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SUMMARY

In this paper, we construct new w-circulant preconditioners for non-Hermitian Toeplitz systems, where
we allow the generating function of the sequence of Toeplitz matrices to have zeros on the unit circle.
We prove that the eigenvalues of the preconditioned normal equation are clustered at 1 and that for
(IV, N)-Toeplitz matrices with spectral condition number O(N*) the corresponding PCG method
requires at most O(N log® N) arithmetical operations. If the generating function of the Toeplitz
sequence is a rational function then we show that our preconditioned original equation has only a
fixed number of eigenvalues which are not equal to 1 such that preconditioned GMRES needs only a
constant number of iteration steps independent of the dimension of the problem.

Numerical tests are presented with PCG applied to the normal equation, GMRES, CGS and
BICGSTAB. In particular, we apply our preconditioners to compute the stationary probability
distribution vector of Markovian queuing models with batch arrival.
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1. INTRODUCTION

Let Cs, denote the space of 27-periodic continuous functions and let YW be the Wiener algebra.
We are concerned with the solution of non-Hermitian Toeplitz systems

An(f)z=1b (1.1)
arising from a generating function f € W with a finite number of zeros, i.e.

An(f) = (aj-1(f)) Jp0 »
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1 [ ikt
ap(f) == o | f@)e™ dt.

We are interested in iterative solution methods, more precisely in Krylov space methods.
These methods require in each iteration step only multiplications of An(f) with vectors and
since An(f) is Toeplitz these multiplications can be computed in O(N log N) arithmetical
operations by using fast Fourier transforms. However, in order to keep the number of iterations
small, iterative methods must be applied with suitable preconditioning, in general. The
construction of “good” preconditioners is the aim of this paper.

Although there exists a rich literature on Hermitian Toeplitz systems (see [4] and the
references therein), only few papers consider the non-Hermitian case [3, 5, 6, 9, 12].

The papers [5, 6, 9, 12] construct preconditioners only for generating functions f with strictly
positive absolute value, i.e. | f| > ¢ > 0. In [5], the authors suggested the use of optimal circulant
preconditioners M of Ayx(f) and to solve the normal equation

(M An ()" My An(f) 2 = (M3 An(f))* M3 b

by the CG method. Here A* denotes the transposed complex conjugate matrix of A. In [6]
and [12], 7-preconditioners depending on |f|? and optimal trigonometric preconditioners of
AN(F)*ANn(f), respectively, were proposed for preconditioning of the normal equation

AN (N AN(f)z = AN(f)b. (1.2)

The paper [9] contains interesting results for Strang preconditioners and for four other special
preconditioners for the case that the generating function f > 0 is a rational function.

The only paper, where generating functions with zeros were considered, is [3]. Here the
authors suggested preconditioners My which are products of banded Toeplitz matrices
and optimal circulant matrices and examine the distribution of the singular values of the
preconditioned matrices M 5" A (f). Unfortunately, it is not clear how the number of iteration
steps of the preconditioned CGS method [16] used in their numerical tests depends on this
distribution of the singular values.

In this paper, we introduce circulant, respectively w-circulant preconditioners related to |f|?
for the normal equation (1.2) even if f € W has zeros. These preconditioners can be applied
with a fewer amount of arithmetical operations than the combined preconditioners in [3]. We
show that the singular values of the preconditioned matrix are clustered at 1 and that in case if
the spectral condition number of Ax(f) is O(N©) the PCG method applied to (1.2) converges
in O(log N) iteration steps.

We are also interested in Krylov space methods like GMRES or BICGSTAB which do not
require the translation of (1.1) to the normal equation. Here we suggest circulant, respectively
w-circulant preconditioners related to f. Unfortunately, the convergence of these methods does
no longer depend on the singular values but on the eigenvalues of the preconditioned system.
We can not prove clustering results for arbitrary generating functions f € W. However, for
rational functions f, we show that the preconditioned matrices have only a finite (independent
of N) number of eigenvalues which are not equal to 1 such that preconditioned GMRES
converges in a finite number of steps independent of the dimension of the problem.
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This paper is organized as follows: In Section 2, we introduce our circulant, respectively w-
circulant preconditioners and prove corresponding clustering results. Section 3 modifies these
results for trigonometric preconditioners. Finally, Section 4 contains numerical examples for
various iterative methods and preconditioners. In particular, we apply our preconditioners to
the queueing network problem with batch arrivals examined in [3].

