(1+In—
q 2
with
q=qx = min dist(z;, z;1), dist (z,y) := min |z — (y + j)|

7=0,....M—1 JEZL

Ji
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Interpolation example - Sobolev norm

real part of interpolation with polynomials, M =5, N = 50
interpolation conditions are given by circles
damped factors @y, = (1 + (27k)") !

°v o

-2 I I I I I I I I I 05
-0.5 -0.4 -0.3 -0.2 0 0.1 0.2 0.3 0.4 0.5 =

| £ll2

I I I I I I I
2 -0.1 0 0.1 0.2 0.3 0.4 0.5
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-0.4 -0.3

0.5 -0.
[ llwz =11

fllzzeny = |2y + || f'|| 20m) = |




Interpolation example - Sobolev-norm

absolute value of Fourier coefficients f,, k = —25,...,24

oo:;H JO L %’ 1 J | OJ T l[T M; L L O; cg00008 A;O?QATI?J OTLTITmm 2000000090000,

f

» minimal

£l minimal
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Interpolation - estimates - arbitrary nodes

Lemma [22]: Let M € N, N € 2N, and let X’ contain arbitrary sampling
nodes with separation distance ¢ = m;? dist (x;, x;). If for some 8 > 1 the
J

kernel Ky fulfils the conditions
1. Ky (0) =1,
2. | Ky (2)] < o for o € [—1, 4]\ {0},

then the spectrum of the matrix

AWAH =Ky = (KN(CUJ' - CEl))j,zzo M-1

.....

is bounded by
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Proof:
Let A\, be an arbitrary eigenvalue of K. Then, forsomeindexj € {0,..., M — 1
assumption 1. and Gersgorin’s circle theorem yield

M-1

A =11 < D Ky (z;— )] -

[=0;1#7

Furthermore, by using that the separation distance of the sampling set is
¢, and by assuming 2. for the kernel K, we obtain

Cs ~= L _ 26 MZ/Q 2¢(8)Cs
I~ B

A — 1 < —
| | < NB ,6 - Nﬁqﬁ Nﬁqﬂ

1=0;1£] |z —
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Interpolation - multivariate setting

Lemma: Let M € N, N € 2N, and let X contain arbitrary sampling nodes
with separation distance ¢, where dist (x, y) := miZ% |(x+7) — vyl If for
jE€

some [ > 1 the multivariate kernel Ky fulfils the conditions
1. Ky (0) =1,
2. |[Ky ()] < Nﬂu HB forx € [—5,5] \ {0},

then the spectrum of the kernel matrix Ky = (Kn(x; — 1)), o 3, 1S

bounded by wEen
8
NBgpri-1 ] :

o (Ky) C lli
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Approximation problem

M-1

weighted approximation problem, w; > 0, W = diag (wj)jzo ,

|Af = fllw = min
substitute 1 1
A =W:A, fF=w:f
1A°F — £, L min
weighted normal equation of first kind

A"WAFf=A"WF
Toeplitz
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Towards normal equation of first kind
standard approximation problem, i.e. W =1,
|AF = £l2 % min

equivalent problem X
Af — fLR(A)

furthermore

RAF PN (A" = Af-fFen(AY)

normal equation of first kind

AH(Af—f):()
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Sampling set - eigenvalues
compare f € Ly :=span{e** : ke I }and f = (f (x

Zygmund), ) ) -
§HfHL2(1r) < |Ifllw < :HfHB(’]I‘)

best possible constants

§ =D (A"WA), Z=XN\u (A"WA), cond; (A"WA) <

Parseval || f|| 21 = If

£ < fAWAS <=
< T FF <

)", (Marcinkiewicz

177y

| [1]

., f = Af, Rayleigh coefficients of A"W A

151



Simple example, worst sampling set (1)

equidistant points M > N, z; = & — 1 w; =
A"WA=1T

lower bound &

f#0andVj: f(z;) =0 = &=0

weak conditions
1. M > N arbitrary distinct sampling nodes in T guarantees £ > 0.

2. M > N independent uniform distributed sampling nodes in T¢ ensures
almost surely & > 0.
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Worst sampling set (2)

upper bound =, Nikol’skii,
Dn (")

£l < [ 1 ®1 1Dy (¢ = 2)] d

£ loo
| Dnlloc = VN || Dl z2(ry
M— M—
£l = le-\f(m) * < le-llf\P
W J J — J 00
7=0 7=0

f=DyandVj: f(z;) = |fll

IA

IA

E : eka:-7

kely,

| f |2 | D | 2(m)

VN||fllzzcr).
N,

Nl il f 11 z2(x):

= = Nljwl;
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Towards dense sampling set - partition
dist (x, ) = min |z — (y + j)
JEZL

mesh—norm, Mhaskar, )-dense

dx rileaqrszozrﬁ%_ldst (z,x;), dx <0 €

Voronoi partition

Ry, = {x €T:arg lzomijl&_ldist (x, 1)) = j} :

Ry = {Ry,:j=0,...,M — 1}, wj::/ dz
Ry,
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Dense sampling set

Feichtinger, Grochenig, Strohmer
d-dense sampling set X, Voronoi weights w;, N < =

(1= SN’ I fllzewy < 1F1w < 14+ N[ £1Z20r)

weighted normal equation of first kind

1+5N)2

A" <
cond; (A"WA) < (1—5N
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Summary

given samples f; = f(z;) € C, 7=0,...,M — 1
f € Ly, N €N,

damped and weighted normal equation of second kind, interpolation,

NS S TR s b1
ijWWAWf_Wf, f=WwaA'W:f
— e

damped and weighted normal equation of first kind, approximation,

s cHoh vrd avird vt £ vid aH
WAWijWﬂ/;f—WAWf
f
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lterative methods

residuals R
r = f — Afh 2[ = AHW’I"Z

Landweber iteration (Neumann series of A"W A)
Jian=f +aWz,
steepest descent

AH e A

s . < WZZ
v, =AW Z, o = L

v, W,
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CG—type methods
CG—-type methods, see e.g. [3, 16]

hermitian, positive semidefinite matrices
Aw Hij AwAw H

substitute 2 = W 221 W AHer

Ky (A7) = W* /cl (A“HA¥, £2)
— W 'span (25, 4" Az, (A2"A)"

'\W
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CG—type methods

CG applied to the normal equation of first kind, CGNR
AwHAwaw _ Awaw
the iterates f, € K¥ (A, #,) minimise the residual

B¢ (£1) = llrillw = Il

CG applied to the normal equation of second kind, CGNE
AWAWwa:fw, Ji_?{"):14<,L)HJ}_7('u
the iterates f, € K¥ (A, #,) minimise the error

By (fz) = H]ET_ fz”vif‘l
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Summary
Approximation problem, N < M

A"WAF = AW f

ACT, CGNR (Feichtinger, Gréchenig, Strohmer) (N < ;)

T BN\ T
|7 —rT|lw < 2 W |70 — 7| w
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Interpolation problem, N > M
AWA'f=f,  f=WA"f
CGNE (wy, = 1, i.e. Dirichlet kern) N > % (1+1In %)

l+InY

l
A~ A-i- . A'i‘
Hfl—f||W1§2< Nh2> [fo = F Il

CGNE (i, = ¥ +1—

) N >

2
h

1= Pl <2 () 1ol
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Franke function

2,2 — [—3,3]"
M = 100000 random sampling nodes,
N =512, dim (Ly) = 262144, CGNE, 10 iterations

@

original undamped reconstruction
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Franke function

Sobolev-like damping factors @, = ((1 4 |k1|) (1 + |k.|)) /2

original damped reconstruction
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Example - glacier
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"Probabilistic” condition number
References: R. Bass and K. Grochenig [1]; Bottcher, P., D. Wenzel [6, 7]

Observation: in practice theoretically ill-conditioned systems often behave
better than one would expect
|dea: probabilistic arguments

suppose p ist independently and randomly drawn from

{geC” :|lq|l <o},

with the uniform distribution
we consider (cf. MZ inequality)

P(allp| < [l4p| < Blpll) > 1 -0,

where

P(F) is the probability of the event E/,0 € [0,1), and «, 8 € (0, c0)
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By A. Bottcher, S. Grudsky [5] it was shown that if p is randomly drawn
from the uniform distribution

HAH% 2) 2 2 (HA]%‘ 2) 2)
P(( i el A7) llpll” < [[Ap|® < N + e[| A7) [Ipll

St
- (N +2)e?

