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1 Introduction
Consider the system of linear equations
TNQZN :bN, (11)

where Ty € RV denotes a nonsingular Toeplitz matrix. Toeplitz systems arise in
a variety of applications in mathematics and engineering (see [10] and the references
therein). While there exist fast and stable direct Toeplitz solvers for Hermitian positive
definite Toeplitz matrices Ty, the non-Hermitian case requires additional effort (see
e.g. [22]). Iterative methods like GMRES and CG often provide a fast solution of (1.1)
if they are applied in connection with preconditioning techniques [10]. In particular,
these methods profit from the fact that the vector multiplication with the Toeplitz
matrix Ty in each iteration step can be computed with O(N log N) arithmetical ope-
rations by using the fast Fourier transform (FFT). Clearly, the multiplication with the
preconditioned matrix should have the same or smaller arithmetic complexity. Two
types of preconditioners are mainly exploited for linear Toeplitz systems, namely opti-
mal (Ceséro) circulant preconditioners My = Cn(T'n) [14] and more simple so-called
“Strang” circulant preconditioners My = Sy(T'n) [12]. One reason for the choice of

circulant preconditioners is the fact that circulant matrices can be diagonalized by the
i, N-1

Fourier matrix Fy 1= —— (e‘Qm]k/N) ., where the multiplication of a vector with F'y
VN 7,k=0

takes only O(N log N) arithmetical operations. Moreover, under certain assumptions

on the generating function of T'y (see [13], [34]), it can be proved that the singular val-

ues of My T’y are clustered at 1. For non-Hermitian Ty, this results in a superlinear

convergence of the CG-method applied to the system
(M]_VlTN)*(M]_VlTN)aZN = (M]_VlTN)*M]_Vle (12)

To our knowledge, up to now, for non-Hermitian Toeplitz systems and Toeplitz least
squares problems only circulant preconditioners were constructed. See [13, 8] for circu-
lant preconditioners with respect to some kind of normal equation (1.2), [9] for so-called
displacement preconditioners and [15]. Note that another approach to the solution of
(1.1) uses relations between Toeplitz—like matrices and Cauchy-like matrices [16, 25].
When we finished the paper, we became aware of new results of E.E. Tyrtyshnikov et
al. concerning the convergence behaviour of the preconditioned GMRES-method [35]
which avoids the transition of (1.1) to the normal equation. However, the precondition-
ers are again (improved) circulants, which were constructed with respect to T'x.

In this paper, we restrict our attention to nonsymmetric real Toeplitz matrices T'y.
Here, it seems to be natural, to replace the circulant matrices by matrices which are
diagonalizable by some real trigonometric matrices. In this way, arithmetic with com-
plex numbers can be completely avoided. Of course, the commonly used trigonometric
transforms are closely related to the Fourier transform. Indeed, for symmetric Toeplitz
matrices Ty with positive continuous 2m—periodic generating functions, trigonome-
tric preconditioning significantly accelates the convergence of the CG-method (see

3,5, 4,7, 11, 19, 24]).



In this paper, we suggest the solution of (1.1) by applying the CG-method to the pre-
conditioned normal equation

M]_VlT?VTNQZN = M]_VlT?VbN 5

where in contrast to (1.2), My = Myx(TTx) denotes the optimal preconditioner
with respect to T\ Ty. We demonstrate that the construction of such optimal precon-
ditioners can be realized with only O(N log N) arithmetical operations despite the fact
that T’y T is no longer a Toeplitz matrix. We prove that under certain assumptions
on Ty the eigenvalues of M ' T\ Ty are clustered at 1. Although our approach works
in exactly the same way for different trigonometric transforms, we prefer to investi-
gate the DCT-II preconditioner in detail and add only few facts concerning the other
trigonometric preconditioners. We hope that our notation makes the approach for other
trigonometric preconditioners immediately clear. Numerical tests were performed for
the different trigonometric preconditioners. In all examples our preconditioning was
superior over the method (1.2) with an optimal trigonometric preconditioner M n(T'n)
of TN.

This paper is organized as follows: Section 2 contains the basic matrix notation. In
Section 3, we study the relations between trigonometric transforms and Toeplitz ma-
trices. In particular, we introduce a method for the fast vector multiplication with real
nonsymmetric Toeplitz matrices based on real trigonometric transforms. In Section 4,
we introduce optimal trigonometric preconditioners. Section 5 is concerned with the
proof that the eigenvalues of the preconditioned matrix My T’y T are clustered at 1.
In Section 6, we present the fast construction of the optimal preconditioner. Finally,
Section 7 confirms the theoretical expectations by numerical tests.

2 Notation

For the sake of clarity, we collect the matrix notation in this preliminary section.

Let an := (ag,...,an—1), by := (bo,...,by—1)" and let ox be the vector consisting of
N zeros. Here A’ is the transpose of A. By Iy we denote the (N,N)-identity matrix
and by e, € RY the k-th identity vektor. To describe Toeplitz and Hankel matrices,
we use the following notation:

ao aq o. AN_9 GAN_q
by ag ... GN_3 GN_2
toeplitz(a’,b') := : : : : (with ag = by),
bN_2 bN_g e ao aq
bN_1 bN_2 e bl ago

stoeplitz a’: symmetric Toeplitz matrix with first row a’,
atoeplitz a’: antisymmetric Toeplitz matrix with first row a’, where ag = 0,



(473} aq oo AN_9 AN

ai a2 ...oan—1 by
hankel(a’,b") := : : R : (with ay—1 = bn_1),
anN-2 OaGN-1 ... by by
an—1 bn—a ... by bo

shankel a’: persymmetric Hankel matrix with first row a’,
ahankel @’: antipersymmetric Hankel matrix with first row a’, where ay_; = 0.

