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Abstract

In this paper, we suggest a new Fourier transform based algorithm for the reconstruction
of functions from their nonstandard sampled Radon transform. The algorithm incorpo-
rates recently developed fast Fourier transforms for nonequispaced data. We estimate
the corresponding aliasing error in dependence on the sampling geometry of the Radon
transform and confirm our theoretical results by numerical examples.
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1 Introduction

Let S(R?) be the Schwartz space of rapidly decreasing functions and let S(Rx T) be the space
of C*® functions on R? that are rapidly decreasing in the first argument and 27 —periodic in
the second argument.

We are interested in the two-dimensional computerized parallel beam tomography which is
conveniently modeled by the Radon transform R: S(R?) — S(R x T) with

Rf(s, ) = / (z)dz (9:: (:fjf;)) (1.1)

rh=s

The line integrals are parameterized by the angle ¢ € T between the beam normal vector and
the abzissa and by the distance s € R of the beam from the origin. See Figure 1.
In general, we assume that f has compact support, i.e. without loss of generality that

supp f C Q:={z € R : ||z| < 1} (1.2)

By C§°(€2) we denote the space of C* functions with compact support in €. Let
f©) = [ 1) s
R

be the Fourier transform of f € Lo(R™).
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Figure 1: X-ray in parallel beam tomography

Radon transform and Fourier transform are related by the so—called “Fourier slice theorem”
or “projection theorem”.

Theorem 1.1 If f € S(R?), then

f(00) = / Rf(s, g)e 2™9ds = R} (0, ).

R

In practice only a finite number of line integrals (1.1) can be measured. So the natural question
arises which line integrals should be taken, i.e. how the beams should be arranged in order
to insure a satisfactory reconstruction of the function f.

If we sample Rf on a grid G := {Ak : k € Z?} C R x T, the answer was given by Natterer
[21]):

Let G := {Ak: k € Z?} C R x Z with a nonsingular generating matrix

fi = ( o1 O12 > € RQXQ; (agl,azg € Z) (13)
az; a2

denote the dual grid of the sampling grid G := {Ak: k € Z?} C R x T, where

1 0 i1 1 a2 —a2 )
A= A )= - . 1.4
( 0 2«7 ) ( ) det(A) ( —2ma12 2mai (1.4)

Theorem 1.2 [21, Theorem II1.3.1] Let f € C§°(2) and Rf € S(R x T). For v € (0,1) and
b > 1 define the set K by

1
K = {(a,k) ERXZ:|o| <blkl < 27rmax{%, (— —1) b}}
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Let A be given by (1.3) so that



(A) the sets K + Ak (k € Z2) are mutually disjoint.
If Rf(Ak) =0 for all k € Z2, then we have for b > B(v) > 1 that

A 8
IRz (xmy < C@)e [ flly() + —e0(f, ). (1.5)

Here C(v) and A\(v) are positive constants and

eo(f,b) := / 1F(©))de.

13922

The first summand in (1.5) decays exponentially as b increases beyond B(v), while the second
summand depends on the decay of |f| outside the ball {¢ : |¢] < b}.

The simplest sampling grid G which satisfies the assumptions of Theorem 1.2 is the so—called
standard grid with generating matrix

1
A:(2b 2) (T > 2bm, 2T € Z).
0 7

N 26 0

4= ( 0 2T )
generates the dual grid. This is the grid usually applied in parallel beam computerized tomo-
graphy and the assumption (,A) in Theorem 1.2 is simply an agreement with a result of
Bracewell and Riddle [3]. See Figure 2. The standard grid has mesh width < ﬁ. We will

refer to any other grid G as nonstandard grid. Having a look at Figure 2, we see that G can
be further refined so that G becomes coarser.

Here
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Figure 2: Dual standard grid with four sets K + Ak (left) and standard grid (right), where
T =22 (y ~ 0.95).



For example, the sampling grid and corresponding dual grid with generating matrices

1 “ b 0
— b —
A'_(O ),A_( T ZT) (T >2bm, T € Z),

respectively, also fulfill the assumption of Theorem 1.2. See Figure 3.

Moreover, this so—called interlaced grid has twice the mesh width of the standard grid, i.e.
we need only half the number of line integrals for a satisfactory reconstruction of f than in
the standard sampling case. The interlaced grid has been found by Lindgren and Rattey [19],
while its name is due to Cormack [4].
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Figure 3: Dual interlaced grid with five sets K + Ak (left) and interlaced grid (right), where
T:% (p < v;v=0.95).