We consider the system Ap = y and a sequence of sampling knots gov-
erned by a constraint for the separation distance q.
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Theorem: If ¢ > MY and v NY? < MY? < ~sexpv/ N with pos-
itive constants 1, 72, 73, 77, then there are two sequences {Cy}%_, (the
"probabilistic” condition number) and { Py }%_, such that

ON>1, ]\lflmCN:]., PN<1, ]\lflmPNzl

and P([|6p]| < Cw[[dyl) > Py.

Example
0.5 ...........
s [ml aa e
L T T T TR

Left: Linogram grid; Right: "probabilistic” condition number C'y with a prob-
ability of at least 0.9 167
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Fast summation algorithms, introduction

Problem: fast computation of

nodes y,, x; € R, IC(CB) = K(||z||) radial basis functions

f=Ka
K are special kernels

1 1
singular kernels —, —, log |z|, 2* log |z|
r x?

nonsingular kernels (2% 4 ¢?)*'/2 ¢™

.272

Applications: integral equations, scattered data approximation, image pro-

cessing, discrete Gauss transform, . ..
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known Methods for
products of vectors with special structured dense matrices

f=Ka«a

panel clustering, fast multipole method, wavelet methods,
mosaic—skeleton approximations,
H-matrices

standard algorithm for equispaced nodes

K — Toeplitz matrix

f = FFT( diag(b) FFT" (a))

|dea for nonequispaced nodes
replace FFT by NFFT

f = NFFT( diag(b) NFFT(a)) + nearfield
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Fast summation at equispaced nodes
equally spaced points in [—1/4,1/4)

o= —1/4+ (k—1)/2N), (k=1,...,N)

and
y, =—1/44+(G—-1)2M), (G=1,...M)

set K(0) := 0 if K has a singularity at the origin
fast summation of

let n := 2lem(N, M) and K be any smooth 1—periodic function with
K(j/n)=K(j/n) (j=-n/2+1,...,n/2—1)

and with an arbitrary boundary value K (—1/2)
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by aliasing formula (4)

where

K(z) = ) a(K)e™
leZ
n/2—1 n/2—1

— Z CZ(K 27T1lx Z ZCH-rn

I=—n/2 I=—n/2 €L
n/ nf2 et

n/2—1 n/2—1

27Til:c
— E bl € E E Cl+rn

I=—n/2 I=—n/2 :EZ

27rllx

27?1 (I4+rn)x

e

2rinrry 1)7

(44)

173



for
z:=(—1)/2M)—(k—1)/(2N),

we see by definition of n that ¢*™* — 1 vanishes

thus
- (5 —1 k—l) (j—l k—l)
K — = K =
( 2M 2N 2M 2N
n/2—1
_ Z ble27ril((j—1)/(2M)—(k‘—l)/(2N))
l=—n/2
and by (43)

n/2—1

N
F) = S 3 bye?lU-/@an=(-n/eN)

k=1 I=—n/2
n/2—1

N
= > b (Z@kezmukn/@w)) Q27il(=1)/(2M)
k=1

I=—n/2
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Algorithm

Precomputation: Computation of (5,);"/ 2;1/2 by (44).
1.Forl=—-n/2,...,n/2 — 1 compute

N
gy = Z ay, @2k 1)/(2N)
k=1

by FFT(2N) and applying that a;sv, = a, for
s=—(n—2N)/(4N),...,(n —2N)/(4N).

2. Forl = —n/2,...,n/2 — 1 compute the products

dl = Clel.
3.Forj=1,..., M compute
n/2—1 M—1 (n—2M)/(4M)
fly)= Do demTe = 37 2
I=—n/2 I=—M \ s=—(n—2M)/(4M

by IFFT(2M).

dl+2Ms> o2mil(j=1)/(2M)
)

175



Remark:
For M = N we have that

L))
N - = ToAT

2N 7/ jpes
is an N by N Toeplitz matrix. In this case the method coincides with the
standard Toeplitz matrix — vector multiplication algorithm based on em-
bedding Ky into an 2N by 2N circulant matrix, and than carrying out the
multiplication by using the fast Fourier transform.
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Fast summation at nonequispaced nodes

= Zosz(:U — Xp)

aim: fast evaluation of f(y;) (|z/, \y]| =2
restrict to even kernels K € C'™ except for the origin

note
1

\yj—xk|§§—53

regularize K near 0 and near the boundary +1/2 to obtain
a 1—periodic smooth kernel K in the Sobolev space H”(T)

Ki(x) forx e [— 51,51]
K(x) = { Kp(z) forze[—3,—1+¢eplU[53— ¢33,
K(z) else,

where 0 < e; < ; —ep < 3

(46)

(47)
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approximate K by the Fourier series 7,,(K) given by

n/2—1

E(K)(:L“) = Z ble%ilx,

I=—n/2

where n < 2N and (see (44))

(48)

(49)
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regarding that

>4

-~

K =(K-K)+ (K—T/(K)) +T.(K) = Kxg + Kerg + To(K), (50)

TV
Kni KErr

and assuming that Kyrr becomes sufficiently small
approximate K by Kyg + 7,,(K) and consequently f by

where

Instead of f we intend to evaluate f at the points Yj.

(5D

(52)
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suppose that every interval of length 2¢; contains at most v of the points
xy, or of the points y; i.e. £; depends linearly on 1/N, respectively 1/M.

In the following we restrict our attention to the case

v

TYON

(53)

Then, since |y; — 24| < : —ep and supp(K — K) N [~2 +¢ep,5 —ep] =
|—e71, €1], the evaluation of

N
ZakKNE<yj_$k:> (]:1,7M)
k=1

requires < v M, i.e. O(M) arithmetic operations.
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by (48) rewrite (52) as

n/2—1

N
SU) _ Z a Z bl eQwil(w—xk)

k=1 I=—n/2

which further implies

n/2—1 N
Tl(f)(yj Z (Z 2771l90k> 2mily;

l=—n/2 k

7

NFFT" ()

N 4

NFFT )

In summary, our summation algorithm requires
O(M + N +nlogn)

arithmetic operations.
aim: relation between M, N and n,p determined by the approximation
error
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Kernel Regularization
K is even, we have that KV (z) = (—1)/KY)(—z). To ensure that

K[(.I’) fOrJ?E[ 8[,8[]
K(z) == Kp(x) forze[-L —1+ep|U[L—ep,],
K(xz) else,

is in H?(T), we need that the function K fulfills the conditions

K{'(e) = K9(ey),
Ki'(—er) = K9(—¢;) = (1Y K9 (e))

forall 7 =0,....,p—1,
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and the function K5 the conditions

N ] ~ /1
KY (5—53) - KU <§—53),

G (1 g (1 gt (L
KB §+€B = K _§+€B :(—1)K 5—83

forall j =0,...,p — 1. Then, the periodicity of K follows by setting

Kp (—% + x) = Kp (% + x) (z € [0,e5]).

regularizing functions K; and Kp
— trigonometric polynomials [35],
— algebraic polynomials [12],
— splines [12]
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pig
require p—1 X
Kr (x) := >_ aj cos 5=
K (er) = K@ (er) j=0
(r=0,...,p— 1)
ot
Kp(x) i= > aPcos Z4(w — &) if = e (4
=% g
| |
1/2

