A PROBABILITY ARGUMENT IN FAVOR OF IGNORING SMALL
SINGULAR VALUES

ALBRECHT BOTTCHER*, DANIEL POTTS?, AND DAVID WENZEL!

Abstract. If the matrix of a square linear system is nonsingular but has very small singular
values, then tiny perturbations of the right-hand side may cause drastic changes in the solution. We
show that the probability for this to happen is very close to zero if sufficiently many singular values
of the matrix are bounded away from zero.
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1. Introduction. Let A be a nonzero real or complex n x n matrix, A € M, (K)
where K = R of K = C. Pick p € K" and put Ap = y. Suppose p € K" is a
perturbation to p and Ap = 5. We denote by || || the £2 norm on K™. A basic question
is whether [|dp|| := ||p||/|lp|]| may be large if ||dy|| := ||9]|/||y|| is small. To tackle this
question, let A = USV be the singular value decomposition of A. We assume that
S = diag (s1,...,8,) with 0 < 57 < ... < s,. The number s,/s; € (0,00] is called
the (spectral) condition number of A and it is well known that

Sn
[opll < - oyl (L.1)
1

There exist p and p such that in (1.1) equality holds. Thus, if s; is very small, then
the system Ap = y is ill-conditioned in the sense that ||dp||/||dy|| may become very
large. It is also well known that in practice theoretically ill-conditioned systems often
behave better than one would expect. The purpose of this paper is to provide a
probabilistic argument that reveals that equality in (1.1) is a rare event if the matrix
dimension n is at least moderately large.

To be more precise, fix p € K™ and take p randomly from the ball

oBE = {z€K": |21 +... +|za]? < 0%}

with the uniform distribution. We show that if K = C, then

P(épn g )21—1 (1) .
oyl Sin/2]+1 Vvn o \2
for all n > 2, where P(E) denotes the probability of the event E. Thus, if half of the
singular values of A are separated away from zero, then ||dp||/||dy|| does not exceed a
reasonable bound with high probability.

Here are two examples. First, let A € Mgo(C) be the Toeplitz matrix generated by

the function x which equals 1 on [0,2/3) and 0 on [2/3,1) (see the left of Figure 1.1).
The singular values (in decreasing order) are shown in the right of Figure 1.1. The
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smallest singular value s; is strictly positive, but according to Matlab the quotient
sn/s1 equals 3.79 - 10'°. On the other hand, the right picture of Figure 1.1 tells us
that sy, /941 is approximately equal to s, and hence (1.2) implies that

3l ) 1 (1)
Pl—<4)|2>21—— (= .
(|6y|| - Ve \2
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Fic. 1.1. The graph of a function and the singular values of the 60x60 Toeplitz matrix generated
by this function.

In the second example we consider a matrix A € My21(C) that arises in a sampling
problem on a linogram grid; see, e.g., [6], [9]. The linogram grid and the singular values
are plotted in Figure 1.2. Matlab gives that s, /s; is about 1.97 - 107, but Figure 1.2
reveals that s, /s[, 241 is approximately 5.2, so that (1.2) gives

dp] ) 1 (1)
Pl— <208)>1—— | = .
<||5y 11 \2
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Fic. 1.2. The linogram grid generated by the parameters N = 5, T' = 10, R = 10 and the
singular values of the 121 x 121 matriz that arises in the sampling of a bivariate trigonometric
polynomial of degree 5 on the linogram grid.

To avoid misunderstandings, we emphasize that we prove that ||dpl|/||dy|| is with
high probability not a large number if s,,/s}, /2141 is, say, not larger than 10 or 50
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and the perturbation p is drawn from a ball centered at the origin with the uniform
distribution. This does not exclude that in practical computations a small value of sy
may nevertheless cause the known problems.

2. The general result. We begin with a simple estimate. Recall that A = USV
is the singular value decomposition.
PrROPOSITION 2.1. If s41 > 0, then

lopll* _ _s7 1

n

loyll* = sin L= (VP WP+ +(VD)P)/IVPI?

