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Abstract

We develop a new algorithm for the fast evaluation of linear combinations of radial func-
tions f(y,) = Zgil oK (|ly;—xl]) (j =1,..., M) for &1, y; € R? based on the recently
developed fast Fourier transform at nonequispaced knots. For smooth kernels, e.g. the
Gaussian, our algorithm requires O(N + M) arithmetic operations. In case of singular
kernels an additional regularization procedure must be incorporated and the algorithm has
the arithmetic complexity O(N log /N + M) or O(M log\/M + N) if either the points
y; or the points @) are “reasonably uniformly distributed”. We prove error estimates to
obtain clues about the choice of the involved parameters and present numerical examples
for various singular and smooth kernels in two dimensions.
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1 Introduction

In this paper, we develop a new algorithm for the fast computation of sums of the form
N
fly) =Y oK(y;—a)  (G=1,...,M) (1.1)
k=1

at knots y;, xy € R2. We will focus our attention on real-valued radially symmetric functions
K,ie K(z)= K(||z|), where || - || = || - |2 denotes the Euclidean norm in R? and where K
is a univariate function.

Frequently applied kernels are the singularity function K (||xz||) = log||z|| of the bivariate
Laplacian which appears for example in two-dimensional particle simulation [16] and the
thin—plate spline K (||z||) = ||=||?log ||z|| [8] which is often used for the scattered data ap-
proximation of surfaces. These kernels or their derivatives have singularities at zero. The
best known algorithm for the efficient computation of (1.1) is the fast multipole method
(FMM). The FMM was originally developed in the context of particle simulation by L. Green-
gard and V. Rokhlin [16, 18] and requires only O(N + M) arithmetic operations, where the
O constant depends on the desired accuracy of the computation. As convenient in litera-
ture in this field we do not use the Landau symbol in its strong sense but write instead
O(ag1(N)+ B ge(M)) := F(M,N) for N,M > 1 if there exists 0 < ¢ < oo independent of «
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and (3 such that |[F'(N,M)/(ag1(N)+ Bg2(M))| < c. The prize one has to pay for the fast
performance of the FMM consists in an expensive adaptation to new kernels. In particular,
R. Beatson et al. have adapted the FMM to various kernels appearing in the scattered data
approximation of functions. Meanwhile several improved and modified FMM versions were
suggested, see, e.g. [30, 28, 3, 7].

Another frequently used smooth kernel which arises in the context of diffusion [17], image
processing [11], fluid dynamics and finance [6], is the Gaussian K(||z||) = e~°ll#l>. The
corresponding transform (1.1) is known as discrete Gauss transform. Fast Gauss transforms
were introduced in [19, 20, 2].

However, for equispaced knots, (1.1) is simply a discrete convolution and its fast computa-
tion is mainly realized by fast Fourier methods exploiting the basic property e2™(¥—®) —
e?™Y =2z Following these lines, we propose to compute the “convolution at nonequispaced
knots” (1.1) by Fourier methods too, more precisely by fast Fourier transforms at nonequis-
paced knots (NFFT). The corresponding techniques were recently developed by A. Dutt and
V. Rokhlin [10] and were further modified and improved by various groups, in particular by
the authors [4, 27, 9, 13, 26]. Briefly speaking, for arbitrary points w; € [~1/2,1/2)? and
the index set I, := {l € Z* : —% <1 < 2} with componentwise inequalities, the NFFT(n)
computes sums of the form

flwj) =Y fre ™ 9 (j=-M/2,...,M/2-1) (1.2)

kely,
and the NFFTT(n) sums of the form

M/2—1

hG) = Y fre P (jel,) (1.3)

k=—M/2

with O((pn)?log(pn) + m2M) arithmetic operations, respectively. Here p is an oversampling
factor and m a cut—off parameter. Both parameters have to be chosen in accordance with the
desired accuracy of the NFFT computations. In general the approximation error introduced
by the NFFT decreases exponentially in m, where the basis of the exponent depends on p.
For a summary of various error estimates see the appendix in [24].

Concerning the notation NFFT and NFFTT, note that the first Fourier sum (1.2) is the
multiplication of f := (fx)ker, with

AM — <e—27r1k:wj> ’
j=—M/2,...M/2—1;kel,

while the second sum (1.3) describes the multiplication with A},;. Meanwhile there exist
several free NFF'T software packages for the computation of fast Fourier transforms at noneq-
uispaced knots, e.g. the C—package of the authors [23] which uses the FFTW [14] or the
MATLAB-package [12].

