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Abstract. Consider the Vandermonde—like matrix P := (Py(cos jl))N

N //3,k=0)
where the polynomials P satisfy a three-term recurrence relation. If P are
the Chebyshev polynomials T}, then P coincides with Cy 41 := (cos %)é\szo.

This paper presents a new fast algorithm for the computation of the matrix—
vector product Pa in O(N log?N) arithmetical operations. The algorithm
divides into a fast transform which replaces Pa with Cy,ia and a subse-
quent fast cosine transform. The first and central part of the algorithm is
realized by straightforward cascade summation based on properties of asso-
ciated polynomials and by fast polynomial multiplications. Numerical tests
demonstrate that our fast polynomial transform realizes Pa with almost the
same precision as the Clenshaw algorithm, but is much faster for N > 128.
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1 Introduction

Let w be a non—negative, integrable weight function with
1
/ w(x)dz > 0
-1
and let L2[—1,1] denote the real Hilbert space with inner product
1
(h,9) = [ w@) f@)ga)de (f g L[-11)
-1

and norm || - ||. As example we consider the weight functions
w(z) = (1 - :1:2)A_1/2 (A>—=1/2; 2 € (=1, 1)). (1.1)

Let { P, }nen, be a sequence of orthogonal polynomials P, € I1,, with respect
to (-,-). Here II,, denotes the set of polynomials of degree < n. Then every
P € Il can be represented as

N
<P7Pk>
(= Py 1.2
2 o (1-2)

where (P, P;) can be computed by a convenient quadrature rule, for example

by

2N
(P, Pe) = wNP(V) P(c]V) (1.3)
7=0
with the weights
1 L(.f) 2N
wJQN — /_1 w(;u)L,(C?N)(I — c?N) dx, L(J;) = H(:E — c?N)
7=0

cﬁ-\] — cos 20 (j=0,...,N).

For w := 1, i.e. for Legendre polynomials Py, the quadrature rule (1.3)
coincides with the Clenshaw-Clurtis quadrature with positive weights

N
1 -2 )
UJJQN = W{‘:?N E E:;Vmcg (]:0,,2]\[)
=0
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Here &) = ¥ = 1 and 5;-\7 =1 =1,...,N —1). Similar, but more
complicated expressions of w?N can be given for the weight functions (1.1).
Notice that such weights can be computed via fast cosine transforms.

Let M, N € N with M > N be given powers of 2. We are interested in
an efficient solution of the following two problems:

1. Given ap € R (k =0,...,N) compute the discrete polynomial trans-
form DPT(N + 1, M + 1): RV+! — RM+! defined by

aj =Y arPu(c)) (j=0,...,M). (1.4)

k=0

The transform matrix P := (Pk(cy))%c]:\]o is called Vandermonde-like ma-
triz.

2. Given b; € R (j = 0,..., M) compute the transposed discrete polyno-
mial transform TDPT(M + 1, N + 1): RM*! — RN*! defined by

by = iw: bj Pe(c”) (k=0,....N). (1.5)

The first problem addresses the evaluation of polynomials P € Iy given
in the form (1.2) at Chebyshev nodes céw. The second problem is concerned
with the approximation of the Fourier coefficients of P € IIx by a quadrature
rule. Clearly, by (1.2) and (1.3), the problems (1.4) and (1.5) with M = 2N,
ap = ||Pe||7* (P, P;) and b; = w?NP(c?N) are “inverse” in the sense that the
corresponding transform matrices P and P” satisfy

P diag (| P )10 P diag ()2, = Toya,

7=0
P" diag (w;" )22 P diag (|| Pel|™*)ilo = Ina

with the (N + 1, N + 1)-identity matrix In41.

In general the realization of (1.4) or (1.5) requires O(N M) arithmetical oper-
ations, to much for practical purposes with large N. Hence we look for a fast
algorithm to solve our problems only with O(N log?N) + O(M log M) arith-
metical operations. A fast algorithm for (1.4) implies the factorization of the
transform matrix P into a product of sparse matrices. Consequently, once a
fast algorithm for (1.4) is known, a fast algorithm for the “transposed” prob-
lem (1.5) with the transform matrix P is also available by transposing the
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sparse matrix product. Therefore, we restrict our attention to the fast com-
putation of (1.4).