-1/2 —a/n

— &5, 3],
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Regularization by polynomial interpolation

construct polynomials K; and Kg of degree 2p — 1

two-point Taylor interpolation
For given a;,b; (7 = 0,...,p — 1) there exists a unique polynomial P of
degree 2p — 1 which satisfies the interpolation conditions

PY(m —r) = a;, P9m+r)=b, (j=0,...,p—1)

at the endpoints of an interval [m — r,m + r| (r > 0). This polynomial can
be written as

p—1 p—1—j
p—1+k
P =5 Y

j=0 k=0
. k
(x —m+r)! v—m—r\ (z—m+r
a .
j! —2r 2r /
+
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Regularization by spline interpolation

normalized cardinal B-splines [V, of degree p

1 forx € [0,1),
N, =
() {0 otherwise
and 1
x P —x
Np(z) = T p-1(%) + TNp—l(fU -1  (eN)

suppN, = [0,p + 1]
At the interval [m — r, m + r] we choose the equispaced nodes

2
A::{tkzm—rJr%k‘: k=—p,...,2p}

and introduce the dilated and translated versions of NV, with respect to
these spline nodes

B'(z) = N, (p(x - ) k> |
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Bp

|
|
|
|
|
I
I
I
I
|
|
&

-p p-1
-r m m-+r
t
t—l 0 tl tp—1 p tp+1

The set of B-splines {B/}?_" _, forms a basis of the spline space

S,(A)={seC" ' /m—r,m+r] : €1, k=0,...,p—1}.

‘ S\ [thtrt1]
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Theorem: For given a;,b; (7 = 0,...,p — 1) there exists a unique spline
S € 5,(A) which satisfies the interpolation conditions

SY(m —r) = a;, SUm+r)y=b, (j=0,...,p—1)

at the endpoints of an interval [m — r,m + r| (r > 0). This spline can be
written as

where the coefficients ¢, are the solution of the two p X p linear systems

Zc_k(Bf ) (m —r) = a,
y ce-1(B2 )9 (m —r) = (—1)b (7=0,....,p—1)

[y

with the same coefficient matrix.
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Error Estimates

By (51) and (46), we obtain for |y| < 1 — 2 that
~ N ~
F) = F@)| = [ o (Kly — m) — T(K)(y - xk>)‘
?;V:
< Z || | KERR || oo
k=1
where
| Korrl|oo := max [Kepr(2)], - Kerr (@) = K(z) = T(K)(x).  (56)

Lemma: Let K be an even kernel and let K € H?(T) be defined by (47).
Then, for 2 < p < n, the following estimate holds true:

| KRR |00 < Do /\K z)|dz.
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Proof: By Fourier expansion of K and (48) we obtain for z € [

27r1k:c 2milx
KERR E Ck E b e 3

keZ lel}

and hence by (45)

27r1]<:a: 2mirne
KERR E E Ck:+rn (e —1)-

kell reZ
r0

Since K is even, we can estimate

| Kerrllo <4 |ei(K)

=
By construction we have that K € H?(T) which implies that

cr(K) = (2mik) P cp (K®)

, 3 that
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so that

KERROO<4( S (@2rk) )/K )| e

-2

For p > 2 the sum can be estimated by an upper integral

0 —p o —p 1-—p
Y kP < <ﬁ> + /x_pdaz = (B> + =
p 2 2 1—0p

=2 n/2
)
)

o0

1
2
nP~Hp—1

and so

2 (1 2(p—1) %
( T ) K@ (z)| dz.

Kennllw <
H ERRH —= (p_ 1)7_‘_pnp_1

N[

Since p < n, this implies the assertion with a constant C' =~ 4.

x=n/2
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Theorem: For 8 € Ny, let K = K be defined by

Kifx) =logal, Ko@) = o (BEM

and K by (47) with K; and Kp, where ¢; < mm{EB, > — ep}. Then, for
2 < p < n, the error || Kgrr||~ in (56) can be estlmated by

eer

_ B . p—1
| Kerr || < C(Kr, Kp) + (W> (M> (57)

TNET

Proof: We obtain by the definition of K that

/’[N(( \dx—/]K x)| dx + / IKP(z)] dz + / ‘K(p)
0

and consider only the "main” integral of [ . For details see [35, 12]

€I
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By

("’6_1) —(j+ )
K9 ()| = G T @A0BEN),

where we set (—1)! := 1in case 5 = 0. We obtain that

*783 **E,\B

/\K e /m 49

(p+p—1) _\95\ i
(8—1)! p+8-1
(p+B8—2)! _pis-1)
RSV I

1
27¢B
=€y
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With Stirling formula

p\" P\"
\/27p (—) < pl < 1.1/ 27p (g)
€

holds

p+p-2 _ VTPFE2 )<MB§H&2

() )
= 1.1(p+ B — 2)_3/2+p+5 s (8 — 1)1/2—6

and we can rewrite our error estimate as

7_53

/ K9(2)] do < 11(p+ 8 —2)"" pﬂ(ﬁ—nl/z—ﬁ(

Er

p+pB8—2

)p+51
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Combining these estimates with the above Lemma we obtain

P () (i

and finally the assertion. N

| Kerr o < C(K7, Kp)+

Thus, choosing ¢; such that % < 1, our error decays exponentially in
p. In our numerical examples we choose

P
Er = —.
n
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Numerical Results

; osz i — Tx) (j=1,...,N)
k#]
e o, were randomly distributed in [0, 1]
e every figure presents the arithmetic mean of 20 runs of the algorithm
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Error log,, F for K(z) = 1/|z| (left) and K (z) = 1/|z|* (right) for
N =512, m=12and (p,a) € {1,..., 9} n =N =512, =a/n.



Error log,, F for K(z) = 1/|z| (left) and K (z) = 1/|z|* (right) for
(a,m) € {1,..., 9}*anda =p,n= N =512, =a/n.



Fast summation at multidimensional nodes

rotation-invariant kernels KC(x) = K(||z||2)

k=1

N N
fly;) = Zaklc(yj_wk) = Z%K(Hyj—wk“z) (xp,y; € R?) (58)
k=1

forp=1,.... M
regularize K near 0 and near the boundary of [, 5)? to obtain a smooth
periodic kernel C:

Ki(llzll2) it |lzll; <er,

wooy . JEs(lzll) i 5 —ep <zl <3,
| KsG) i el = 5,
K(||x||2) otherwise.
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require that the polynomial K fulfills the conditions

e al ,
Kg) (5_5B> :K(J) <§_8B) (]:Oaap_1)7

I 1 .
Kg)(§>:50,]K(§)7 (]:Oaap_l)

approximate K by the Fourier series

T(K)() =D b ™™,

lerd

where

. 1 > -7 —97ijl/n d

jeld

n

decompose the kernel as

K=(K-K)+ (K-TuK)) + T(K)
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neglecting the summand in the middle and approximate f by

Zo‘k x — x; +ZO‘kT x — ).

1) Near field computation

To achieve the desired complexity of our algorithm we suppose that either
the IV points x; or the M points y,; are “sufficiently uniformly distributed”
in the ball with radius % — £, I.€., we suppose that there exists a small
constant v € N such that each ball with radius £; contains at most v of
the points ;. or of the points y;, respectively. This implies that ¢; depends
linearly on N~'/?, respectively M. In the following we restrict our at-

tention to the case
1 U 1/d
ErT K — | — .
! 2(N)

Then, as in one dimension, the computation of the first sum requires only
< v M arithmetic operations.
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2) NFFT based summation
The evaluation of the second sum is done exactly in the same way as in
one dimension, but with d-dimensional NFFTs of size n now.

