Trigonometric Preconditioners
for Block Toeplitz Systems
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Abstract. This paper is concerned with the solution of a system of linear
equations Tps yx = b, where Ty ny denotes a positive definite doubly symmet-

ric block-Toeplitz matrix with Toeplitz blocks arising from a generating func-
tion f of the Wiener class. We derive optimal and Strang—type trigonometric
preconditioners Pys n of Ty n from the Fejér and Fourier sum of f, respec-
tively. Using relations between trigonometric transforms and Toeplitz matrices,

we prove that for all &€ > 0 and sufficiently large M, N, at most O(M) + O(N)
eigenvalues of P]T41NTM,N lie outside the interval (1 —&,1 + ¢) such that the

preconditioned conjugate gradient method converges in at most O(M) 4+ O(N)
steps.

§1. Introduction

Systems of linear equations
TM7NX =b

where Tas n denotes a positive definite doubly symmetric block-Toeplitz matrix
with Toeplitz blocks (BTTB matrices) arise in a variety of applications in mathe-
matics and engineering (see [8] and the references therein). Along with stabilization
techniques for direct fast and superfast Toeplitz solvers, preconditioned conjugate
gradient methods (PCG—methods) have attained much attention during the last
years. Two types of so-called “level-2” preconditioners are mainly exploited for lin-
ear BTTB systems, namely optimal (Cesaro) doubly circulant preconditioners [4]
and more simple so-called “Strang” doubly circulant preconditioners [16]. One rea-
son for the choice of doubly circulant preconditioners is the fact that doubly circu-
lant matrices can be diagonalized by tensor products of Fourier matrices such that
the multiplication with doubly circulant matrices requires only O(M N log(MN))
arithmetical operations. In this paper, we restrict our attention to real BTTB ma-
trices. Here, it seems to be natural, to replace the doubly circulant matrices by

Proceedings of Mannheim Conference 1996 1
G. Niirnberger, J. W. Schmidt, and G. Walz (eds.), pp. 1-16.

Copyright @ 1997 by Birkh#user, Basel

ISBN x-XXXXX-XXX-X.

All rights of reproduction in any form reserved.



2 D. Potts, G. Steidl and M. Tasche

matrices which are diagonalizable by tensor products of some orthogonal matri-
ces. We construct “level-2” trigonometric preconditioners of BTTB matrices with
respect to various trigonometric transforms and show that for doubly symmet-
ric BTTB matrices arising from a generating function f of the Wiener class the
corresponding PCG-method converges in at most O(M) + O(N) steps.

The special case of preconditioning of doubly symmetric BTTB matrices with
respect to a discrete sine transform was studied in [11]. However, in many examples
discrete cosine transform based preconditioning leads to better convergence results.

§2. Trigonometric Transforms and Toeplitz Matrices

We introduce four discrete cosine transforms (DCT) and four discrete sine trans-

forms (DST) as classified in [17]:

3

. N
DCT—-1: ! = 2 v eNel cos ‘7k—7r c RVTLANAL
* N+4+1 - N 7 k N

J,k=0
2\ '/ §(2k + 1)\ V!
DCT —1I : C{VI = (—) <€N cos 7> e RV,
N J 2N k=0

7
DCT -1 : €Y' = (CF) eRMY,

. N —
DCT TV . Ol — <2>1/z (COS (2J+1)(2k+1)77> 1 c RNV

N 4N 7,k=0 ’
1/2 . N-2
DST -1 : S{V—l = 2 i G+DE+ e RV-1N-1
N N o
I R=
2\ '/ (G +1)(2k + 1)x\
DST —1I : SY := <_> <€N sin > e RV,
N J+1 IN ko

!
DST -1 : Sy == (SN) eR™Y,

2\'/? (25 + 1)(2k + )a\ ¥
DST -1V : SN := (—) <cos ) e RV,
N AN i ho

where ¢l¥ := 272 (k = 0,N) and £ := 1 otherwise. We refer to the corre-
sponding transforms as trigonometric transforms. It is well-known that the above
matrices are orthogonal and that the multiplication of such matrix with a vec-
tor takes only O(N log N) arithmetical operations. There exist implementations
of fast algorithms for the multiplication of above sine and cosine matrices with a
vector, for example a C-implementation based on [15] and [1].

