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Abstract— Spatial variations of the main field give rise to are closely related, since one iteration of the latter gibjc
artifacts in magnetic resonance images if disregarded in @n- jnvolves one application of the former and its adjoint. The
struction. With non-Cartesian k-space sampling, they ofta lead individual methods mainly differ in how they make the dis-

to unacceptable blurring. Data from such acquisitions are gually torti f the Eouri di ble t . it
reconstructed with gridding methods and optionally restored with ortion of the Fourier encoding amenable to a processinig wi

various correction methods. Both types of methods essen“ﬁ Fast Fourier Transforms (FFTS) They all introduce for this
face the same basic problem of adequately approximating an purpose a coarse segmentation, i.e. discretization, herit

exponential function to enable an efficient processing wittFast  the time domain [1] or the frequency domain [3] and require
Fourier Transforms. Nevertheless, they have commonly addissed for each resulting segment a separate transformation.dn th

it differently so far. In the present work, a unified approach is i ther d in th f int lati t
pursued. The principle behind gridding methods is first gene respective other domain, they perform an interpolation to

alized to non-equispaced sampling in both domains and then iMmprove accuracy, such as a Hanning interpolation [1] orenor
applied to field inhomogeneity correction. Three new iteraive sophisticated linear combinations [4], [5].

algorithms are derived in this way from a straightforward |f field inhomogeneity is disregarded, non-Cartesian acqui
embedding of the data into a higher dimensional space. Their sitions are commonly reconstructed with gridding methods

evaluation in simulations and phantom experiments with spial 6. Th first ve th . d K
k-space sampling shows that one of them promises to provide a[ 1 ese Trst convolve the non-equispaced k-space sam-

favorable compromise between fidelity and complexity compad ~ Ples with a window function of finite extent and resample
with existing algorithms. Moreover, it allows a simple choce them to an oversampled Cartesian grid to then employ FFTs

of key parameters involved in approximating an exponential for the transformation to image space. They also include
fundctlon an_d a balance between the accuracy of reconstruan a weighting of both the original samples and the resulting
and correction. _ S images to compensate for variations in sampling density and
_ Index Terms— Magnetic resonance imaging, image reconstruc- to counteract the effect of the convolution. Remarkablgyth
tion, gridding, field inhomogeneity, off-resonance correion, 4, ot attempt to estimate the spatial frequency spectrum
_conju_gate phase reconstruction, iterative reconstructio, splral of the final images on the Cartesian grld Grlddlng methods
Imaging : g
have been demonstrated to reach a better compromise between

accuracy and complexity than simpler methods that rely on an
) ) i _ interpolation in k-space only. Alternatively, non-unifioi=FTs

Magnetic resonance imaging (MRI) relies on a StrONgNEFTs) have been considered for the transformation of the
homogeneous main field. While the field strength determ'”ﬁén-equispaced k-space samples to image space [7].
t_he net magne?ization available for signal generation, the|, fact the same basic problem of adequately approximating
field homogeneity ensures adequate coherence between fhexponential function to enable an efficient processirty wi
precession of individual spins within one voxel and thugrTs underlies the field inhomogeneity correction and the
sufficient signal lifetime for an efficient detection. Morésle  oconstruction of non-Cartesian acquisitions. Neveesg| it
variations of the field strength between different voxeidle 535 peen addressed differently so far. The similarity betwe
to a distortion of the Fourier encoding used to spatiallysih has only recently been realized and exploited to sugges
res_olve the received S|.gnal and, Wlthout clorrectlon, tidcats a conceptually very simple approach to field inhomogeneity
in images. These artifacts are mainly limited to geometrig,rection [8]. By embedding the k-space samples and the
dlSFOI‘tIOﬂ and |nten5|ty_var|at|on for Cartes_lan a_cqums, image pixels into higher dimensional spaces, the procgssin
which sample the spatial frequency domain of images, tgn essentially be reduced to a Fourier transform. To cope
so-called k-space, on a Cartesian grid. For non-Cartesigin the irregular sampling in both domains, the use of sgleci
acquisitions, however, more severe blurring and othefaati  \FETs was advocated.
arise. o o We start in the present work from this idea and derive less