Further, we introduce the matrices

01 0 1 ...00
3\771 = c RN,N+1 , 3\772 — € IR,N’N+1’
00 ... 1 0 ... 10
and
01 0 0
Ry = | : oo | e mNINAL
00 ... 10

Let diag a be the diagonal matrix with diagonal @ and let §(A) := diag(azs)rg s
where ay , is the (k, k)-th entry of A. By

N-1

tr A := Z Ak

k=0

we denote the trace of A. Moreover, we need the following matriz norms:
Spectral norm:

I|A|]; := (maximum of the singular values of A)Y/2,

Frobenius norm:

N2y e
| Al[F = ( ;O%k) /7

J
1-norm:

N-1
|A][; := max{ ZO lajkl :k=0,...,N—1}.
]:

If it does not make confusion, we use the same notation for the norm of absolute
summable sequences a = {a;}trez € [y, i.e.

llally == > lax|.

keZ

3 Trigonometric transforms and Toeplitz matrices

We introduce four discrete sine transforms (DST) and four discrete cosine transforms

(DCT) as classified by Wang [36]:

2\ 1/2 gk N
) I — N_N N+1,N
DCT-1 Cny = (N) (Ej €y COS N ) € RN+LNHT



2172 52k + Dr\ V!
. 7 N NN
DCT-IT Cy = <ﬁ> (Ej cos T | ) e R,
7,k=0
peT-1 - ol = (C) e RV,
, 21/ 27 +1)(2k + Dr\ ¥
DCT-IV cy = (ﬁ) (cos (2 + ZL(N + )W)'k_ e RN,
7,k=0
and
DST*I . S]IV—I = (—) Sin E ]I{]V—L]V—l7
N N -
7,k=0
2\1/2 G+ 1Dk +D)a\" !

— : m._ (= N g N,N
DST-1I Sy <N) (5]+1 sin 5N . e RVN,
DST-1I : SN .= () e RV,

2\1/?2 (25 + 1)(2k + D\

_ : v _ (£ : NN

DST-1IV Sy (N) (sm AN . e R,

where el := 1/y/2 (k = 0,N) and Y := 1 otherwise. We refer to the corresponding
transforms as trigonometric transforms. It is well-known that the above matrices are
orthogonal and that the vector multiplication with any of these matrices takes only
O(N log N) arithmetical operations. Fortunately, there exist implementations of algo-
rithms for the vector multiplication with the above sine and cosine matrices, for example
a C—implementation based on [2] and [31].

Moreover, we use the slightly modified DCT-I and DST-I matrices

~ jkm N ~ jkm Nt
C’]IV_H = ((5?)2 cos T) o St = (sin T)
7,k=0
and the slightly modified DCT-IIT and DST-III matrices

- 2j + Dkr\V ' 25+ D+ Da\M!
cil .= ((55)2 cos (7) , ST = [ (ep)?sin .
2N k=0 2N J:k=0

Then N
CJIV+1 CJI\f+1 Y Ingy. (3.1)

Theorem 3.1. There exist the following relations between trigonometric transforms
and Toeplitz matrices:

i) DCT-1 and DST-I:

1 1
R§VC']IV_H D C]IV_HRN = 3 stoeplitz(ag, ...,an—2) + 3 shankel(as,...,an_2,0,0),



1 1
.S']I\,_1 R\, D RNS]I\,_1 = 3 stoeplitz(ao, ..., an_2) — 5 shankel(as,...,an_2,0,0),

~ 1 1
R;VC]IV_H D RySL_ | = 3 atoeplitz(0,ay,...,an—2) + 3 ahankel(as,...,an-1,0),
~ 1 1
S]I\,_1 R\, D C’]I\,HRN = -3 atoeplitz(0,ay,...,an_2) + 5 ahankel(as, ..., an_1,0)
with

D = diag(do,...,dy)" , D := diag(0,dy,...,dy_1,0),
(do,...,dy) = CX. (ao,...,an_2,0,0),

(dl,...,CZN_l)/ = g]IV_l (al,...,aN_l)’.

ii) DCT-II and DST-II:

1 1
(C’JI\{)/ Z§V72 D ZNQC']IVI =3 stoeplitz(ag, ...,an_1) + 3 shankel(ay,...,an-1,0),

1 1
(SJI\{)I Z§V71 D ZNJS]I\{ = 3 stoeplitz(ag, ...,an—1) — 3 shankel(a,...,an_1,0),
~ 1 1
(C’JI\{)/ Z'y,D Zyn,SN = 5 atoeplitz(0,ay,...,an—1) + 3 ahankel(ay,...,an_1,0),
- 1 1
(SJI\{)/ Z?\u D ZNJCJI\,I = -3 atoeplitz(0,ay,...,an_1) + 5 ahankel(ay,...,ay_1,0)
with

D = diag(do,...,dy) , D := diag(0,dy,...,dy_1,0),
(do,...,d]\f)/ = C]IV—I—I (Clo,...,(lN_l,O)/,

(dl,...,dN_l)/ = g]IV_l (al,...,aN_l)’.

iii) DCT-IV and DST-IV:

1 1
ci bcly = B stoeplitz(ao, . ..,an_1) + 5 ahankel(ay,...,an_1,0),
1 1
sV DSy = 5 stoeplitz(ag, ...,an_1) — ) ahankel(ay,...,ay-1,0),
;- 1 1
cY DSy = ) atoeplitz(0,ay,...,an—1) + ) shankel(ay,...,an-1,0),
~ 1 1
sV Dcly = - 3 atoeplitz(0,ay,...,an_1) + 5 shankel(ay,...,an_1,0)

with

D = diag(do, e 7dN—1)/ 5 D = dia,g(CZ(), e CZN_l)/

(do,...,dN_l)/ = C]I\{I (Clo,...,dN_l)/,
(do,...,dN_l)/ = S]I\{I (Gl,...,CEN_l,O)/.



Note that for fixed diagonal matrices D, 1~), the above decompositions into a Toeplitz
and a Hankel matrix are not unique.