2. w—CIRCULANT PRECONDITIONS

In order to prove our main result in Theorem 2.5 we need a couple of preliminary lemmata.
In the following we denote by Ry (m) arbitrary (N, N)-matrices of rank at most m.

Lemma 2.1. Let f € W. Then, for any € > 0 and N sufficiently large, there exists M = M ()
independent of N such that

AN(HAN() = An(f") + Un + Ry (M),
where ||[Un||2 < e.

To be careful with respect to our setting, we notice the short proof which in general follows
the lines of [6].

Proof. Let
a; = (ag,al,... ,aNfl)l , a_:= (O,C_l,l,... ,@_(N_l))l,
ay:=(0,an_1,...,a1)" , a_:=(0,a_(n_1),---,a-1),

where y' denotes the transposed vector of y and let L(y) be the lower triangular Toeplitz
matrix with first column y. Then Anx(f) = L(a+)+ L*(a_) and we obtain by straightforward
computation that

AN(HAN(f) = L*(ay)L*(a-)+ L(a-)L(ay) + L*(ay)L(ay) + L(a+)L*(a4)
+L(a-)L*(a-) + L*(a-)L(a ) L(a+)L*(a4) — L*(a-)L(a-)
= An(ISnf’) - L(@4)L*(a4) — L*(a-)L(a@-)
= An(IfP)+AN(SnfI* = |f*)-L(@y)L*(ay)-L*(@-)L(a-), (2:3)
where N
(SN)(t) == Z agett.
k=—(N—1)

Since f € W, the Fourier sums Sy f converge uniformly to f, i.e. for any £ > 0 there exists
M (&) such that

[Snf—f| <& forall N> M(E).
This implies that for any € > 0 there exists M (¢) such that

||5Nf|2—|f|2|§6/3 for all N > M (g).
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Thus
IAN(ISNfI? = 1f*)ll2 < /3. (2.4)
Further, since f € W, for any £ > 0 there exists M = M (g) > M;(e) such that

max{ i lak], i |ak|}§\/§ for all N > M(e). (2.5)

k=—M+1 k=—M+1

Now we split the triangular Toeplitz matrices in (2.3) into banded matrices and matrices of
rank |M /4], i.e.

L(ay) =By + Ry, L(a_)=B_+R_, (2.6)
where
B+ = L((Oadelr' . 7dM+1703\J)’) ) R+ =1L ((OSV—MadMa- .- adl)l) )
B_ := L((0,a_(N_1),--->a_(M41),0%)") » R := L ((ON_pr,a-m1,- - ;a1)")

with zero vectors o', of length | M /4| and obtain

L(ay)L* (@) + L*(@_)L(a_) = ByB. + B"B_ + L(d;)R.+ R,B’,
+ L*(a_)R_+R*B_.

Now we have by (2.5) that

* * " " 2¢

[B+BY + BLB-|l> < [|B4 [l Bl + IBZ[I1[1B-[h < =,
while rank (L(a4+)R} + R, B’} + L*(a_-)R_ + R* B_) < M. Together with (2.3), (2.4) and
Weyl’s interlacing theorem [8, p. 184] this yields the assertion. |

For a function f and equispaced nodes
2xl 27
TN, :=’U}N+W (l=0,...,N—1;wN€ |:07W>) (2.7
we introduce the w—circulant matrices (w := eN¥N)

Mn(f) == WNFNDn(f)FyWy, (2.8)

where

1 /NN~ kN . _
Fy := ﬁ(e 2migk/NYNL, Wy = diag(e™ N )\, Dy (f) = diag(f(ona)) -

See [12]. If wy = 0, then M (f) is a circulant matriz. If ¢ is a trigonometric polynomial, i.e.