For smooth kernels K , e.g. the Gaussian, our new summation algorithm requires O(N + M)
arithmetic operations for arbitrary distributed points &) and y;. For kernels with singular
derivatives at one point, we have to introduce an additional regularization procedure and a
“near field correction”. If either the knots &, or y; are “sufficiently uniformly distributed”, a
notation which we will clarify later, then our algorithm requires O(N log VN +M ), respec-
tively O(M log vVM+N ) arithmetic operations, where the O constant depends on the desired
accuracy of the computation.



In summary, the advantage of our algorithm, which has nearly the same arithmetic complexity
as the FMM algorithm consists in its simple structure which resembles ideas from the fast
convolution by FFTs and allows an immediate incorporation of various kernels. Moreover one
can build up on existing software packages. A drawback of our algorithm in its present form
is that for singular kernels, the arithmetic complexity can be only assured if one of the point
sets {xx} or {y,} is "reasonably uniformly distributed”.

In this paper, we will focus our attention on the summation (1.1) with explicitly known
kernels. In the numerical solution of integral equations (or of partial differential equations
by recasting them as integral equations) one computational task consists in the evaluation
of large sums with special structured but not explicitly known kernels. Here the method of
panel clustering, see, e.g. [22], or more general the theory of H-matrices, see, e.g. [21] and
mosaic—skeleton approximations, see, e.g. [29, 15] may be applied.

The remainder of this paper is organized as follows: in Section 2 we present our NFF'T based
summation algorithm. In particular, we present a simple regularization procedure for singular
kernels which involves only solutions of small systems of linear equations with right—hand sides
depending on the kernel. This makes it easy to adapt our algorithm to various kernels. Error
estimates are proved in Section 3. Section 4 provides numerical examples for various singular
and smooth kernels.

2 Fast Summation Algorithms

We are interested in the fast evaluation of sums
N N
flx):= Zale(a: —xy) = Z arK(||lz — z),
k=1 k=1

at M different knots y; (j =1,...,M). The kernel function K is in general a non-periodic
function, while the use of Fourier methods requires to replace K by a periodic version. With-
out loss of generality we may assume that the knots are scaled, such that ||z, [|y,|| < § — £
and consequently [ly; — x|l < % —ep. The parameter eg > 0, which we specify later, guaran-
tees that K has to be evaluated only at points in the interval [— % +e¢g, % —ep]. This simplifies

the later consideration of a 1-periodic version of K.

First we deal with kernels IC which are C'*° except for the origin, where K or its derivatives
may have singularities. Examples of such kernels are

1
[[|* 1og |||, log ||| and Tzl (B €N). (2.1)
Beyond a special treatment of K near the boundary we have to be concerned about the
singularity of IC at the origin. We regularize K near 0 and near the boundary of ||z|| = 1/2
as follows ‘
Ti(llzl) if [l <er,
Ta(|z|) if L—ep<|x| <3,
Te(z) if 5 <=l
K(||z||) otherwise,

where 0 < g1 < % —ep < % The functions 71 and Ty will be chosen such that g is in the
Sobolev space HP(T?) for an appropriate parameter p > 0. Several regularizations of K are



possible, e.g. by algebraic polynomials, splines or trigonometric polynomials. Here we focus
our attention on trigonometric polynomials 71 and T5. We set

p—1 .
Ti(x) := Z a£- cos ;T—;Ix, (2.3)
=0

L

where the coefficients a j

are determined by

T () =KD (er)  (r=0,...,p—1), (2.4)
and
To(x) = pji; P cos (% (m - %)) (x E (% _ g, %D . (2.5)

where pg :=p+ |(p — 1)/2] and the coefficients a? are determined by

T (%—5B> = K0 (%—€B> (r=0,...,p—1), (2.6)
) G) ~ 0 r=1,... . l(p-1)2]) .