Various algorithms were designed for the reconstruction of functions f from their sampled
values on the interlaced grid. For example, a filtered backprojection algorithm was suggested
by Kruse [16] and algebraic reconstruction algorithms by Klaverkamp [15].

In this paper, we are interested in Fourier reconstruction algorithms based on the projec-
tion theorem 1.1. Fourier reconstruction algorithms for standard sampled Radon transforms
have recently attained new attention in connection with fast Fourier transform algorithms
for nonequispaced data [10, 32, 11, 26]. These new algorithms improve known Fourier recon-
struction algorithms as the UFR /gridding algorithm [17, 18, 23, 27] or the linogram algorithm
[7, 28] with respect to the reconstruction speed and image quality. In contrast to the con-
venient filtered backprojection which ensures a good quality of the image at the expense
of O(N?3) arithmetic operations, Fourier reconstruction methods require only O(N? log N)
arithmetic operations. This feature will be of particular interest for future three-dimensional
image processing.

This paper is organized as follows: The following section provides a new Fourier reconstruc-
tion algorithm for nonstandard sampled Radon transforms based on fast Fourier transforms



for nonequispaced data. Section 3 contains estimates of the aliasing errors introduced by
our algorithm which confirm Natterer’s sampling condition (A). Finally, Section 4 presents
numerical results.

2 Fourier reconstruction algorithms

Our Fourier reconstruction algorithms are based on fast Fourier transforms for nonequispaced
data (NFFT). In the following, we introduce the NFFT in a very short way. For details see [25].

Let M4 := [-3,1)% and Iy = {k € Z¢ : -5 < k < I}, where the inequalities hold
componentwise. For arbitrary w; € ¢ (j € 1), we consider
foi= Y fie ki (ke Iy). (2.1)
jelnm

Straightforward computation of (2.1) requires O ((MN)%) arithmetic operations. For equi-
spaced data w; := j/N (j € Iy) the complexity can be reduced to O(N¢log N) arithmetic
operations by applying well-known fast Fourier transform techniques (FFT).

Recently, fast approximative algorithms for the efficient computation of (2.1) were developed
[2, 6, 24, 30, 33]. The basic idea of these algorithms was known as so—called “gridding”.
However, only the recent papers clarify the relation between the speed of the algorithm and the
introduced approximation error and give non—heuristic criteria for the choice of the parameters
of the algorithm.

Let n:=aN (a>1) and m < N. Further, let a 1-periodic function ¢ with good localiza-
tion in time and frequency domain be given. For example, ¢ can be chosen as tensor product

of the 1-periodized n—dilated version >  @¢(n(x + r)) of the
TEZ

— Gaussian bell ¢(z) := %e—wz/ﬂ (ﬁ — (2a*1)m),

aTm
— centered, cardinal B-spline ¢(z) := Moy, (z) of order 2m,
— Kaiser—Bessel function [14, 12, 10].

Let % denote the tensor product of the 1-periodized, n—dilated version of 1Z = 1 _mm &
where 1j_., ., is the characteristic function of [-m,m]. In case of the Gaussian bell, 1; is
simply a truncated version of ¢, while 1 coincides with @ in case of B—splines.

For [ € I,, we set J, m(l) :={j € I : l = m <nw; <I+m}.

An algorithm for the computation of (2.1) which requires only

O((aN)%log(aN) + (2m + 1)¢M?) arithmetic operations reads as follows:

Algorithm 2.1 (NFFT-Algorithm)
Input: Ny M €N, a>1,n:=aN,w; e 0I% f; € C (j € Iy)

Precomputation: Fourier coefficients ci(p) of ¢ (k € In)
function values Pwj — L) (€I j€ Jum(l)
Compute



Lo Y fbls - 1) el

J€JIn,m(l)

2. ap:=n¢ Z di e~ 2mikl/n by d-variate reduced FFT,
lel,

3. fk = ak/ck(ga) (k? S IN).

