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Abstract. In this paper, we construct an interpolatory wavelet basis
on the unit sphere S C R?. Using spherical coordinates, we apply the
tensor product of interpolatory trigonometric and algebraic polynomial
wavelets. The described decomposition and reconstruction algorithms
work in the frequency domain.

§0. Introduction

The wavelet theory is closely related to shift—invariant subspaces of
LQ(IRd). Therefore, wavelets are naturally adapted to problems on the
whole space R Very often, one has to deal with functions defined on
a bounded domain such that the construction of wavelets on a domain
is desirable. This problem is solved for the torus T := IR/27Z [5], and
for compact intervals [1, 4]. In the sequel, we will apply 27— periodic
trigonometric polynomial wavelets [6] and algebraic polynomial wavelets
on I :=[—1,1] [3, 9] in order to construct interpolatory wavelets on the
unit sphere S C IR®*. Other approachs to wavelets on the sphere can be
found in [2, 7].

Using modified spherical coordinates = := (z1,22) € H := T x I,
we can identify the sphere S with H by the mapping x : H — S with
(21,22,23) = x(x) € S,

) . ) . T2
21 = COS X1 COS 7, 29 1= SIN IT{ COS 7, Z3 1= sSIn ——,

2

where T x {£1} corresponds to the north/south pole of S. Let F: § — R
be given and let f := Fox : H — R be its coordinate representation.
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Then F € C'(S) if and only if f € C'(H) fulfils the following conditions
(see [5])

f(xlvj:l) = C+, (01)
(O, f)(21,+1) = ag cosxy + by sinzy, (0.2)
(Opy Opy f)(x1,+1) = —ag sinzy + by cos xq, (0.3)

where the mixed derivative exists for all ©; € T. Here a4, by, c4+ denote
some constants. Note that (0.1) corresponds to the continuity of F' at both
poles of S. The conditions (0.2) — (0.3) assure that the tangent plane of F'
varies continuously at the poles of S.

The aim of this paper is to construct an almost smooth wavelet de-
composition of functions defined on the unit sphere S. Roughly spoken,
a function F is almost smooth on S, if f := Foy € C'(H) with (0.1)
satisfies the conditions (0.2) — (0.3) approximately.

This paper is organized as follows. In Sections 1 and 2, we briefly recall
the construction of trigonometric polynomial wavelets on T and of algebraic
polynomial wavelets on I. Using tensor product approach, we introduce a
multiresolution of the weighted Hilbert space L% (H) in Section 3. Finally,
we describe decomposition and reconstruction algorithms.

§1. Trigonometric polynomial wavelets on T

In the following, we sketch the construction of interpolatory trigono-
metric polynomial wavelets on T. For f € L*(T), let

cl(f) = %/0 f(tye At (u € Z).

With the Dirichlet kernel

and M, := 2/%3 (j € INy), we consider the de la Vallée Poussin kernel as
scaling function of level j

1 5.29 —1
1. 2: 1

1=3.2J

Hence we have ¢, (¢}) = L, (¢}) (v € Z) and for u € INg

- u=0,...,3-2/, ‘
15 -27u) wu=3-241,...,5-2 -1,
u="5-2/5-21+1,....

Mjcy(p3) =

SN =
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Note that the transformed two—scale relation of go} reads as follows

Ci(@}) = A}—I—l,u Ci(@}—i—l) (veZ) (1.1)

with Al itla = A}_H’_u = Ajr1ut M4, (v €Z) and

2 u=0,...,3-27,
Al =9 5-27u u=3-2+1,...5-2/ —1,
0 u=5-21 ... M.

With h} := 27 /M; we consider the shift operators O' * : L*(T) — L*(T)
defined by O'ka = f(- — kh}) (k € Ijl), where 1]1 denotes the index set
{0,...,M; — 1}. Introduce the shifted scaling functions @},k = (7]147,C @5
Then ‘P},k are Lagrange fundamental functions with respect to the equidis-

tant grid G} := h} I}, since we have 99}7k(lh}) =01 (k1€ I}).
As sample space of level j we use le := span {W},k t k€ 1]1} Obvi-

ously, the operator L} : C(T) — le defined by

Lif = Z fkR}) @5, (f€C(T))

kel}
is the interpolation projector onto le with respect to the grid G}. Then
{V]'}32, forms a multiresolution of L*(T) (see [5, 6]).

Setting ¢]1 = (299}_1_1 —Lp})( h}_i_l) then we obtain ci(;/;]l) = cl_u(L/J]l)
(v € Z) and for u € INg

(277u —3)wly, u=3-24+1,...,5-27 — 1,

_ .9 ROYES
My eh}) = | 250 ws5 5,
(5—2]1) Wit u=3-22t1 41, 5-27F1 — 1,
0 otherwise

with w; := exp(—27i/M;). Hence the transformed two-scale relation of 77/)]1
reads as follows

Ci(l/’]) B]l+1 u u(99]+1) (u € Z) (1.2)

_ Bl — B.
with B}, , = Bl _, = Bjt1,ut+m;,, and

0 u=0,...,3-27, |
Blij, =3 Q7u—3)wly, u=3-2/+1,...,5-2/ —1,
2wy, u=>5-2,... M,.