T(f)y;) =) b (Z ay, 62”1’””’“) et
\ k=1

lerd

7

\ NF'E:I_H(n) )
NFFT ()
This computation part requires
O(n’logn + N + M)

arithmetic operations.

To obtain an exponential error decay in p, we have to choose again ¢; ~ °.
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Numerical examples >

107

10° +

10°

Eco

10° +

10710 L

10—12 [

I I I I I
2 4 6 8 10
a=p

Error E, in dependence on ¢; = p/n for singular kernels, where n = 256,
N = 40000, m = 8 and d = 2.
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Parameter

Computational Time

Error

n N

tﬂow

tapr

70

B

32 | 1000

2.950e-01

5.700e-01

193

1.184e-05

64 | 4000

4.755e+00

2.305e+00

48

4.820e-06

128 | 16000

7.699e+01

1.166e+01

15

2.815e-06

256 | 65000

1.502e+03

5.144e+01

3.42

1.757e-06

512 | 65000

1.496e+03

3.314e+01

2.21

1.754e-06

512 | 260000

2.885e+04

2.138e+02

0.74

1.026e-06

Klz) =1/||=

Comparison of the computational time and of the approximation error for
,p=m=4and d = 2.

204



Nonsingular Kernels

smooth kernels as

($2 4+ 62)i1/27 e—agﬁ.

Here no regularization at the neighborhood of 0 is necessary and our com-
putation doesn’t require a “near field” correction. If the kernel K is very
small at the boundary, e.g. for large values 4 in the Gaussian, we also
don’t need a regularization at the boundary, i.e. we can set K := K. Oth-
erwise we use

( Tp(|ll) i ep <ol <3,
K@) =1 Ts(z) it 5 <z,
| K(||z]]) otherwise.

e parameter-dependent generalized multiquadrics (see [12])

(B € N; odd)

K_(z;¢) = (|z)* + A2, Ks(w;c) = (Ja2+ )2
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Theorem: (Fast Gauf3 transform, for 6 € C see [24])

Let 6 > 2 and K(z) := eI° (x € R?). Further let Kgrp == K —
7.(K), where T,,(K) denotes the finite Fourier series of IC consisting of n?
summands. Let n := 2{ > 1. Then the following estimate holds true

} e ﬁ e 0/,
Vo 1

Proof: The Fourier transform of the univariate Gaussian is given by (10)

||ICERRHOO S 20 max{— (59)

o0

522 9o T 322
/edac e%kxdajz\/gek”/é.

—Oo0
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Further we will use the following simple estimates:

L PR
Do E D=
k=1 k=1
n/2 o0
Z e—k27r2/5 < /e—$27r2/5d _ % é’
k=1 4 4
x ] 71 2
> s a1
k2 x? n
> —k2 2/6 _22/5 5 2,2 46
o ko < e T/ < men® /(49)
) < < »

where the last inequality follows by

o0 & 2
—ca

/ e—ch d < / e—c(m+a)2 dr < 6—(:@2 / e—2acm dr = € .
2ac
a

0 0
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By applying two times integration by parts, we obtain for the univariate
Gaussian and k£ # 0 that

1/2
—6x? L —6x% _—2mikx
ck(e ).— /e e dx
~1/2
: : 1/2
_ (__1\k+1 —0/4 . 2\ —d0z% _—2mikx
= (—1) o2y © + 2g2 /(1 2007) e " e dx
~1/2
5 1 [ . |
— (__1\k+1 -0/4 —dx°\I | —2mikx
= (—1) g © —47r2k2/(e )" e dx
5 r 2 —z2
~ o (1 —20x7) e cos(2mkx) dx

1/2
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and consequently, for o > 2,

522 5 . 7T_27T2 5 T’ _Sx2
\ck(e5 )\ < Wem—k \/gek ANNE 7T2]‘€2/(25:1f;2—1)e5 dx

1/2

)
n e kT8 o0/4

0 m2k?

By the aliasing formula we have to estimate the right—hand side of

n/2
Ker@)] < 2 ) (lewenOl + lcga () + 2 > |al(K)]
h=n/2 Bzt
= 231 + 252

Using the tensor product structure of the bivariate Gaussian, i.e. the split-
ting

%)Ck&( 6—5:16%) )

(K) = ¢, ( e 07
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where k := (ki, ky)* and @ := (z1, z5)", and (64) we get for the first sum

S <9 T —n *n%/(40) 4 40 —5/4 nz/zz T —K*n?/6 0 —5/4) 4 w
L= 5 o 5 ° 2k2 C )

k=—n/2
k0

and further by (60) and (61)

<20 (et o)
) 7>

where C' := (14 2e¢7* 4 | /T). The second sum splits as

Sy <4 Z Z i) + 4 D D> emumE)l.
]{21 n/2+1 kz TL/2+1 klz—n/Q kzzn/Q‘l‘l

Estimating the right—hand side by (64), (62) and (63) we arrive at
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where

A d) = L e Y8
2/ )
In summary we obtain
V6
Kerlle < C]max e+ O, 6_5/4,
1K x|l 1 f} e
where
Cy = max{4Cv/m,4(A(n,0) + C)/(Vn)}
Cy = max{8C/(mn),8(A(n,d) + C)/(m)}.
The assertion follows with C' < 2.7 and A(n,d) < 0.4, |

The first summand in (59) decreases with increasing 1. The second sum-

mand is negligible for larger 8, e.g. we have that v/§ e /4 < 2.7 x 10~° for
0 > 60,
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Parameter Computational Time Error
) n N tetow - E
1 32 | 25000 | 7.384e+01 | 1.340e-01 | 3.659e-05
1 32 | 50000 | 2.965e+02 | 2.700e-01 | 3.808e-05
1 32 | 100000 | 1.187e+03 | 5.400e-01 | 3.647e-05

100 | 64 | 25000 | 7.392e+01 | 1.560e-01 | 3.354e-07
100 | 64 | 50000 | 2.968e+02 | 2.960e-01 | 3.407e-07
100 | 64 | 100000 | 1.189e+03 | 5.780e-01 | 3.525e-07

10000 | 512 | 25000 | 1.238e+02 | 7.372e+00 | 3.538e-07
10000 | 512 | 50000 | 4.977e+02 | 7.584e+00 | 3.384e-07
10000 | 512 | 100000 || 1.983e+03 | 8.242e+00 | 3.523e-07

Comparison of the computational time and of the approximation error with-
out boundary regularization for IC(z) = e9I?#lz and m = 4.




Poisson solvers on nonequispaced grids
(G. Poplau, 95, 03): W3 (T*) periodic Sobolev space of order s € R

1/2
1S lls2 == (Z (1+ [|27K]5)" \Ck(f)!2>

keZ3
Problem: find u € W;(7?) which satisfies the differential equation
—Au = f in QCR’
u =g on 0

i.e. find u, of |
u(v) = Z G (1 + ||27k]|5) " e 27k

kel3,

(Index-set I, == {k = (k1,..., k)" € Z*: =5 < k; < 5;5=1,...