Moreover, we use the slightly modified DCT-I and DST-I matrices

LT L\ Y T L\ V!
CN—|—1 = ((akN)2 cos %) , Sy_q = <sin %)

7,k=0 7,k=1
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and the slightly modified DCT-III and DST-IIT matrices

. N-1
éf\fn = ((55)2 cos (2 & Dk Dkﬂ_) )

2N i k=0
IIT @i+ Dk + D\
Sy = ((eév )% sin
i 2N k=0
It holds that N
Y P |
CN—|—1 CN+1 = EINH-
Let
0 1 0 1 ... 00
Z’]\[71 - EIR,N7N+1, Z/]\]72 . EIR,N7N+1,
0 0 1 0 10
0 1 0 0
00 ... 10

By stoepa’ we denote the symmetric Toeplitz matrix with first row a’ and by
atoepa’ the antisymmetric Toeplitz matrix with first row a’, where ag = 0. Sim-
ilarly, let shanka’ be the persymmetric Hankel matrix with first row a’ and let
ahank a’ be the antipersymmetric Hankel matrix with first row a’, where ay_; = 0.
Let diaga be the diagonal matrix with diagonal a and let §(A) := diag(ahk)i\]:_ol,
where ay j is the (k, k)—th entry of A € RV,

Theorem 1. There exist the following relations between trigonometric transforms
and Toeplitz—plus—Hankel matrices:

i) DCT-I and DST-I:

2 R‘/]\TC{\T—H D C{V-HRN = stoep(ag,...,an—2) + shank(as,...,an—2,0,0),
285 _, Ry DRySY_, = stoep(ag, ...,an—2) — shank(as,...,an—2,0,0),
2 R/NC{\,_H D RNS£,_1 = atoep(0,a1,...,an—2) + ahank(as,...,an—1,0),
2 S{V—l Ry D C{V—HRN = —atoep(0,ay,...,any—2) + ahank(as,...,an—1,0)
with
D := diag(do,...,dn) , D= diag(O,Jl, e ,JN_l,O),
~ 1
(do,. .. ,dN)/ = CN—|—1 (CLQ,. . ,CLN_Q,0,0),,

~ ~ ~ 7
(dl, Ce 7dN—1)/ = SN—l (al, Ce ,GN_l)/ .
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ii) DCT-II and DST-II:

!
2 (C%) Z/N2 D ZNQC% = stoep(ag, ...,an—1) + shank(ay,...,an—1,0),
) ZN1 DZy 1SN = stoep(ag,...,an—1) — shank(ay,...,an—_1,0),
' .
( I) AN 2 DZy 1SN = atoep(0,ay,...,any—1) + ahank(ay,...,an—1,0),

' .
( I) 1D NQCN = —atoep(0,aq,...,an—1) + ahank(ay,...,an—1,0)

D := diag(do,...,dn) , D= diag(O,Jl, e ,JN_l,O),

~ 1
(do,...,dN)/ = CN—|—1 (ao,... ,aN_l,O)/,

~ ~T
(d17---7dN—1)/ = SN—l (Gl,...,CLN_l)/.
iii) DCT-IV and DST-IV:

2 C{VV D C{V‘/ = stoep(ag,...,an—1) + ahank(ay,...,an—1,0),
QSIVDSQ/ = stoep(ag,...,an—1) — ahank(ay,...,an—1,0),
ZCIVDSN = atoep(0,a1,...,an—1) + shank(ay,...,an—_1,0),
2 S{VVDC{VV = —atoep(0,a1,...,an—1) + shank(aq,...,an—1,0)

with

D:= dlag(do, .. 7dN—1) 5 f) = diag(cio,. .. 7JN—1)7
~ 117
(do,...,dN_l) —CN (ao,...,a]\]_l)/,

~ ~ ~ITT
(do,...,dN_l) —SN (Gl,...,CLN_l,O)/.