There are several papers addressing the above problems (see [7, 6,9, 11, 12,
15, 16]). If the orthogonal polynomials are the Chebyshev polynomials of first
kind

T.(z) := cos(narccosz) (x € [—1,1]),

which are orthogonal with respect to w(z) := (1 — 22)72 (z € (—1,1)),
problem (1.4) can be computed via fast cosine transforms (see [17, 18, 19, 2])
in O(M log M) arithmetical operations. Hence, a straightforward idea for the
fast solution of (1.4) with arbitrary orthogonal polynomials P, is to realize a
basis exchange from {P,}"_, to {T},}_, followed by a fast cosine transform.
In the case of Legendre polynomials P,, Alpert and Rokhlin [1] have pro-
posed an O(N log 1/¢) basis exchange algorithm based on the approximation
of the elements in the basis transform matrix. Here ¢ denotes the desired
precision.

Our direct approach computes the basis exchange with O(N log®N) arith-
metical operations by a divide—and—conquer technique combined with fast
polynomial multiplications. The algorithm can be designed for arbitrary
polynomials P, satisfying a three—term recurrence relation. It requires mul-
tiplications with precomputed values of associated polynomials of P, occupy-
ing O(N log N) elements of storage. Numerical tests for various orthogonal
polynomials, especially ultraspherical polynomials, result in small relative
errors between the “exact” solution calculated in high precision arithmetic
and the solution obtained by our algorithm in double precision arithmetic.
It is interesting that the “transposed” version of our (slightly modified) algo-
rithm for the solution of the “transposed” problem (1.5) can be considered
as a modified Driscoll-Healy algorithm [6, 7, 10] in which the original fast
Fourier transforms are replaced by fast cosine transforms. In our feeling,
the following approach to fast polynomial transforms is simpler and more
straightforward than the original Driscoll-Healy algorithm for the problem
(1.5).

This paper is organized as follows: Taking into account that our whole poly-
nomial transform algorithm is based on fast realizations of different discrete
cosine transforms, Section 2 deals with discrete cosine transforms. Section
3 describes our fast polynomial transform. A modified Driscoll-Healy algo-
rithm and the relation with our algorithm is sketched in Section 4. Numerical
results are presented in Section 5. Finally, Section 6 contains some conclud-
ing remarks.



2 Discrete cosine transforms

The heart of our fast polynomial transform consists in the fast polynomial
multiplication via fast cosine transforms. Let

N .
Cyy1 = (C%)j,k:o , Dyy1 = diag (5§V)§V:0,
éN = (Cigk-}-l))fk_:lo ) ﬁN = d1ag( )N =

Then the following transforms are referred as discrete cosine transforms

(DCT) of type 1 — 111, respectively:
DOT-T(N + 1): RN+ 5 RN+ with
a = Cy;1 Dyyia,
a:= (ap)l,, a:= (&j)éyzo € RN+ e,
N

N
E N N § N N
— E:k akcj'k — Ek aka(C]),
k=0

k=0
DCOT-IT(N): RY — R with
E) = (ENIZ)7

b= (be)}oy, b= (b)) € RV, e

N-1 N-1
E by c 2k+1 E kaJ C2k+1
=0 k=0

DCT-II(N): RV — RY with

b i &1 Dyb.

i.e.
N-1 N-1
- }: Np 2N _ Z N 2N

In the following, let N = 2! (¢ € N). There exist various fast algorithms
performing the above discrete cosine transforms with O(N log N) instead of
O(N?) arithmetical operations. For DCT-IIT and DCT-IT we prefer the fast
algorithms in [18] because of their low arithmetical complexity and since the
corresponding data permutations allow a simple, efficient implementation
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(see [13]). Fast algorithms for DCT-I based on [18] can be found in [2] (see
also [19]). Concerning the inverse DCT’s, it is easy to check (see [2]):

Lemma 2.1. [t holds that

N
Cnt1 Dny1 Cnyi Dy = > Ingq,
~ o~ o~ . o~ N
CyDyCy =Gy EL Dy = v,

Hence (Cy41Dny1)™!' = %CN+1DN+1 and (éN)_l = %é]TVf)N such that

the inverse DCT’s can be computed by the same fast cosine transforms.

