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ABSTRACT. In this paper, we are interested in the eigenvalue distribution of se-
quences of preconditioned Hermitian block-Toeplitz—Toeplitz—block (BTTB)
matrices of size N1 Ny X N1 Ny if N1, N2 — oo. We focus on level-1 precondi-
tioners constructed from circulant-like matrices. For some reasons we restrict
our attention to BT'TB matrices having the sum of nonnegative trigonometric
polynomials p(z) and ¢(y) as generating function. We show that for some usual
preconditioners, O(N1) eigenvalues of the preconditioned matrices behave as
the a—th (0 < a < 1) power of the reciprocal eigenvalues of the N1 X Ny
Toeplitz matrices generated by g. For example, if p and ¢ have one zero of
order 4, respectively, then the preconditioned BTTB matrices with level-1 pre-
conditioners based on the sin-I transform have 2/N; eigenvalues which behave
for N1, Ny — oo as N1/k (k =1,... ,Nl).

1. Introduction

In this paper, we are interested in the solution of Hermitian block—Toeplitz—
Toeplitz—block (BTTB) systems

(11) AN1,N2(f)w= b

with nonnegative real-valued generating functions f € C[0, 27]?, i.e.

ANy N, = (Ar—s)f«\,];;(}a A= (ar,j—k(f))j'\,rz;éa

where
1 2 2w . )
Qrj i= 4—71_2/0 | f(ac,y)e_‘(”+”) dxdy.

Since f is nonnegative, the matrices An, n, are positive definite [7]. During the
last years the preconditioned conjugate gradient method (PCG-method) for the
solution of (1.1) has attained much attention. The main reason for this is that each
iteration step of the CG-method requires only one multiplication of Ay, n, With
a vector which can be realized with O(N; N log(NyN3)) arithmetic operations by
fast Fourier transforms. The number of iteration steps depends on the distribution
of the eigenvalues of A, n,. In particular, we recall the following result of O.
Axelsson [1, p. 573].
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THEOREM 1.1. Let A be a positive definite Hermitian N x N matriz, which
has p and q isolated large and small eigenvalues, respectively:

0<)‘1§)‘2§---S)\q < GS)\4+1S...)\N_pr
< /\N—p+15/\N—p+2S---S)‘N (0<a<b<oo).

Let [z] denote the smallest integer > x. Then the CG-method for the solution of
Ax = b requires at most

2 & b 14 (2)1/2
= |(In- In —)/ In—>0 _
n (n7'+kg1 n)\k)/nl_(%)l/2 +p+g
iteration steps to achieve precision T, i.e.
|2 — |4
lz©® —af[a =7

where ||z||a = Vx* Az, x* is the complex—conjugate transposed vector of x and
(™ denotes the numerical solution after n iteration steps.

If f € C[0,27)? is a positive function with fmi, := min{f(z,y) : (z,y) €
[0,27])%} and fuax := max{f(z,y) : (z,y) € [0,27]?}, then the eigenvalues of
An, N, (f) are contained in [fiin, fmax] for all Ny, Ny € N [23]. Thus, by The-
orem 1.1, the CG—method applied to (1.1) requires only a constant number of
iteration steps. Preconditioning with Hermitian positive definite matrices M n, n,
can further decrease the number of iteration steps. Since every iteration step re-
quires in addition the solution of a system of linear equations with coefficient matrix
M N, N, now, this solution should take no more than O(N7Nslog(N1N>)) arith-
metic operations. Therefore level-1 and level-2 preconditioners related to algebras
of circulant-like matrices, i.e. matrices which are diagonalizable, up to unitary
diagonal matrices, by the Fourier matrix or trigonometric matrices, were mainly
used in literature [8, 6, 18, 22]. While in the univariate case preconditioning with
suitable circulant—like matrices leads to a proper clustering of the eigenvalues of the
preconditioned matrices at 1 [21], this is not true for the bivariate setting [24, 25].

In this paper, we will show a negative result for the more interesting case that
f € C[0,27]? has zeros. We restrict our attention to functions f(z,y) := p(z)+q(y),
where p and ¢ are nonnegative trigonometric polynomials. Then

(12) ANI,NQ(p+ q) = INz &® AN1 (q) + ANz(p) ® INU

where Iy, are the identity matrices of size N; x N; (j = 1,2) and

1

T o

2w
Ana(0) = (a0 g 0i(0) = o [ pl)e e aa.
The reason for this restriction is the following: Assume that f € C[0,2n]? has
isolated zeros of order 26; at (zj,y;) (j = 1,...,k). Here we use the generalized
definition of the order of zeros for functions of two variables given in [19]:
The zero (xg,yo) of f(x,y) is of order B, if § is the smallest positive integer so
that F° 0+10) is continuous in a neighborhood of (zo,yo) and FAY (0) # 0 for all

(z0,y0)
(z,y) # (o, Y0), where Y
Flao,yo) () 7= f(@o + t(z — 20),90 + t(y —y0)) V(z,9) # (20,v0)-
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Set

k k )
H(Z—Qcosx—wj)) ; H(Q—Qcosy yj))J_

Based on [23], it was proved in [19] that the eigenvalues of AKH, N, P+ AN, N, ()
are bounded from above and below by positive constants independent of N; and
N,. Since p and g are trigonometric polynomials, the matrices An, n,(p + @)
are banded block—Toeplitz — banded Toeplitz—block matrices. However, the sparse
matrices An, n,(p+¢) are in general not suited as preconditioners for (1.1) since the
efficient solution of a system of linear equations with coefficient matrix A, n,(p+q)
requires additional effort.