Here |z | denotes the largest integer < z. By definition (2.5) we have that TéQTH) () =0 for
all » € Ny.

p=1
By the ansatz (2.3) and condition (2.4) the coefficients of al,, = (agj)jL;l I and al,y =
p—2
(alzj H)JL-:% are the solutions of the following two linear systems of equations

11 2 \* (2r)
Veven Aeven = 7T_61 K (EI)

173

r=1
and
1252
9 2r+1 2
Vidd Godd = | — <—> K (ep) 1
TEY 0
where VL and V', are the mosaic Vandermonde matrices
oo LEJ o \_MJ
Vi = ((0 9@ ) Vg o= (i + ) lz )

In our algorithm we will only need small values p < 16 of p for which these ill-conditioned
small linear systems can be solved without problems.

rp—1
In a similar way, we see by (2.5) and (2.6), that the coefficients of aB ., = (aQBj)]L:f I and
Pp—2
ab = (CL%_H)JL:OQ I are the solution of the linear system

B
0 Vodd

ngen 0 ( B ) (K(QT) ( - 6B)) L:le
P



where

1252 L 12B 1252112872

B . ((_1)rti(9;)2r) B . _ ((_1\+i(o, (2r+1)
Vien = (09 @)™)) 2 7 Vi (0 w0 2
and
P51 1251252
B._ ((_1\"(9:)(2r) 2 2 B._ ((_1\"(9, (2r) 2 2
= 1H)"(2 = D25 +1
Ve (( )" (27) )r:l,j:l Vo (( ) 2i+1) >r=1,j:O
Next we approximate the smooth function g by the Fourier series
Krr(z) =Y b e, (2.7)
lel,
where 1
b= — > Kg(j/n)e ™" (1el,). (2.8)
J€iln
Then our original kernel splits as
K=(K—-Kgr) + (Kr — Kgrr) + Krr = Kng + Kgr + Krr, (2.9)

where Kng := K — Kgr and Kggr := Kr — Krp. Since Ky is smooth, its Fourier approximation
Krr should introduce only a small error Kgr. We neglect this error and approximate f by

f(x) == fne(z) + fre(x),

where
N
Ne@) = Y opKne(e — o), (2.10)
k:;l
frr(x) = > apKre(z —xp). (2.11)
k=1

Instead of f we evaluate f at the points y;. If either the points xy or the points y; are
“sufficiently uniformly distributed” this can indeed be done in a fast way, namely:

e Near field computation (2.10)

By definition (2.2), the function Kng has a small support contained in the ball of radius
g1 around 0 and in the neighborhood of the boundary. The boundary is not interesting
for us since ||z, — y;|| < 1/2 — ep. To achieve the desired complexity of our algorithm
we suppose that either the N points @y or the M points y, are “sufficiently uniformly
distributed”, i.e. we suppose that there exists a small constant v € N such that every
ball of radius €1 contains at most v of the points @y or of the points y;, respectively.
This implies that e; depends linearly on 1/ VN, respectively 1 / VM. In the following,
we restrict our attention to the case
v

e~ (2.12)
Then the sum (2.10) contains for fixed y; not more than v summands so that its eval-
uation at M knots requires only O(vM) arithmetic operations.



We remark that also O(log /M), respectively O(log v/N) points instead of O(1) points
per ball will keep a complexity of O(M log VM + Nlog VN ) of our whole algorithm.
This is in particular the case for inhomogeneousely distributed Legendre knots which
play an important role in computations on the 2-sphere [5].

e Far field summation (2.11) by NFFT" /NFFT
Substituting (2.7) for Krp we obtain

fRF '!l] Z (672 Z bl eQﬂll(yl Z bl (Z Qe 27r1lask> eZwilyj

k=1 lel, lel,

The expression in the inner brackets can be computed by a bivariate NFFT"(n). This
is followed by n? multiplications with b; and completed by a bivariate NFFT(n) to
compute the outer sum with the complex exponentials. If m is the cut-off parameter
and p = 2 the oversampling factor of the NFFT"/NFFT, then the proposed evaluation
of frr at the points y; (j = 1,..., M) requires O(m (N+M) (pn)? log(pn)) arithmetic
operations. The relation between M, N and n is determined by the approximation error
of the algorithm and will be specified in Section 3.1.

In summary we obtain the following algorithm:

Algorithm 2.1
Precomputation:

i) Computation ofa (j=0,...,p—1) and a}g (j=0,...,pg —1).
ii) Computation of (bl)le[n by (2.8) and (2.2).
iii) Computation of Kng(y; — xy) for all (j = 1,...,M) and k € INE(j), where
INE(G) :={ke{l,...,N}: ly; — zkl| < er}. See also Remark 4.3.