82

q(t) = Y ar(g)e™,

k=—s1
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then, by [12], the matrices Anx(g) and M x(q) are related by

An(q) = Mn(q) — Bn(q) (2.9)

where By (q) := (bj_k(q))fk;lo is the Toeplitz matrix of rank s; + so with

b—(N—k) (q) =_einNak(q) (k =1,... 732)1
bek(Q) = e_leNa*k(Q) (k = 17 s 781)7
br(q) =0 otherwise.

Having Lemma 2.1 in mind, we propose the Hermitian w-circulant matrix M n(|f|?) as
preconditioner for AN (f)An(f). If |f] > 0, then M n(|f|?) is positive definite. Further, by
using Lemma 2.1, it is easy to prove the following lemma.

Lemma 2.2. Let f € W and let |f| > fmin > 0. Then, for any € > 0 and N sufficiently large,
Mn(f1*) " AN (/) An(f) = IN +Un + Ry,

where ||U y||2 < € and Ry is a matrix of low rank independent of N.

Proof. By Lemma 2.1 and since ||Mn(|f|?)"!|l2 < 1/f2,,, it remains to show that
Mny(f)"AN(f?) =In +Un + Ry

with low norm and low rank matrices U and Ry, respectively.
Since |f|? is continuous and |f|*> > f2. > 0, for any € > 0 there exists a trigonometric
polynomial of degree M = M (e) such that

1 1
q— §Ef131in < |f|2 < q+ Eefriin' (210)

Using this relation and the fact that Amin(Mn(|f|?)) > f2;,, we conclude that for every
otueccCV

u*An(q)u 1 uw*An(|f]>)u u*An(q)u 1
— = _e< < + —¢. 2.11
wMn(fPu 2% S WMy (fPu < w My T3 21
By (2.9), the right hand inequality can be written as
uw An(|fPu u*My(q)u u*Bn(q)u 1

€
wMy([fP)u — wMy(|f)u  wMy(fP)u 2
and further by (2.10) and definition of My as

ut An(|fP)u w*By(qu
wMy(fPu =TT e M (P

Handling the left-hand inequality of (2.11) in the same way and applying Weyl’s interlacing
theorem, we obtain the assertion. |
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The more interesting case even for practical purposes appears if we allow f to have zeros.
In the following, let f € Cs, be given by

f=psh, (2.12)
where h € W with |h| > Amin > 0 and

m
poft) := [[ (6 = eit)"
7j=1

with pairwise distinct zeros t; € [—m,7) and E;nzl s; = s. We choose our grid points zn
(I1=0,...,N —1) for the construction of our w-circulant preconditioner M x(|f|?) such that
-'L'N,l#tj (j:l,...,m;l:l,...,N—l). (213)

See also Remark 2.6. Then M n(|f|?) is positive definite. Moreover, we will prove that the
eigenvalues of M n(|f|?) "1 AN (f)An(f) have a proper cluster at 1. Note that these eigenvalues
coincide with the square of singular values of An(f)M n(f)~!.

Theorem 2.3. Let f € W be given by (2.12). Let M n(f) be defined by (2.8) and (2.13).
Then, for any € > 0 and N sufficiently large,

(AN(FYMN ()" (AN(/)MN(f)"') =IN+Un + Ry,
where ||{U n||2 < € and Ry is a matrix of low rank independent of N.