Proof: We restrict the proof to the DCT-II. To simplify the notation, we drop the
index N and set C := ZNJC']I\{ and D := diag(do, ...,dn)". Then by

1 1
cosa cos 3 = 3 cos(a — 3) + 3 cos(a + ),

the (u,v)-entry of the matrix C'DC is

=

—v)k 9 V=t 1)k
(C'DC) = 7(11 Z\;J) T + Z (555)2 dy, cos —(u+ U]\—[I_ ) T ,
k=0

u,v

(5?)2 dy, cos

DN | —
=]
B

Il

o

DN | —
=|

or equivalently, since —(—1)*"*dy = (—1)“t**1dy for arbitrary dy € IR,

1 2 XN (u—v)km 1 2 XN (u+v+ kr
C'DC = - — Ny2z g S Nyz g AL A
(©DC),, = 5w 2 P decos T 4 DS ) dcon G
Choosing dy € IR such that
N
Yo d(-1)F =0,
k=0

we get by symmetry properties of cosine function that
, 1 ) 1
C'DC = 5 stoeplitz(ao, ..., an_1) + 5 shankel(ay,...,an_1,0),

where )
(Clo, Ce ,CLN_l,O)/ = ﬁ C]IV+1 (do, Ce ,dN)/ 5

i.e. by (3.1) _
(do, P ,dN)I = C]IV—}—I (do, ey N1, O)I .

The other decomposition relations follow in a similar way by application of sina sin 3 =
1+ cos(a— ) — % cos(a+f3) and sina cos3 = 1 sin(a—fB) + 3 sin(a+4). N
Theorem 3.1 provides a new method for the fast multiplication of a real vector with
a real nonsymmetric Toeplitz matrix that avoids the complex arithmetic which comes
into the play if we exploit the usual FFT-based method for the fast vector — Toeplitz
matrix multiplication.

Corollary 3.2. (Fast vector multiplication with nonsymmetric Toeplitz matrices)
Let

T =Ty :=(t;4)}, ), = toeplitz((to,t—1,. .., t_(v-1)), (tostr,- . tn—1))



be given and let C := ZNQC’]I\{, S = ZNJS{VI. Then

T = %(T—I—T’) + %(T—T’):C’DC + 8'DS + C'DS — S'DC,
where B ) )
D := diag(dy, ..., dy) , D :=diag(0,dy, ..., dy_1,0),
B e
(dry.. . dy) = §{V_1(“2_“,...,”N—”Q_tN‘l)'.

The vector multiplication with T' requires except of O(N) additions

- one DCT-I and one DST-1 to build D and D in a precomputation step,

- one DCT-II and one DST-II,

- four multiplications of vectors with diagonal matrices,

- one DCT-IIT and one DST-III of the vectors DCax + DSx and DSx — f)C.’B,
respectively, and takes therefore only O(N log N) arithmetical operations. U
Clearly, by Theorem 3.1, we can formulate similar algorithms for the fast multiplication
of vectors with Toeplitz or Hankel matrices with respect to the other trigonometric
transforms. Typewriting this paper, we got a ps-file of a paper of G. Heinig and K.
Rost [18], which contains results in a similar direction as presented in this section.
Following the hint of one of the referees, we realized that representations of symmetric
Toeplitz matrices based on DCT-1 and DST-I were also given in [20, 21, 23].

4 Optimal trigonometric preconditioners
We are concerned with the solution of the system of linear equations
Tyxy = by

with a nonsingular nonsymmetric Toeplitz matrix Ty € IRV, We intend to solve the
normal equation
T;VTNZBN = T;Vb]\f (41)

by the CG-method. In Section 7, we will see that with a good preconditioner at hand,
this can be realized in a fast way. There are several requirements on a preconditioner
M y of (4.1) resulting from the construction and the convergence behaviour of the CG-
method as well as from the fact that the vector multiplication with T’y requires only
O(N log N) arithmetical operations. Therefore, we are looking for a preconditioner
with the following properties:

(P1) My is symmetric and positive definite such that the bilinear form
(&N, Yn)my = Ty MNyy

arising in the left preconditioned CG-method is symmetric and positive definite, too.

8



(P2) The spectrum of M ' T\ Ty is clustered at 1.

(P3) The vector multiplication with M x can be computed with O(N log N) arithmeti-
cal operations.

(P4) The construction of M y takes only O(N log N) arithmetical operations.

Having property (P3) in mind, a straightforward idea consists in choosing My from
an algebra

Ao, = {0y (diagd) Oy : d € RV} (4.2)

of matrices which are diagonalizable by some orthogonal matrix Oy, where Oy has the
additional property that its vector multiplication requires only O(N log N) arithmetical
operations. As orthogonal matrices, we will use the trigonometric matrices of the
previous section which are closely related to the Fourier matrix F'n, but have the
advantage of purely real entries. Moreover, if we choose My € Ap, as so-called
optimal preconditioner of T\ Ty, then we will see that under certain assumptions on
Ty, the properties (P1), (P2) and (P4) are also fulfilled.
For Ay € IRN’N, the matrix M y(An) is called an optimal preconditioner of Ay in
Ao, [14] if

||MN(AN) — ANHF = mm{||BN — AN||F : BN € -AON} . (43)
If Oy is one of the orthogonal matrices which correspond to the DST-1, DST-II, DCT-
IT, DST-1V or DCT-IV, respectively, then M y is said to be an optimal trigonometric

preconditioner of An. The choice of the Frobenius norm in definition (4.3) results from
the fact that the Frobenius norm is induced by an inner product of R

<AN, BN> =tr A;vBN Z a;, kb]k (44)
7,k=0
In particular, we have
||ONANO ||F = tI‘(ONAEVOI ONANON) = tr(A?VAN) = ||AN||F (45)

The following lemma describes the optimal preconditioner of T\ Ty in two different
ways.

Lemma 4.1. Let Ay € RV and let Ao, be defined by (4.2) with respect to some
orthogonal matrix Opy. Then the optimal preconditioner of Ay is given by

My(Ay) = O 5(OxANO'y) On . (4.6)

If {Bo,...,Bn_1} denotes a basis of Ag,, then an alternative description of M x(An)
reads as

N-—
MN(AN) = Z OékBk, (47)
where the coefficient vector a := (ayg,...,an_1)" is determined by
Ga=8,G:=((B.,B)) . ,B:=(An,B) .