One possibility to solve systems of linear equations with coefficient matrix
An, ,~N,(p+ q) is based on the multigrid method. The convergence of the two—grid
method independent of the problem size was proved for banded matrices belonging
to the so—called “r—algebra” in [11] and generalized to the corresponding BTTB
systems in [12]. The convergence of the full multigrid method independent of the
problem size was shown for Toeplitz systems generated by nonnegative functions
with zero of order less or equal than 2 in [5] and enlarged to the corresponding
BTTB systems in [28].

Furthermore, it was emphasized in [2] that the (direct) method of “cyclic re-
duction” can also be applied to the solution of BTTB systems.

In this paper, we examine another method. In the univariate case it was
proved that suitable circulant-like matrices M n(f) are very good precondition-
ers for Toeplitz matrices An(f) (f > 0) in the sense that the eigenvalues of the
preconditioned matrices have a proper cluster at 1 [21]. If in particular, f = pis a
trigonometric polynomial, then the matrices M 5" (p) An(p) have only a fixed num-
ber of eigenvalues (independent of N) which are not equal to 1. This recommends
the use of matrices of the form

MN1,N2(p+q) = INz ®AN1(q) +MN2(p) ®IN1

with circulant-like matrices M n, (p) as preconditioners for (1.2). Systems of linear
equations with coefficient matrix M n, n,(p+¢q) can be solved with O(N; N3 log N)
arithmetic operations by fast Fourier transforms or fast trigonometric transforms.
Moreover, by considering

My, N, (0+ Q) AN, 8, (F) = My, n, (p+ Q) ANy 3, (P+ @) Ay 3, (P+ @) Ay 3, ()

and using the technique in [21, 9] and the fact that the eigenvalues of An, n,(p +
q) ' AN, n,(f) are bounded from above and below by positive constants indepen-
dent of Ny, N», we see that M n, wn,(p + q) is a good preconditioner for An, n,(f)
if M, n,(p+ @) is a good preconditioner for Ay, n,(p + ¢g). For example, if the
eigenvalues of M J_vi N, (P + @) AN, N, (p + ¢) lie in a fixed interval independent of
N; and N, (up to some outlyers), then the same is true for the eigenvalues of
M J_Vi, N, (P + @) AN, N, (f). Therefore we only consider systems of linear equations
with coefficient matrices An,,n,(p+ ¢). Further, we restrict our attention to poly-
nomials p with

i) one zero zg of order 2; i.e. Ap,(p) is a tridiagonal Toeplitz matrix,

i) two zeros xg, 1 of order 2, respectively, or one zero g of order 4; i.e. Ap,(p)

is a pentdiagonal Toeplitz matrix.
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In general, one should apply numerical methods for ill-posed problems (cf.
[13]) to solve (1.1) if p has or zeros of order > 4. See Table 3.

In this paper, we will show the following: In case i), except for a fast sin-I
based direct solution method for systems of linear equations with coefficient matrix
An, N, (p+ q), there also exist preconditioners M n, n,(p + ¢) related to the sin-
IT (cos-ITI) transform so that the eigenvalues of M J_V}’ N, (P + O AN, N, (P + q) are
bounded from above and below by positive constants independent of N; and Ns.
We will show that this result can not be achieved with (w-) circulant preconditioners
M N, n, (p+q) related to the discrete Fourier transform. In particular, if ¢ has also
one zero of order 2, then N; eigenvalues of M J_Vi’ N, (P+ @) AN, N, (p+ q) behave for
Nl,NQ — 00 as Nl/k (k =1,... ,Nl).

In case ii), we suggest a suitable sin-I transform based preconditioner if z; =
xo — 7 and show that the eigenvalues of the preconditioned matrices are bounded
from above and below by positive constants independent of Ny and No. If 21 #
2o — 7 also sin-I transform based preconditioners fail in the following sense: If p has

one zero of order 4 and pn, ; (kK =1,...,N1) are the eigenvalues of Ap, (g), then
2N, eigenvalues /\f\{lo’k (k =1,...,N;y) of the preconditioned matrices behave for
Ny, Ny = 0 as ,uj_\,i’/,?, i.e. if ¢ has also one zero of order 4 as Ny /k (k =1,...,Ny).

This paper is organized as follows: Section 2 provides the basic notation and
some results concerning the relation of trigonometric transforms and Toeplitz ma-
trices. In Section 3, we deal with case i), while we are interested in the setting ii)
in Section 4.