Proof. By straightforward calculation, we obtain for 0 <m < N —-1,0<n <N —s

s

(AN(h)AN(ps))m,n = Z(ps)jhk—j = (AN(hps))m,n;

j=0
ie.
An(hps) = An(h)AN(ps) + Cn(s), (2.14)
where Cn(s) has only nonzero entries in its last s columns.
Then, by (2.9) and definition of M x(f)
AN(f)MN(f) (An(h)ANn(ps) + Cn(s)) Mn(f)
(An(h)(MN(ps) — Bn(ps)) + Cn(s) M (f) ™"
= AN(h)MN(h)_l + Rn(s).-

Thus
(AN(NMN(F) ) (AN(HMN () = (AN (WM ()" An(R) My (h) ™ + Ry(25).
The rest of the proof follows immediately by Lemma 2.2 and Weyl’s interlacing theorem. M

The proper clustering of the singular values of An(f)Mn(f)~! leads to a superlinear
convergence of the CG-method applied to the normal equation (1.2). In order to estimate the
number of iteration steps we have to estimate the smallest singular values of Anx(f)Mny(f)~!.
Following the lines of [5], we first prove the following lemma.

Copyright © 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2001; 08:83-98
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Lemma 2.4. Let f € W be given by (2.12). Let M n(f) be defined by (2.8) and (2.13). Then
there exists ¢ > 0 independent of N such that

IMN(F) AN ()72 < e k2 (AN (f)),
where k2 (AN (f)) := [|[An(f) " |]2]]An(f)||2 denotes the spectral condition number of An(f).

Proof. Since

IMn(HAN) "z < NANDI HIM N ()2 k2(AN(F))

and since |Mn(f)||2 is bounded from above, it remains to show that there exists ¢ > 0
independent of N such that

AN (f)ll2 = e

But this follows immediately from the fact that the singular values of Ax(f) are distributed
as |f| (see [11, 19]). ]

Theorem 2.5. Let f € W given by (2.12) and let k2(An(f)) = N%(a > 0). Let M n(|f]?)
be defined by (2.8) and (2.13). Then CG applied to

My (1) AN (N AN()z = MN (1)t AN(f)b,
requires O(log N) iteration steps to produce a solution of prescribed precision.

Proof. By a result of Axelsson [1, p. 573] and by Theorem 2.3, the number of iterations of
the CG-method to obtain a solution of the above equation up to a prescribed precision 7 is
given by

g 1 + (175)1/2
2 1+¢ I+e
In — E In— | /In| —————=
<n7—+k—1n % )/n 1) 1/2 Trra
= 1- (m)
where o1 < ... < g, are the smallest singular values of An(f)M n(f) ! which are not inside

our cluster [1 —¢,1 + €] and where p + ¢ = rank (Ry). Here ¢ and Ry are taken with
respect to Theorem 2.3. By Lemma 2.4 we have that o7 > ||[Mn(f)An(f)"!;2 > cN—2

and consequently
L 1+e
Y In(—
k=1 Tk

This yields the assertion. |

) <2agqclInN.

By the following remark it is possible to neglect the grid condition (2.13). In particular this
implies that it is always possible to work with circulant instead of w-circulant preconditioners.
To keep proofs short we have introduced the more general w-circulant preconditioners.

Remark 2.6. Let the grid points 2x; (I =0,...,N — 1) be given by (2.7) where we do not
assume (2.13). We define, similar as in [18], M n(f) by

My (f) == WxFydiag(f (&) Xo Fa Wi, (2.15)

Copyright © 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2001; 08:83-98
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P it m#t; (G=1,...,m),
L x; otherwise,

where [ € {0,...,N — 1} is the next higher index to I such that |f(x;)| > 0. For N large
enough we can simply choose [ =1 4+ 1 mod N. Then, since by construction

My(f) = Mn(f) + Ry(m) (2.16)
it is easy to check that the above theorems remain valid with a small fixed number of more
outlying eigenvalues. In particular, if we choose zxn,; := 27l/N (I =0,... ,N — 1) we obtain
circulant preconditioners M y(f). O

Beyond application of PCG to the normal equation (1.2) we can use other iterative methods
like GMRES and BICGSTAB for the solution of (1.1). These methods avoid the translation
of the original system to the normal equation. However, by Remark 4.1, the arithmetical
complexity per iteration step of BICGSTAB is “nearly the same” as the arithmetical
complexity of CG applied to the normal equation.