Let P € 1I,, (n € N) be given with respect to the basis of Chebyshev poly-

nomials, i.e.
n

P = Zaka

k=0
with known real coefficients ai. Further, let @ € 11, (m € N) be a fixed

polynomial with known values Q(c2 +1) fory=0,...,.M — 1, where M = 2°
(s € N) with M/2 <m+n < M is chosen. Then the Chebyshev coefficients

by (k=0,...,m+n)in

n+m

Ri=PQ=> bT,

k=0

can be computed in a fast way by the following procedure:
Algorithm 2.2 (Fast polynomial multiplication)

Input: M =2° (s € N) with M/2 <m+n< M,
Q(62]+1) ER(j=0,....,M—1) with Q € 1I,,,
akER(k‘:O,...,n).

1. Compute
(PR = Chy (@)

by fast DCT-TII (M) of (az)yy' with ap =0 (k=n+1,...,M —1).
2. Evaluate the M products

R(Cgﬁl) = P(ngﬂ) Q(Cgﬁl) (J =0,....M— 1)-
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3. Compute

2

(b)yso' = MﬁM Cu (R(c3}11))!

by fast DCT-II(M) of (R(c3M,))M5"

i=0

Output: by (k=0,...,m+ n).

The fast DCT-II1(2%) computed by [18] requires 2°~! s multiplications and
2571 (3s — 2) 4+ 1 additions. Hence, Algorithm 2.2 realizes the polynomial
multiplication of P € II,, and ¢) € 1I,, with respect to the basis of Cheby-
shev polynomials in 2°(s+2) + 2 multiplications and 2°(3s — 2) 4+ 2 additions.

Remark 2.3. A similar algorithm for the fast polynomial multiplication can
be derived involving DCT-I instead of DCT-IT and DCT-III, if the values
Q(cjw) (j=0,..., M) are known (see [2]).

3 Fast polynomial transform

Let { P, }nen, be a sequence of polynomials defined by the three-term recur-
rence relation

P_i(z) = 0, PFolx):=1,
P.(z) = (onz+08,) Pioi(2) + v Po2(z) (n=1,2,...) (3.1)

with a,,8,,7. € R and o, > 0,7, # 0 (n € N). By Favard’s theorem,
{P,}2, is an orthogonal polynomial sequence with respect to some quasi-
definite moment functional (see [4], Theorem 4.4). In particular, we consider
the Chebyshev polynomials 7T, with

To(z) = 1, Ti(z):= =z,
T.(z) = 22T,_1(z) — Th—o(z) (n=2,3,...).

Shifting the index n in (3.1) by ¢ € Ny, we obtain the associated polynomials
P,(-,c) of P, defined by

P_y(z,¢) == 0, Pylz,c):=1,
P.(z,¢) = (@nte® + Brte) Poci(z,¢) + YngePoz2(z,¢) (n=1,2,...).



Now induction yields (see [3])
Lemma 3.1 For ¢, n € Ny, it holds

Paan(2) = Pulity€) Pa(e) + esr Pocs (5204 1) Py (2.
Lemma 3.1 implies

() = o () 62

L P)/c—l—lpn—l(fcyc—l'l) ’)/C+1Pn($,c—|—1)
Un(l',C) - ( Pn(l'7c) Pn+1(x’c) .

with

Let N =2"and M =2° (s,1 € N; s > 1) be given. Consider

N
P = Z ap P € Iy

k=0

with known real coefficients a;. Our concern is the fast evaluation of P(céw)
(7=0,..., M) with O(N log? N)+O(M log M) instead of O(M N) arithmeti-
cal operations. The main part of our algorithm realizes the basis exchange
from { P}, to {T:}, in Iy and produces the Chebyshev coefficients ay,
in

P =Y aT,. (3.3)

Knowing these Chebyshev coefficients ay, the values P(céw) (j=0,....,.M)
can be computed via fast DCT-1(M + 1) in O(M log M) arithmetical oper-
ations in a final step (see [19, 2])

(P(c;"))jZ0 = Car (@r)ilo, (3.4)

J

where we have to set a;:=0for k=N +4+1,..., M.
Let us turn to the basis exchange. In the initial step we use (3.1) and the
fact that Ti(z) = x to obtain

N-1 N/a-1 3
R e
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with

agco)(;z:) = a, (k=0,...,N—=3),
a0 J(z) = an—2 + Yv_ran (3.5)
a§3)_1(:c) = an-1 + Bn-1an + an_ian Ti(z).