2
such that




matrix vector notation
AWy = f,,,

A = (e%ikvj)jel}w,keli, ’ dN = (ak>kelf{,a f}w = (f(vj))jeljb

| —muz)
W = dia
g(<1+H27rkH%)8

and
AgWiuy = g};{ 3

Ag = (e_zmkwj)jd}%’kdjsv gp = (95)jer,
W = diag((1 + H27rkH§)_s)kd]3V,
AW 1 [ f
w5
solve by CG-type method

Kansa’s method




Numerical examples

simulations of the behaviour of charged particles in accelerators
0.5 1

0.9
0.8
0.7

0.6

0.5

0.4
0.3
0.2
0.1

0.5
-0.5 0 0.5
X

Potential given on the nonequidistant grid: (x, z)-plane with y = 0




FE = max ' :
=L | f(vg)]
multigrid method Fourier method
M | time in sec. ) time in sec. )

16° 0.04 3.33e-02 0.68 2.95e-01
323 0.17 8.60e-03 5.76 5.19e-02
64 1.43 1.05e-02 41.44 3.34e-02
1283 12.1 1.07e-02 217.8 4.85e-02

Approximation error and computational time




NFFT (iNFFT)
Au=f (ue)
u periodic
Fast summation, Method of fundamental solution

Au = 0
u =g (uediv)
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Content

e Fourier reconstruction algorithms for comput-
erized tomography

— Introduction (Radon transform, Fourier slice
theorem)

— Fourier reconstruction algorithms on stan-
dard grid

— Fourier reconstruction algorithms on non-
standard grid

e Applications on the sphere
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Radon transform

R:S[R* — SR x T)

o ) do _ COS
Rits)= [ siold (o= (2))

-\

S

N oA

X—ray in parallel beam tomography
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Equation of line

x cosO +ysind =7

x cosO + y sinf = ¢,

t
y __cosp
S

— X

stan ¢

2

S COS ¢

ystanp =

COS

— XIS
S

ysiny + xcosp =xl = s
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vy

a)

Parallel projections are taken by measuring a set of parallel rays for a
number of different angles (left).
A fan beam projection is collected if all rays meet in one location (right).

221



T
t, 9o o 0 o o o
) > >
X t, t
object 0
parallel
projection

sinogram

Parallel projection for a fixed 6 and the points in sinogram.
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Fourier slice theorem
Fourier transform of f € L,(R"), (n = 1,2)

Theorem:
If f € S(R?), then

flo8) = [ Bits.p)e ™ ds=RF(og) (8= (% ).
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Proof: Fourier transform of R f with respect to s
Rf(o,p) = / Rf(s, ) e *™7 ds. (65)
rotate by ¢
s| COS @ SN x
t| | —sing cosy | |y

f. is the rotated function of f with
f(xcosp + ysinp, —xsin @ + ycos p) = fi(s,1)

substituting N
Rfs0)= [ f@de= [ fls

xO=s

in (65)

Rf(o [ (s, 1) dt] —2mas 4.5

/ / —271'103 dt dS



note

‘ COS @ SN

—sin@ cosy
but this means dsdt = dx dy and we obtain
Rf / / f T y —27io (z cos p+y sin ¢) dr dy
— /f(w) 67271'103;0 dm
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VA Radon transform 0 T

e T L

Vv

N
fxy)

spatial domain Radon domain
Rf(1,9)
Y A
2D Fourier I 1D Fourier

transform / transform
S
Jiuwv)

frequency domain

\/
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Fourier reconstruction on standard grid
References: P. and G. Steidl [32, 33]

supp f CQ ={x € R’ ||z||, < 1}
reconstruct f on the grid

2 2

N N

k=
(4, k S )

R f given at the grid points

(5r ) = (1ot
Sry Pt) = TRa T

R R
t=0,....T—Lir=——,...,——1),

2 2

Shannon’s sampling theorem

RzNandTE% 227



el

standard grid in Radon domain
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o <] e, °

o o

Polar grid (left) and linogram (right) in Fourier domain
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Algorithm based on the polar grid
1. Computation of

L 2 2 —2mirm/ (&
f(; 0,) ~ R 2 Rf(?“ﬁ, ©1)e zairm/ ()
R~y R~
- Y q¢—0,..., T~
(m A ) 3 A ) 07 ) 1)

by T univariate FFT’s of length £ (2 > 1).
2. Computation of f(z;, yx) ~

=]

717
2771 jmcoscpt—i—km&ngot)/(%\[) k= _E —N—l
Z: (j, k = S )

by bivariate NFFT, where

230



First step A A
h(s) == Rf(s,o1); h(o) = Rf(o, )

by Poisson’s summation formula

£ 1
2 7 R 2 22 : R —2rire /(&
o =%

_R R]

is a good approximation of (o) for o € | T
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Second step

flx,y) =

00
/ U ’U 271'1 ua:—i—vy dUd'U —
00

0'

O'/ cos o sin 90) 27io (x cos p+ysin ¢) ngdO'

—T

!
/
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R | T | N |timeins
FB 180 | 600 | 180 | 20.2
NFFTL 180 | 600 | 180 | 2.08
NFFT/NFFT? | 180 | 600 | 180 3.5
NFFT2D 180 | 600 | 180 9.1
FB 362 | 900 | 362 | 127.81
NFFTL 362 | 900 | 362 | 8.44
NFFT/NFFT! | 362|900 | 362 | 10.59
NFFT2D 362 | 900 | 362 | 31.3

Computation time of the filtered back projection and of different Fourier
algorithms
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Numerical examples

1
0
08
07
L s
o5
04
03
02
01
o

Shepp-Logan phantom reconstruction with FB (20 sec.)

FFT reconstruction (2 sec.) NFFT reconstruction (3 sec.)
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Fourier reconstruction on nonstandard grid
References: P. and G. Steidl [34]

sample Rf on a grid
G={Ak:kecZ’} CRxT

dualgrid G .= {Ak : kcZ’} CR X Z

A a1 a
A = ) e 22 (ag1, as € Z)
91 A22

A — 1 ( 92 —Q )
. det(A) —27Ta12 27TCL11
filtered back projection algorithm — Kruse (1989)
algebraic reconstruction algorithms — Klaverkamp (1991)
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Theorem: (Natterer [26])
felCrQ),Rf e S(RxT)
Forv € (0,1) and b > 1 define the set K by
K ={(0,k) eRXZ:|o| <b,
k| < 2m max{‘a’ (= —1) b}}

Let A be given so that the sets
K+ Ak (keZ?

are mutually disjoint. If Rf(A k) = 0 for all k € Z*, then we have for
b> B(v) > 1that

8
RS lz@nry < CW) e fllzye) + —eo(f, ).

Here C'(v) and A(v) are positive constants and

)= [ 17©)de

€|>b
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Standard grid with generating matrix

1 A
AZ(%Q) A=<?£%)(T>%m

T
Y 'z

N RE R

ik

Dual standard grid with four sets K + Ak (left) and standard grid (right),
where T' = 2% (v =~ (.95).

v
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Interlaced grid with generating matrix

IR b 0
A::<6%’>,A=<_T2T> (T > 2br),

T
Kl @

el

VYI 5h o 1 N

Dual interlaced grid with five sets K + Ak (left) and interlaced grid (right),

where T = 27” (1w < v; v~ 0.95).
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Fort=-T,...,T — 1, we set

[
O = Qg = ?(]a + k)

. T T
k=0,....,.a—1, j=—,...,— =1
a a

0, = (cosp;,sin ;)"
(kc), + na M M
n = :——7...,__1
R M e 0 .~ U

(k). nonnegative residue of £ modulo a
Rf of f given at the grid points (s,.x, ©;x)
Aim: reconstruct f with on the grid

() (-5

i.e. we are interested in details of size

ZIN
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First step
1

Ff(o,¢) = f(06) = [ Rif(s,)e" ds

using Rf(s.x, ©;x), the trapezoidal rule and for oversampling factor v € N,

4
~ (T —2mi(ke)gm a \ —2minm,/ ( M2
g <_7S0j,k> = ¢k /(VM)M Z Rf (snk: i) e /(%)
Y M
we have for
M M M
m=u—7+v u € Z,v € ——7,...,—7—1
a 2a 2a
that