As preconditioner we suggest My (f), respectively M n(f) here. The numerical results
concerning the number of iteration steps of preconditioned GMRES and BICGSTAB are very
good. Unfortunately, the number of iterations does no longer depend on the distribution of the
singular values of the preconditioned matrix but on its eigenvalues. For arbitrary f € Csy, of the
form (2.12) we were not able to prove properties concerning the distribution of the eigenvalues
of AN(f)M n(f)~L. But for special generating functions, namely rational functions, we obtain
the following result (see also [17]):

Theorem 2.7. Let f be a rational function of order (s1, $2) (s152 # 0) given by

f(z) = p(z) _potpzt... +ps 2"
q(z)  Qot+ @zt g2

Define M x(f) by (2.8) with grid points satisfying (2.13) if f(ei) =0 (j = 1,... ,m). Then
AN(f)Mn(f)™! = In + Ry(max {s1,52}).
Proof. By (2.9), (2.14) and definition of M n(f), we obtain

AvDOMND™ = (An (7) Ax) + o) M7t (2)

(An (%) (M (p) = By (p)) + C(s1)) My (g)
1 1

= Ay (5) My (5) + Ry(s1), (2.17)

where only the last s; columns of Ry(s1) are nonzero columns. Similar we obtain
by (2.14), (2.9) and definition of M n(f)

Iy = Ay (% An(q) + Cn(s2)

)
) (Mx(a) = Bat@) + ()
)

I
>
2
N
R =R =

M} G) + R(s2), (2.18)
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where only the last s columns of Ry(s2) are nonzero columns. Now the assertion follows
by (2.17) and (2.18). [ ]

By Remark 2.6 we can prove a similar result with respect to the preconditioner My (f).

Note that similar results concerning the number of outliers outside [1—&, 1+¢] were obtained
for the preconditioned matrices in [9] if | f| > 0. The preconditioners in [9] do not require the
explicit knowledge of the generating function.

Let AN(f)MN(f)_l = IN + RN(S) By [14, p- 195], the residual
r®) = b — (Ix + Ry(s)y™®

of the k-th iteration of GMRES applied to the preconditioned system can be estimated by

IOl i (T + Bl
o, < 2

where II9 denotes the space of polynomials of degree < k with p(0) = 1. Assume that Ry(s)
has the pairwise distinct nonzero eigenvalues Ay, ..., A, with multiplicities n,... ,n4, where
ni+...+ng=s. Let

Ry :Xdiag(jl,la-" ajl,mla"' an,la--' an,mqaoN—s)Xil

with J;; € C"-*"* and nonincreasing sizes nj, fulfilling njq + ... + Njm; = nj, be the
decomposition of Ry into Jordan blocks. Then

In+Rn(s) = Xdiag(Ji1,... Jgmy, IN—s) X', Jjpi=1In,, +Jjk,
pIn+ Ry(s)) = Xdiag(p(J1,1)- -+ P gm,),p(In—5)) X, (2.19)
where by [7, p. 557]
POy +1) pMN+1) e e pmjf;;:ﬁff”
0 p(A; +1) :
(i) = | - : SURNEI : (2:20)

: : : - p(l)(/\j—f-l)
0 PR ... PR p(AJ.{_l)

Choosing p € ITY; as

p<w>:=<1—w)ﬂ(1— g ) Oy £ 1),

)\j-i-l

we see by (2.20) and (2.19) that p(Iny + Ry(s)) becomes zero. Consequently, GMRES
terminates after at most s + 1 steps. Applied to our setting this means by Theorem 2.7 that
GMRES requires at most 1 4+ max{sy, s2} iteration steps.

If we replace the w-circulant preconditioner My (f) by the circulant preconditioner M y(f)
the number of GMRES steps may increase at most to 1 + max{s1,s2} + m.