7=0

9



Proof: 1. By (4.5), it follows for M y := O (diagd) Oy € Ao, that
|My — An|lF = [|diagd — Oy ANOy||r

which implies (4.6) by the definition of the optimal preconditioner.

2. The computation of the optimal preconditioner of Ay in Ao, is equivalent with the
computation of the element of best approximation of Ay in the linear subspace Ao,
of the Hilbert space RV'" equipped with the inner product (4.4). This can be done by
the Galerkin approach (4.7). [ |

Now it is easy to verify that an optimal preconditioner of T'\ T y satisfies property (P1).

Corollary 4.2. Let Ay € RMY be a symmetric positive definite matrix and let Ao,
be defined by (4.2) with respect to some orthogonal matrix Oy. Then the optimal
preconditioner My = M y(Ay) is also symmetric and positive definite.

For the proof of Corollary 4.2 and in connection with (4.6) see for example [32, 20].

5 Clusters of eigenvalues

Let C5, denote the Banach space of 2m-periodic complex-valued functions equipped
with the usual norm || - ||o. In this section, we are only interested in functions f =
fr +1fr € Cy; with real Fourier coefficients

g : ! /7r f(z)e ™ dz (ke Z),

"2 s

where we suppose that the real and the imaginary part of f

to + Z(tk +1t_)coskx,

k=1

f[ = E(tk—t_k)sinkx
k=1

Ir

do not vanish, respectively. Moreover, we assume that {{ }rez € l1, such that f belongs
to the Wiener class. Consider the N-th Toeplitz matrixz corresponding to the generaling
function f

Ty := toeplitz((lo,t-1,.. ., lo(nv=1y), (Lo, L1y - oo EN—1)) -

It is well-known that the singular values of Tl are distributed as |f| [27]. Note that
the above result was extended to functions f € L2 D Cy, in [34].

The following definition is due to E.E. Tyrtyshnikov [34]. Let {ol' }_, be a sequence
of real numbers and let yx(¢) denote the number of those among oY (k = 1,...,N)
which are outside the e-ball centered at p. If yn(e) < K(¢g), where K(¢) is independent

10



of N, then p is called a proper cluster. In this sense, we say that the values ol are

clustered at p.

In the following, we restrict our attention to preconditioners of .ACH By Theorem
3.1, the approach for the preconditioners with respect to the DST-I, “the DST- I1, the
DST IV and the DCT-1IV follows the same lines. Let C = Cpy = ZNJCN and
S = Sy = ZNJS]I\{. Regarding Theorem 3.1 ii), we associate with the sequence
{T'n}nen of Toeplitz matrices a sequence { H y } vew of Hankel matrices

Hy :=hankel(({_1,...,t_(x-1),0), (t1,...,tn-1,0)).
Let My denote the optimal preconditioner of T'%\T x with respect to the DCT-II, i.e.
My = (CYY §(CY T Ty (CHY) ClL (5.1)

In this section, we prove that under certain assumptions on T'y, the eigenvalues of the
preconditioned matrix My T'T 'y are clustered at 1. We follow the lines of R.H. Chan.
First, we show that for all ¢ > 0 and N sufficiently large, the matrix T Ty — M y splits
into a matrix of low rank independent of N and a matrix with spectral norm smaller
than . Then we apply Cauchy’s interlace theorem to verify that the eigenvalues of

My (TTny —My)= My T\Ty — Iy

are clustered at 0. Again, we drop the index NV, if the dimension of the matrices follows
from the context.

In preparation of Theorem 5.3, we provide the following two lemmata.

Lemma 5.1. Let a = {ar};2, € [; and b = {bx};2, € [;. Then, for all ¢ > 0, there
exists m = m(e) such that for all N > 2m the Hankel matrix

H = hankel((ao, aty..., N1 + bN_l), (bo, bl, e, OGN + bN—l))
splits as H = Vg + Wy, where
Wy = hankel((ag, ..., @m-1,0N-m), (bo, .., bm_1,0N_m))

is a matrix of rank < 2m and where Vg := H — Wy satisfies ||V gl|2 < e.

Proof: Since a,b € [y, there exists for all ¢ > 0 an integer m = m(e) such that

Z |ak| <€/2, Z |bk| < 5/2.
k=m k=m

Now the assertion follows from ||V glls < ||Vl <e&/2+¢/2. [

11



Lemma 5.2. Let t = {{y}rez € 1 with ||t|]s = 7 be given. Further let T' = Ty
and H = Hy be the corresponding N-th Toeplitz matrix and N-th Hankel matrix,
respectively. Then, for all € > 0, there exists m = m(e) such that for all N > 4m

HT+TH+H =V +W, (5.2)
where [|[V]]2 < ¢ and
W .= (wm)jyk_:lo with w;r =0 for 2m < j4+k <2N —2 —2m. (5.3)

Proof: By construction, we have ||T||s < 7, ||[H||z < 7. Since ¢t € Iy, there exists
m = m(e) such that

o0

€
> < o (5.4)
k|=m+1 T
Then
T=T.+Ts, H=H.+ Hgp (5.5)
with
T, = toephtz(( m41st —(m+1)> - 7t—(N—1))7(0m+17tm+17"'7tN—1))7
TB = toeplitz((to,.. t_m,oN m— 1) (t07---7tm70]\7—m—1))7
H. := hankel((0m,t_(my1)s-- >t (v=2),0); (O, bty -, En—2,0))
Hpg := hankel((t_1,...,t—m, 0n—m), (t1s -y by ONZm) )

where we obtain by (5.4) that ||T.||; < &, [|[H.||; <
we obtain the desired decomposition

Substituting (5.5) in (5.2),

£
61"

HT+T'H+H? = (H.+Hp)(T-+Tp)+ (T.+T%)(H. + Hg)+ (H. + Hp)’
(HT.+T.H+ H.Tg+TzH.+ H.H + HgH.)
+H(TyHgp + HpTg + Hy). -

Theorem 5.3. Let t = {{;}rez € [1 with ||t||; = 7 be given and let T = T'y be the
corresponding N-th Toeplitz matrix. Then, for all € > 0, there exists m = m(e) such
that for all N > 2m

TT=C'DC+V +W,

where D denotes some diagonal matrix,
W = (wj’k)j.vk_:lo withw;, =0form <j4+k<2N —-2—-m

and where ||V ||z < e.