Field inhomogeneity is in non-Cartesian imaging usually,mplex and more accurate approaches to field inhomogeneity
compensated by either a direct conjugate phase reconsttuctrection from it, which still adhere to a unified treatmefit
(CPR) [1] or an iterative algebraic reconstruction [2]. Bot econstruction and correction. In the next section, thélera
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I. INTRODUCTION



are derived from the proposed embedding of the data inthere W := diag(ws)k=0,...m—1. Due to the size of this
higher dimensional spaces. They are evaluated in simulamear system, we suggest solving it iteratively with a ahié
tions and phantom experiments and compared against existiariant of the conjugate gradient method, such as the Con-
algorithms. Finally, their advantages and disadvantages @ugate Gradient Normal Equation Residual (CGNR) method.
discussed. In this way, (4) is in each iteration minimized over a certain
Krylov space. Moreover, by choosing a zero vector as initial
Il. THEORY estimate ofm, the intermediate result after one iteration is,
except for a scaling factor, identical to the right-handesod
this linear system and thus to the result of the CPR, which is
one reason for includingV in (5).
The computational complexity of determining: then
_ —ik(t)r depends primarily on two factors, the required number of
s(t) = R3 m(r)e dr. (@) iterations and the required effort per iteration. The fiesttor

k(t) denotes the trajectory, along which samples are acquir'gdmOStIy linked to the employed initial estimate of and

in k-space. It is determined by the time variant gradientjfiefeosgr;eaf;ggg'(;n OIfI{] ‘OV;/S dSi:ilgrljavlvmr]e?oi%ri?iovneiﬁtoirnatii;w;;gl
applied during the measurement. pply P 9

¥et the presence a in (5) is also motivated by its beneficial

Any inhomogeneity of the main field distorts the Fourie L ;
encoding that (1) describes. Taking this imperfection int%ffecton the condition of the system matrix. The secondfact

) iS mainly influenced by the multiplication of a vector with
account, (¢) is more accurately modelled by the matrix H or H". Due to the distortion of the Fourier

_ Ziw(r)t —ik(t)-T encoding, this product may not simply be implemented with
5 () R3 m(r)e ¢ dr. 2) FFTs. It may efficiently be realized with NFFTs, however, as

w(r) denotes the angular off-resonance frequency, which 1§ show_ in the remainder of this sectlgn. )
Following [8], we start by embedding the data in both

proportional to the local deviation of the field strengthhért N : ) ) )
omains in a higher dimensional space. For this purpose, we

imperfections, such as relaxation, are not consideredim tﬁ .
s Setk!, == ((kx) " t,)T andr! = ((r,) ", w,)", Le. we add

We restrict ourselves to 2D imaging from now on. Th& time dimension to the spatial frequency domain and an off-
sampled area of k-space is then confinedktee [, 7]? resonance frequency dimension to the spatial domain. ($) ma

In MRI, the demodulated signad (¢t) received from an
object with a magnetizatiom () at a reference time point
t = 0 is ideally given by

and the covered field of view to € [~ 1] x [~ N2 Ny then be rewritten as
Discretizing the integral in (2) onV; N, equispaced voxel NiNa—1
positionsr, and the signak (¢) on M time pointst,. yields 8, A Z m, e ikl T, (6)
NiNa—1 p=0
~ T . —iwpty —ikyk T
S Sk = Z mp e e E (3) The samples in both domains are how non-equispaced.

p=0 The NFFT and its adjoint, which are also known as non-

wheres,, := s(tx), Sx := 5(t), mp :=m(r), wp :=w(rp), uniform FFT of type 1 and type 2, are summarized in App.
andk, := k(). Using the vectors A. They require the samples in one domain to be equis-
paced. Unlike these standard NFFTs, a so-called NNFFT,

8 = (Sw)w=0,.. M1, or non-uniform FFT of type 3, was first suggested in [9]

m = (M) p=0,... N1 Na—1, and later treated in more detail in [10], which permits the
fast calculation of the Fourier transform of a vector of non-
and the matrix equispaced samples at a vector of non-equispaced positions
H— (efiwptnefikn-rp) It basically constitutes a combination of the NFFT and its
#=0,...,M~1; p=0,...,N1N2—1’ adjoint. Applying it to the computation of (6), an approach
this may be rewritten as we will call 3D NNFFT, entails a 3D FFT and in both do-
mains a 3D local linear combination. Additionally, it dendan
s~ Hm. two multiplicative oversampling factors, which increase t
We propose determiningn by a weighted least square§ength (_)f the Fourie_r t.ransform for all three dimensionseTh
approach evaluation of the adjoint of (6), i.e. of the sum
M1 M-1 o
Is — Hmllw = | 3 walsx — 5.[> B min,  (4) > sw e, )
k=0

k=0

with factorsw, > 0 that compensate for variations in the locainvolves the same effort.