~ m —2mi(kc)u/a A %
9 (—,%,k) = ¢ 2mikaaviag <_790j7k)
Y 8

Second step as before
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™

(f * W) () = /ba/f(JH) e*™7% dp do

—T

where R
Wi(€) = 1oy (l€]) (€ € R?).
b o I
(£ @) = [of 3 glosp) e do
0 t=-—T
outer integral with b := 4 to
Ny
(i) T = = . (m
(f*Wgy) TjsYk) = —= Vg (—,sot)
'}/T m=0 t=-T ,}/
w  e2mmf(})/(F)

where

m otherwise
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Theorem: Let f € C°(€2) and let Rf € S(R x T') be sampled with respect
to the grid generated by the matrix

a 1
A::<J‘O4 %) (a, M, T €N; a,M, T >0)

T

If M,T" € N satisfy one of the following conditions

2ab
) <M< -2

a_
2ab
) R - < M <aband T > m(2ab— M); (a 2 4),
a/_

iii) ab< M <2abandT > 7M; (a > 2),
M > 2aband T > 27h; (a > 1),

and T > M (a—1); (a > 3),

v

N—

then
If * Wy, — (f = Wp)" HL )y < mabeo(f,b) +

C|l fllziey aVb (1 — 7)1 e~ =)
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where C' denotes a positive constant and

( ZM(a—1) incasei),

— %(Qab — M) in case ii),
=M In case iii),

=20 in case iv).
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Content

e Applications on the sphere

— Scattered data approximation on the sphere
— Fourier algorithms on the sphere

— Fast summation algorithms on the sphere
— Spherical Filter and Wavelet Decomposition

e Applications
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The map:
standard latitude/longitude mapping from

M;(8, @) = (cos(¢) cos(8), sin(¢) cos(d), sin(f))*

inverse mapping of M;

) (arccos ( il 2) ,arcsin(z3))t  forazy >0,

1—x3

M (x) =

(— arccos < L 2) ,arcsin(z3))" for xo < 0

1—x3
similar mapping based upon east pole and west pole
My(0, @) := (— cos(¢) cos(d), sin(8), sin(¢) cos(#))"

inverse mapping

arccos
Mz (w (\ /1—x3

— arcco ) ,arcsin(xq))t for zs < 0

> arcsin(zy))t  forazs >0,
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The map and blend approximation:

blend of two bivariate polynomials p and ¢

N-1N-1

_ Z Zﬁke_i(kl¢+2 k20)

k1=0 k2=0

and
N—-1N-1

Z Z Goe™t (k1642 ka0)

=0 ko=
defined over a planar domain

F(x) = Wi(@)p(Mi(z)) + Wa(z)g(Ma(x))
with
Wix)+Wyx)=1 (xe€S)

(x €8)
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Theorem: (P, 01 [31])
Let the weight functions given as

W(0,6)T = W(H) =4 &= ~5<0<3,
(6,9) (0) { 0 8iir

Wh(9, 6) = Wi(M(6, 6)) — Wi

)
W (0) + W (arcsin(sin(¢) cos(f)) ’

. W (arcsin(sin(¢) cos(d))

W1(0, ¢) == Wa(Ms(0, ¢)) = W (6) + W (arcsin(sin(¢) cos(0))

then for [ € {1, 2}
i) W, are nonnegative functions,
ii) W1(97 ¢) + W2(‘97 ¢) =1,
i) W3(0, @) are 27 periodic with respect to ¢,
iv) lim Wl(H ¢) = hm anl(ﬁ »)=0 (ne€Ny),

——m/2+ d en
lim W (6, ¢): hm W2(9 o) =1,

0——m/2+ —7/2—

lim I%@¢%:hm—iWM&@:O (n €N).

T m
0——7/2+ de 0—m/2— do/
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discrete Problem:
minimize the discrete least—squares error

> 1f = Waly) p(My(;) — Waz;)q(Ms(;))|?

jely
rewrite
WAy + WAl — Fillo
W =diag(Wi(x;))jcn,, Wy :=diag(Ws(x;));cr,
Ay = (o) (65,0,)" == Mif@;) (1=1,2

apply the CGNR method to the equation

)
JEIL kel

A2
WA, WA, [%’év ] _

dy
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Numerical Example

00000

00000

00000

earth (65536 points) Spock (9508 points)
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Fourier algorithms on the Sphere Kunis, P. [21]; Keiner,
P. [20]

Y (0,¢) = P"(cos())em

— )\ n
Pl = (o) (=2 oRia)

Problem: fast computation of

k

FO.0) = 33 vy (6,0)

k=0 n=—k

at arbitrary nodes (6, ¢q) € S (d=0,...,D — 1)
discrete spherical Fourier transform (FFT on the Sphere, FSFT)

(9d17¢d2> = (%_Ta;;b_ﬂl) dl :Oa"'aDl _ 17 d27"'7D2_1

Driscoll, Healy (94) [8]; P., Steidl, Tasche (98) [37]; Mohlenkamp (99) [25]; 22
Suda, Takami (01) [43]; Rokhlin, Tygert[41]



direct computation (M = v/D)
M M
ha (cosf) = > ap Py (cost) f(0,0)= > hy(cosf)e™
n=—M

k=|n|
1. arbitrary knots 2. arbitrary grids 3. equispaced grids
(f (04, ¢a)) (f (05, ¢1)) (f (§ %))

O (D?) O (D*?) O (Dlog” D)
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Problem: NFFT on the sphere (NFSFT)

|dea:
F0,6) = 3 > oYy (6.9
k=0 n=—
- Y Yane
n=—M+1 k=|n|
= f.(6,9) +sin(0) £, (6, ¢)
with

M-1 M-1

fo0.0)= > > ayy(6,0)

n=—M+1 k=|n|
n even

M—

fo(0,¢

" sin () -

e

Z ;Y (0, 9)
k=|n|
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M-1
=) a'P" (cos (0)) € Iys

apply the Discrete Polynomial Transform (P., Steidl, Tasche 1998 [36])

M-
~T

E a Ty (cos (

k=0
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Algorithm (NFFT on the sphere, NFSFT)

1. From

FO.0) = 33 avpe

k=0 n=—k

compute with the Discrete Polynomial Transform

F0.0) - X X dqenew

=—M+1 k=—M+1
2. Compute with the bivariate NFFT
f(04, ¢a) (d=0,...,D—1).

arithmetic operations

O (M2 log® M + (aM)?log M + m2D) — O (M?log> M + D)
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How to obtain the fast adjoint NFSFT algorithm?
(Keiner, P., 08)

M-1

CLZ = Z wjf(ejagbj)y;ﬁ_n(ejvgbj) (k =0} .. 7Nan — _ka 0'C 7k)

J=0

Y = (Y, " (0, ¢j>)j;(k,n)

fast NFSFT algorithm 7 —7  fast adjoint NFSF algorithm

\ T

factorization of Y % factorisation of Y
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Accuracy of the NFSFT

-9
10 1079
10710 ] 10-10H
Esx Ey
1071 1 10-11F
10712 : : : : 10712 : : : :
200 400 600 800 0 200 400 600 800 1000
M M

The error EOO for the GauB3-Legendre (left) and the Clenshaw-Curtis quadra-
ture (right) as a function of the bandwidth V.
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Performance of the NFSFT

10t} o
yeg

102 L

100 L

10! 102 10°
M
The time ¢ in seconds for NDSFT transforms using the direct NDSFT al-
gorithm (dashed), and the NFSFT algorithm (solid) as a function of the
bandwidth N for M = N? nodes.
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Numerical example:

Computational time for various bandwidth M = 50, . .

0
T T T K

. ~O~ approx. @
10 | [ % direkt *

time (sec.)