12



Proof: Let H = H y denote the N-Hankel matrix associated with ¢. Then it follows
by Theorem 3.1 ii) that

Tl = (I'+H-H)T+H-H)
- (¢'D,C + S'D,C — H)(C'D,C +C'D,S — H),
where

a—=anN41 ‘= (Qto,t_l + tl, e 7t—(N—1) + tN_l,O)/ € IRN+1 ;
b=>by_, (t_l —tl,...,t_(N_l) _tN—l)/ € RN-!

and
D, = diag(do, ..., dn_1,dn) , (do,...,dx) = Ck, @,
D, = diag(0,d;,...,dy_1,0) , (do,...,dy_1) :=SL_,b.
By CY¥(CY) = Iy, we further obtain that
T'T = C'D?C + §'D!S+C'D,D,S +S'D,D,C—H(T+H)— (T'+ H)H + H*
and by Theorem 3.1 ii) that
T'T = C'D;C+C'DiC - Hp, +Hp,p, — (HT + T'H + H?) (5.6)

with
HDg := shankel(uy,...,un),
9 . . .
(woy ..., un) = v C’]IV_H(O, d?, ... da_,,0),
I:IDbDa := ahankel(vy,...,on_1,0),
2 ~ ~ .
(’Ul,...,’UN_l)/ = NS]I\T_l(dldla---de—ldN—l)/-
Set X _

H = HD% — Hp, p = hankel((wy,...,wn), (w_1,...,w_N)) (5.7)
with wy = w_n = uy, Wy = up —vg, w_p =up +vr (k=1,..., N —1). Then we have
for all N € IN that

S I
wWN = 57 - ko
N k=1
2
on| < 7 [1SN-1bIl3 < (1Bl < [[BI]F < 7*. (5-8)

Moreover, we get by Theorem 3.1 i) for the first row w := (wy, ..., wy_1)" of H that

) - . . -
w o= < R\ C},, diag(0,dy,...,dy_1,0) RySY_b
2 .
-¥ S&_ Ry diag(dy, . ..,dy) RySL_,b
= toeplitz ((—to, —t1, ..., —tn—2), (—to, —L1, ..., —l_(v—2)) b

—I—hankel ((t_z, Ce ,t_(N_Q), bN—17 0), (tz, Ce ,tN_Q, _bN—h 0)) b.
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Thus, we obtain for all N € IN that
]l <27
Similarly, we conclude that
(s vVl < 72.

Together with (5.8), we see that H satisfies the assertion of Lemma 5.1. Hence, for
fixed ¢ > 0, there exists . = m(e) > 0 such that for all N > 2/n

H=V+W (5.9)

with ||V||2 <e/2, W = hankel((wy, ..., Wn, ON—m), (W_1, ..., W_rn, ONm)) -
Furthermore, by Lemma 5.2, there exists m = m(e) > 0 such that for N sufficiently
large

(HT+T'H+H)=V +W (5.10)

with ||V ||z < £/2 and with a low rank matrix W of the form (5.3). Applying (5.9) and
(5.10) in (5.6), we obtain the assertion

T'T=C'(D?+D)C+(V-V)+W - W

with m := max{rh, 2m}. [

Lemma 5.4. For m > 0 and N > 2m, let V. € R™" with ||V]|; < £/2 and

W .= (wj7k)Nk_:10 with w;, =0form <74+ k <2N —2 —m,

j7

N=1
be given. Set w:= Y |w;x|. Then, for N > 4w/e,

7,k=0

16(CV (V + W) (CN))]l2 <e.
Note that for fixed m, the value w does not depend on N.

Proof: On the one hand, we obtain that
16(CN V(C) )l < ICY V(CY) [l = IVl2 < ¢/2,

and on the other hand that

2 N=l 27+ 1
DCYW (N < _max |2 (D) Y wypcos "HEDT o |

=0,...,N—1 .
n EREEY) 7,k=0

< 2w/N <e/2 (N >4dw/e).
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Now summation implies the assertion. [ |

Theorem 5.5. Let ¢ = {{;}rez € I1 with |[t]|1 = 7 be given and let T'x be the cor-
responding N—th Toeplitz matrix. Moreover, assume that the singular values of T'x
are larger than v > 0 for all N € IN. Let My = My(TyTxy) denote the optimal

preconditioner of T\ Ty in ACIIVI. Then the eigenvalues of My T'yTx are clustered at
1.

Proof: By Corollary 4.2, we see that ||[My'||s < 1/ for all N € IN. Let ¢ > 0 be
fixed. Then we obtain by (5.1), Theorem 5.3 and Lemma 5.4 that for N sufficiently
large, there exists M € IN independent of N such that

NN =My =Vy+ Wy = (CF)§(CY (Vi +Wy)(CY))Cy =Un + Wy,
where Wy is of low rank M and where ||[U y||2 < y. Now

MJ_\71/2 T/ T M]_\71/2 Iy = MJ_VI/Q EJN M]_Vl/2 n M]_Vl/2 Wy MJ_\71/2
= Vy+ Wy,

where ||‘~/N||2 < ¢ and where the rank of Wy is at most M. Since V y and Wy are
symmetric matrices, we can apply Cauchy’s interlace theorem [37], which implies that
for N sufficiently large, at most M eigenvalues of V x4+ Wy have absolute value greater
than . Now the assertion follows since M]_\,l/2 T\Tx M]_\fl/Q and M ' T'\Tn possess
the same eigenvalues. |

Remark. Under the above assumptions on Ty it was proved that the eigenvalues of
(MM TN) (MR Ty), where My = Cn(Ty) denotes the optimal circulant precondi-
tioner of Ty, are clustered at 1 [13, 34]. In general, the eigenvalues of