sampling density. It leads to the weighted normal equation o To use the standard NFFTs instead, we have to resample the

first kind data in one domain to a Cartesian grid. Preferably, the apati
H"WHm =H"Ws, (5) domain is chosen, since it involves no effort ferWe employ



the approximation

aN/2-1

Z Wbk

=—aN/2

2mikx

aNcp

e
e2™aN

(8)

for this purpose, with a real oversampling factgran integer
constantV, and the Fourier transforg(x) and the truncation

(k) of a window functionp(k) with a kernel size oRm,

wherek € [—3+ 2%, 5 — 2% andz € [- 5

4. 4. Itis closely

third dimension can be replaced by an explicit sum, which
appears beneficial in view of the sparseness of the data in the
3D spaces. By merely rearranging (9), we obtain

aNz/2—1 7|Wt L NiNz2—1
S R~ E - E mp
I=—aNs3/2 anga( o p=0

ﬁ . l —iky Ty
X <W —aNg) e . (12)

related to the approximation underlying the standard NFF{ith this approximation, the matrix-vector product may be
(A-4) and derived in App. B. Moreover, we choose an integeg|culated byaN; 2D NFFTs and a summation ovér an

constantN; such that

Wpln e[—& m &_ﬁ]
2 4 20 4 2
for all p andx, and a scaling factol” such that
w 1 m 1 m
w5t on s an
w OéNg 2 OzNg

for all p. As the computational complexity grows with s
should be kept as small as possible. Centetingand ¢,

approach we will call 21D NFFT-F. It involves a 2D FFT
and a 2D local linear combination in the spatial frequency
domain for each NFFT, and it demands only one oversampling
factor for each dimension. The adjoint is given by

aNz/2—1 w ! M—1 s e- V;/;V,,,Sl
2 ¢<_p > > oy O (48)
l=—aN3/2 W aNs/ = aN3p (F3)

where the summation ovéris sparse.

which involves in both domains a multiplication with a phase We derive a variant of this approach by defining another

is, therefore, advantageous. We then obtain with (8)

e iwptn . gm2migh Yo
DLN3/2 1
T NS (W) W aNa
aN
aNsp (=15 )lffaNg/Q 3
_jWigl
Xe aNg

and by insertion in (3)

aN3/2—1 NiNy—1

1
Sk ~ Wt Z Z Mp
aN3p (_?) I=—aNs/2 p=0
wp ! —ik, T —iwzt\fl
_r_ xTp aN3 | 9
(i)t
Setting k,; = ((k«)',Wts/(aN3))" and r{,, =
((rp,) ", )7 finally yields
) aNgZ/Ql N1§71
Sk ~ Wt m/’
aN3p (_?) I=—aNs/2 p=0
Wp LN ik 10
)

scaling factorl” such that

th 1 m 1 m
= el-3 -
T OéNd OéNg
for all k. Using again the approximation (B-1), we get
efiwptn 672wi%%

OLN3/2—1

1 ty l
C N (e
O[Ndsb (*QLT:.T) l=—aN3/2 r aN3
_jpTl
xe N3

)

and insertion into (3) yields

oNel2mt gy P\ M, i
om D “’(%T) N

I=—aNs/2 N3 =0 aNsSO( > )

xe kT (14)

In this way, the matrix-vector product may also be computed
by aN3; 2D NFFTs, followed by a sparse summation over
an approach we will call 2B1D NFFT-T. The effort for the
NFFTs is substantially reduced if they are evaluated only at
those k-space positions that actually contribute to thesgpa

The matrix-vector product may thus be realized by a 3D NFF3ummation. For the adjoint

Hence, we will call this approach 3D NFFT. It requires a 3D

aN3/2—1 i“;rﬂ;l M-1

FFT and a 3D local linear combination in the spatial freqyenc Z e Z 81 1 <t_n _ L)
domain, and it introduces two multiplicative oversampling 1= "ans/2 @N3$ (%) = T aNj
factors only for the added third dimension. The adjoint eead ‘
xelkr o (15)
aN3/2—1 I M-1
Z " (ﬂ _ _> Z Siﬁm the summation overl is no longer sparse, but the effort for
I=—aNs/2 W aNs /) = aNsp (5=) the NFFTs may be decreased similarly.
LI (11) With respect to computational complexity, we conclude

that the 2®1D NFFT-T approach is the most efficient. It

and may also be computed with a 3D NFFT, but additionaljombines the advantages of an explicit summation and of

with a sparse summation ovér
We now consider separating the 3D domains intazAD

an implicit local linear combination along the added third
dimension in the spatial frequency domain. It is followed by

domains. In this way, the Fourier transform along the add#ue 2Dx1D NFFT-F and the 3D NFFT approaches, which each