Copyright © 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2001; 08:83-98
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3. TRIGONOMETRIC PRECONDITIONERS

Since the function | f|? is even, the matrix Ay (|f|?) is symmetric. This suggests the application
of so-called trigonometric preconditioners. These are matrices which are diagonalizable by
trigonometric transforms. In practice, four discrete sine transforms (DST I — IV) and four
discrete cosine transforms (DCT I —IV) were used (see [20]). Any of these eight trigonometric
transforms can be realized with O(N log N) arithmetical operations. Likewise, we can define
preconditioners with respect to any of these transforms.

In this paper, we restrict our attention to the so-called discrete cosine transform of type
IT (DCT-II) and discrete sine transform of type II (DST-II), which are determined by the
following transform matrices:

2\ /2 i@k + D\ N !
DCT-II : cC¥ = (—) <eN cos 7) e RVY,
N J 2N k=0
2\ /2 G+ DRk+ D\
DST-II : 8% := (N) (eﬁH sin %) - e RV,
JyR=

where ekN = 2’1/2(k = 0,N) and e}cv =1 (k =1,...,N —1). For (1.2) we propose the
preconditioners
DCT—1:  My(fP,CH) = (CH)T diag (IfGEna)P)r, CH,
(3.21)
~ . - N
DST—-1II:  Mn(fI>,Sy) = (SN)"diag(If@n)I%),_, SN

iﬁN,l = {

and where [ € {0,..., N — 1} is the next higher index to I such that |f(zx.)| > 0. See [13].
Then we can prove in a completely similar way as in Section 2 the following

where
it @At (j=1,...,m),

otherwise

25 25

Theorem 3.1. Let f € W given by (2.12) and let k2(ANn(f)) = N® (a > 0). Then CG
applied to

My (IfI”,0n) AN (f) An(flz = M (If*,On) AN () b (3.22)

with On € {CX, S} requires O(log N) iteration steps to produce a solution of prescribed
precision.

4. NUMERICAL RESULTS AND AN APPLICATION TO QUEUEING NETWORKS

In this section, we test our w-circulant and trigonometric preconditioners on a SGI O2 work
station. As transform length we chose N = 2" and as right-hand side b of (1.1) the vector
consisting of N entries “1”. The iterative methods started with the zero vector and stopped if
lm]2/]|7@]|2 < 107, where ) denotes the residual vector after j iterations.
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We compare four different iterative methods. We apply CGS, BICGSTAB and restarted
GMRES(20) to ~ }
My (f) P An(fl)z=Mn(f)"'b
with circulant preconditioner M y(f).

Further we use CG for solving

M AN (N AN (f)z = My A ()b,
where M n denotes one of the following preconditioners:

JYIN(|f|2;FN) :~MN(|f|2) given by (2.15),
Mny(f>,CN) , My(|f?,SN) givenin (3.21)

and the so-called optimal trigonometric preconditioners
MR (CY) , MR(SV)

of AN(f)AN(f) introduced in [12].

Although CGS is not very common, we have included this method to compare our
results with the results in [3]. In [3], CGS is used without an analysis of the number of
necessary iteration steps. Moreover, the application of our circulant preconditioner requires
less arithmetical operations than the use of the preconditioner consisting of the product of a
banded Toeplitz and an optimal circulant matrix proposed in the above paper.

The following remark shortly prescribes the effort per iteration step of the proposed methods.

Remark 4.1. Each iteration step of BICGSTAB and CGS requires two matrix vector
products with the Toeplitz matrix An(f) and two matrix vector products with the
preconditioner.

In contrast, GMRES requires only one matrix vector products with the Toeplitz matrix
An(f) and one matrix vector product with the preconditioner. But the number of inner
products grows linearly with the iteration number, up to the restart.