Output: f, approximate value of fj,

For the above functions ¢ and fixed @ > 1, it was proved [2, 6, 30, 10] that the error
max |f& — fr| decays exponentially with m.
€ln

We want to apply the above NFFT-algorithm for the reconstruction of Radon transformed

functions. For constructive purposes, we assume that Rf was sampled on the grid G := {Ak :
k € 72} with

A= %
0

Further, we assume that a|M and a|T". Then the dual grid G is generated by

- M
-— a
A= ( _eof o ) . (2.3)

Note that we have a = 1, ¢ = 0 for the standard grid and a = 2, ¢ = 1 for the interlaced grid.

SEN

) (a, e, M,T €N; a,M, T >0; 0<c<a). (2.2)

Remark 2.2 Indeed (2.2) is related to the more general grid (1.4) as follows: Under the
additional assumption that ai1,a12 € Q in (1.4), there exist integers ci1,c12,Co1,C22 With
ged(e11,c12) = 1 and ged(eo1,c22) = 1 and positive numbers T, M € QQ such that

ail_ C11 a2 C12 a1 C21 a2 €2

~

det(A) 2T  det(A) 2T ' det(A) M ' det(Ad) M’

Further, there exist k; € Z2 such that (cj1,ci2)Tk; = 1 (i = 1,2). Thus, the grid G given by
(1.4) can be alternatively generated by the matrix
),

a
M
0
where a € N is the smallest positive integer such that (%, 0)T € G and ¢ € Z is the smallest

nonnegative integer such that (ﬁ, %)T €q. O

RN

Fort=-T,...,T — 1, we set

™

. , T T
0t =@k = ~(ja+ k) (kzO,...,a—l; ]:—E,...,——:l),

N



. T
0k := (cos@j,sinp; ;) and

k M M
Snk;:M (k:(),___’a—l;'n,:——’___’__l)_
’ M a a

Here (k), denotes the nonnegative residue of £k modulo a. By (2.2), we assume that the Radon
transform Rf of f is known at the grid points

. T M
(S k) (B=0,...,a—=1; j=0,... ’E_l; n:—;,...,

We want to reconstruct f with (1.2) on the grid

2 2 N N
) = (= k= k=
(‘T]:yk) (.7 Na N) (]a 2 ) ) 2 ) 3

i.e. we are interested in details of size > % Based on Shannon’s sampling theorem [13], we
assume that eo(f,b) is small for b > %. Our Fourier reconstruction algorithm is based on the
projection theorem 1.1 and on our NFFT-algorithm.

In the first step, we approximate the one-dimensional Fourier transforms
1
RH(0.9) = f(08) = [ Ri(s p)e7ds
-1

by using our sampled values Rf (s, , ;) and the trapezoidal rule for the numerical integra-

tion: For j =0,... ,%—1 and £k =0,... ,a — 1, we obtain
M_q
. a N o
9(o:pik) = 37 > Rf(snp, pjp)e i katnalo/M
n=—4
A |
. o a 3 —oring /(M
g(a, (Pj,k) - e 27r1(kc)aa/MM Z Rf(sn,ka(Pj,k)e 2mina /() (2_4)
n—_M
and for o := % (m = —%, e % — 1) with oversampling factor v € N,
M_q
[m o a N o My
g (7,<Pj,k> = g 2milkelen/ (M) Vi Y Rf(snk@ike 2minm/(%7), (2.5)
- M
M M M
Now we have for m = u="1 +v (u €Z,ve {—2—(:7,... ) — }) that
M_q
. [ m o o a —omine/( M2
g (7790]',19) - e 2mi(kc)au/a e 27r1(kc)av/'yMM Z Rf(sn,ka(Pj,k)e 27r17w/( = )
n=—4
—omi ~ [
e Zwl(kc)au/ag <;’ Wj,k) . (2.6)

7
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Thus it suffices to evaluate (2.5) form = —1,... , 52

tiplication with complex exponentials (see (2.6)). In summary, we obtain all values § (%, <pt)

— 1. The other values follow by mul-

by T one—dimensional FFTs of length % and some modulations with complex exponentials.

To improve the reconstruction quality, the first step is in general followed by a filter step.
This filter step reduces the aliasing error introduced by the discretization of the Fourier inte-
gral. In our numerical computations we will apply several filters. However, our estimates of
the aliasing errors in Section 3 are given without incorporation of the improvement by the fil-
ter. For this reason, we will ignore the filtering step in the following theoretical considerations.