Fig. 1. Image and field maps used in simulations. Shown ar¢eaefil Shepp-Logan phantom on the left, a continuous, picadrad a discrete, linear field
map with off-resonance frequencies in the range of -125 Hz1®5 Hz in the middle, and results of a standard gridding nstaction on the right. The
latter were obtained from simulations of spiral k-space @arg with a readout duration of 32 ms. The dashed line soggsed on the phantom indicates
the position where cross sections were taken for comparison

share one of the advantages with it. The 3D NNFFT approachk-space data were calculated by a direct evaluation of (3).
is the least efficient, since it increases not only the numbéfe segmented the acquisition into 12 spiral interleavel wit
of segments fromv N3 to o N3, like the 3D NFFT approach, 13332 samples each, including a twofold oversampling. Two
but also the length of the Fourier transform for the other twimages obtained with a standard gridding reconstruction of
dimensions fromN; X N, to o? N; +2am X a? Ny +2am. these data, i.e. without field inhomogeneity correctiorg ar
presented in Fig. 1. An analytical function described in][11
served the sampling density compensation in this and adlroth
cases presented in this work. Obviously, both field distiins

We integrated the four outlined gridding-based approachgise rise to blurring, but a strong local variation of the diel
into the CGNR method to solve (5). We then assessed thstrength causes further major artifacts.
in simulations and phantom experiments using spiral k&pac The implementation of the 3D NNFFT and 3D NFFT ap-
sampling. By stopping the CGNR method after either one proaches basically involved the interfacing to 3D NNFFT and
several iterations, we covered the cases of a direct CPR @B NFFT algorithms only. The 3D NFFT approach addition-
an iterative algebraic reconstruction. ally requires a postweighting of the data. The implemeatati
of all 2D approaches was based on the general framework
outlined in [12]. It decomposes the approximation of (3pint
three steps: A preweighting of the data, a transformation of

As reference image, a Shepp-Logan phantom with a resach segment, and a linear combination. Mathematically, it
olution of 256 x 256 was employed. We applied a slightlynay be described by
smoothed circular shutter with a radius éfzr to it in k-

IIl. METHODS

A. Smulations

space, since spiral acquisitions sample only a circulaa are M, = VM,

k-space and field inhomogeneity seemingly spreads theaspati N1iNz—1

frequency spectrum over time. The main field was modelled s, = Z m’ e ke T
. . . . . . K, p,l )

with the two field maps displayed in Fig. 1. The first reflects a =0

continuous, parabolic variation of the field strength, theond aNs/2—1

a discrete, linear one. The rather unnatural discrete field m S, A Z Wiy Sl

was chosen to study how the algorithms cope with a strong I=—aNs/2 ’

local variation of the field strength. Both maps span the same
range of off-resonance frequencies of -125 Hz to +125 Hz.For the 2D»1D NFFT-T approach, for instance, the weights



v, andw,; are given by Their phases were then subtracted and the differencesdscale

T and slightly filtered. To reduce edge effects, the resulting
e ey Tlwpte field maps were additionally extrapolated to areas maskéd ou
Upil Nt (—2TY before.
oyt (=)
_ t:-i l —iwet!
Wei = Y (7 - 04—]\75) e e IV. RESULTS

wherew, andt. denote the central and’ andt’ the centered A. Smulations

angular off-resonance frequencies and time points, respeCrhg four gridding-based correction algorithms are analyze
tively. In the second step, only thosg, need to be computed regarding their accuracy in Tab. I. The presented simuiatio
with the aN3 NFFTs for whichw,; # 0. For all approaches, yegits were obtained with the continuous field map and the
pruning technlques were gpphed _to t_he FFTs that underggttmgsa —1.25, m = 2, andaNs = 14. After one iteration,
the NFFTs to improve efficiency in view of the employed tqyr algorithms yield similar errors, i.e. they achiese

oversampling. o comparable accuracy for the case of a direct CPR. After
Besides these gridding-based approaches, a numberyple jterations, the 3D NNFFT approach produces an about
existing 2D algorithms were implemented for comparisonggo, and the 221D NFFT-E approach an about 20% higher
These included a nearest neighbor interpolation with @Y ¢ ryor than the two others. Beyond three iterations, errids d
segmentation [3], a Hanning interpolation with time segMeRt gecrease significantly anymore for any algorithm. These

tation [1], the more sophisticated Man interpolation with-f i jation results were found to be representative.
guency segmentation [4], and a least squares interpolaitbn

time segmentation [5]. Additionally, the counterpartshatihe
respective other segmentation were implemented, expdpiti
the duality between time and frequency segmentation [12].
For the Man interpolation with time segmentation, a manual
variation of the oversampling factor was performed, since n | 3D NFFT 531-1072 | 5.83-107% | 5.42.107°
explicit rule for its choice was known. For the least squares
interpolation, a Householder transformation was emplayed