Now we proceed by cascade summation as shown in Figure 1. By (3.2) with

n=1land c=4k+1 (k=0,...,N/4—1) it follows that

P P
(az(l(l?+27 af&)ﬁ) ( e ) = (GEI(IJC)+27 aff,?H) U (-, 4k+1)" ( " ) .

P4k+3 P4k+1
Thus
N/4-1
P= 3" (afy Pu + allyy Pus)
k=0
with

aly iy 0§

( 0 ) - ( o ) + Uy(-, 4k +1) ( (0)+ ) : (3.6)
a a a
4k+1 4k+1 4543

The degree of the polynomial products in (3.6) is at most 3 such that their
computation with respect to the Chebyshev polynomials can be realized via
Algorithm 2.2 with M = 4. Consequently, the evaluation of the Chebyshev
coeflicients of the polynomials af&c), a&)_l_l ells (k=0,...,N/4—1) in step
1 requires 11 N multiplications and 12N additions.

We continue in the obvious manner. In step 7 (1 < 7 < t) we compute by
(3.2) with n = 27 — 1 the Chebyshev coefficients of the polynomials ag:)ﬂk,
al?) € Hyrs1y (K =0,...,N/27t! — 1) defined by

27+1k41
(7) (r—1) (r-1)
Aoriry Aoriry, - a2‘r+1k+2‘r
) = ) + U2T_1('72 k—|—1) 5
e =) =)
27+1k41 27+1k41 27+1k427 41

(3.7)
where we apply Algorithm 2.2 (with M = 27*1) for the polynomial products.
Assume that the 4N values UQT_l(cngii, 27t k4+1) for k=0,...,N/27"! and
[=0,...,27"" — 1 were precomputed by Clenshaw algorithm (see [5] or [20],
pp. 165 — 172). Then step 7 requires (27 + 8 4+ 2'~7)N multiplications and
(67 4+ 5+ 2'"7)N additions and results in

N/27t1 1

P = Z (a(Q’:llkPQ"‘Hk + agil-lk_l_lPQ""'lk-}—l) .

k=0



g a1 | a2 az | a4 A | Geg G7| Aag ag| ajpQi1| A12a13| A14415| Q16

(0) (o)) (0) (0} (0) (0) (0) (0)) (0) (0)| (0) (0) (0) (0) (0) (0)

g A7 7| Qg Qg | A1gA1q | Q19Q1g| A4 i3

Ul( 71) Ul( 75) Ul( 79) Ul( 713)
| | | |
1 1 1 1 1 1 1 1
B D D ]
U3( 71) U3( 79)
| |
a(()Z) a(12) aé2) Cléz)
U7('71)
|
a(()3) a(13)
(k)i

Figure 1. Cascade summation for the computation of the basis exchange in

the case N = 16
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After the step t — 1, our cascade summation arrives at
P=al"P+d"p.

Now Fy(z) = 1, Pi(z) = anx + (1 and

1
2 To@) = Ty(e). 2To(a) = & (Tunl@) + Toa(@) (n=1,2..)
Hence, if
N-1
af'™" a0,
n=0
then
N
£ p =3,
n=0
with
(@) = (a1 Thyy + BiIvan)(al ), (3.8)
where we set a(ll:]_\,l) := 0 and where Ty is the tridiagonal (N + 1, N +1)-
matrix
0 1
/2 0 1/2
TN+1 = . (39)
/2 0 1/2
1 0

This leads to
P = a(()t_l) + a(lt)

and the final addition of the Chebyshev coefficients of aét_l) and a(lt) yields
the desired Chebyshev coefficients of P, i.e.