1. Forl € I, compute

N
L= § :ak ef2mlmk
k=1

by the bivariate NFFT"(n).

2. For l € I, compute the products
dl = albl.

3. For j =1,..., M compute

ol
fre(y;) = de®™
Il

by the bivariate NFFT(n).

4. For j =1,..., M compute the near field sums

Neyy) = Y arknely; — ).

keIRE(j)



5. For j =1,..., M compute the near field corrections

f(y;) = fxely;) + fre(y;)-

Remark 2.2 (Matrix version of Algorithm 2.1)

Let K := (K(y, — ack))j\/[:’ivkzl and o := (ag)N_,. Then Algorithm 2.1 reads in matrix—vector
notation ’

Koa~x (AMD]CRA}FV + KNE) o,
where Dy, = diag(by)ier,,, AN = (e

— —2rily;
k=1,..,N:l€l,’ Ay = (e J)j:l,...,M;leln a
Ky = (ICNE(yj — ack))]]viivkzl Using the matrix—vector notation of our NFFT/NFFT™

—2milay, ) d

AM ~ BMFann

with a diagonal matrix D,,, a sparse matrix B s having at most (2m + 1)? nonzero entries in

each row and column and the “equispaced” Fourier matrix F, := (e_%ikl/ ”) , this

kel lEln
can be rewritten as

Ko~ (BMTB]TV + KNE)a,

where T = FannDICRDann is a block—Toeplitz—Toeplitz—block matrix. Note that we
can avoid the complex arithmetic introduced by the FFT by using fast Toeplitz matrix times
vector multiplications based on trigonometric transforms (see Algorithm 3 of [25]). O
Next we are interested in smooth kernels, e.g. in the Gaussian e=°%". Here no regularization
at the neighborhood of 0 is necessary and our computation does not require a “near field
correction”. If the kernel K is very small at the boundary, e.g. for large values o of the
Gaussian, we also do not need a regularization at the boundary. In this case we set Kr := K.

Otherwise we use e 1 1
Tp(|zl) if 5 —ep <l[lzf <3,

Ke(z) =1 Ts(z) if 5 <[], (2.13)
K(||xz||) otherwise.

Then Algorithm 2.1 simplifies to its first three steps. Moreover we will see in Section 3.2 that
the lack of the “near field correction” implies that the size n of the NFFT/ NFET™ does not
depend on the number N or M of the knots. Thus the Algorithm 2.1 (Step 1 — 3) requires for
nonsingular kernels only O((pn)?log(pn) + m?(M + N)) = O(M + N) arithmetic operations.
Applied to the Gaussian we call Algorithm 2.1 (Step 1 — 3) fast Gauss transform.

3 Error estimates

Beyond the well-known errors appearing in the NFFT computations, our algorithm produces
the error

N
k=1
By Holders inequality these errors can be estimated by
r N
7ws) = Tl < lledly || (Ken(a; — ), - (3.)

7



where 1/p+1/¢g=1 (1 < p,q < o0) and

N 1/p
(SlawP) " 12p<
lallp =19 \&=1
max _|ag| pP=00.

FARRS}

In the following, we restrict our attention to the case p = 1, i.e. we use ||a||; in (3.1), so that

it remains to estimate ||Kgrlloo = max |Ker(z)|. This kind of estimate is also given
z||<5-¢B

for FMMs. Note that (3.1) is sharp if aj = 0 for all indices k except for this one which

corresponds to the largest value |[Kgr(y; — z)|-

Our error estimates are based on the following well-known aliasing result:

Lemma 3.1 (Aliasing error) Let f € Lo(T?) be a function with absolutely convergent Fourier
series

flx) = Z ce(f) 627”’“9“, c(f) = /f(w) e~ 2mikz 1.
T2

kecz2

and let an approximation of f be given by

. 1 ] .
- E 2mil _ E J —2mijl/n
fF(:l?) = ble a:’ bl = n2 f <E> e gt/ .