Iteration 1 2 3

3D NNFFT 5.41-10"2 | 1.15-10=2 | 1.13-102

2D®1D NFFT-F || 5.39-102 | 6.99-1073 | 6.39-103

solve the minimization problems. 2D®1D NFFT-T || 5.32-1072 | 5.50-1073 | 5.21-1073
All algorithms were programmed both in Matlab and in C.
They were tested on a conventional workstation equippet wit TABLE |

an Intel Xeon processor running at 2 GHz and with 256 MB of COMPARISON OF THE ACCURACY OF DIFFERENT GRIDDINEBASED

memory. The software configuration used was Linux 2.4.21 CORRECTION ALGORITHMS LISTED IS THE NORMALIZED ROOT MEAN

FFTW 3.0.1, and NFFT 2.0. The latter is available from [13] SQUARE(RMS) ERROR AFTERL, 2,AND 3 ITERATIONS.

and essentially differs from a standard gridding recormsitn

in two respects only: Instead of a Kaiser-Bessel window, its

Fourier transform is employed as window function, and its The running times of the four gridding-based correction

shape parameter is well defined. Images obtained with thedgorithms are compiled in Tab. Il. As expected from the

algorithms were assessed both visually and quantitati¥ely theoretical considerations, the 3D NNFFT approach is the

the latter, we used as measure the root of the sum of squasiesvest and the 281D NFFT-T approach the fastest. Remark-

of the differences between reconstructed and original enagbly, the 3D NFFT approach clearly outperforms thez2D

pixels, divided by the root of the sum of squares of the o8ginNFFT-F approach, indicating that the locality of the linear

image pixels. combination along the added third dimension in the spatial
frequency domain is the dominant factor.

B. Experiments

The experiments were performed on a 1.5 T Achieva Algorithm Running Time
whole-body scanner (Philips Medical Systems, Best, The
Netherlands). Transversal cross sections of standardimgag
phantoms were acquired with a resolution of 256 x 256 pixels 3D NFFT 1060 ms
using a segmented spiral gradient echo sequence. A field of
view of 250 mm, a slice thickness of 10 mm, a flip angle of

3D NNFFT 2000 ms

2D®1D NFFT-F 1530 ms

90°, a TE of 2 ms, and a TR of 1 s were chosen. The readout 2D®1D NFFT-T 840 ms

duration, i.e. the length of time that data are acquiredrafte

each excitation, varied between 10 ms and 60 ms, and the TABLE I

number of spiral interleaves changed accordingly. COMPARISON OF THE RUNNING TIMES OF DIFFERENT GRIDDINEBASED
Field maps were obtained from two separate measurementSpRRECTION ALGORITHMS LISTED IS THE MEASURED COMPUTATION

which usually differed in TE by 1 ms. Two images were recon- TIME PER ITERATION.

structed from them and thresholded based on signal inyensit
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Fig. 2. Results of simulations. Shown are intermediate esagfter 1, 2, and 3 iterations for the continuous field maghattop and after 1, 2, and 10
iterations for the discrete field map at the bottom. Belowrthéhe differences to the original phantom are plotted fog oross section. The scaling of the
graphs varies by one order of magnitude between the top anddtiom.

These two comparisons suggest that thex2D NFFT-T second iteration provides further improvements, in paldic
approach is the preferred of the four gridding-based cerreat edges. For the discrete field map, the first iteration preslu
tion algorithms. Its performance is demonstrated with twa visually unacceptable result due to artifacts arisingnftbe
examples in Fig. 2. For the continuous field map, alreadyrong local variation of the field strength. These artgaate
the first iteration yields a visually good result. Mainly thelramatically reduced by the second iteration, but onlyrafte
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Fig. 3. Comparison of the accuracy of different correctidgoathms. Plotted is the normalized root mean square (RBI&)r as function of the number
of segments in the interpolation after 1 and 3 iterationshenl¢ft and on the right, respectively.