Proof. We have
_ g gl 1sve|”?

loy]1* = = Tz =
lyll*  NU*yll> [1SVpl?
_sHVPIP 4+ s VD)l | sk ((VP)keal* + -+ [(VD)al?)
sHVPRP 4.+ 83 (Vpal* = sE((VPLP + .+ [(V)al?)
_ Sk VB2 = 1(VE) P — . = (VB )l
e IVpl?
and hence
lopll* _ 121> llwll* o _sa [Vl 151
loyll> el 191 = sia el IVDIZ = (VP = = (VD)
which gives the assertion because ||[Vp|| = ||p|| and ||p]| = ||[VP]|. O

Now suppose the perturbation p is randomly taken from the ball pBg with the
uniform distribution. Then Vp is uniformly distributed on ¢Bf and the random
vector ¢ := Vp/||Vp]| is uniformly distributed on

Spli={z e K": |z + ...+ |za]? = 1}
In terms of ¢, the estimate of Proposition 2.1 reads

1oplI> _ sp 1 _
oyl = sy 1= (a2 + ... + lal?)

It results that, for every € € (0, 1),

5p||? 1 s2
k+1

We subsequently make use of the formula |[S§~!| = 27™/2 /T (m/2).

The following result is undoubtedly known to probabilists (see [4] for K = 1 and
see also [, pp. 300] for a related discussion). As we have not been able to find the
result as it is stated in the literature, we cite it with a full proof.

THEOREM 2.2. If (¢q1,...,qN) is taken from Sg‘l with the uniform distribution,
then for 1 < K < N — 1 the density function of the random vector (q1,...,qK) is
N—K—1
ISk | (1— a2 — ... —a2)N-K-2/2

Sz~
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Proof. For a measurable set 2 C RX, we define
Q= {(x1,...,on) €SV i (1, 2K) € Q.

We then have

1

P((lh,...,qK)GQ):P((Ch,...,qN)GQ ) W da,

where do is the surface measure on Sg —L Put

O = {(xl,...,xN,l) cBY ! (xh...,mN,h\/1—x%—..‘—x?\[71) GQ*}.

The set 0 is composed of two congruent pieces given by

xN::I:\/l—z%f...fx?V_l, (z1,...,2n_1) € Q.

Consequently,

1 8%1\/ oxn 2
- dzy ...dex_
SV Jo do = SN T /\/ 8x1 + * (8:51\71) O1-- - GEN-1

de 1

’_fol

2 d oodry—
= ﬁ/ / IK+1 N1 d:l:l .. de
‘SR | Q 0By TIK \/1 —x% — .. 2

T TN

SN 1|/Q’ \/l—xl

where ¢ := /1 — 2% — ... — 2%. It follows that the density function is

2 / dIK+1 N de—l
N—-1 . ’
|SR | nglK\/l—x%—...—x?\,_l

which can also be written as

2 dl‘K+1...d$N_1

SNfl BN —1-K ) _ 2 ’
ISg | JeB} 0 —Th g~ — TN

To compute (2.2), we use the well known formula

92 xm/2 R
fly=d+.. 422, )dey .. dey = = / ™ f(r) dr, (2.3)
/RW ( ' ) r(%) Jo
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for which see, e.g., [8, pp. 396-397]. This formula shows that (2.2) equals

2 27T(N717K)/2 o N_K_o dr
|S]g_1| F(W) /07’ /92—r2
2 el nreE g
S T (=) 2r(555)
1 27T(N7K)/2
SR T

N—-K-2

1
= e SN K (1 -2t - —a)NED2 O
ISk
THEOREM 2.3. Let (q1,--.,qK) be as in the previous theorem. If € € (0,1), then
N
r(3) 2 Nk

IP(Q 2<1—2)>1— 7
B ) S T N (§) N K

where vy =1/v/1—¢€2 for K=1andvy=1 for2< K <N —1.
Proof. By Theorem 2.2, the probability in question is

‘SN_K_1|
RN71 (1—a?— . =22 N=E=22 40 dag,
ISg | S S B
) |
= 2/ (1—a%—...— 2% )(N_K_Q)/del...de. (2.4)
F(%5) Jorgme "