The PCG-method applied to the normal equation requires one matrix vector product with
both An(f) and AN (f), and one matrix vector product with the preconditioner. O

First we test Toeplitz systems with the following rational functions as generating functions

(cf. [3]):

, (24— 1) s 1 13 7 11, 65 [2z)\"
) ()= ——m =22 s toa T2 747 — a2\ )"
! (z—3)(z—3) 84 ()F 24 736" 547 244\3
. CEH)2(z—1? 9 1 5 47T 29, 25 (22\"
(i) fa(z) := C-De-1 8;(2z)k+24+36z 547 24=\3) "
(z+1)?(z -1

(i) f3(z) := [FEEE) = 4= (22)F T 12 8%~ EH

z—1) 9 1 117 25 /22\"

(5)-

Tables 1-3 present the number of iteration steps with different iterative methods and
different preconditioners.

The first row of each table contains the exponent n of the transform length N = 2". The

corresponding iterative method is listed in the first column and the preconditioner in the second
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column of each table. The symbol * denotes that the method stopped without converging to
the desired tolerance in 500 iteration steps or that the method stagnated.

In addition to the above preconditioners we also test the w-circulant preconditioner
My(f) = Mny(f,FyWy) determined by (2.8) with wy = % in connection with
GMRES(20). Since N > 16 is even, the grid points fulfill (2.13). By Theorem 2.7 we obtain
for our three examples that

(i) 4 eigenvalues of Ay (f)Mn(f)~! are not equal to 1

(Here all these eigenvalues are equal to 1/21),

(ii) 4 eigenvalues of An(f)M n(f)~! are not equal to 1,

(iii) 3 eigenvalues of Anx(f)My(f)~! are not equal to 1.

Indeed GMRES requires 2, 4 and 3 iterations, respectively.

For the circulant preconditioner M ~(f) we have to replace those of the above grid points
which meet the zeros of the generating function, i.e. in (i) the points 0,7/2, 7,37 /2 and in
(ii),(iii) the points 0, .

By Remark 2.6 this implies 8, 6 and 5 outliers in (i), (ii) and (iii), respectively. Our numerical
results confirm our expectations.

method M N 4 5 6 7 8 9 10 11 12
CGS Iy 22 75 379 * * * * * *

CGS My (f,Fy) 8 8 8 8

8
BICGSTAB My (f,Fy) 75 75 75 75 7T T 6 7 9
8
2

GMRES(20) Mx(f,Fn) 8§ & & 8 8 8 8 8

GMRES(20) | My(f,FNWy) || 3 2 2 2 2 2 2 2
PCG My(f>,Fy) || 13 13 15 18 18 19 22 23 28
PCG My(f3,Ccy¥y |10 11 11 13 15 15 18 19 22
PCG My(fI2,8%) |10 11 12 12 14 15 16 16 19
PCG MY(Clh 14 19 22 29 35 45 58 77 104
PCG M (sY) 17 26 35 45 59 77 105 144 200

Table 1: f(t) = fi(et) (¢t € [-7,7))

The next examples with generating functions

(iv) fa(t) :=it,

(v) f5(t) := et

show that PCG applied to the normal equation can outperform the other 3 methods. The
function in f4(2) = log(2) (z := €!) in (iv) is of special interest. The first row and column of
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method My 4 5 6 7 8 9 10 11 12
CGS Iy 28 156 * * x kK x ¥
CGS My (f,Fy) 6 6 7 7 33 % ¥ ok %

BICGSTAB Mn(f,Fn) 55 65 65 65 6 75 8 11 11

GMRES(20) |  Mxy(f, Fn) 6 6 6 6 6 6 6 7 7T

GMRES(20) | My(f,FxWx) || 5 5 4 4 4 4 4 4 4
PCG Mxy(f?Fy) || 11 13 16 20 28 42 53 71 125
PCG M (|f)?, CRN) 8§ 10 11 14 22 28 34 43 62
PCG My(|f1?,88) |11 12 14 18 22 31 42 51 71
PCG My (cih 14 19 27 38 61 120 276 *  *
PCG M (S 17 27 41 75 159 364 *  *  *

Table 2: f(t) = fa(et) (¢t € [-7,7))

method My 4 5 6 7 8 9 10 11 12
CGS Iy 26 70 218 * x ok ko ko
CGS My (f, Fy) 5 6 6 6 7 7T 7 18