2. Preliminaries

According to [29], we introduce the following matrices

9 1/2 . N-1
sh_, = (N) (sin J%) € RV-LN-1.
Jrk=1
SII o 2 1/2 N ) (.7 + 1)(2k+ ].)71' N-1 RN,N
N = N EH_ISIHT . I ,
7,k=0
2 1/2 ](2k+1)’ﬂ' N-1
CJI\; = (—) (EN cos 7) c ]RN’N,
N J 2N k=0

where e := 1/4/2 (k = 0,N) and €Y := 1 otherwise and refer to the corresponding
discrete trigonometric transforms as sin-I, sin-IT and cos-II transforms. The above
matrices are orthogonal and the vector multiplication with any of these matrices
takes only O(N log N) arithmetic operations provided that N is a power of 2 (cf.
[26]). Furthermore, Sk and C'y are related by

(2.1) ININSNININ =CY,

where J y denotes the N x N counteridentity matrix and Iy := diag((—1)*)N=".
Discrete trigonometric transforms are related to Toeplitz and Hankel matrices [20,
14]. Let toepya’ (a € CV) be the Hermitian N x N Toeplitz matrix with first row
a' and hankya' (a € RY) the persymmetric N x N Hankel matrix with first row
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a'. Then we have for arbitrary @ € RV~! that

(2.2) S{\ffl diag(di)kN;ll SJI\ffl = toepy_;(ao,--. ,an—2)

—hankN,l(ag, e ,aN,Q,0,0),

N—2 _
where df, :=2 Y (e))%a; cos LT and for arbitrary @ € RV that
j=0

(2.3) (8K diag(diH)N_, SN = toepy(ag,... ,an_1)
- hankN(al, e. ,AN-1, 0),
(CJI\{)I dlag(dil)kN:?]l C]I\{ = toepN (a’OJ see JaN—l)

+hankN(a1, ... ,aN_1,0),

N-1 _
where dif = 2 Z:o (eN)%a; cos IF. The algebra of matrices which can be diago-

nalized by the sin-I transform is called 7—algebra and plays a special rule in the
preconditioning of Toeplitz matrices [9, 10].

Besides trigonometric transforms we also use discrete Fourier transforms given
by the N—th Fourier matriz

1\ /2 -
Fpyn:= (N) (e—27r1]k/N);\7fl;:10 .

It is well-known that w-circulant matrices (w := e!¥) can be diagonalized by Fn
times a unitary diagonal matrix, i.e.

ag wanN—-1 ... WwWas waip
ay agp - s was
. N-—1 * * . . . - .

(2.4) WNFN d1ag(dk)k:0 FNWN = . .. .. .. : s
aN—2 T T -owan-—1
aN-1 aN-2 - a1 ao

= j ij N—1

where di := Y a;jwI/Ne?™k/N Wy = diag(w™*/N) ' and F denotes the

i=0

transposed complex—conjugate matrix of Fy. If w = 1, then (2.4) is circulant
and if w = —1, then (2.4) is skew—circulant. We refer to matrices which can be
diagonalized (up to multiplication by unitary diagonal matrices) by S&_,, SX,C}
or Fn as circulant-like matrices.

In the following, we will further use the N x N matrices

Ry :=hanky(1,0,...,0), Hy(w) := toepy(0,...,0,w).
Note that
(2.5) RNRN:RN, RNHN:HNRN:HN-

Finally, let g(N) ~ h(N) (N — o0), if there exist constants 0 < ¢ < C < oo
independent of N so that ch(N) < g(N) < C h(N).
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3. Hermitian tridiagonal Toeplitz matrices

We start with the simplest case

2
p(z) = (QSinm _2%) )

i.e. p has a zero of order 2 at zg € [0,7). Then A, (p) is the Hermitian tridiagonal
Toeplitz matrix

(31) ANz (p) = tOGpN2 (27 _eizO, 0,... 70)

Let g be an arbitrary trigonometric polynomial.

3.1. Direct solution by sin-I transform. Using the sin-I transform, a
BTTB system with nonsingular coefficient matrix (1.2), where N> + 1 is a power
of 2, can be directly solved with O(N1 N> log N») arithmetic operations as follows:
Applying that every Hermitian tridiagonal Toeplitz matrix can be written as

Ny +1

where a € R, b € C, [b # 0 and D := diag ((_b/|b|)k)kN=_

AJ_\[}’Nz — (DS]IVZ ® IN1) (IN2 ® 14]\[1 (q) + ANQ(p) ® IN1)_1 (SIIVQD* ® INl)a
where D := diag(efikzo)kNéal and

jr \™ jm 7\ ™
A = di 2-2 =di 2sin o3 '
) dwg( cos N2+1>' 1 dlag(( i 2(N2+1)) )

J= j=1

. N
toepy, (a,b,0,...,0) = DSJI\;2 diag (a — 2|b| cos )T ) S{VQD*
j=1

2, we obtain by (3.1) that

Multiplication of a vector with DS’{\,2 ® Iy, requires O(N1Nslog No) arithmetic
operations. The matrix I'n, ® An,(q) + An,(p) ® In, is a block diagonal matrix
with N; banded Ny x Ny diagonal blocks. Therefore it remains to solve Ny systems
of linear equations with banded N; x Np coefficient matrices. This can be realized
with O(N1 N3) arithmetic operations. In summary, the solution of a linear system
of equations with nonsingular Hermitian BTTB matrix (1.2), (3.1) as coefficient
matrix requires only O(N; N, log N3) arithmetic operations.

Note that the approach works also if we replace Iy, ® An, (¢) by an arbitrary
block diagonal matrix with banded diagonal blocks.

Although this section provides us with a fast direct solution method for tridi-
agonal BTTB systems, we found it worthy to consider also the PCG—method with
different preconditioners, since this method was frequently applied in literature
[4, 17, 15, 16].