In the second step, we approximately compute the two—dimensional inverse Fourier trans-
form

v 7T 0w
f(ac):5 /|a|/f(09)e27riaawd(pdg: /U/R\f(a,w)e%"“mpda

A

by using our values g {2, ;) = f | 26; ) and the trapezoidal rule. Based on our assumption
y using g\ % 7

that € (f,0) (b > %) is negligible small, we consider

™

b
(f + W) (z) = / - / F(00)e™ 7924y do. @27)
0 -

where

W(€) = 1oy (€]) (€ € R?).
Note that W} can be replaced by smoother functions with

0 < Wy <1, Wy(—08) = Wy(08), Wy(o8) =0 for |o| > b.

This leads to the filtering step mentioned before the second step of our algorithm. To simplify
the notation, we omit the filtering step by a smoother function at least in our theoretical
considerations.

Now discretization of the inner integral leads to

b T-1
(W) (@)= [oF 3 dlorr)etmodo (2.8)
O tsz
and finally discretization of the outer integral with b := % to
(i) r & T v
(f * Wﬂ) (zj,9k) = —= vmd (=, | 2O O/(51), (2.9)
‘ 7T m=0 t=-T

where

m otherwise.

For an explanation of the choice of vy see [22].



In summary, we obtain the following algorithm for the efficient computation of

(i)
flzj,ye) == (f * Wﬂ) ' (zj,yx) with O(N?log N) arithmetic operations.
4

Algorithm 2.3 (Fourier reconstruction algorithm)

Input: a, M, T € N and ¢ € Z grid parameters.
Rf(sng,et) 0=0,...,T=1,k=0,...,a,n==-2 . M_7q)
v € N oversampling factor.

1. Fork=0,...,a—1and j=T/a,... ,T/a—landform:—]\g—al,... ,Ag—al—lcompute

&S

-1

A [T —27i a —2minm /(M

g (7,%,19) = ¢ 2milte)em/ ) M > Rf(snkpip)e” /(%)
—_M

a

by T one—-dimensional FFTs of length % and some multiplications with complex ex-

ponentials.
2. FOI'j,k = _%’ ,%_1 COmpute
) =T -
f(-Tjayk) = — U (—,<Pt> ezmmat(i)/(_})’

by Algorithm 2.1 with « = 2 and d = 2.

Output: f(wj,yk) approximate value of f(xj,yx)

Our Fourier reconstruction Algorithm 2.3 suffers from two kinds of approximation errors: the
errors introduced by applying the NFFT-algorithm in step 2 and the aliasing errors arising
by the discretization of the Fourier integrals. While the first kind of errors can be kept very
small by an appropriate choice of the parameters of the NFFT (see [25, 30, 10]), the aliasing
errors depend on the sampling grid G of the Radon transform. The relation between G and
the introduced aliasing error will be investigated in the next section.

3 Estimation of the aliasing error

We are interested in the difference between f * W and (f * W) given by (2.7) and (2.8),
respectively. The final discretization (2.9) also depends on the oversampling factor v, where
the discretization error can be improved by increasing .

Theorem 3.1 Let f € C§°(2) and let Rf € S(R x T') be sampled with respect to the grid
generated by the matrix (2.2) with ¢ = 1. If M, T € N satisfy one of the following conditions

i) 20< M < %52bandT >7M(a—1) (a2>3),

ii) -4926< M <aband T > w(2ab— M) (a > 4),



iii) ab< M < 2aband T >7M (a > 2),
iv) M >2aband T >27b (a > 1),

then
. . 2
1f Wy — (f * Wo) Dl ) < mabeo(f,b) + Cllfllz, () avh (1 —72) 1e 317
where C denotes a positive constant and

7M(a—1)  in casei),

7(2ab— M) in case ii),
M in case iii),
72b in case iv).

To keep the notation as simple as possible we restrict our attention to ¢ = 1. The case ¢ # 1
can be treated in a similar way.

Note further that our conditions i) — iv) are in agreement with Natterer’s requirement (A).
See Figures 4 and 5.