BICGSTAB Mx(f, Fy) 45 55 55 55 55 65 65 7.5 7.5

GMRES(20) My (f, Fy) 5 5 5 5 5 5 5 6

GMRES(20) | Mn(f,FNWn) || 4 3 3 3 3 3 3 3
PCG My (|, Fn) 9 9 11 13 15 18 22 26 39
PCG My (|f2,CR) 7 8 8 9 11 12 14 16 20
PCG My (|f2, S5 9 9 11 11 15 16 17 24 31
PCG My (CH) 13 16 19 26 32 42 57 79 130
PCG M (SH) 18 34 53 99 204 472 * *

Table 3: f(t) = fa(et) (t € [-7,7))
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An(it) are given by

and

(0,1,—1/2,1/3,—1/4,... , (_;[)N> ,

respectively. Matrices of this kind arise in sinc-collocation methods for initial value problems
(see [2]). Note further that (iv) is up to now the only example where the optimal trigonometric
preconditioner works well, too.

method M N 4 5 6 7 8 9 10 11 12
CGS In 16 * * * * * * * *
CGS MN(f, FN) * * * * * * * * *

BICGSTAB | My(f,Fy) | * * * * x x *x x x

GMRES(20) | Mnx(f,Fx) |7 8 9 9 10 10 11 11 12
PCG My(f%FN) || 5 5 6 7 7 7 8 11 15
PCG My(f2c)y 5 5 5 8 8 & 9 11 13
PCG My(f%88) 1|5 5 5 6 6 6 6 7 9
PCG MYl 8 10 13 17 20 26 33 42 56
PCG MY (S 6 7 7 7 & & 8 9 10

Table 4: f(t) =it (t € [-m, 7))

Finally, we apply our methods to Markovian queueing models with batch arrivals considered
in [3]: The input of the queueing system will be an exogenous Poisson batch arrival process
with mean batch interarrival time A\~!. By Az = Apy we denote the batch arrival rate for
batches of size k, where py is the probability that the arrival batch size is k. The number of
servers in the queueing system is s. Finally we assume that the service time of each server is
independent of the others and is exponentially distributed with mean p~!. The waiting room
is of size N — s — 1 and the queueing discipline is blocked—customers—cleared. If the arrival
batch size is larger than the number of waiting places left, then only part of the arrival batch
will be accepted, the other customers will be treated as overflows and will be cleared from the
system. This kind of queueing system occurs in many applications, such as telecommunication
networks [10] and loading dock models [15].

By [3], the probability distribution vector of the queueing system is given by the solution of
a system of linear equations

(An(f) + Ry (s))z = (0,...,0,50)’, (4.1)
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method My 4 5 6 7 8 9 10
CGS My (f, Fy) 17 * * * * * *

BICGSTAB | My(f, Fn) 185 37 585 84 8 945 102

GMRES(20) | Mx(f, Fn) 16 176  * kK * *

PCG Mxy(|fI>Fy) || 11 14 15 21 26  * *
PCG My(f2Cciy || 12 15 17 20 28 35 40
PCG My(f1%,88) || 10 11 11 14 14 2 21
PCG Myl 17 29 53 111 257 631 1812
PCG MY (S 14 17 19 24 31 45 62

Table 5: f(t) = t2elt  (t € [-7, 7))

where An(f) denotes the lower Hessenberg Toeplitz matrix with generating function

gyl NS b (e it
f(z):= s,uz+)\+s,u ;)\kz (z:=€").

Clearly, our preconditioners M ,(f) also lead to a clustering of the singular values of
Mn(f)""(An(f) + Rn(3)).
As examples we choose s € {1,4}, A = 1, u = s and )\, = 2F (cf. [3]). In this case
(z —1)(22 + s + pz — 2su)
2(z—2)

By Theorem 2.7, the matrices My (f)"'(An(f) + Rn(s)) have only 3, respectively 6
eigenvalues which are not equal to 1. The numerical results for fg(z) are reported in Table 6.

f(2) = fo(2) :=
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