3.2. Sin-II and cos-II preconditioners. Let N, be a power of 2. We suggest
the level-1 preconditioner
(3'2) Mny, N, := ANy N, + BN, @ Ing = IN, @ AN1(‘1) + MNz(p) QInN,,

where My, (p) := An,(p) + Rn,. By (2.3), the matrix My, n, can be rewritten
as

MN17N2 = (D(S]I\{g)l ® IN1) (IN2 ® AN1 (q) + ANQ(p) & INl) (Sf\JIgD* ® INl)
= (D(SY,) ® In,) B(Sy,D* ® Iy,),
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(e—ikwo)szl’

where D := diag

. 2
. . o
An,(p) = diag(A\)72, A = Az = (2 sin ;T)

and

Alternatively, by (2.1), the preconditioner M y, n, can be written with respect to
the cos-1II transform as

My, n, = (D(CRL) ® Iny)(In, ® Ay (9) + An, () © In,)(CN. D™ @ In,)

where D = diag((_e—iwo)k)ivzzgl and

L\ 2

An,(p) = diag(/\j);-\go_1 s A = AN, = (2 cos ;%)
By the method described in Section 3.1, the solution of a system of linear equations
with coeflicient matrix My, n, can be computed with O(NN7 N3 log N;) arithmetic
operations. Moreover, we see by the following theorem and Theorem 1.1 that
the corresponding PCG—method requires only a constant number of iterations in-
dependent of Ny and N». Thus, the whole PCG—method needs O(NyN;log N-)
arithmetic operations.

THEOREM 3.1. Let An, n, and M, n, be given by (1.2), (3.1) and (3.2), re-
spectively. Assume that Ay, (q) is nonnegative definite. Then N1 (Na—2) eigenval-
ues of M]_\,}J\bA]\h,]\f2 are equal to 1 and the other 2 N, eigenvalues are contained
in [3,1).

Proor. By (3.2) we see that

My, N, AN, N, = My n (My, N, + (AN, N, — My, N))
= IN1N2 - M]_V},N2(RN2 & INI)‘

The second summand is a matrix of rank 2/N;. Thus, M jvi, N, AN, N, has N1 (No—2)
eigenvalues 1, while the other 2/N; eigenvalues are given by one minus the nonzero
eigenvalues of M]_\&,NZ (Rn,®IN,). By(2.5), the eigenvalues of M&im (Rn,®InN,)
coincide with the eigenvalues of (Rn, ® In,)M J_V}’ N, (BN, ® In,). By straightfor-
ward computation we obtain that the nonzero eigenvalues of the above matrix are
given by the eigenvalues of the 2N; x 2/N; matrix

(3.4)

N2 ; 2 . N2 ; 2 )

S BrL(EN?)? <sin kil ) d(N2—Dzo 5~ g1 N2)2 (sin T ) (—1)i+1
2 iz J 7 2Ny = J J 2Ny
No . No N2 ) Na NG

—i(Ng—1)zq S BT1(N2)? ( o J ) (—1yi+! s BT1(cN2)2 ( o J )

e - (e, sin —— - (e sin ——

J J
j=1 ? 2N2 = 7 2Ny

By (3.3), the matrices Bj_l( j=1,...,Ns) can be diagonalized by the same matrix
U and

U*B;'U =diag (ux + \)nty (G =1,...,Na),
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where pr = pin, , are the eigenvalues of Ay, (¢). Multiplying (3.4) from the left—
hand side and the right-hand side by diag(U,U) and diag(U*,U"), respectively,
we see that the eigenvalues of (3.4) coincide with the eigenvalues of the N; matrices

2 ag bk
— | 7 =1,...,N
N2 ( bk ar ) (k ’ ’ 1)

where
N. Jm ? N. ( )'+1 Jm 2
2 sin 27~ 2 —1)7t! sin 22
No 2( 2N2) i(No—1)z No 2( 2N2)
a 1= £ ~— by = '\ 0 €
k Z(J) [k + A k Z(J) [k + A

i=1

Consequently, the 2N remaining eigenvalues of M J_vi N, ANy, N, are given by

4 N2 /2 N (Sin 221\%)2
3.5 A = 1—— e2)~—>2 (k=1,...,Ny),
65 X DI vl )
2
N2/2 (sin —2j—1)
4 2N2
3.6 A = 1—— -~ (k=1,...,Ny),
(3.6) k Ny = e+ 21 ( 2
and by definition of A; by
11 el
Xoo= s D) B (k=1,...,N),
2 j=1 by + <2 sin 'NLZ)
N2/2
1 1
)\Z = §+F Hk - ) (k:].,...,Nl).
2= g+ (2sin %)
Since by assumption p; > 0, we conclude that )\Z/ ? > 1. Moreover, the above
summands are smaller than 1 so that )\Z/ ? < 1. This completes the proof. |

Note that for symmetric matrices A, (p) the matrix My, (p) := An,(p) + Rn,
coincides with the so—called Strang—type preconditioner related to the sin—II trans-
form (cf. [17, 21]). Using the Strang—type preconditioner related to the cos-II
transform M p, (p) := An,(p) — Rn, and

(3.7)
MNLN2 = (C{\{g)l ®IN1)(IN2 ® AN1(q) +AN2(p) ®IN1)(C{\{2 ® IN1)7

where
: No—1 T ?
IXN2 (p) = dlag()\j)jzo s )\j = )\Ng,j = (2 sSin m) s
we see by similar arguments as in Theorem 3.1 and 3.3 that for Ny, Ny — 00, 2IV;
eigenvalues of the preconditioned matrices behave as pj_vi/ : (k=1,...,Ny1), where
wn, k; are the eigenvalues of Ay, (¢q). See Table 1.