(@i = (a0 + (@i - (3.10)
We summarize:
Algorithm 3.2 (Fast polynomial transform)
Input: N =2/, M =2° (s, t € N; s > 1),

ar €R (k=0,...,N),
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U27—1( 9m+2 27+1k—|— 1) (7’ = 17_”71‘_ 1; k= 07.”7275_7—_1;

(SIINE

[=0,...,27+ —1).

Step 0. Compute agco)(:z:) (k=0,...,2" = 1) by (3.5).
Forr=1,...,t1—1do

Step 7. For every k =0,...,2"77"! — 1 form (3.7) by Algorithm 2.2
for the fast polynomial multiplications.

Step t. Compute @, (n =0,...,N) by (3.8) and (3.10).
Compute (3.4) by fast DCT-1(M + 1).

Output: P(céw) (j=0,...,M).

In summary, we have to store the 4N (log N — 1) precomputed elements of
the matrices U. Counting the arithmetical operations in each step, we verify
that the whole basis exchange algorithm requires N log? N +7N log N +O(N)
multiplications and 3V logzN + 2N log N + O(N) additions.

Finally, the computation of (3.4) by the fast DCT-T(M+1) takes ; M log M+
O(M) multiplications and %MlogM + O(M) additions. The whole fast
polynomial transform becomes more efficient than the Clenshaw algorithm
for N > 128.

A fast algorithm for (1.5), i.e. for the multiplication with P™, can be obtained
immediately by “reversing” Algorithm 3.2. With other words, we have sim-
ply to reverse the direction of the arrows in the flowgraph of Algorithm 3.2.
There already exists an O(N log® N) algorithm for the problem (1.4) as well
as (1.5) which was originally formulated by Driscoll and Healy [6] with re-
spect to Legendre polynomials and was generalized to arbitrary polynomials
satisfying a three-term recurrence relation in [7, 10]. The following section
briefly describes the relation between our algorithm and the Driscoll-Healy
algorithm.

4 Modified Driscoll-Healy algorithm

In the following, we modify the Driscoll-Healy algorithm by replacing the
original fast Fourier transforms by fast cosine transforms which seem to be
more natural in the context of the algorithm. As consequence the modified
algorithm is simpler, requires fewer arithmetical operations and avoids the
arithmetic with complex numbers.
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Remark 4.1 The original Driscoll-Healy algorithm uses properties of circu-
lant matrices. Our modified algorithm utilizes the fact that “circulant ma-
trices related to the DCT-1" possess similar properties (see [2]). The matrix
T 41 defined by (3.9) is called basic circulant matriz related to DCT-T(N+1)

since

N
95 C§V+1 Tnt1 C§V+1 = I'nt1
with Cly,; := Cny41 Dy41 and Ty := diag (cév)?]:o. Let Tyy10:= Ingr,

TN+171 = TN+1 and
TN+1,n =2 TN+1TN+1,n—1 - TN+1,n—2 (n =2,3,..., N) :

Then TN-}—I,N = (5j,N—k>§‘\,7k:0 and

— 3

/2 1/2
n—|1/2
TN+1,n - Tn(TN+1) - -
/2|« N —n
/2 1/2
T
N —n
forn =1,..., N — 1. The matrices diagonalizable by C}_; can be written

as
N
P=> cNa,Tny,;  (a;€R)
J=0
and form a commutative algebra P over R with respect to the ordinary matrix
operations. It holds

N
S Ol POl = P(Tva), (4.1)

13



where
N
e N_
P = g e; a; T}
=0

denotes the polynomial associated with P. Based on the fact that the Cheby-
shev knots ¢ (k= 0,...,N) are the zeros of (1 — 2?)Un_1(z), the relation
between circulant matrices related to DCT-I and polynomials is determined
by the isomorphism of the algebras

P ~ Rlz]/ ((1 — :L’Q)UN_l(l’)) )
Here Un_y is the (N — 1)~th Chebyshev polynomial of second kind.