about ten iterations the shape of the field map is no longgince they do not include the initialization, the differeaare
discernible in the final image. This difference in the speadainly due to varying amounts of data that are to be regridded
of convergence is in good agreement with earlier work, whigter iteration. These amounts are determined by the number of
showed that the direct CPR performs reasonably well foaspinon-zero linear combination coefficients. The least scpianel
k-space sampling only if the field map is smooth [12], [14].the Man interpolation show the longest running times, since
all coefficients are non-zero. By contrast, only a maximum of
2m + 1 out of eacha N3 coefficients are non-zero using the
g‘idding-based approach, and only a maximun3 afsing the

The accuracy of the 201D NFFT-T approach is contrasted
with that of existing correction algorithms in Fig. 3. Theosin
simulation results after one and three iterations wererag
obtained with the continuous field map and with the settin
a = 1.25 andm = 2 for the 2D NFFTs. Those for the least
squares algorithm were produced with a time segmentation.

anning interpolation. Consequently, both exhibit sigaifitly
orter running times.

Using a frequency segmentation instead, errors increased f Algorithm Running Time
low number of segments and remained comparable for high
Lo Least squares 1530 ms

number of segments. For the gridding-based approach, the
oversampling factor and the kernel size were matched to the Gridding-based 840 ms
respectiven N3. The approximation becomes senseless below

. Lo . . . . Man 1530 ms
a certain minimum number of segments, which is 8 in this
case. The same holds for the Man interpolation, for which Hanning 710 ms
results obtained with a frequency interpolation are preegkn
Slightly lower errors were achieved with a time segmentatio TABLE Il

but the manual tuning of the oversampling factor rendered CoMPARISON OF THE RUNNING TIMES OF DIFFERENT CORRECTION
it impracticable. We did not include the nearest neighbor ALGORITHMS.LISTED IS THE MEASURED COMPUTATION TIME PER
interpolation in the graphs, because it basically failegliedd ITERATION, USING COMPARABLE PARAMETER SETTINGS
acceptable results for more than one iteration. While thstle

squares interpolation obviously achieves the lowest @fral,

the gridding-based approach reaches comparable levefs ver

rapidly for sufficiently large oversampling factors andn@r B, Experiments

sizes. Using, for instance, the same settings as for the qu
NFFTs,aNs is 14. The least squares and the gridding—bas%ia
algorithms provide similar accuracy in this case. Moreptrer
overall accuracy is limited by the 2D NFFTs beyond this poin
since errors no longer decrease significantly for higherlyam
of segments. Reasonably good results are achieved with
Man interpolation after one iteration, but a high number o

iegntw_ents $hneﬁ|ded .to rge:ch aln t:_;ldequafte accuracy a;;[ tﬁf%%.S ms, it still provides an image of good overall quality
lierations. The Hanning intérpofation periorms poores although residual artifacts remain visible, in particuiaar the

shown algorithms, except for very low number of SegmentsCircumference and the resolution rods of the phantom. The

The running times per iteration of the same algorithms areimber of segments was 19 in this case, corresponding to
summarized in Tab. Il for a fixed number of segments of 14 = 1.26.

epresentative results of the phantom experiments are sum-

rized in Fig. 4. The off-resonance frequencies cover gaan

'?f 210 Hz in this example. Using 12 spiral interleaves and a
eadout duration of 28.5 ms, the 200D NFFT-T approach
ields an almost perfect image after three iterations. The

i/ru?nber of segments was 12 in this case, corresponding to

= 1.33. Using 6 spiral interleaves and a readout duration



Fig. 4. Results of phantom experiments. Shown are a referenage and a field map obtained with Cartesian k-space sagnph the left, and two
corresponding uncorrected and corrected images obtairtbdspiral k-space sampling in the middle and on the righte Tdtter were reconstructed from
measurements with a readout duration of 28.5 ms and 56.5asectively.