The sums in (3.5) and (3.6) can be computed by solving appropiate finite linear
difference equations:
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T T T T T T T T
n=9
-
n=8
" 4
n=7
-
n=6
F H o+ b
n=5
HoOo+ o+ o+ o+
n=4
++ + + + + S
n=3
+ o+ + + + + o+ A+ A
n=2
+ + + + + + B
L L L L L L L L
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85

FIGURE 1. Eigenvalues )\e/o (k=1,...,N) of M;VTNAN,N with
N =27 p(z) := (2sin 2)2, q(y) := (2sin £)? and preconditioner
(3.2).

LEMMA 3.2. Let N € N (N > 4) be even and let X := 3(u+ 2 + /p® + 4p),
where 0 < p < co. Then

N/2 2jm )2 AN L) AN @A DA o
8¢ = i (Eé\;)2 (SIH 2N) S = { . /\N1—1(1+/\)2,A1—N(1+,\—1)2 p#0,
N= p+ (2sin 357 3TN p=0,

0 .

N
=
I
o)

4 N2 (sin —(2];]\})”) _{ SAI(ESVED Gl (FE S B S S
)

AN (1t A)Z_AI=N (11A-1)2
Nj:l u+ <2sin%M

By assumption on p it is easy to check that the above sums have only values

in [0, £].

PRrROOF. By (2.2) we have that

T := toepy(n+2,—1,...,0)+hanky(1,0,...,0)
_
_ IIyi 3. R II
= (Sy) diag (/L+ (251n2N) )kl Sy
and further with x = ( ...,0,8) € RN and y := (1,0,...,0) € RN, ¢ :=
,/ sm=L that

(=1)7+1B) (sin 427%)2

. jmy2
p+ (2sin %)

-1, _ Ny
(3.8) YT z= Z £
-1
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which equals s° for a = 8 =1 and s° fora = —f = 1.
In the following, we restrict our attention to the computation of s°. By (3.8) and
definition of y € RY this can be done by solving the linear system

(3.9 Tv==xa

and setting s° := vg. By the structure of T, the system (3.9) can be rewritten as
difference equation.

(3.10) —vp—1 + (2 + p)vg, — Vg1 =0 (k=1,...,N-2)
with boundary conditions
(B+3)vo—v1 = 1,
—on—2 + (p+3)vn_1
For p # 0, the equation (3.10) has the solution
v = \F 4 ek (k=0,1,... ,N —1)
where \ := %(/J/ +2+ \/m and for g = 0 the solution
v = c1 + 2k (k=0,1,... ,N—1).

I
[a—

The constants

A+A"HA N —(14n)
a(A) = { (LTI N =0 TAN p#0,

i =
) p=0,
_ _ a1 ()‘_1) Y 7é 07
C2 = 02()‘)_{0 u=0,
can be obtained from the boundary conditions by sraightforward computation. Now
the assertion follows since vg = ¢; + ¢2 if p # 0 and vg = ¢; if u = 0. O

Note the sums in the following proofs of this paper can be computed in a similar
way.
Moreover, the result in [27, Lemma 6.1] concerning

N-1 i
e27rmk

1
N jZO 20 + e2mii + pe—2mii

can be obtained by solving appropriate finite difference equations, too.

3.3. w—circulant preconditioners. At first glance it seems that circulant or
more general w—circulant preconditioners are better suited for the preconditioning
of Hermitian complex—valued matrices than sin-II (cos-IT) preconditioners. In this

section, we will see that this is not the case.
As preconditioner we suggest

(3.11) Mn, N, = ANy, + Hp,(e790eN2"N2) @ Ty,
= In, ® An,(9) + Mn,(p) ® Iny,
where My, (p) := An,(p) + Hn,(—e"¥0elN2%n2), By (2.4), the matrix My, n,
can be written as
MyN, = (WNFn, @In)IN,® AN, (¢) + AN, (D) @ IN)(FN,W N, ® In,),
= (Wn,Fn, ®In,)B(FN,Wy, ® Iy,),
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where
. No—1 _2mi oy —wn\\’
AN, (p) ==diag(A;);20 "+ Aj = AN,y = (2 s1n(m - T))
and
B :=diag(B;)}2;" , Bj:=An,(q) + A\ln,.
Since the values wy, were only included to keep the eigenvalues A; (j = 0,... , No—

1) positive, we can restrict our attention to the following cases

P Yo+ if yo=35Z forsome neN,
N 0 otherwise.

Note that M n, n,(p) is skew—circulant in the first case and circulant in the sec-
ond case. By the following theorem, we will see that the eigenvalues of the pre-
conditioned matrices M ]_V}’ Ny Apn, N, are in general not bounded from above if
Nl, Ny — 0.

THEOREM 3.3. Let An,,n, and M n, n, be given by (1.2), (3.1) and (3.11), re-
spectively. Assume that An,(q) has nonnegative eigenvalues un, r (k=1,...,Ny).
Then N1(N2—2) eigenvalues of MK&,NZ Ap, N, are equal to 1. The other 2N, eigen-

values are bounded from below by % ; N1 eigenvalues are bounded from above by a
constant independent of N1, No and the other Ny eigenvalues behave for N1, No —

0o as u;,i,/,f (k=1,...,Ny).
PRrROOF. The proof follows the same lines as the proof of Theorem 3.1. Since
My, nyAnN, = T+ My, (Hy, (€770 N22) @ Iy, ),

it remains to consider the nonzero eigenvalues of the second summand. By (2.5),
these eigenvalues coincide with the eigenvalues of

(RN2 &® INl)MI_Vi,NQ (HNQ &® INl)
= (RN2 ® INl)(WN2FN2 ®IN1)B_1(FN2WN2 ®IN1)(HN2 ®IN1) .