Proof: Our starting point is the discretization (2.4) which is necessary in the first step of
Algorithm 2.3. Regarding that ¢; = ¢;, i.e. ¢ := ja + k and applying Poisson‘s summation
formula, we obtain that ¢ is related to Rf by

. — M .
_@(0’, (Pt) _ e—27r1(lcc)aa/M ZRf(o. +1=, <Pt) eZm(a—I—l%)k/M
a
leZ
— M .
S B0+ 1o ) €27

leZ
a—1

. — M
= Y MR N Rf(0+r— + 1M, ¢,). (3.2)
r=0 IeZ a

Using (3.2) in the discretization (2.8) of the second step, we get

a—1

T-1
i _ m = M ooz | 2mirk/a
(f« Wy)D(z) = o Y (E:Rf(o+r;+lM,<pt)e t)e /e do

b

0/ t=—T \I€Z
b

0

T—1
o~ M - '
Uz Z (Z Rf(U + 7"; + M, <Pt)62m'70””) el”'ZTQOt/CL do.

T
t=—T \I€Z

ﬂ
Il
)

-1

5]

r=0

10



This can be splitted as follows:

(f * Wy) (x)

where

and

1

b _
_ /0% Z (I/%\f(o, (pt)eQﬂia'Gt;c> do (3.3)
0

t=—T

b
— M . .
+ /af Z Rf(a—l—r— —I-ZM, (pt)eZmJHtw elT2T(pt/a do
T a

r=0 0 t=—T lE€EZ
1£0,—1

T-1

b
- M . .
+ Z(/ + /)0.% z Rf(O"i‘T';,(Pt)eQmUaﬂ elr2T<pt/ado_
19

t=—T

b
/ + / )O'% Rf(U - M ’(Pt)eZﬂiaetm ei1‘2T<pt/a do,
a
0 r,a

. b—r ifb—r € (0,b],
u(r.a) = { 0 otherwise,

MYT —b if MET —b € (0,0),
o(r,a) = 0 if M&T —b <0,
b if Mot > b,

By Poisson‘s summation formula we have for a 2r—periodic function h that

where

T-1
4l i
T > h(gr)elele = > crariar(h), (3.4)

t=T keZ

27
ex(h) = / h()é# dg
0

denotes (27 times) the k—th Fourier coefficient of h. Now we obtain by (3.4) and Theorem

1.1 that

where

ey =

(f « Wy)D(z) = (f * W) () + eo + e10 + €11, (3.5)
a—1 b . -1 M
/a? Z Z Rf(o+ r— + 1M, p;)e?rioti 2o/ 4o
r=0 0 t=—T lez
1#0,—1

a-1 0 T-1 M

/ O'% f{f(a + 7‘;, (pt)e%riaﬂtw eiTZTtpt/a do
Tzlu(r,a) t=—T
a1 o) T—1

/ 0’1 Z _é\f((j' _ MCl T ’ QOt)QQﬂ—ia—atw eiT2T<pt/a do

T a

r=0 0 t=—T

11



and

b
el = / > erar( Rf(0,9)e*™%) do,

kEZ
k£0
a1 Ur0) . Tl o
e1] = / T Z Rf 0+T— (pt)eZmUth el’rZTcpt/a do
r=1 0 t=—T

a—1
D B S e 2

b
Note that | do vanishes for r = 0.

o(r,a)

Let M and T satisfy one of the conditions i) - iv). Then we have in particular that

M >2b and T > 2nb.
Estimation of ¢,
Since M > 2b and by (2.7) the error ey can be estimated by
leo| < gfb Z / |Rf (0, ¢1)| do.
751>t
By Theorem 1.1 we obtain further that

leo| < abmeo(f,b).

Estimation of ejg
By definition of ¢(-), we obtain

€10 _Z/ /Rf o, (P 271'100:5 1<pk2Td(Pdo,

kez
k20 0

and further by Theorem 1.1

elp = Z/ //f —27rwy0 dy e27r1(70$ ipk2T d(p do
kezZ

k20 0 Q
b 27
— Z/f /0’ efZWia(yf:c)é?ei(kaT d(p do dy.
Ko Q2 0 0

12

(3.7)



Set y — z == |y — | (cos (z,y),sinp(z,7))” and & = a(z,y) := ¢ — 1. Then we have that

b

el = Z/f 11p T,y kZT/ / —2rio|y—z|cos « 1ak2TdadO,dy
keZ

k20 2 0
b
= Z / f(y)e®@y kQT/ TE Jror (2moly — z|) do dy. (3.8)
oo 0

Here J,, denotes the n—th Bessel function of first kind

27
In(z) == (=) /ei“(’s‘p_i”“’ de (n€Z).
0

The Bessel functions satisfy J_,(z) = (—1)"J,(z) and the modified Debye‘s formula [1, 9.3.7]
[21, p.198]