lel, jeln
Then
h=alf)+ D, lawr(f)

r€Z?\(0,0)
and the approximation error can be estimated for all & € T? by

f@) = fr@)| <2 D> D leawnr(f)l:

reZ2\(0,0) l€ly,

3.1 Singular Kernels

In the following we restrict our attention to kernels K = Kz (8 € Ng) which are C* except
for the origin and which satisfy for k = 1,...,p the relation

k+p—-1! _
KW () < o FAEB=D_kip)
K@) < o By
with a constant Cr¢ > 0. In case 8 = 0 we set (—1)! := 1. For example, K(z) = 1/|z|?
(8 € N) fulfills (3.2) with Cx = 1. Further, K(z) = log|z| satisfies (3.2) with Cx = 1 and
B =0.

(x #0), (3.2)

The following lemma was proved by the authors in [24].

Lemma 3.2 Let K satisfy (3.2) and let Tt be the trigonometric polynomial associated with
K by (2.3) and (2.4). Then, for 2 < p < 50, the following estimate holds true

-1
pz:jp|al.| < Cg (p+ 6+, —2) (ﬂ)p
=T (B—1)el 2

where 7y := /1 4 (2/7)? and §y 5 := max{0,1 — 3}.




We conjecture that Lemma 3.2 is true for arbitrary integers p > 2. However, our proof in [24]
contains some numerical computations which were done only up to p = 50.

Now we can prove the following theorem.

Theorem 3.3 Let K be a function which is C*° except for the origin. Assume that K satisfies
(3.2). For the radial function K(x) := K(||x||), we define Kggr by (2.9). Then, for 3 < p < 50,
p < n and €1 < ep, the following estimate holds true

107 \/p(p+ B+ 05— 2)!
- — 2

IKER [l <

Proof: By Lemma 3.1, we obtain that

IKerlle < 23 > laar(Kr)|

lel, »22\(0,0)
n/2

< 2 Z (Ie 2.6 (Kr)| + |c(en/2) (Kr)|) + 2 Z lex(Kr)| - (3.3)
k=—n/2 elloo>m/241

To keep the notation simple we restrict our attention to even p and set ¢ := Since

Kr € HP(T?), we have for any bivariate polynomial

§ M1, 2
l‘l,xg auﬂzl )

Il <p

p
5-

of total degree < p that
1

) i)

ck(P(D)KR),

where

Bllals
P(D) = Z GHW .

[leell1<p

In particular, we obtain for
P(xy,22) = (2 +23)? = ||z|”

that

ek (Kr)| < lck(ATKR)]

1
(2m)P|| k[P

where Au = 25 u+ L5 u and A%y = A(A%1y). Thus, by (3.3),

8@‘% 8

n/2

IIICERIIOOS# 2 3 <<g)2+k2>q+ 3 Hljllp 1[|AqICR(ac)|da:.

k=—n/2 l[Fel| oo >n/2+1

The first sum can be estimated directly by
n/2

X () = () = an

k=—n/2




and the second sum by an upper integral

o0
or—2

1 / 1 1 8
. ot [ Lae 2 (o),
2 %7 IEdls @ nP=2(p - 2) n

llelloo 272/2741 || >n/2 n/2

In summary we obtain for n > p that

om
I|KER |00 < W/]AqICR(w)\dw.
T2

(3.4)

By definition of K, in particular, since Kg(x) is constant for ||z| > 1/2, it follows that

/yAq/cR(a;)yda: _ / AT ()| dz + / IAYK ()] da
2

le<er a<la|<t—es

+ / |AYTg(x)| de
3—en<lel<;
and further by using polar coordinates
1
€1 27 €B
/\AqICR(w)\da: = 2ﬂ</r]A$TI(T)]d7' + / r|AYK (r)|dr
T2

€1

\ww <)

+ r|AITs(r)] dr)

1
27°B

where A, u = u,, + %ur. Note that

p k
Ccpr d
Alu = E D2,
rp=k drk
k=1

where the coefficients ¢, can be obtained recursively by

pp = 1, cpp1= p/2,
ok = P—2—k) okt B-20—k)p2k-1+por2 (k=3,...
o = —(p—3)°cp21, cp1=(p—3)%cp21.