Let the polynomials P satisfy the three-term recurrence relation (3.1). Con-

sider (1.5) with M = N = 2" (1 € N), i.e.
i N
b= eNd;P(c)) (1=0,...,N)
=0
with given d; := (¢))7'b; € R. Following the lines of [6], we define
N
2k, 1) =Y eNd; N P(Y) (K, 1=0,....N)
=0

= (2(k,0))Y_,. We are interested in the efficient computation of
z2(0,[)=0b; (I=10,...,N). By Lemma 2.1 we observe that

Zo = C§V+1(dj)§'v:07
2 = Chy ((P(e]))g 0 (di)) (4.2)
2
= Ot PUTw41) Gl 20 (4.3)

where o denotes the componentwise multiplication. Especially, we obtain

with Py(z) = a; z + (1 by (4.1) and (4.3) that

2

=y Chvyi (@1 Tnyr + BiInga) Clyg 2o

= (o1 Tny1 + G1Ing1) Zo

(compare with (3.8)). Using (4.2) and (3.2), we compute zx/, and zy/241 by

ZN/2 2 1 1 T 1 1 ZO
= ﬁ (CN—H D CN+1)UN/2—1(FN+17 1) (CN—H D CN—H)

ZN/2+1 Z
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and form the truncated vectors
2 = (b, 0)Ls (1=0,1,N/2,N/241).

This is the result of step 1 of our modified Driscoll-Healy algorithm. Com-
pare with step £ —1 of Algorithm 3.2. Note that Upy/,_1(T'n41, 1) is a block-
diagonal (2N + 2,2N + 2)-matrix.

Now we continue in a similar manner as in [6, 7] but with respect to circu-
lant matrices related to DCT-I. Take into consideration that the description
of the following steps involves some more ideas than step 1. The resulting
modified Driscoll-Healy algorithm does not agree with the “transposed” ver-
sion of Algorithm 3.2, but it can be considered as a “transposed” version of
a modified Algorithm 3.2 in which the fast polynomial multiplications are
realized by DCT-I instead of DCT-II and DCT-III as mentioned in Remark
2.3.

However, in our opinion the derivation of the (modified) Driscoll-Healy al-
gorithm is less straightforward than the development of Algorithm 3.2.

5 Numerical tests

Algorithm 3.2 was implemented in C and tested on a Sun SPARCstation 20
for various ultraspherical polynomials. The corresponding fast cosine trans-
forms were described in detail in [18, 2].

Example 5.1. We consider the ultraspherical polynomials P> (A > —1/2)
given by

P)\(z) = 0, Fi(z):=1,
2 A—1 2N =2
PMo) = 2EATD oy ) BERT ) ) =12,
n n

These polynomials are orthogonal with respect to the weight function (1.1).
For A = ”2;2, the ultraspherical polynomials are the zonal spherical polyno-
mials of S”~" with respect to SO(n)/SO(n —1). For the 2-sphere S?, i.e. for
A = 1/2, the ultraspherical polynomials are the Legendre polynomials. For
given a, € R (k=0,...,N) we compute

aj = apPMc)) (j=0,...,N) (5.1)

N
k=0

by the Clenshaw algorithm (CA) in double precision arithmetic, the Clen-
shaw algorithm realized in Maple with high precision arithmetic of 64 digits
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(CAg4) and by our fast polynomial transform (FPT) in double precision arith-
metic. Table 1 compares the results for different transform lengths N ranging
between 256 and 2048 and various parameters A. The third column of the
table contains the given coefficients aj, while the fourth and last columns
contain the relative error ¢(CA) of the Clenshaw algorithm defined by

e(CA) :=

0<j<N

max |a;(CA) —

aj(CAs)l/ max.

and the relative error of Algorithm 3.2 given by

e(FPT) :=

0<j<N

Here a;(CA), a;(CAg4) and a;(FPT) denote the corresponding results of (5.1)

max |a;(FPT) — a;(CAg4)

using CA, CAgq and FPT, respectively.

|/ max 1a;(CAe)]