(M TN)(MyTy) are not clustered at 1, if My is the optimal trigonometric pre-
conditioner of T'x. If Ty = (t]‘_k)%_:lo withto =1land t, = -t (k=1,...,N = 1),
then the optimal trigonometric preconditioners of T are My = Iy, i.e. we have no
preconditioning. If, for example, {_y = —t; = 2 and ¢z = 0 (|k| > 1), then the matrices
Tont+1 (N € IN) satisfy the assumption of Theorem 5.5. However, the eigenvalues of
Tyny1Tangr are given by 9 — 8 cos(jn /(N +1)) (7 =0,...,N). O

6 Construction of optimal preconditioners of T'T

In this section, we explain how optimal trigonometric preconditoners of T\ Ty can be
constructed with O(N log N) arithmetical operations. In contrast to the construction
of optimal trigonometric preconditioners of T, we are confronted with the fact that
T'yTy is not a Toeplitz matrix. Again, we consider only C']I\{fpreconditioners. The
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approach for the DST-I, DST-II, DST-IV and DCT-IV follows the same lines.
For the construction of the optimal preconditioner My = M n(T'\Tn) we use the
representation (4.7) of My with the basis {BL' : k=0,...,N — 1} of Acir [6], [17]:

By = (C}) diag(Ux(a))is' CN

[
where ¢; := cos % and where Uy denotes the k—th Chebyshev polynomial of second kind

Uk(z) = sin((k + 1) arccos )/ sin(arccos z) (z € (—1,1)).
Moreover, we apply that {Bf :k=0,...,N — 1} with
B, = (C) diag(Ti(a))iL' CY
= stoeplitz e}, + shankele,_,, (k=1,...,N—1) (6.1)
e_; := oy, and with the k-th Chebyshev polynomial of first kind
Ty(z) = cos(karccosz) (z € [—1,1]),
is another basis of AOJI\]I. Both bases are related by
B = Bl'=1, B{'=2Bj,
Bj" = B!, + 2B} (j=2,....N—1), (6.2)

where the last equation follows by U; = U;_, + 2T;. Now we have by (4.7) that

N-1
MN = E (073 Bil

k=0

with

B N-1 N-1
a=G"'p" G:= (<B]U,Bgf>)j7k:0 , 8" = (T, Ty, BI))

j=0
Clearly, we are not interested in M y itself, but in the diagonal matrix diag d with
My = (CYY (diagd) C¥ . (6.3)

If o is known, then we obtain diagd by

N-1 N-1
diagd = 3" o, C B (CHY = Y ap diag (Un(e)) g
k=0 k=0

i.e. by definition of Uy by

N-1 OA‘k

do = D> (k+D)og,dy=—= (k=1,...,N—1), (6.4)
k=0 SN
(&k)i\;—ll = S]IV—I (ak—l)i\;—ll .
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Thus the construction of d from given a requires O(N log N) arithmetical operations.
It remains to find an efficient construction of the coefficient vector ae. Therefore we use
the following lemmata.

N-1

_y 1S given by

k=

Lemma 6.1. The inverse matrix of G := ((B]U, Bg))

-1 0 2 0 -1
-1 0 3 -2

3N—2
—1 —2 4=z

such that the vector multiplication with G™' can be computed with O(N) arithmetical
operations.

Proof: We show that G™' G = I. By definition, we have for the (k,[)-th entry of G
that

gt = (Bi', Bl") =« ((B/') B})
N-1
= Y Ul(e) Uile).
7=0

Then we get for [ =2,..., N — 3 that
N-1
2081 = gri2 = grivz = D Ukle;) (2Ui(¢;) = Uimalej) — Uya(cj))
7=0
and further since
20 (2) — Up—g(x) — Upga(z) = 4(1 — 2*) Uy(x)
and by definition of U; that

N-1 (k+1)gm . (I4+1)ym

29]@1 — gk,l—Q — gk,l+2 = 4 ]Z:; sin N S111 N = 2N 5k,l
(k=0,...,N—=1;1=2,...,N — 3). Straightforward computation for [ = 0,1, N —
2, N — 1 completes the proof. [ |
Set

' = (TyTy,BY)

j=0
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Then we obtain by the recurrence relation (6.2) that
Bo' =80, B =261, B! =B+ B (k=2,...,N—1). (6.5)

Thus we can compute 37 from B’ with O(N) additions. The following construction of
B’ is based on an idea of E.E. Tyrtyshnikov [33]. We split T = Ty = (tj_k)fk_zlo into
a lower and an upper triangular Toeplitz matrix

I'=T,+Tr
with diagonal entries t5/2. Then we obtain that
Bi =(T}T1,B}) + (TRTr, B) + (T;Tr+ TRT1,B;) (k=0,....,N—1). (6.6)

We consider the summands on the right-hand side. The matrix T;Tr + TRTL is a
symmetric Toeplitz matrix. The matrices T} Ty, and TRTx have lost their Toeplitz
structure. For A € IRN’]Y, we introduce the vectors s(A) = (sx(A))L, h(A) =
(hi(A));5' and h(A) = (hi(A));5 by

sp(A) = (A, stoeplitz((e))%er)) (k=0,...,N —1),
hi(A) = (A, hankel(ex,0)) (k=0,...,N—2),
;Lk(A) := (A, hankel(0,ez)) (k=0,...,N —2).