Formula (2.3) implies that (2.4) is equal to

ZF(%) /177 K—1 2 —K—
e T [ ) (VKD 2,
I (%55)r (%) Jo

where 7 € (0,1) is defined by (1 —7)? = 1 — 2. Taking into account that

2T (%) /1 K—1 2\ (N—K—
r (1—7‘)(N K=2)/2qp =1,
(%) Jo

L (%55)T

we obtain that

P+ tah>1-2) =1-P(d 4. +ah<1-¢)

r (g) ' K-1 2\(N—K—2)/2
=2 ———=r r 1—r dr. 2.5
F(N;K)F(ﬁ).ﬁn e (22

The change of variables r?> = x yields that the integral in (2.5) is

1
1 / 2 E=2)/2(1 _ ) (N=K=2/2,
2 Ja—np

which does not exceed

1 1
— / (1 —z)N=K=2/2gy
(



6 BOTTCHER, POTTS, AND WENZEL

for K =1 and

1

/ (1 _ LU)(N_K_2)/2dLC
(1-n)2

for K > 2. Since

/1 (1 _ m)(N—K—Q)/de — (1 — (1 — n)Q)(N_K)/Q _ 2 N-K
(12 (N — K)/2 N_K

we arrive at the assertion. [

COROLLARY 2.4. Lete € (0,1) and suppose s+1 > 0. Take p randomly from the
ball 0By with the uniform distribution. If K =R, then

lopl* _ 1 sp ) 5) 2 ok
P S 5 & Z 1_’}/ _ g ’
(5y||2 €2 i L (2F5)T(5) n—Fk
where y =1/vV1—¢2 fork=1andvy=1 for2<k<n-—1. If K=C, then

p(IopP _ 1 N T e
1oylP = 2 57,,) = T T —RI®) n—k

for1<k<n-1.

Proof. This is immediate from (2.1) and Theorem 2.3 with N = n and K = k for
K=Rand with N =2nand K =2k for K=C. O

EXAMPLE 2.5. Let K = C and take k = [n/2], where [-] stands for the integral
part. Stirling’s formula tells that

F(’ﬂ) n—1 n
o2~ o
r(3)
whence
F(TL) 62(n7[n/2]) on

Co=EDT0E) a1 v~ 29

for all n > ng. A careful analysis shows that (2.6) is in fact true for all n > 2. From
Corollary 2.4 we therefore deduce that

2 2 n
PCW<1 5 )lew

13yll? = 22 52, e v

for all n > 2. Choosing ¢ = 1/2 and € = 1/4 we obtain in particular that
2 2
[0yl Sin/2)+1

6pl 2 CY
P2 <16 >1—— (=) . 2.7
<Mm2 N Vi \2 0

- Sl
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Notice that (2.7) is the same as (1.2). The choice k = [an] with a € (0,1) gives
2 1 2 1 2(1—a) n
Pl m ) 2y v (wamas)
[loyl €% S\ l—a+vn \a*(l-a)
for sufficiently large n, which for e2 = 2=/ (1 — a)a®/(1=®) becomes

2 1/(1-a) 2 n
16ylI> = (1 = a)ac/0=e) s ) 1—avn \2

an)

3. Toeplitz operators. Fix a function a € L°°([0,1]¢) and let {aj} ez be the
sequence of its Fourier coefficients,

ap = / a(x)e 2™k qg,
[0,1)4

The Mth Toeplitz operator Ty (a) generated by a is the operator on £2({1,..., M}%)
defined by

(Tv(a)p) aj_rpe (G €{1,...,M}%).

(]

We think of T (a) as a linear operator on C" with n = M¢9. All properties of Toeplitz
operators used in the following can be found in [2] and [3].

As the case where a is identically zero is uninteresting, we assume that a is not
the zero function. Then |a||cc > 0. The largest singular value s,,(Tas(a)) does not
exceed ||a|loo and converges to ||allco as M — oo. The question whether the smallest
singular value s1(Th(a)) stays away from zero as M — oo is difficult. An answer
is known if a € C([0,1]¢), but this answer provides an effectively verifiable criterion
only for d = 1 and some particular cases if d > 2. We remark that the condition

essinf, (o 474 [a(z)| > 0

is necessary but not sufficient for s1 (7 (a)) to be bounded away from zero as M — oc.
Thus, if

essinf, (o174 [a(z)| > 0, (3.1)

then certainly s1(Thps(a)) — 0. The following result shows that independently of
whether (3.1) holds or not, ||0p||/||dy|| always remains bounded with a high probability.
THEOREM 3.1. For every a € L>([0,1]9) \ {0} there exists an a € (0,1) such

that s%/s[?om]_’_l < 4 and hence

[l 4.21/0=) o 1 [1\"
P < S1o =2 = (L) 2
<||<5y||2 = 1—a)ae/0-) ) = —avn \2 (3.2)

for all sufficiently large n.