Let T/V1 = le_H 5 V1 be the wavelet space of level j. Then we obtain that
I/V1 span{;/)]k = ( —kh}): kEI}}.
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§2. Algebraic polynomial wavelets on [

Now we briefly describe interpolatory polynomial wavelets on the in-

terval I. Let w(z) := (1 —22)~'/2 (z € (-1, 1)). For f € L(I), let

(f) =2 / w(z) f() Tu(z)dz  (n € No),

o

where T;, denotes the n-th Chebyshev polynomial. With the Chebyshev—
Dirichlet kernel

!
1
2
D; =g+ ;Tk (1 €N)

and N; := 2/%2 (j € INy), we consider the corresponding de la Vallée
Poussin mean as scaling function Lp? of level j:

15-24‘—1
2 . 2
[=3.27
Hence we have
2 n=0,...,3-27,
Njch(¢5)=45-27np n=3-2741,...,5-27 — 1,
0 n=>5-21,5-20+1,....

The transformed two—scale relation of go? reads as follows

Ci(@?) = A?—Fl,n Ci(@?ﬂ) (n € INg) (2.1)
2 n=0,...,3-27,
Al =45—-27n n=3-214+1,...,5.21 -1,
0 ’I’L:5'2],...,N]‘+1.

Setting hiv := cos 37~ (v € Z), we introduce the Chebyshev—shift operators
of vt Lo(I) = L3,(I) by ci(07,f) = 15, e (f) (f € L,(I)). Put o3, =

7,nv “n
JJZ’U go? (v € Z). Then goin € II;.5; _; fulfils the interpolation properties
S‘Q?m(h?,l) = 6;11 5,171 with €50 = 5j,Nj = 1/2, E4,1 1= 1 (l = 1,...,NJ‘ - 1).
Hence Lpin are modified Lagrange fundamental polynomials related to the

Chebyshev grid G% := {h?,k : k€ I7} with I7 :={0,..., N;}.
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As sample space of level j (j € INg) we use Vj2 := span {@?,k t k€ []2}
Obviously, the operator L? :C(I) — V]-2 defined by

L2f =Y ein f(h2) @2 (feC()

2
kEIj

is the interpolation projector onto Vj2 with respect to the grid G?. Then
{V7132, forms a Ir;ultiresojution of L2 (I) (see [3, 4, 9]).
Introducing ¢j,, € V3 by

27In —3 n=3-2+1,...,5-2/ — 1,

a2 )2 n=>5-2/,...,3.2/F"
Ny en(in) = 5—27071p n=3.20F1 41, ... 5.2t 1
0 otherwise,

then we obtain the transformed two—scale relation of ¢]2+1

0721( ]2‘+1) = B]2‘+1,n ‘3721(90?4-1) (n € No) (2.2)

: 2 _ 2 2 _ 2 2
with Biyy = By nyn;,. (W €No), Biyy n, o0 = By (1€ 17,) and

0 n=0,...,3-27,
Bl ,=427n-3 n=3-241,...,5-2/ — 1,
2 n=>5-2" ... Njt.

j
Span{¢?+1,2k+1 = 012‘+1,2k+1¢]2‘+1 : k€ K7} with K7 :={0,...,N; — 1}.

Let W]-2 = VJZ_H 5 ij be the wavelet space of level j. Then we have W? =

§3. Multiresolution of L2 (H)
Let L2 (H) be the Hilbert space of all functions f: H — R with

272 2.= w(z 2)]? dz < oo
17 = [ (o) £ o <

with D := [0,27] x I and z := (z1,22). Applying the tensor product
method, we introduce a multiresolution of L2 (H). For f € L2 (H), let

7’ cr(f) == /Dw(:vg)f(;v) e k1T T, (22)de

with k := (k1,k2) € Z x INg. As sample space of level j we use V; :=
V! @ V7. Hence we have V; = span{p;x : k € I;} with I; := I] x I?
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and @jp = 99}7]61 ® 4,9?7,62. By (1.1) and (2.1), the transformed two-scale
relation of the j-th scaling function ¢; := c,o} ® go? reads as follows

k(i) = Ajrpcr(ejrr) (k€ Z xNo) (3.1)

with Ajprk = Ajyy g, AJ4y g, Since we have €1, 05 k(hj1) = Ok, 1, Oks i,
(k,l € I;)for hj;:= (Zlh}, h?l ) the shifted scaling functions ¢; ; are mod-
ified Lagrange functions with respect to the grid G; := G} X G?. Therefore,