10" F

10 b

I I I I I I I I I
50 100 150 200 250 300 350 400 450 500
M

number of points D = M?, o =2, m =4

., 500
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¥
Gravitation field 1996 (EGM96) @ I

spherical harmonics, M=360.

p— |

—al
|
EGM96 sector
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DPT (discrete polynomial transform)

DPT(N +1,M +1) : R¥! — R+

N
djzzzakpk‘(cy> (]:O,,M)
k=0

e Applications:

— numerical solution of differential- and integral equations
— polynomial wavelets

— Fourier transforms on S
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e Fast polynomial transform for P, = T},

To(x) =1, Ti(z) =

T.(x) = 22T, 1(x) — T, 2(x) (n=2,3,...).

N
P (C?f) = Zak Tk<C§V)
k=0
N
km
= Z ap cos(—)
k=0 N
Chebyshev nodes
&Y = cosZo (j=0,...,N)
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e Let P €11, (n € N) be given w.r.t. the basis of Chebyshev polynomials,

i.e. ;
P = Zak Tk 2
k=0

e Further, let ) € I1,, (m € N) be a fixed polynomial with known values
Q(c3,)forj =0,..., M —1,where M = 2° (s € N) with M/2 <m+n <
M is chosen.

e Then compute b, in

n—+m

R:=PQ =) bT;
k=0

by the following procedure:
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Fast polynomial multiplication

Input: M =2° (s € N)with M/2 <m+n < M,
Q) ER(j=0,...,M — 1) with @ € II,,
a ER (k=0,...,n).

1. Compute
(P(C2g+1))g -0 = C (akﬁ%l
by fast DCT-III (M) of (az), ' witha, :=0 (k=n+1,..., M —1).
2. Evaluate the M products
R(Cgﬁl) = P(ng‘\{ﬂ) Q(ng\{ﬂ) (J=0,...,M—1).
3. Compute

_ 2 =~ = _
(bk)%:o = MD CM(R(Cgﬁl))Mol

by fast DCT-II (M) o ( (e300 -
Output: b, (k=0,...,m+n).
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e three—term recurrence relation

P(x) =0, PFyz) =1,

Pc+1 (aj> — (Oéc—HZU + ﬁc—kl) Pc(x) T ’YC+1PC_1(33)
(c=0,1,...)

e generalization

P..(x) = P,(x,c) P.(x)
+ Yer1 Pooa(z,c+1)P.4(2)

e associated polynomials of P, (x)

P (z,c) =0, Pyz,c):=1,
P.(x,¢) = (apiet + Bpye) Poi(z, c
+ 7n+cpn—2(x; C) ( =1,2,.. )
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e Fast DPT

N
P = Zak Pk c HN
k=0
with a; € R given.

e Idea: basis exchange

N
P=> aT,
k=0

e Compute @, (k=0,...,N)in O(N(log N)?) flops.
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1. step:

with

a(z) = a; (k=0,...,N—3),

aﬁlz(m) = an-—2 + YN-10N,
ag\(;)_l(l') = an_1 + 5N_1CLN + ay_1ay Tl(l')

268



2. step:

N/4—1
P = Z (ayy Pus + agc)ﬂ Pys1)
k=0
with
0
afjﬂ) L a’é(lk) )
T 0
ag‘ﬂ)ﬂ az(lk)ﬂ
az(x(/)g)Jrz
+ Uy(-,4k+1) . ,
a0
4k+3
and
U, (z,¢) = Yer1Po1(@, ¢+ 1) Y1 Polz,c+ 1)
n x)C - Pn(x,C) PyH-l(CC,C)
Note

afl?, CLz(L}g)+1 e Il (]f — 0,...,N/4— 1)
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Numerical Example
e ultraspherical polynomials P} (A > —1/2) given by:

P (z) =0, PB(z) =1,

2 A—1
PXa) = 20F A7 oy (o
n
n -+ 2\ — 2
_ P
n n—Q(x)

e Compute for a; € [—0.5,0.5]

N
dj:ZakP,j(ch) (7=0,...,N)
k=0
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Numerical Example

N | X | t(CA) |t(FPT) | £&(FPT)
128 [0.5]| 0.05 | 0.04 |3.59F — 14
256 0.5 0.21 0.07 |4.35F — 12
512 [0.5| 0.82 | 0.19 |4.93F — 12
1024 |0.5| 3.27 | 0.39 |5.78F — 11
2048 0.5| 13.70 | 0.85 |2.09E£ — 10
4096 |0.5| 55.41 | 192 | 1.04F — 09
8192 10.5|220.05| 4.26 |5.04F — 08
4096 |2.5| 55.43 | 1.91 | 1.72FE — 09
4096 | 4.0 5542 | 1.91 |6.41FE — 10
4096 | 5.0 | 55.42 | 1.92 | 3.35F — 10




Fast summation algorithms on the sphere

Problem: fast computation of

f(&a,) : Zadl (s, " May) (dy=1,...,Dy)

1

knots &,,,m,, € S*, K spherical radial basis functions

f=Ka«
IC special kernels, e.qg.
Gauss Kernel: K(t) = K(o,t) = e—20(t=1)

1 1 —h?
Abel-Poisson Kernel: K(t) = K(h,t) = In (L 12 — 2rt)oP2
T — 4T

Applications: geophysics, tomography, crystallography
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known methods for
products of vectors with specially structured dense matrices

f=Ka«

panel clustering, fast multipole method
W. Freeden, O. Glockner, M. Schreiner; Spherical panel clustering,
J. Geodesy 72, (1998).

Fourier method

approximate /C

K(¢) = i bi Py.(t) by Ku(t) == i b P ()

choose M such that

k=M+1
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approximate f by fy, at D, different knots £ = &, € S

f(f) = Z Oédllc(f . ndl) ; f]\[(g) = Z adllcj\f(g : ndl)

di=1

M

fu€y,) = Z o7 Z biPi(&a, - Ma,) (dy =0, ...
k=0

di=1
D, M k
= Sj o, Sj by Sj Yi'(€.,)Y(n,,)
di=1 k=0 n——Fk
Mk D,
= Z Z b, <Z g, Yy ("7d1)> Y;fn(gdg)
k=0 n=—k  \di=1 ’
R NFSFT |
NFSFT

Complexity: O(M?log” M + Dy + D)

273



Fast summation scheme

error estimate

If = fulle < Nl (K = Kar) (- m)l.
2k +1
< el 3 —— K" (k)]
k>M
where ,
K"(k)=2r | K(z)P;(z)dx
—il
typically
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Fast summation scheme, examples

1. Gauss kernel, 0 € R,

has symbol K/ (k) = &£ [, @ VP (z) dz = 20 2e 2 ni,1 (20)

and yields 1
I = full, _ V7O (=10
lefly, = T(M+3)
2. Abel-Poisson kernel, h € (0, 1),
1 —
Qn ()

AT (14 B2 — 2h2)"
has symbol Q) (k) = h* and yields

\v<mm<hmle+aF 2
laf, ~ 4= l—h (1-h)")
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Fast spherical Gauss transform
L = M = 1000 pseudo random nodes and coefficients, o = 5

5 10 15 20 25 30
M

NDSFT (solid), NFSFT, m = 3 (dash-dot),
NFSFT, m = 6 (dashed), Error estimate (dotted)
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Computation time

L = D | direct alg. | w/pre-comp. | FS, NFSFT | error E
261 0.00001s| 0.00008s 0.62s|7.7-1071
2810.00025 s 0.0014 s 0.62s|4.1-10 %

240 0.04 s 0.021s 0.65s|3.6-10 14
212 6.4s 0.35s 0.72s(1.3-10 %
214 1.6min *5.6 s 1.0s|55-1071
216 | 27 6min *1.5min 2.3s(2.9-1071
218 7.2h *23.3min 75s|1.9-1071
P *4.8d *6.4h 28 s —
221 *19.74d *1.0d 55s —

* = estimated
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Spherical Filter and Wavelet Decomposition @ |

Jakob-Chien and Alpert 97 [18], N. Yarvin and V. Rokhlin 98 [45]

N-1 k
fN(ea Qb) - Z a/Z YZL(@, Qb) (UJZ = C)
k=0 n=—k
N/2—1 &k
fup®:0)= D D ax ¥{'(6,9)
k=0 n=-k
N-1 k
gnp(0,¢) = Z Z ay Y,'(0, 0)
k=N/2n=—k

Problem:
given fx(0,, ) (s=0,....,N—=1,t=0,...,N —1)
with 6, := arccos(z,) (x, — Gauss Legendre nodes), ¢, == &
compute fy/2(0s, ;) and g2 (0s, ©;)
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|dea: e compute a; by quadrature rules
e apply Christoffel-Darboux formula

Compute sums of the form

f(,:i Ui (6=0,...,N—1)

k=0 Tk~ Lo

by a fast summation algorithm with the kernel 1/x.