Set hi_y := 0 and A_; := 0. Then it follows by (6.1) that
(A, By = (6M)253(A) 4+ hper1(A) + hpy(A) (E=0,...,N —1). (6.7)

Lemma 6.2. Let A := T, Tr+ TRTr, and let v := Tx(to,t1,...,tn—1). Then

sk(A) = 2(N—=FK)r, (k=0,...,N—1),
ho(A) = To, hl(A) =2 r,
hk(A) = 2Tk + hk_g(A) (kZQ,...,N—Q),
hi(A) = he(A) (k=0,...,N—2).
Proof: Since A = stoeplitzr, the assertion follows by definition of s, h and h. [ |

N—
Lemma 6.3. Let A := T;Tg and let r := ((ei\])Qt_k) ' Then

s(A) = 2hankel(Nro,(N —1)ry,...,rn-1),(0,...,0,rn_1)) 7, (6.8)
ho(A) = zo, (A) = 21,
hi(A) = hpo(A) + 2 (k=2,...,N—2), (6.9)
f:Lo(A) = y0/27 hi(A) = yi,
hi(A) = hpa(A) + y (k=2,...,N—=2), (6.10)



where

R !
z = Tyr,

y = hankel(2(ro,r1,...,rn-1), (=72, —7r3,..., —7"Nn_1,0,2ry_1)) 7.

Proof: Since T'g is an upper triangular Toeplitz matrix, we have that
G = Gj—1,k—1 —I-T]'Tk (j,k: 1,...,N—1). (611)

Consequently, we obtain that

N—k-1 N-1-k

sk=2 Y ajpri= », (N—j—k)rjr
7=0

=0

which yields (6.8). The recursions (6.9) and (6.10) follow by straightforward calculation
from (6.11). [ |

Lemma 6.4. Let B := TRTg and let J := shankel ey_; denote the N-th counteri-
dentity. Then

) = s JBJ) (k=0,..,N-1),

B
hi(B) = hy(JBJ) (k=0,...,N—2),
B) = h(JBJ) (k=0,...,N-2),

such that s(B), h(B) and iL(B) can be computed by (6.8) — (6.10).

Proof: The relations for s(B), h(B) and iL(B) follow by definition of J. By
JT, Ty J=(JTy JY (J Ty J)

and since

J Ty, J = toeplitz((to, ..., tn-1),(t0,0,...,0))

is an upper triangular Toeplitz matrix, we can calculate s(B), h(B) and h(B) by (6.8)
N—
~(6.10) with A= J BJ and v = (())%1). m

k=0

Theorem 6.5. Let Ty := (tj_k)fk_zlo. Then the optimal preconditioner My € AOII\]I
of T'yT'n can be constructed with O(N log N) arithmetical operations.
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Proof: We compute 8’ by (6.6), (6.7) and by the Lemmata 6.2 — 6.4. Taking into
account that the multiplication of a vector with a Toeplitz matrix or a Hankel matrix
requires O(N log N) operations, the whole construction of 3 takes O(N log N) arith-
metical operations. From 87 we compute 8’7 by (6.5) with O(N) additions. Using
Lemma 6.1, we get a := G~'B"" at the cost of O(N) arithmetical operations. Finally,
the DST—I in (6.4) to obtain d from a needs O(N log N) arithmetical operations and
we are done with an arithmetical complexity of O(N log N). |

Remark. We can use similar ideas for the construction of the optimal trigonometric
preconditioners with respect to the CY', SL_,, 8 and SY. For the corresponding
bases of Ao,

B! = 0, diag(Ti(c)™™ " Ogim

= stoeplitz e}, + hankel(u}, v}),
By' = Oy, diag(Ux(c))iZ5™" Odim

we obtain
3 0 -1
0o 2 0 -1
-1 0 2 0 -1
G—l — i ..
K ‘ ’
-1 0 2 0 -1
-1 0 g ¢
-1 g2 93
where
Oiim el dim uy vy, K g1l 92| 93
C]I\f CoS lﬁ” N €r_1 €n_1 2N 3| -2 ?’NT_Q
CV |cos BT N | ey | —epr | 2N | 1] 0| 1
Shoi | cos @D N 1| —ep, | —ern |[2N42| 2] 0 | 3
S]I\{ COoS UJ’—]\}M N —€r_1 | —€r_1 2N 3 2 SJ\JTV_Q
SV Jeos @I N | ey | ey | 2N |10 | 1
Note that the construction of the optimal preconditioner with respect to the C’]IVV or
the S]IVV is especially simple. O

7 Numerical Results

Finally, we present examples of nonsymmetric Toeplitz systems (1.1) for which the
preconditioning of the normal equation by an optimal trigonometric preconditioner
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My = My(T'\Ty) of T'yTx significantly accerlerates the convergence of the CG—
method. The algorithms were realized for the optimal preconditioners with respect
to the DCT-II, the DST-II, the DCT-IV and the DST-IV, respectively. Clearly, we
can also use the DST—I preconditioner. Note that for symmetric Toeplitz matrices, the
DST-I preconditioned CG—method for the solution of (1.1) shows a similar convergence
behaviour as the DST-II preconditioned CG—method.
The fast computation of the preconditioners in the initial step and the computation
of the preconditioned CG-method (PCG-method) were implemented in Matlab and
tested on a Sun SPARCstation 20. The fast trigonometric transforms appearing both
in the initialization and in the PCG—steps were taken from the C—implementation based
on [2, 31] by using the cmex—programm.
As transform length we choose N = 2". The right-hand side by of (1.1) is the vec-
tor consisting of N ones. The PCG-method starts with the zero vector and stops if
7|2 /1|7 |, < 1077, where () denotes the residual vector after j iterations. Our
test matrices are the following four Toeplitz matrices Ty = (tj_k)ﬁk_:lo:
i) (see [26])

1/log(2 —n) n<-—1,

t, =% 1/(log(2)+1) n=0,
1/(1+n) n>1

ii) (see [26])
2 n=20,
=4 —0.71w n<—1,
0.9 tn—l n Z 1.

iii) Here we use the Toeplitz matrices Ty arising from the generating function

f(z) = 2% .

iv)
—1.5 n=-1,
- 2 n=20,
" 0.5 n=1,
0 else.