V. DISCUSSION work for complexity reasons. However, it is worth notingttha

The efficient reconstruction of non-Cartesian acquisitior]ihe 3D NFFT approach achieves a similar accuracy and is
faces the problem of a non-equispaced sampling in the Sﬁg_nceptually far smpl_er. o )
tial frequency domain. It is adequately solved by both the The results summarized in Fig. 3 underline the advantage of
adjoint NFFT and gridding reconstruction, which rely on th§ombining a local linear combination with a weighting in the
same approximation of an exponential function (A-4). Fielfansformed domain mstead of using a local linear cominat
inhomogeneity, however, introduces an exponential foncti ONly- Beyond a certain number of segments, the accuracy of
with irregular sampling in both domains. We showed thdf€ Hanning and Man interpolations is substantially irdeto
(A-4) can be generalized to this case, leading to the simild}at of the gridding-based approach. Beyond a slightly éigh
approximation (B-1). In this way, the reconstruction and tphumber of segments, which can be caICL_JIated explicitly, the
field inhomogeneity correction of non-Cartesian acquisii accuracy of the 2D NFFTs becomes dominant f_or the overall
may be founded on the same basic approximation. Baseda§guracy of the gridding-based approach, which then also
this concept, we derived three new correction algorithms fRatches that of the least squares interpolation.
the present work. The results compiled in Tab. Il highlight the relevance of

Among the gridding-based algorithms, the 3D NNFFthe amount of data to be regridded. The use of a local neigh-
approach shows the highest error. We attribute this to tRerhood in the interpolation again appears to be advantegeo
unnecessary interpolation for all spatial dimensions. As &S in gridding reconstruction. However, the primary berisfit
ready pointed out in [6], gridding remains an approximatioifi this case rather the reduced effort for the 2D NFFTs than
even if the samples are equispaced. Therefore, the fact tfeitthe linear combination. Previously, it has been propdse
images are usually discretized on a Cartesian grid sho@timinate most of the regridding from both the conjugateggha
be exploited. The inferior accuracy of the 20D NFFT-F [12] and the algebraic [15] reconstruction. While a dethile
approach compared to the 3D NFFT and@ID NFFT-T comparison remains to be done, the apparent advantage is
approaches is in line with results obtained with the othedften offset by either a restriction on the supported k-spac
existing correction algorithms. Performing the interpioia in ~ trajectories or the requirement of higher oversamplingofiac
the transformed domain of the final result, i.e. in the spatip avoid excessive backfolding, as demonstrated for aeetlat
frequency domain of the images, generally seemed to decreepblem in parallel imaging [16].
the artifact level, both visually and quantitatively. Weested The required number of segments also has a considerable
the 2D»1D NFFT-T approach for further investigations in thisnfluence on the overall complexity. For the gridding-based



approach, the application of the well-known concept of evewherex € Z. Substitutingk by k£ — £’ in (A-1) yields
sampling permits a simple choice of an adequate number of

o . 1/2
segments. Moreover, the unified treatment of reconstmictio ~ ~ N otk ke
and correction enables a balance of the accuracy of botts, Thu ca(P) = / ok —k)e dk”, (A-2)
the accuracy of one is not increased beyond the limit set by —1/2

the other. The same choice may, in principle, be used for t\r/]v%ich mav be approximated b
least squares interpolation. Fig. 3 suggests, howevdrliea y PP y

error flattens out with a fewer number of segments compared 1 aN/2-1 ! '

to the gridding-based approach. While this observationbey  c,(¢) ~» — > @(k— —) e 2mik—aw)T  (A-3)
exploited to further reduce the number of segments especial aN I=—aN/2 N

for the CPR in this particular case, it is not necessaril L1 N N )
generalizable. ork € [~35,5] andz = —5,..., 5. The factora: > 1 is

Another crucial factor is the effort involved in the initial C0mMmonly referred to as the oversampling factor. For the sak
ization, which is mainly determined by the calculation o thOf Simplicity, N anda/V are assumed to be even. Provided
weights for the linear combination from a given field maghat all c.(¢) are non-zero, (A-3) may be rewritten as

Those approaches which require little such effort are blear aN/2—1
preferable for small number of iterations. The Hanning and 27ikz - % Z 1[;(k _ L) o2mi R . (A-4)
the Man interpolation, but also the gridding-based appreac aNeg () I=—aNy2 aN

are among these, since they solely need to evaluate a given ~
function. By contrast, the considerably higher initial ceff where ¢ has been replaced by. The latter is the one
for the least squares interpolation usually pays off fogdar periodization of a truncation ap defined by
number of iterations only. Bk mm

The framework we chose for the reconstruction and field P(k) = { (k) ke [_@’ W]’
inhomogeneity correction of non-Cartesian acquisitioss a 0 kB -aFanl
sumes a piecewise constant field map. While this is usualiyie support ofy is determined by2m, the so-called kernel
sufficiently accurate, a more precise model is obtained Bjze. Typically,m € N is chosen such that: < N. The
also taking intra-voxel gradients into account. These beaal truncation thus reduces the complexity of the evaluation of
distortion of the actual k-space trajectory, which varigghw the right-hand side of (A-4) considerably.
spatial position in the image. For a more detailed desompti  The NFFT, i.e. the non-uniform FFT of type 2, evaluates
of the problem and a potential solution, the reader is reteto  the trigonometric polynomial
[17]. Finally, the inclusion of a weighting in the linear sgm
of equations to be solved entails in theory an SNR penalty s o
[5]. In our experience, however, this penalty was insigaific F(k) = Z fo €72 (A-5)
in practice and was far outweighed by the acceleration of the e=—N/2
convergence it provided.