Using this relation, it is easy to check by induction that
|ep,il = (_1)k+1 Cp.k (k=1,....,p—1).
By definition (2.3) of T3, we see that

p . k .
Cp.k ™) ™)
ATI) = b Y () o (F21)

(3.6)

7p_2)7

(3.7)



Since

0 J<p,

; D (4112 ; —
Algi ={ 2 (q.)( N7 Jj=n
2 ((j/JQ—q')!) R g

we obtain by the Taylor series of cosz that
|AZ cos z| < |(AZ cos)(0)] = 2P (¢!)%/p!

and by using Stirling’s formula for p > 3

V2rp <§>,, < pl < 1.03/2mp (g)p (3.9)

that 4
|AL cos x| < 3 VD-
Applying this inequality and Lemma 3.2 in (3.8), we get

€1

2 505 —2) [\
/T‘A?TI‘dTSCK VAl hih i : <ﬂ> . (3.10)
3(B—1)e} 4

0

In a similar way we can estimate the third integral on the right-hand side of (3.5).
Next we have by assumption (3.2) on K and by (3.7) that

p

Z Cpk K(k)
rp—k

k=1

c (p+,6’—1 ”1 (k+3—1)
iji? < = > (=Dfepi G- 1) ) :

k=1

< Cp Z|Cpk| k—i—,@—l)

|ATK(r)] = 1)1 kB

For z > 0 and 3 € N, we obtain by direct computation that

Az P) =323 +2)2...(B+p—2)2 2 0P
and by (3.6) that

e () EEB= D o)
Z Pk (3—1)! '
Thus,
q Ck ((p+8-1)! (p+5-1)
|AYK ()] < o ( CE <ﬁ2(ﬁ+2)2...(ﬁ+p—2)2_w>>.

For 8 = 0 we have to consider log « instead of 277 to obtain a similar result. For 3 € Ny, we
get in summary
20k (p+ B -1 _prp)

MK ()] < =0,

and consequently

1
27¢B

/ r|AIK (r)|dr <

€1

2Ck (p+3—1) —~(r+0-2)

1 6-2) (G- (3.11)

11



By (3.10), (3.11), (3.5) and (3.4) we obtain finally

Ck 1071'\/5(1)4-54- 90,8 — 2)!
(B —1)! (p — 2)np—2 P H02

ICER oo <

We will use the estimates in the Theorem 3.3 to specify the parameters e7,p and n of our
algorithm. Using the Stirling formula (3.9) we can rewrite our error estimate as

. Gos \/2
1 (y)=F(y;)] <107 Cre [Jex]ly 0008 & v

Wp(p + 06+ 5075 — 2) <p + B3+ 50,,8 _ 2>p+,6’+50,52
(p—2)(B -1 ener :

Thus, choosing &1 such tha e

numerical examples we choose

< 1, our error decays exponentially in p. In our

-z 3.12
a= (3.12)

While (3.12) steers the error, condition (2.12) on 1 is necessary to keep the near field com-
putation linear in M. Now (3.12) and (2.12) together imply that

N

If M = N, then the near field computation requires approximately v/N arithmetic operations
and the NFFT computations

n’logn + O(N) = (Np*/v) log(py/NJv) + O(N)

arithmetic operations. One should choose v such that both operation counts are balanced. It
seems that v ~ p, i.e.
n~+\/pN

is a good choice.

3.2 The Gaussian

In this subsection we have a closer look at the error introduced by our fast Gauss transform
without boundary regularization. By (3.1) it remains to estimate the error between K and its
finite Fourier series Krp.

Theorem 3.4 Let K(z) := e ~ll#l* (5 > 0) be a bivariate Gaussian and let Kgg := K—Kgp,

where Krr denotes the finite Fourier series (2.7) of K. Then, for n := % > 1, the following

estimate holds true

1 2
KR loo <4Cs (e"2 < Iy —) + e/ %) , (3.13)

where Cy := (1 + %6_0/4 + \/é)

12



Proof: The Fourier transform of the univariate Gaussian is given by

e}

/ e—ax2 e—27rikxdl,: \/Ee—k}Qﬂ'Q/O'.
o

— 00

Further we will use the following simple estimates:

1 1 s
Zﬁ < Zﬁ = & (3.14)
k=1 k=1
n/2 o0 1
St s fet a2 57, (3.15)
2V «w
k=1 :
00 oo
1 1 2
00 oo
3 LA /emQWQ/J dz < LQ o2 /(o) (3.17)
nmw
where the last inequality follows by
[e.e] oo o0 70012
/e—cx2 do < / e—c(a:+a)2 dx < e—ca2 /e—Zacar do = e )
- - 2ac

a 0 0

By applying two times integration by parts, we obtain for the univariate Gaussian and k # 0
that

1/2
Ck (e—ax2> — / e—ax2 e—27rikx dz
~1/2
1/2
_ (_1)k+12ﬂ-02-k2 670/4 + T / (1 _20_1,2) 670:1:2 e 2Tk 1,
~1/2
oo
o s 1 —oz N1 —omi
_ (_1)k+12ﬂ-2k2 e /4 _ ywoye /(e x )/I o2 ik dz
—00
oo
1 —oz?\n
+ o252 (e )" cos(2wkx) dz
1/2

and consequently

o.0]
2 o _ T 2.2 1 2
’Ck(e or )! < 5372 © o4 4 \/;e Wentfe 4 PYCTE) /(e 7T dw

T _k272/0 a —o/4
= \/;e o 4 5 ¢ /1, (3.18)




By (3.3) we have

n/2
IKerlloo < 2 D (lemprny ] +le@np () + 2 > ()]
P— Iklloo>n/2+1
=: 257 + 255.

Using the tensor product structure of the bivariate Gaussian, i.e. the splitting cx(K) =
ey (e —owi). cky (€ —o73), where k := (ki, k)" and @ := (1, 22)", and (3.18) we get for the first
sum

n/2
T _n 7r2/(4cr) 4o —o/4 T —k2n2/o o —o/4 ™
e (oo ) | 2 (Ve e e) 7

k=—n/2
k#0

and further by (3.14) and (3.15)

S1<2C, <\/E e + % e_a/4> .
o "

The second sum splits as

00 0o n/2
Sy <4 Z Z |C(k1,k2 ( | + 4 Z Z |C(k1,k2)(’C)|'
ki=n/241 ka=n/2+1 ki=—n/2 ka=n/2+1

Estimating the right-hand side by (3.18) and (3.14) — (3.17) we arrive at
So <4A(n,o) (A(n,o) +Cy),

where

1
A(TL,O') = 67772 + \/_E 670/4.
2y/mn ™™
Note that A(n,0) < 0.38. In summary we obtain
1 2
IKER loo < 4C5 (e_"2 ( T4 —) 4 /4 _‘/E> .
n
|

The first summand in (3.13) decreases with increasing 1. The second summand is negligible
for larger o, e.g. we have /o e"/* < 2.7-1076 for o > 60.

4 Numerical Examples

We have implemented Algorithms 2.1 in C and tested on an AMD Atlon xp1800+ 512MB
RAM, SuSe-Linux 8.0 using double precision arithmetic.

Throughout our experiments we have applied the NFFT/NFFT™ package [23] with Kaiser—
Bessel functions, oversampling factor p = 2 and several cut—off parameters m which will be
specified in the examples.
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For simplicity we have chosen M = N and knots y,; = x; (j = 1,...,N) in {z : [[z|| < 3—72},
i.e.ep= %. In case of singular kernels we have computed

N
flag) = oK(zj—ar)  (j=1,...,N)

k#j

instead of (1.1). The coefficients ay were randomly distributed in [0,1]. Moreover, we set
£l = %
Every figure presents the arithmetic mean of 20 computations.

Example 4.1 Figure 4.1 presents the error

Eoe e @)= F@) (4.1)
AN T )

introduced by our algorithm as function of the regularization parameter p for the kernels
in (2.1). We have used N = 5122 randomly distributed knots x; as depicted in Figure 4.2
(left). Further, we have applied two dimensional NFFTs of size n = 512 with a large cut—off
parameter m = 8 to ensure that the NFFT does not introduce an additional error.
As expected the error decreases exponentially with increasing p. Further the error increases
with an increasing order of the singularity of K. O

T
—+ 12
- 1x|
—<— log |x|

107 -5 x%log x| [

Figure 4.1: Error F of Algorithm 2.1 in dependence on the regularization parameter p for
various kernels, N = 5122 randomly distributed knots and NFFTs of size n = 256.