Straightforward computation shows that the nonzero eigenvalues of this matrix are
given by the eigenvalues of the 2N; x 2N; matrix

Ny—1 No—1

eiyge—i‘u)N2 E B_—le—27l"ij/N2 e_iyoeiN2wN2 E B—1
4 J : J
- 7=0 7=0
. . Na—1 L. Na—l iy
elyge—lNng2 Z B'_I e—ivogiwn Z B'_1627”J/N2
=0’ =’

or equivalently with the eigenvalues of the N; matrices

1 [ ap b _
]V2 ( bk ar > (k_la JNI)J

where

N2l —2mij/Ny Narl

.— oi(yo—wny,) . o—i(Nawn, —y0)
ag =€ 2 , bp:=e 2
Jz::o Mt + A j:zo pE + A
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and pr = pn,,, are the eigenvalues of An, (¢). Consequently, the remaining 2NV;
eigenvalues of M J_Vi, N, ANy, N, are given by

AF =1+ Ni2 (Re(ak) + \/|bk|2 — (Im(ak))2) (k=1,...,Ny),

Nt cos(%E (g0 — wn,))

R =
e(ak) . s 27y Yo—WNy 22
7=0 HE —+ (2 Sln(m — T))
N
Im(ak) =

o w 2
370 e+ (2sin(Z5L — L))
Clearly, |bg|? — (Im(ax))? > 0, so that
1
(3.12) ME > 14+ —(Re(az) — [ba])
Ny
We are interested in /\ki as Np — oo. If wn, = yo+5;, then it is easy to check by the
symmetry of the sine function that Im(ax) =0 (k =1,...,Ny). If wy, =0, then

27

(1/N3)Im(ag) can be considered as Riemann sum of the integral f M‘#ﬁmy dz,

which becomes zero. Thus, the eigenvalues /\ki behave for Ny = 0o as
1
AE ~ 14 —(Re(ar) £ |be|)
N,

Nao—1 cos(%ﬁf — (Yo — wNz)) +1

1
= 1 + — y
No i pr + (2s5)2
where s; := s1n(2 e wNz) This can be written as
Nao—1
— 1 1 HE
A o~ -4 — ——— <1
k 2+2N2§0uk+4s§ =
Nso—1
1 1 24 pg
3.13 Mo~ o — —_—.
(3.13) : 2+2N2jz::0uk+4s§

Thus, we see by (3.12) that all eigenvalues /\f are restricted from below by 1/2.
Further, the eigenvalues A, are bounded from above by a constant C independent
of Ni,Ny (C =1if wn, = yo +7/N2). The sum in (3.13) is a Riemann sum of the

integral
2m ™
2 2
Ik:/ +—%de:2/ 2t g,
o Mk + (2sing) o M+ (2sing)

and since 2t < sint < ¢ (¢ € [0,7/2]) and by substituting y := x/ui/z, we conclude
that

—1/2 —1/2
- T 24 g 1/27T T 2+ pg
3.14 1/22/ dy < I < _ETHE g
( ) /"Lk 0 1+y Yy /“Lk 2 o 7T2/4+y2 Y




PRECONDITIONING OF BLOCK-TOEPLITZ-TOEPLITZ-BLOCK MATRICES 13

The integrals on the left-hand side and the right-hand side are bounded from above
and below by constants independent of the behavior of uw, » as N1 — oo, i.e. the
integrals remain bounded even if un,  — 0. Thus I ~ le/: (k=1,...,N1) and
we are done. O

The computations presented in Figure 2 show an excellent agreement with
Theorem 3.3.

550

—g WM -+ + + +
500} "0 B
450 4
400 E
350 E
300 E
o5l n=8 M+ + + + i
200 E
150+ 4
n=7 WM+ +
100+ E
n=6 W+ +
50 E
n=5  m +
0 L L L L L L L L
0 20 40 60 80 100 120 140 160

-, N) of My!yAn N with

FIGURE 2. Eigenvalues \i (k =
q(y) := (2 sin 4)? and preconditioner

N :=2" p(zx) :== (2sin § )
(3.11), where wy := 7T/N

One aim for considering the eigenvalue distribution of preconditioned BTTB
matrices was the wish to explain the convergence behavior of the PCG—method.
Unfortunately, the assumptions of Theorem 1.1 are only fulfilled for the sin-II (cos-
IT) preconditioners (3.2). In the following, we present some numerical computations
also for other preconditioners.

We consider BTTB systems (1.1) of size Ny = Ny = N := 2" with right—
hand side b consisting of N2 ones. The PCG-method starts with the zero vector
and stops if ||[r)]|2/||r©@ ]2 < 10~7, where r()) denotes the residual vector after
j iterations. Table 1 compares the number of iterations of the PCG—method for
coeflicient matrices (1.2), (3.1) and the following level-1 preconditioners:

Myyn = MN,N(SH) given by (3.2),

Myny = MN’N(CH) given by (3.7),

Myn = Mpyn(Fn) given by (3.11) with wy := 0,
Myn = Myn(WnFy) given by (3.11) with wy :=

8 2|>]

Our test matrices (1.2) correspond to the polynomials p(z) := (2sin
(2sin ¥)? and p(z) := (2sin £)?, go(y) := (2sin £)*.