N/2—1

for N given equispaced sample§, at M given non-

equispaced positions; € [—1, 1]. In matrix-vector notation,
APPENDIXA it reads
In this appendix, the NFFT and its adjoint, i.e. the non- f=Af, (A-6)
uniform FFT of type 1 and type 2 [9], are outlined for the
one dimensional case, and their close relation to griddit‘%jth
reconstruction is highlighted. For a more detailed desiorp Fo=0)j=0 -1
the reader is referred to [18]. A R
Let a functiony € L?(R) N L*(R), the so-called window f= (fz) ,
function, be given. Its one periodization e=—N/2...N/2-1
0o A= (e—QWikja;) ' .
~ j=0,....M—1; z=—N/2,...,N/2—1
g(k):= > @lk+p) . ] .
p=——oo Applying the approximation (A-4) to (A-5) yields
is assumed to have a uniformly convergent Fourier series. aN/2-1 ! N/2-1 7
Hence, it may be written as S ki — — —
00 l=—aN/2 z=—N/2
P(k) = Z co(p) ™7 xe 2miak , (A-7)
with Fourier coefficients where f; := f(k;). Accordingly, A may be approximated by
12 BFD, whereD is a diagonal matrix with entried, , =

. ) _— 1/c_,(), F an oversampled Fourier matrix, which includes
cz(p) = / G(k) e =" dk, (A-1)  the factorl/(aN), and B a sparse matrix with entrids; =

—1/2 1[’(]“] —1/(aN)).



The adjoint NFFT, i.e. the non-uniform FFT of type 1,

evaluates the sum
M-—1
Z f eQﬂ'ika
J

j=0
for M given non-equispaced samplgsat /V given equispaced A
positions x —7,...,% — 1. It may be considered as a
multiplication of f with A™ ~ D" F™"B". As pointed out
in [7], [18], gridding reconstruction is simply a fast algghm
for the application ofD™ F™ B" to a vector of non-equispaced [4]
samples. Including a sampling density compensation, i per
forms [6] 5]
1) a weighting of the data, i.e. a multiplication with a
diagonal matrixW, [6
2) a convolution with a window function and a resampling
to an oversampled Cartesian grid, i.e. a multiplication
with B", [

3) an inverse FFT, i.e. a multiplication withR'",

4) a deapodization, i.e. a multiplication with". 8]
Obviously, the adjoint NFFT and gridding reconstructiolyre g
on the same approximation and involve very similar pro-
cessing. Moreover, the Kaiser-Bessel window, or its Fouri?
transform, is a particularly good choice fgrin both cases
[18], [19]. More sophisticated approaches based on scaliig]
vectors [20], a minimization of the Frobenius norm of certai
error matrices [21], or a min-max interpolation [22] did no{ ]
prove significantly superior. [13]

(1]

(3]

APPENDIXB [14]

In this appendix, the approximation underlying the NFFT
and its adjoint (A-4) is generalized to real Starting from

o0

pa)i= [ ol e d

—00

[16]

instead of (A-1) leads to [17]

1/2
() = / > ¢k +p) e 2t g [18]
—1/2 P77

and, with the same steps as from (A-2) to (A-4), to
aN/2-1 00

l
Z Z w(k*a—N

l=—aN/2p=—0o0

[29]

e27rikx ~ 1
aN@(z)

+p) [20]

xe2mi(an +p)e [21]

for k € [-1,3] andz € [-&, &]. Like (A-4), this approxi-

1
2
mation may be reduced to [22]

1 aN/2-1 I

2mikx 2ri Lz

S D) k— —)e2mia B-1

¢ aNg(x) vl ozN> e (B-1)
l=—aN/2

for k € [-3 + 2%,3 — %], since the support of) is
[~ % 2x)- Consequently, (B-1) is a good approximation if
ke € [-4 + 2 & — ] |t is worth noting that the further

2a0 4 20
restriction ofk may in principle be avoided by explicitly taking
the periodization into account. This alternative is notlergd

in the present work, however.
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