the operator L; := L} ® L? : C(H) — Vj given by

Lif =Y cjk flhjx)jn (f € C(H))

kel;

is the interpolation projector onto V; with respect to the grid G;. The
points of x(G;) are lying more dense at the poles of S. If f € C'(H)
with (0.1) — (0.3) is given, then L;f fulfils (0.1) exactly and (0.2) — (0.3)
approximately in the following sense that the partial derivatives in (0.2) —
(0.3) must be replaced by corresponding difference quotients on G;. From
L;f|G; = f|G; it follows that L;f is almost smooth. Then {V;}32, forms
a multiresolution of L2 (H) in the following sense:

OL1)  V;C Vi dos(UZo V) = I2(H).

(M 2) For all j € INg and for any o € R (k € I;), we have

1
1 D ek lairl? SMNGIY  ejka ik 0ikll® <Y ks logial®.

kET; kET; kel

As known, the orthogonal complement W; of V; in Vj4; is generated by
le, VjZ, T/V]-1 and W]-Q. We obtain that W; = T/V]I & T/V]H & W}H with the
wavelet spaces W]I = le ® WJZ, W]H = le ® Vj2 and W]HI = le ® WJZ.

Then we have

Wit = span{y;," k€ K}, W) =span{pj : k€ I}
with K := I} ><I" and with o5, := @] @ VT4 15 ¥y = Pk, © €5 ks
and ¢IH = ]kl @ ¢]+1 2kp41- By (1.1) = (1.2) and ( 1) = (2.2), the
transformed two—scale relations of the wavelets 1/)1 = go] @ ? T+1 ¢II =

¢1 ® go] and 1/)111 ;/)1 ® 1/)]+1 read as follows

alw; ™) = B alein) (1= (1) € Z x No) (3.2)
with BI+1I = A}“r‘Lll B]2‘+1,127 B?—H,l = B]1+1,l1 A?—I—l,l and Bﬂ” =
B! B? .

]+1 ll ]+1712
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§4. Decomposition and reconstruction algorithms

Now we derive efficient decomposition and reconstruction algorithms.
In order to decompose a given function f;11 € Vj41 of the form

f]‘_|_1 = Z 5j—|—17k2 aj—l—l,k‘ S‘oj+1,k7 (41)
kel;q
uniquely determined functions f; E V; and gI e WI I have to be
found such that f;4; = f; + g] + g T+ gHI. Assume that the coefficients
ajyi,r € R of fj41 or their transformed data
leQﬂ'
Nj+1

L

A —— § . . kq
keljta

(4.2)

are known. The wanted functions f; € V; and gI e WI I can be
uniquely represented in the form (4. 1) and

IIH IIIT 1,111 11
51, ¢J+1,k7 €hk2 Py k Vit1,k

keK; kel;

with unknown coeflicients a; x, ﬁ; M c R. Let aj, I HI € C be trans-
formed data given in the form (4. 2) or by

IIII 1,1 k ! (2k2 + 1)lam
1 —_ 4.3
=2 B T (43)
kEl; J
kol
: E Ejks Bk klll cos ZTQW (4.4)
kEK; J

Note that the discrete transforms (4.2) — (4.4) and their inverses can be
realized by the row—column method using fast Fourier transform and fast
algorithms of discrete cosine transforms.

In order to reconstruct f]_H € Vjt1 (j € INp), we have to compute
the sum fj41 = f; + g§ + g T4 gIH with given functions f; € V; and
gi_IH e wi-i I HI € R or their transformed data
are known. Then f;4; € V41 can be uniquely represented in the form
(4.1).

The decomposition and reconstruction algorithms are based on the
following connection between é&j4q1; and é&;, B;_IHI
(I1,13) € I; the two-scale symbol matrices

1
5'1 . Aj+1 I Bj+17l1
10 Al Bl ;

. Assume that a;,

Introducing for | =

J+1,M;+1, J+1,M;+1
2 2
52 . A]+1 Iy B]+1 Iy
FER A A2 _RB?
J+1,N; 411> J+1,Nj4q1—12
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and the Kronecker product Sjy1; := 5]1-_1_1711 ® 5]2‘+1,127 then we obtain by
(3.1) — (3.2) that for [ € K;

~ o
aj+17ll712 A]J

A ﬁl
Qj+1,011,Nj 4112 —q. !
& — 2j+1, 31
J+1, M+ o i
& , L ATII
J+1, M+ Njp1—1> ﬁj,l

and for [; € I}

A — M+, 21l :
Qj+1,M;+11,N; JThh /6]‘7117Nj
. 74 1 1 :
Note that Sj+1, (I € Kj) and Sj—i—l,h (lh € I]-) are regular matrices.
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