‘ N ‘ A ‘ ay, e(CA) e(FPT)
256 | 0.5 | 1/(k+1)|3.88E—16 | 3.77TE — 13
512 1 0.5 | 1/(k+1) | 1.59E — 14 | 5.73E — 12
1024 | 0.5 | 1/(k+1) | 4.21E —13 | 8.98K — 12
2048 1 0.5 | 1/(k+1) | 211F —12 | 3.19F — 11
256 | 1.5 | 1/(k+1) | 1.888—13 | 8.36FK — 13
512 | 1.5 | 1/(k+1) | 6.12E —13 | 1.29F — 11
1024 | 1.5 | 1/(k+1) | 1.26E — 12 | 8.00F — 11
256 | 5 | 1/(k+1) | 1.15E—13 | 2.72E — 13
512 | 5 | 1/(k+1) | 5.15E =13 | 4.37TE — 12
1024 | 5 | 1/(k+1) | 1.04E —12 | 5.18K — 12
256 | 2 1 2.44F — 13 | 7.52F — 13
512 | 2 1 8.61FK —13 | 6.61F — 12
1024 | 2 1 1.71E — 12 | 4.82F — 12

Table 1

i(CAa)|

Note that both Clenshaw algorithm and fast polynomial transform realize
the problem (5.1) with almost the same precision, but our method is much
faster than the Clenshaw algorithm as shown in Example 5.2.

Example 5.2. As in Example 5.1 we use ultraspherical polynomials. It
is well-known that the Clenshaw algorithm requires N? multiplications and
3N? additions. The Algorithm 3.2 is significantly faster for large N > 128.
The third and fourth columns of Table 2 list the CPU-times ¢(CA) and
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t(FPT) (in seconds) for the Clenshaw algorithm and for Algorithm 3.2. The

last column contains the relative error

E(FPT) := max |a;(FPT) — aj(CA)Voglf?](\r la;(CA)|,

0<j<N

Here the original coefficients a; (k = 0,..., N) are randomly distributed in
the interval [—0.5,0.5].

| N [ X | {CA) [ (FPT)| &(FPT) |
128 [05] 0.05 [ 0.04 [3.59E—14
256 | 0.5 | 0.21 | 0.07 |4.35E—12
512 [ 05| 0.82 | 0.19 |4.93E—12
1024 | 05 | 3.27 | 039 |5.78K—11
2048 | 0.5 | 13.70 | 0.85 |2.09E—10
4096 | 0.5 | 55.41 | 1.92 | 1.04E — 09
8192 | 0.5 | 220.05 | 4.26 | 5.04E — 08
4096 [ 25| 55.43 | 1.91 |1.72E —09
4096 [ 4.0 | 5542 | 1.91 |6.41E —10
4096 | 5.0 | 55.42 | 1.92 [3.35E—10

Table 2

6 Conclusions

A motivation to consider the discrete polynomial transforms (1.4) and (1.5)
with respect to the 2N + 1 Chebyshev nodes C?N (j = 0,...,2N) arises
from the Clenshaw—Curtis quadrature which seems to be very useful for the
computation of the Fourier coefficients in (1.2) in the case of Legendre poly-
nomials P,, i.e. w = 1. However, other quadrature rules may be of interest.
So Gaussian quadrature reduces the number of required nodes in (1.3) from
2N 4+ 1 to N + 1. Hence a natural question is how to compute

ap Pe(zY) (j=0,...,M;M > N)

for arbitrary l’;w € [-1,1] and a; € R in an efficient way. The heart of our
method, the basis exchange in Algorithm 3.2 is independent of the choice
of knots :L’;M So it remains to perform the final step of our algorithm, the
computation of

Y aTu(l) (j=0,...,M), (6.1)

k=0

17



in a fast way. One possibility for realizing (6.1) in O(M log® M) arithmetical
operations based on a (heuristic) stabilization of the Borodin-Munro algo-
rithm was suggested in [14]. We prefer the application of the fast adaptive
multipole method (see [8]) which computes (6.1) in O(M log 1/¢) arithmeti-
cal operations, where ¢ denotes the desired precision. This approach seems
to be interesting in connection with fast Fourier transforms on spheres and
on distance transitive graphs, too (see [7]). The results will be presented in
a forthcoming paper.
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