5)2, q1(y) =
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The first row of each table contains the exponent n of the transform length
The polynomials ¢; (1 = 1,2) are listed in the first column and the applied precon-
ditioner in the second column of the table.

‘ ‘ n Hz 34 5 6 7
@ My n(SN) 3 57 8 8 8
o | Myn(CK) 3 5 8 10 14 18
@ My n(FN) 3 5 8 10 13 17
g | Myn(WNFyN)||3 5 7 9 10 12
q2 MN,N(S{\{) 357 9 9 9
¢ | Myn(CHY) 3 5 9 13 24 46
D) My ~n(Fn) 3 5 9 12 22 38
@ | Myn(WNFpN)||3 5 7 12 16 20

TABLE 1. Number of iterations of the PCG—method for different preconditioners.

4. Hermitian pentdiagonal Toeplitz matrices

Now we assume that

2 2
plz) = (zsin%) (2sin$ 2”“"1) (20,1 € [0, 2n]),

i.e. p has zeros of order 2 at z¢ and z1, respectively, if z¢9 # x1 and a zero of order
4 at xg if zg = z1. Then An,(p) is the Hermitian pentdiagonal Toeplitz matrix

(4.1) An,(p) = toepy, (4 + 2cos(zg — 1), —2e'%° — 2% ell@otar) o ,0).

Due to the results in Section 3, we restrict our attention to the PCG—method with
sin-I based preconditioners. Let Ny + 1 be a power of 2. We examine the level-1
preconditioner

(4'2) MNth = ANth — RN, ® InN,
which, by (2.2), can be rewritten as

MN1,N2 = (DS{\@ ® IN1)(IN2 ® AN1 (Q) + ANz(p) ® IN1)(SJIV2D* ® IN1)7

No—1
. omote; \ V2

where D := dlag(e k=5 ) and
k=0

. y . Jm . To—ZT 2
AN, (p) = diag(\) 2, Aj = ANy, = ((2 sin m)2 — (2sin = 1 1)2) .

Consequently, a linear system with coeflicient matrix M n, n, can be solved with
O(N1 N3 log Ny) arithmetic operations. Unfortunately, we will see in Theorem 4.1
that for every eigenvalue ur = pn, x of An,(q) there exist two eigenvalues )\Z/ °
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of M]_Vi,NgAleNQ with )\Z/o ~ u;1/2 if zo # z; and )\Z/O ~ ,u;1/4 if 29 = 21.
In particular, the eigenvalues of M R,}’ N, AN, N, Will not fulfill the assumptions of
Theorem 1.1 if the polynomial ¢ > 0 has zeros.

THEOREM 4.1. Let An, n, and M, n, be given by (1.2), (4.1) and (4.2), re-
spectively. Assume that An, (q) has nonnegative eigenvalues un, r (k=1,...,N1).
Then Ny(No — 2) eigenvalues of MEiMANl,Nz are equal to 1. The other 2Ny

eigenvalues are restricted from below by 1 and behave for N1, Ny — oo as uNi/ !

(k=1,...,N1) if xo = z1 and as u]_\,i’/lf (k=1,...,Ny) if xo # x1-

PRroOOF. Using the same ideas as in the proof of Theorem 3.1, we obtain that
the interesting 2N, eigenvalues of M J_V}’ No Ap, N, are given by

No—1
4 2 sin =47 _)2
A = 1+N+1Z (5in mai7) s (k=1,...,N),
2FLS e+ ((2sin )2 — 4s2)
No+1 )
0 (25—1)my\2
4 2 sin “S——
o= 1t (Sin “Ne71) s (k=1,...,N),
2P e+ ((25in Z0m)2 - 452)
where s := sin #0#1. This can be rewritten as
< )(s3; — 5%) +5°(1 — 5?)
1 1 2. (1-2s%) 52 —5°)+s°(1—5%)+ 6
43) X = 5 1 .
(4.3) i 5 N+ +Z (s3; — 82)2 + b ’
No+1
(44) K = 1 N 1 22: (1-25%)(s3; 1 — 8°) +s°(1—5°) + 6y
. k= Ny +1 = (s3;_1 — $%)? + Ok ;

where s; := sin 2(N +1) and 6y := p/16. Since 6 > 0 and 0 < s7 < 1, we have

(1 —2s° )(32]—s)+s(1—s)+0k—(1—s)s§j+s4(1—s§j)+9k>0
and
(1 —28%)(s3; — %) +5°(1 — 8%) + 6% _321—23 s5; + 8% + 6k

(53, — 522 1 O sy —28%s3, + st 4+ 0y

> 1.