Example 4.2 Next we are interested in computation times. To compare our method with
the FMM we consider the kernel K(z) = log ||z||. The FMM Toolbox”™ v1.0 from MADMAX
Optics™ [1] was specifically designed for this kernel. We applied the routine fmmcoul2d with
parameter IPREC=1 from this toolbox. Table 4.1 compares the time for the direct computation
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with those for the fast summation by using the FMM-package and our implementation for
randomly distributed knots. In our algorithm we have set m = 4 and p = 3 to achieve
single precision, i.e. a maximum error E in (4.1) smaller than 1.0e—6. The FMM produces
nearly the same error. Note that the computation time for our fast algorithm includes the
computation time for the search of all points in the near field, which can be done in O(log N).
The FMM performs only slightly better than our NFFT-based program. Since this is also
true for the direct computation we hope to obtain further improvements by a more advanced
implementation.

For highly inhomogeneous point distributions as the distribution in Figure 4.2 our algorithm
requires about one and a half times the computation time reported in Table 4.1 for our
algorithm. O

parameter FMM NFEFT

N n direct fast direct fast
322 88 || 1.90e—1 | 5.00e—2 || 2.00e—1 | 4.00e—2
642 | 156 | 2.85e+0 | 1.30e—1 || 3.32e+0 | 1.60e—1
1282 | 312 || 4.73e+1 | 5.50e—1 || 5.46e+1 | 7.60e—1
2562 | 588 | 7.57e+2 | 2.30e+0 | 8.75e+2 | 3.46e+0
5122 | 980 — 9.40e+0 || ~ 1.39e+4 | 1.69e+1
10242 | 1960 — 3.85e+1 || ~ 2.20e+5 | 7.97e+1

Table 4.1: Comparison of the computation time for the direct computation, the FMM and our
NFFT-based Algorithm 2.1 for the kernel K(x) = log||z|| and randomly distributed knots.

Remark 4.3 (“near field correction”) Up to now we have assumed that the values Kng(y,;—
) = K(y; — 1) — Kr(y; —@x) = K(y; —2r) —Ti(ly; —zll2) (k € II¥(y;); j=1....,N) in
Step 4 of Algorithm 2.1 were precomputed. Alternatively, one can use the following procedure:
splitting

fe) = > Ky —a) — Y axDi(lly; — ),

kelg.\‘IE(yj) keIEI\iE(yj)

we evaluate the first sum with O(pM) arithmetic operations first. By definition (2.3) of
Ti the computation of the second sum would require O(p?M) arithmetic operations. We
approximate this sum as follows: we precompute TI(€IZ%) (s = —p?,...,p%) and approximate
Ti(|ly; — xkll2) by cubic spline interpolation. Now the (approximate) computation of the
second sum requires nearly the same number of arithmetic operations as the computation of
the first one. O

Example 4.4 We consider the Gaussian K(x) = ¢~l22l” - We have introduced the factor 2
because the computations in [19] were done with respect to ||z|| < 1/2 instead of ||z|| < 1/4.
Since the performance of our algorithm does not depend on the point distribution, we have
chosen the inhomogeneous point distribution in Figure 4.2 (right). For randomly distributed
points, we obtain exactly the same results. In the NFFT computations we have set m = 4.
Moreover, following the error estimate in Theorem 3.4, we have chosen n and ¢ such that
n/+/o is constant. Here n/y/o ~ 5 which ensures an error E' < 5.5e—8. Figure 4.3 presents
the CPU time of our simplified Algorithm 2.1 (Step 1 — 3, see (2.13)). As expected we see
that the computational complexity is only O(N).
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Figure 4.2: Left: homogenous point distribution. Right: highly inhomogeneous point distri-
bution.

For small values of o one has to add a boundary regularization to obtain arbitrary small errors
as shown in Table 4.2. Here p = 0 denotes the algorithm without boundary regularization.
The complexity depends on n as in Figure 4.3. O

35

T
—— n=512, 0=10000 |
—©- n=256, 0=2500
—— n=128, 0=625
3 = n= 32, 0=40

25

1.63 4

cputime in sec

P!
-
o

0.56
0.5 T

0.23
0.12

0 L L
12500 25000 50000 100000

Figure 4.3: Computation time of Algorithm 2.1 for K(x) = eol2zl3 with various values
o and corresponding NFFT sizes n in dependence on the number N of (inhomogeneousely
distributed) points.
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