_ 2y—1 " 3
0< Jo(rn) < =T E 50t (o 0,1))

Since we have by (1.2) that |y — z|o < 2b and since T > 27h, we verify that

2roly — x| _ 2bw
= < = 1 .
Tk STh ST T < (k eN)

Thus,
(LT g3
e S 47‘(’ f b - > e 3( Tk)
10 ” ||L1(Q) kz::l (27{'2Tk)%
3
< Clfll@Vb (1 —r2) ie 502 (3.9)

with a positive constant C.

Estimation of ey

First note that e;; only appears if ¢ > 2, i.e. for nonstandard sampling and if M < 2ab.
Thus, in case iv) we are done.

Let M < 2ab. As in the previous case, we rewrite e;; by using Poisson’s summation formula
(3.4) and Theorem 1.1 as

er1 = Z/f (2,9) + 12, y) + 1(z,) dy |, (3.10)

kEZ 7‘1

13



where

Ilgjr)'(a"ay) = / U/e 2mif((o+r 5 )y—0ox)) i +k)2T‘pd<pda
0 0
U(r,a) 2T

Ilg?z(l'ay) =

a/ezwia((aM“;’“)ym))ei(ﬁk)zw dodo,
0
2

U/ezwia((aMa;'“)yaw)ei(ngk)QT(p dpdo
0

and
oy { MM €0),
VAl = b otherwise.

The integrals I(2 vanish if M > 2 in particular, since M > 2b, if r > If M < 2, then

we have for o € [0, u(r, a)] that

a
2°

M M
p1("1) (U,l’,y) = ‘(0' + ’l";)y — O'.’E‘ < 2b-— r;.
The integrals I( ) vanish if M > 2“b UM< 2“b , then we obtain for o € [o(r,a),v(r,a)] that

a_lr)y—O'J,‘|SMa_r

P (o2, y) = (0 — M -

then

The integrals 1 ,S 2 vanish if M > a—b in particular, since M > 2b, if r < 2. If M <
we have for o € ['u(r a),b] that

ar’

a —

.
p¥(o,z,y) = (0 - M——)y

1. First we consider the nonvanishing summands in (3.10) with 1 <7 < § (a > 3), i.e. I,glz if
M <% and T ,5? if M > 220 < 4p. The smallest absolute value of £ + k (k € Z) appears for
k=0.

With respect to Ié,lg we see that

M
2mp) < 2m(2b — r—) < 2T~

a a
holds true if

T > w(%“b — M). (3.11)

With respect to Iéi? we have that

27rp$2) < oM

T cor!
a a

is correct if

T>aM (— . 1) (3.12)

14



The right-hand sides of (3.11) and (3.12) increase if 7 becomes smaller.

1.1. Let 20 < M < 3%”1 Then I,g’lr) and I,g? don’t vanish for all 7 € N, r < §. Thus, since
M(a — 1) > 2ab — M, the condition

T>aM(a—1) (3.13)

ensures that 27rp$y) <27 (v=1,2)forallr €N, r < 3.
1.2 Let % < M < ab (a > 4). Then I,E,ll) doesn’t vanish, but I,E?% becomes zero. Since

M(% —1) < 2ab — M, we conclude that for all nonvanishing integrals I ,(:2 (v = 1,2), the

condition

T > n(2ab — M) (3.14)

ensures that 27rp$y) <2T% (v=1,2)forallr €N, r < §.
1.3 For M > ab the integrals I,S/) (v = 1,2) vanish.

7

2. Next, let a be even and r := § (a > 2). Then the integrals 1) (v =1,3) are zero and I,EQ)

E :
doesn’t vanish if M < 4b. Here we obtain that 27Tp(g2) < 2%% < QT% if
2

T >nM. (3.15)

For M < ab, we see that M < M(a —1) and M < 2ab — M so that (3.13) and (3.14) are
sharper than (3.15).