30

20

10

0,

-1 -0.5 0 0.5 1
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n n 1 T
ak:<f7}/k> — %/0

@

F(0,¢) P"(cosf)e ™ sind de d6

O\[\D
3

=

-1

' Z e Sf 57¢t S) ( 87¢t,5>

s=0 t

|
o

S N k
Y0,0) =" > v,

k=0 n=—k
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Theorem (Christoffel-Darboux formula):
The sum

Sy, y) : ZP"

possesses the closed form

oy (PR(2) PR _y (v)— PRy () PR (1)) .
S(x,y) = { o=y e 7y

ay (Py'(2)Py_y(2) = Pyli(2) Py(z)) itz =y,
where the «; are the constants from the three-term recurrence
ePy = o P + o By

with
o ( (k—n)(k+n) )2
P2k - 1)(2k 4+ 1)

for k > n and «} := 0 otherwise.

(66)
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Proof:
We first examine the case where = # y. Applying the three-term recur-
rence to equation (66) yields

N-1
rS(z,y) = (Pl (m) + O‘Z+1P£+1(33)) P (y)
k=n
and
N-1
yS(x,y) = > Pi(x) (apPiy(y) + oy P () -
k=n

Taking the difference of these two equations yields
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@,

(x—y)S(z,y) = S P;Z? (@) PHy) + o B (o) B (y)
. arPr(z) P (y) — akﬂm )P (y)
= S PR (z)Pry) — o PR () Pl (y)
+ S o PR > "(y) — %P"( )P ()
= 55 ar P (2)Pr(y) — o Pi(x) PRy (y)
+ Shns1 OLPR(z >P£_1< ) — o P (2) PR (y)

nnl

o' P (z)P(y) —oz“P”(X>P§_1<yz

=0 because P" 0 for k<n

+aiy Pr(z) Py (y) — oy Py (2) PR (y)
= oy (Py(z)Py_y(y) — Py 4 (2)Py(y)) -

Dividing by x — y yields the proposition.
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@,

We now turn to the case x = y. Using I’'Hdpital’s rule, we obtain

oy (Py(z)Py 4 (y) — Py (2) Py (y))

lim S(z,y) = lim

y—x y—x T —y
R (PP — Py (@) PY ()
y—T —1

= oy (Py(z)Py'(z) — Py(z)Pyly (). u
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NFFT

0 t=0

n| s=

@

—Nk

n




Lemma:(Bohme, P., 02 [4]) @ I

If the NFFT summation algorithm is used with
Legendre nodes z;, (k= 1,..., N, with N an integer multiple of 4),
if M = Nandy, =z, (k=1,...,N) and the parameters a and n satisfy

<

9

Sl

SEES

then the number of near-field evaluations required in the algorithm is not
greater than

2N + 1) 1 . 4N +2
al2N + 1) (7 i ) ~ O(aNlogN).

n ﬂ+27r 3T
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1le01 F I T T T T T T

le-01 |
le-02 |

1e-03 |

error

le-04 |
1e-05 |

1e-06 |

1e-07 |

1e-08 L l l l l l l l

a=p

Predicted maximum error (dashed) and actual maximum error (solid) for
the NFFT summation algorithm (N=1024).
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0.01 | =
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Execution times of the exact algorithm (plus signs) and the approximate
algorithm (crosses). The dashed lines show time complexities of O(N?)
and O(N?); they intercept the plots at N = 128.
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Wavelet Decomposition on the Sphere @ .

B 1 if (96[0771-/2]
ftest<97¢) T {(1 + 3 cos2 Q)*l/Z if 0¢ (7-‘-/277-‘-]

N=1024,a=p=10,m =7

x107 x107

14 14
1 12 LR I 12
™,
05 10 05 \ 10
X \
0 \ ‘ i ° b 8
05 S 6 05 ' ! 6
/
-1 4 -1 ‘ 4
05 2 05 2
0 05 0 05
== 0 o 0
05 N s 0



Nobelpreise flr bildgebende Verfahren

W. C. Rontgen G.H. Hounsfield

Physik A.M.Cormack
Nobelpreis 1901 Medizin Nobelpreis 1979

P. C Lauterbur P. Mansfleld
Medizin Nobelpreis 2003



Wilhelm Conrad Rontgen (1845-1923) war der erste Nobelpreistrager fur
Physik.

Hand, aufgenommen von Prof. Rontgen am 23. Januar 1896
Historisches Rontgengerat
Rontgenbild eines Oberkorpers

Rontgendiagnostik: Die unterschiedlich dichten Gewebe des menschlichen
(oder tierischen) Korpers absorbieren die Rontgenstrahlen unterschiedlich
stark, so dass man eine Abbildung des Korperinneren erreicht.

weitere Anwendungen: Materialprifung, Qualitatssicherung, Archaologie,
Rontgen-Strukturanalyse



Computertomographie

e Die Computertomographie basiert auf einem mathematischen Verfahren,
das 1917 von dem Mathematiker Johann Radon entwickelt wurde.

e Die Radon—Transformation ermoglicht die zerstorungsfreie raumliche
Aufnahme eines Objektes mit seinen gesamten Innenstrukturen.

e Nach Vorarbeiten des Physikers Allan M. Cormack in den 1960er Jahren
realisierte der Elektrotechniker Godfrey Hounsfield mehrere Prototypen.
Die erste CT-Aufnahme wurde 1971 an einem Menschen vorgenom-
men. Beide erhielten fur ihre Arbeiten 1979 gemeinsam den Nobel-
preis in Medizin.



MefBanordnung eines einfachen Translations-Rotations-Scanners

__._————____‘:_——"
W —

e

 — g

Kollimator

MeB-
elektronik

Camnuter



ldee der CT

P min




Parallel-Projektionen (links), Facherstrahl-Projektionen (rechts).



Radon-Transformation
R:S[R?* — SR x T)




Fourier-Projektionssatz

Fourier—Transformation von f € Ly(R"), (n = 1,2)

/f —27T:c£ dw

Satz:
Falls f € S(R?), dann

f00) = [ Rits. 0 ds = Rf(or0) (8= (% )).

R



Qualitat der ersten CT-Aufnahmen, 1974




Numerische Beispiele
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Shepp-Logan Phantom Rekonstruktion mit FB (20 Sek.)

FFT-Rekonstruktion (2 Sek.) NFFT-Rekonstruktion (3 Sek.)
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Magnetresonanztomographie

e Die physikalische Grundlage der Magnetresonanztomographie (MRT)
bildet die Kernspinresonanz. Hier nutzt man die Tatsache, dass Pro-
tonen einen Eigendrehimpuls (Spin) besitzen und Atomkerne dadurch
ein magnetisches Moment erhalten.

e Ein Atomkern kann als ein magnetischer Kreisel angesehen werden.
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Magnetresonanztomographie, Modell

s(t)= [ m(r)e*rdr
R2
N1No—1
S, ~ §/@ = Z mpeik*”'p
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l c lx
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