As expected, also for large transform lenghts N, the initialisation and each PCG-
step can be computed in a very fast way which reflects the arithmetic complexity of
O(N log N) for these computations. We compare three different methods. The second
columns of the following tables show the number of iterations of the PCG-method
applied to the normal equation without preconditioning. The columns 3 and 4 contain
the numbers of iterations required by the CG—method applied to

(M]_\flTN)/(M]_\flTN)aZN = (M]_\flTN)/M]_\fle, (71)

where M y denotes the optimal trigonometric preconditioner of T with respect to the

DCT-IT and the DST-II, respectively.
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The columns 5 — 8 contain the numbers of iterations required by the PCG-method
applied to
M T\Tyey = My T'yby , (7.2)

where My denotes the optimal trigonometric preconditioner of T T x with respect to
the DCT-II, DST-II, DCT-IV and the DST-VI, respectively.
We compare our results with the GMRES—method applied to the original problem

M]_\flTNQZN = M]_\fle. (73)

Again, M y denotes the optimal trigonometric or circulant preconditioner of T'y. Here
we avoid the transition of (1.1) to the normal equation. The ninth columns contain
the number of iteration steps of the GMRES-method without preconditioning. Since
the optimal trigonometric preconditioners are symmetric, we expect no good conver-
gence behaviour of the corresponding PCG-method. The tenth columns confirm these
expectations. Finally, the last columns contain the number of iterations of the GMRES-
method with the optimal circulant preconditioner (see [35]). The number of iteration
steps in the last columns of the Tables 1, 2 and 4 are compatible with the number of iter-
ation steps required by our new preconditioning method. Our preconditioning uses the
normal equation of (1.1) but avoids complex arithmetic. Note that very ill-conditioned
Toeplitz matrices will be handled in a forthcoming paper.

CG applied to (7.1) | PCG applied to (7.2) | GMRES applied to (7.3)
n | Iy cy st cil|si|cy |sYy | In | C¥ Fy
7| 24 11 10 8 15 14 11 22 15 7
8 | 32 12 11 8 17 15 11 28 18 8
9 | 43 14 13 8 19 17 11 34 21 8
10 | 57 18 16 9 20 19 11 43 25 8
11 | 86 20 19 9 20 20 12 54 30 8
12 1 121 25 22 9 22 22 12 > 70 36 8
13 | 176 30 28 9 22 22 12 > 70 40 8

Table 1: Number of iterations for example i)

Although not all matrices in our examples fulfil the assumptions of Theorem 5.5, the
preconditioning with an optimal trigonometric preconditioner of T'\ Ty accerelates the
convergence of the CG-method significantly.

Further extensive numerical tests (see [28]) with matrices from [8, 9] show that at least
one of our trigonometric preconditioners works better than the circulant preconditio-
ners.

Except for the second example, where the condition numbers of T are bounded for
N — oo, the number of iterations differs, if we apply the preconditioners with respect
to the DCT-IT and the DST-II. Heuristically, this can be explained by the different

structures of AOJIVI and ./451]\]] and how ,,good” our example matrices fit into this structure.
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CG applied to (7.1) || PCG applied to (7.2) || GMRES applied to (7.3)
n | Iy cl st cl|sii|cy |sy| In | C¥ Fy
7] 34 44 44 9 12 9 14 || > 70| > 70 8
8 | 43 47 50 8 11 8 13 || > 70| > 70 8
9 | 53 50 52 7 10 8 12 || > 70| > 70 8
10 | 59 50 53 7 9 7 11 || > 70| > 70 8
11 | 50 50 53 6 9 7 10 || > 70| > 70 8
12 | 58 49 53 6 8 7 10 || > 70| > 70 8
13 | 56 48 54 6 8 7 9 > 70 | > 70 8
Table 2: Number of iterations for example ii)

CG applied to (7.1) | PCG applied to (7.2) || GMRES applied to (7.3)
n| Iy cl st ci|sii|cly |sY | In | S¥ Fy
5 84 72 68 29 | 21 | 47 24 32 32 14
6 311 124 176 52 | 26 | 84 39 64 53 16
7T 1226 264 412 116 | 33 | 173 | 63 || > 70 | > 70 18
8| 5220 626 980 256 | 40 | 405 [ 136 || > 70 | > 70 21
9 | > 1000 1741 3341 664 | 74 | 1031 | 310 || > 70 | > 70 27

Table 3: Number of iterations for example iii)

A general criterion for the choice of the optimal trigonometric preconditioner would
be interesting. In this direction, it is remarkable, that the optimal preconditioner
Mny(Ty) € .ACIJVJ of the auto-covariance matrix Ty := (p'f_m)gk_:lo is “asymptotically
equivalent” to T'y if N — oo, p — 1, while the optimal preconditioner M n(T'n) € ./45]1\]1
of Ty is “asymptotically equivalent” to T'x if N — oo, p — 0 [29].

Now let T := (tj_k)j]\ig}k’]:\fo_l denote a real (M x N) — Toeplitz matrix of rank N
(M > N). We are interested in the solution of least squares problems

min ||by — Ty (7.4)

by the PCG—method applied to the corresponding normal equation. Circulant precon-
ditioning of the normal equation of (7.4) was considered in [8, 9].
Following the lines of Section 6, the computation of the optimal trigonometric precon-
ditioner is straightforward. We consider the following example
v): (see [9])
e 011 L — _N41,....,0,
t’“‘:{e—mk? k=1,....M—1.
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CG applied to (7.1) | PCG applied to (7.2) || GMRES applied to (7.3)
n| Iy cl st ci|sii|icy |sy || In | S¥ Fy
6 | 88 21 37 21 9 25 16 64 36 11
71201 31 67 27 8 31 19 > 70 53 11
8 | 435 45 125 36 8 39 24 || > 70 | > 70 12
9 1929 66 294 47 9 72 32 > 70 | > 70 12

Table 4: Number of iterations for example iv)

The number of iteration steps for the different optimal trigonometric preconditioners
are contained in Table 5.

PCG applied to (7.2)
M | Iy | CY|sY|cy |sy

n
41 32 22 9 20 19 18
5| 64 | 46 10 | 29 | 28 24
6| 128 | 75 9 28 | 25 20
71 256 | 125 8 23 19 17
81 512 | 167 || 8 18 16 15
9 | 1024 | 193 8 16 15 13

Table 5: Number of iterations for example v)
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