3. Finally, we consider the summands in (3.10) with § <r <a—1 (a > 3), i.e. I,(C22 doesn’t
vanish if M < 22 and T ,S?T) if M < =22 The smallest absolute value of £ +k (k € Z) appears
for k = —1. With respect to I(_21)7, we see that

2mp® < 2x M2 <op2 T
" a a

holds true if

T >nM. (3.16)

With respect to I ®) we have that

—-1,r

omp® < 2m (26— ME—T) < 202"
" a a

is correct if

T>7r(2ab —M).

3.1. Let ab < M < 2ab. Then only I(_21),7, doesn’t vanish at least for r = a — 1 and T must

fulfill (3.16) to ensure that 2mp\” < 2T|Z + k| (k € Zir=1,... ,a— 1),
3.2. Let 2b < M < ab. Then 2ab— M > M and 2ab — M > ij(;« — M and we summarize:
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For 2b < M < 2ab, condition (3.13) ensures the inequality 27rp$u) <2T|Z+ k| (k € Zyr =
1,... ,a — 1) for all nonvanishing integrals I,g’jr) (v=1,2,3).
For 3%”1 < M < ab condition (3.14) ensures the inequality 27rp,(~u) <2T|Z + k| (k€ Zir =
1,...,a — 1) for all nonvanishing integrals IIEI:T) (vr=1,2,3).

Now let 7 be defined by (3.1). Then we conclude similar as in the estimation of ejq that

u(r,a)

) < 2w [ ol @nl(oa0)ldo
0
u(r,a) 1
1—7' 1 T 2.§
< 27 / o—— ") " g tk2T(-77)2/3 4,
/7 x|z 1 k)
v(r,a)
12 < 2r [ ol er(me® 0,2,0) do
o(r,a)
o(ra) - 3
< o [ o UL zreeraomiag,
(4nTE + K}
o(r,a a
b
1) < 2 [ ol (e (o,2,0) do
v(r,a)
b 1
< or / oL E jzakaraorEs g,
(4nT|E + K|)}

and further since T' > wab in cases i) — iii) that

b 3
le11] < C [ fllnyoy eV (1 — 72) i 5002,

Together with (3.5), (3.7) and (3.9) this yields the assertion. [ |
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I\D|I

Figure 5: Dual grid (2.3) with a = 4, ¢ = 1 and case iii): M =4b, T = 22—21’ (left), case iv):

M =8b, T =22 (4 < v; v~ 0.95) (right).

4 Numerical Examples

A commonly examined model in computerized tomography is the Shepp-Logan Phantom of
the brain. This model consists of several ellipses so that its Radon transform can be evaluated
analytically. In order to get a sampled version of the phantom and its Radon transform we
have use the software packages “RadonAna” [31]. The original image (Figure 6 (left)) is of size
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N x N = 256 x 256 and its sinogram of size R x T' = 256 x 600. This is in agreement with the
sampling result of Bracewell and Riddle [3]. Figure 6 (right) presents the reconstructed image
obtained by the filtered backprojection. Here we have used the software package “iradon”

[31].

Figure 6: Shepp-Logan phantom, original (left), reconstructed image by filtered backprojec-
tion (right).

Our Fourier reconstruction algorithms were implemented in C on a SGI O2. The reconstructed
images in Figure 7 were computed by Algorithm 2.3 with a = 1,¢ = 0, i.e with respect to the
standard grid (left) and with a = 2, ¢ = 1, i.e. with respect to the interlaced grid (right).
Figure 7 shows the reconstructed image with a = 4, ¢ = 1. All examples were computed with
oversampling factor v = 2 to obtain a reasonable image quality. Further, we have used the
filter sinc? for Figure 7 and the filter sinc* for Figure 8.

We have computed Step 2 of Algorithm 2.3 by applying Algorithm 2.1 with d = 2, oversam-
pling factor a = 2, the tensor product of a dilated periodized Gaussian bell ¢ and the tensor
product of its truncated version 1, where m = 3 and 8 = 22 _ — 4

(2a-1)r = @

r/

""‘*x______,,/

Figure 7: Reconstructed image by Algorithm 2.3 with standard grid (left) and with interlaced
grid (right).
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Figure 8: Reconstructed image by Algorithm 2.3 with ¢ = 4 and ¢ = 1.

Finally, note that we can detect differences in the quality of the reconstructed images much
better if we are given colored images. For this we refer to
http://www.math.mu-luebeck.de/potts/radon/interl.html.
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