Proof. This follows from the (multidimensional version of the) Avram-Parter
theorem [10], which says that

1 _
e = [ ellatol) 33)
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for every continuous function ¢ : R — C. This theorem tells us that the singular values
of Ty (a) are asymptotically distributed as the values of |a(x)| (which is convincingly
seen in Figure 1.1), and since |a(z)| > ||a|lco/2 on a set of positive measure, we
conclude that a strictly positive percentage of the singular values of Ths(a) must be
greater than |la|lcc/2 as M — oo. Consequently, there is an a € (0,1) such that
S[anj+1 = |lalleo/2 for all sufficiently large M. Because s, < |[la]|co, it results that
sn/s[zom]_|r1 <4 if n is large enough. Given this, (3.2) is a direct consequence of (2.8).

REMARK 3.2. If one does not insist on (3.2) as it is stated, one can proceed more
elementary. Namely, (3.3) in the special case where p(t) = t (and with s;(Ta(a))
abbreviated to s;) implies that

ceids, 1
B Y NG
[0,1]4

n 2 2
for all sufficiently large n. Choose o € (0,1) so that (1 — «)||allec < ||al|1/4. Then

lall1 < $14 ...+ s, < ([an] + 1)s(an)41 + (n — [an] = 1)s,
2 n - n
< (an] + Dsjany1 + (0 — [an] — Dlaflo

— )

n

which shows that

M < a liminf span41 + (1 — a)flallo

n—oo

and thus

1 a
s = & (120 = (0= @)l )

for all n large enough. For these n,

Sn o 1602
Stog1  (lalli/llallo = 4(1 = @))?’

which can now be inserted in (2.8).

ExaMPLE 3.3. One example was already cited in Section 1. To have another
example, take d = 1 and a(z) = 27 (¢ > 0). Then |ja]lcc = 1. We have a(x) > 1/2
if and only if 2 > o := 1/2'/9. Thus, we can use (3.2) with this value of a.. Notice
that in this and any other concrete case, one can appropriately modify the argument
of the proof of Theorem 3.1 to get less complicated constants. For instance, we can
argue that a(x) > 1/27 for & > 1/2, which, by the Avram-Parter theorem, implies
that

N
Sin/2l+1 Z 17 90

for all sufficiently large n. Estimate (2.7) now yields

19p]> > 1 <1>"
P <1747 ) >1-— (=) .
(II&JI2 - TV \2
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4. Sampling of trigonometric polynomials. Let 114 := {~N,..., N}? and
n := (2N + 1)¢. We want to find the coefficients p, (k € II) of a trigonometric
polynomial

)= 3 e

kellg

from the values v; = p(x;) at prescribed points x1,...,z, € [0,1]%. Thus, we have to
solve the system Up = v with

U= (") jeprmmmeny » P= @idrenys v = (0)ieqn-

To take into account clusters in the sampling set {1, ..., 2z, }, we introduce the diago-
nal matrix W = diag (w1, ..., w,) in which w; are certain weights satisfying Zj w; =1

and consider the r x n system vWUp = vWw. Finally, to get a square system, we
pass to the n x n system Ap =y with A = U*WU and y = U*Wo.

The matrix A is a Toeplitz matrix. In the notation of Section 3,
ks
A=Tonyii(ay) with an(x) = ijezmk'(w*zf).
j=1

Since both the size and the generating function of A depend on N, the results of
Section 3 are not applicable. Fortunately, the argument of Remark 3.2 can be carried
over to the situation at hand.

The mesh norm v of the set {x1,...,2,} is defined as

v=2 max min dist(z,z;)
z€[0,1]4 j=1,...,r

where the distance is taken in the || - ||« norm and periodicity is factored in, that is,

dist (z,y) = I?Equ}i |z —y+ Elloo with |z]lec = max(|z1],...,]|zal)-

In [1], [7] it was shown that the spectral norm || A| admits the estimate
[A]l < (24 e2™N)2 = 02, (4.1)

THEOREM 4.1. If o, € (0,1) and 1 — v, < 1/C2, then

s2 200, C2 2
<
“\1-(1-a,)C?