Thus )\Z/o > 1.
Let g = 1. Then

Ng—1
]. ]. 2 82 +0k
A = S+ 14 Y 2 E )
2 Ny +1 ;521"{'019
No+1 9
1 1 2 82'_1+0k
N o= Ly 14y 2m

2 N2 +1 =1 32]-_1 + 0k
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T . 9
z sin“x 40
The above sums are Riemann sums of the integral I}, := / s 2+ O, dz, which

o sin*z + 6y
can be estimated by

2 (22)? + 6y, 2 2240,
4.5 - - —dx<I; < —d
o /o I k_/o Zo)t+ 6

and further by substituting y := /vy, by

—1/4 -1

0,:1/4/%9k 7(%”5”07 dy <TI, 50;1/“/% : v+
0 y 1 SR
The integrals on the left—hand side and the right-hand side are bounded from above
and below by constants independent of Ny, i.e. independent of the behavior of 6y
as Ni — co. Thus I ~ puyi/d (k=1,...,N).
Let o > 21 and a := %% < 2. Then the sums in (4.3) and (4.4) are
Riemann sums of the integral
I = /72r (1 —2s%)(sin® z — s2) + s2(1 — s2) + 0y,
) 0 (sin® z — 52)2 4 6y,
_ 2 (1 —2s%)sin(z — a)sin(z + @) + s2(1 — 52) + 6,
B /0 sin?(z — a) sin?(z 4+ @) + 6y
which can be estimated by
7% (1 —2s?)sinzsina + s2(1 — s2) + 6
/0 sin? z + 6,

dz

dz,

dz < I}

< 2 /ga (1- 252)' si2nx '—}—252(1 —52) + 6y dr,
0 sin“ z sin® o + 0,
272 (1-2s%)2gsina+s2(1—s2) + 6
[ s -
0 $2 +0k
57—« 1—=2 2 2 1-— 2
< 2/ ( 82).'13-}-'82( s%) + 6, dz,
0 (z2)%sin” a + Oy
o172 (5-a)0;"/? (1-2s%)(3y 6,16/2) sina + s2(1 — s2) + 6 d
k 2 y S Ik
0 Y +1
x —1/2
< ogl2 /(E—Q)Gk (1-2s%)y 0,1/2 +52(1 — s%) + 6, dy
- k 0 (%y)2 sin? o + 6y, '

Since s%(1 — s?) > 0, the integrals on the right-hand side and left-hand side are
bounded from above and below by constants independent of Ny, No. Consequently,
I~ py e (k=1,...,Ny).

The result in case 7 < a < 7 follows in a similar way. This completes the
proof. O

The eigenvalue computations in Figure 3 and 4 confirm our theoretical expec-
tations.

Table 2 compares the number of iteration steps of the PCG—method for different
preconditioners. We use the same notation as in Section 3 with N = 2" — 1 and
the trigonometric polynomials p(z) := (2sin 2)* and ¢(y) := (2sin ¥)*.



In case x; = z¢ — w, we have that
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500

400

300

200

100

| n=o MMM+ + + + + + + |
n=g -MMBMHH+ + + +
n=7 M 4+
n=6 W+ ++
n=5 WH+
Il Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 %

FIGURE 3. Eigenvalues A/ (k = 1,...,N) of My'yAn,n with
N = 2", p(z) := (2sin £)*, ¢(y) := (2sin ¥)* and preconditioner

(4.2).

250

200

150

100

50

| n=8 #+ + + i
n=7 +
n=6 -+
n=5 +
Il Il Il Il Il Il Il
] 1 2 4 5 6 7 8

FIGURE 4. Eigenvalues \/° (k = 1,...,N) of My N AN n with
N := 2", p(z) := (2sin 2)? (2sin 2277)2, ¢(y) := (2sin¥)* and
preconditioner (4.2).

An,(p) = toepy, (2,0, —e*%°,0,... ,0)

17
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n H2 3 4 5 6 7

My n(S}) 35 7 9 12 17
M1+ (SN41) 4 8 10 12 16 20
Mnyi1,v+1(CNy 1) 4 9 16 32 65 133
My vy (Fni) 3 8 14 25 51 104
Myiinsit(Whii Fygr) |4 9 13 22 40 89

TABLE 2. Number of iterations of the PCG—method for different preconditioners.

and even—odd ordering of the row and column blocks of Ay, N, with corresponding
permutation matrix P results in

Any1y2 0 )

! —
P Ay, N, P = ( 0 Aiary2

where

b
2
Il

. IN®AN1(q)+AN(ﬁ)®IN17
-9 2
p(r) = (2 sinx 2$0>

The matrices Ay can be treated as in Section 3.1 if N = (N, —1)/2 and as in
Section 3.2 if N = (N +1)/2.

s=1

s=2

s=3

s=4

O UL W N 2

1.3333e+4-01
4.6295e+01
1.6887e+4-02
6.4036e+02
2.4886e+03
9.8063e+03

5.2500e+4-01
4.9629e+-02
5.4739e+03
7.0763e+04
1.0092e4-06

1.5208e+4-07

1.3300e+-02
2.8531e+03
8.2794e+04
3.3341e+06
1.6556e+4-08
9.2727e+09

2.8551e+4-02
1.1504e+4-04
7.9241e+05
9.2003e+07
1.5156e+10
3.0701e+12

TABLE 3. Condition number of Ay n defined by (1.2) with p(z) :=
(2sin 2)%¢, ¢(y) := (2sin ¥)?* .

Finally, Table 3 shows the condition numbers of Ay n (N := 2") for the
polynomials p = (2sin £)?%, ¢ = (2sin )¢ (s = 1,2,3,4). Here we have used the
matlab command condest. The underlying algorithm uses Higham’s modification
of Hager’s method to compute a lower bound for the condition number of Ay,
with respect to the 1-norm. Note that the condition number of Ay (p) grows as
N?¢ (cf. [3] and the references therein).
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