2
S[ann]+1

p(lopl? _ 207 ( 20,C3 )
16ylI> — (1 — an)ag”/(l_a") 1-(1-0a,)C3
Qi 1 1\"
>1—y/——= |z 4.2
- 1—a, V1 (2) (42)

for all sufficiently large n

and hence
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Proof. The matrix A is positive semi-definite and hence its singular values s; <
... < s, coincide with the eigenvalues. The sum s; + ... + s, equals the trace of A,
and since A is Toeplitz, the trace of A is n(ayx)o = ”Z;:l w; = n. This together
with (4.1) gives n = s1 4 ... 4+ 8, < ([nn] + 1)s[a,nj41 + (0 — [n] — 1)C2 and thus

n—00

1
iminf sja, nj 1 > — (1= (1 an)CR) > 0.

It follows that i, 41 > (1 — (1 — ,)C3)/(2ay,) for all n large enough. As s, < CZ,

we get the desired estimate for 8721/8[2(xnn]+1' Inequality (2.8) now yields (4.2). 0O

If we choose a sequence of meshes depending on n so that v = O(1/n), then
the C,, in (4.1) is bounded by a constant independent of n. The «a,, in Theorem 4.1
does then also not depend on n, and the theorem’s message becomes that the rate
[I6p]1/110y|| does not exceed a constant K independent of n with a probability converg-
ing exponentially fast to 1. Whether the K delivered by Theorem 4.1 is practically
acceptable or astronomically large is another matter. The proof of (4.2) is based on
very rough (but simple) arguments that do not aim at a best possible bound K.

EXAMPLE 4.2. Let d = 2 and let {x1,...,2,} be a linogram grid, which is formed
by concentric squares centered at (1/2,1/2). To be more precise, pick natural numbers
R and T and put

{x1,...,2,.} = U U {xgjvxxj}

—R/2<j<R/2—1 —T/A<t<T/4—1

1 j 1 4t 1 4t 1 g
H _ (= Jo- - J V_: - J = J
xt*j_<2+R’2+TR)’ g (2 TR2R)

We take the weights w; ; = n|j|/(T'R?). Different choices of the parameters R and T'
result in matrices A with very different singular value patterns. Figure 1.2 corresponds
to the case N =5, T =2N, R = 2N. Three more examples are shown in Figures 4.1
to 4.3.

where

1.1
]
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i
§ H 1.05
i :
i i .
0.5%:338 H
i i
EE g I e
HE $
..i H
s
U 0.95 L L L L L L
0 0.5 ] 0 20 40 60 80 100 120

Fic. 4.1. The linogram grid generated by the parameters N = 5, T = 16N, R = 8N and
the singular values of the 121 x 121 matriz that arises in the sampling of a bivariate trigonometric
polynomial of degree 5 on the linogram grid.
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FiG. 4.2. The linogram grid generated by the parameters N = 5, T = 4N, R = 4N and the
singular values of the 121 x 121 matriz that arises in the sampling of a bivariate trigonometric
polynomial of degree 5 on the linogram grid.
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Fic. 4.3. The linogram grid generated by the parameters N = 5, T = 4N, R = 2N and the
singular values of the 121 x 121 matriz that arises in the sampling of a bivariate trigonometric
polynomial of degree 5 on the linogram grid.

Let us embark on the case N =5, T = 2N, R = 2N (Figure 1.2). The number
of points in this grid is r = TR = 4 N? = 100. One can easily show that v = 2/N.
Hence (4.1) holds with C,, = 2 4 %™ =: C' and Theorem 4.1 yields that

||5p|| 1 1 2
<« >1—-L— | = .
P(IléyI K 1-L (4 3)

with constants K and L independent of n. The determination of these constants from
Theorem 4.1 runs into a disaster. The inequality 1 — a < 1/C? is satisfied for some
a extremely close to 1, and for this a, (4.2) gives (4.3) with K and L about 10°7 and
101, respectively. In spite of that the right-hand side of (4.3) is greater than 0.9999.
Thus, while theoretically the rate ||dpl|/||dy|| turns out to remain bounded with high
probability, we here meet a case in which the bound K is unacceptable practically. In
Section 1, we used Figure 1.2 to see that actually 20.8 is a bound.
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