Typewriting this paper, we got a ps—file of a paper of G. Heinig and K. Rost [12],
which contains similar results as presented in Theorem 1.

Corollary 2. Let T = Ty := (t]-_k)j.vk_:lo be given and let C := C', S := SN .
Then

(T-T')=CDC + SDS + CDS — SDC,

T=_-(T+T") +

DN | —
DN | =

where

D:= diag(do, e 7dN—1) 5 ]N) = diag(O,czl, e ,JN_l),
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_TIT o+t tn_1 v\
(do,...,dn_1) :=Cy (0, 1+2 L 5 (v ”) :

- - ~IIT [t_4 —t t_(N—1) —IN— !
(do,....dn_1)" =Sy (% (v ”2 Nl,o)

Corollary 2, which can also be formulated for the other trigonometric transforms,
provides a new method for the fast multiplication of real Toeplitz matrix with a
vector that avoids the complex arithmetic which comes into the play if we exploit

FFT-based methods.

We are interested in real BTTB matrices

Ty = (T )Y with T, = (t,_x) V. (1)

r,5=0 7,k=0

If t,; = ty,;, then Tar v is called doubly symmetric. Corollary 2 can be gen-
eralized to BTTB matrices. For given doubly symmetric BTTB matrix Ty, n we
obtain the representation

Tury = (Cif @ CY)D(CY © CY) + (8} © CY)D(S}) @ CY)
+(ChY @Sy )D(CL @Sy +(Shy @ SY)D(Shy @ sY)

with D := dlag((cf\f 2 Cy ') col(t, ;)N LM

inverse col” " are defined by

i =0 ). Here col: RYM s RMN and its

N—-1,M-1 MN -1
col (J;J}k)j:o,k:o ( 7")7‘:0

col™! (:ﬂr)i\i]g_l = (xj,k)jy:_o?l’cfo_l with ;5 1= TEn4j .

Algorithm 3. (Fast multiplication of BTTB matrix with a vector )
Input: xe RMY t,, e R (j=—(N—-1),...,N—1Lir=—(M—1),...,M —1).
Output: y := Ty nx with Ty v given by (1).

with  zin4j =25k,

Precomputation:
Forj=—(N —1),...,N —1 compute

. _ S ITT t1,;+t1; t_(v—1); ttm—1, /

R T ,
_ CTIT (g5 — 114 gy i — =14 !

(ds )f«\iol _SM ( 17]2 17]""7 = 1)7]2 = 17]70) .

Forr=—(M —1),...,M — 1 and « € {¢, s} compute

L IIT dg_y +dy A _ny_py Tdon_
(d?}c) ; = CN (d?m ! = JEI) (V) Rl 1) 5
s 7=0 2 2

ol (d?—l - d?,l d?,—(N—l) B dzN—l 0)

(d )]0 _SN 9 ottt 9
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Let

X :=col 'x,

N—1,M—1
D™ = (df’]ﬁ) (o, B € {c,s}).

! 7=0,r=0

1.X°:=XCl/, X :=XS/.

2. X" = CN X%, X** =81 X* (a € {¢, s}).

3.2°% .= CY (D" oX* 4+ D* 0 X*%) + 8 (D0 X** —D"* 0 X*) (a,8 €
{¢,s}). Here o denotes the componentwise matrix product.

4.Y = (2 +2°°)Clf +(2°° - 2°°) S} .

Set y :=col Y.

Algorithm 3 requires O(MN log(MN)) real arithmetical operations.

§3. Trigonometric Preconditioners

We are concerned with the solution of a system of linear equations
Ty nx=Db (2)
with doubly symmetric positive definite BTTB matrix
T = Ty, n :=stoep(Tq,...,Tar—1), T; =stoep(tjo,....t;N=1) (3)

by the PCG-method. We will see that with a good preconditioner at hand, this
can be realized in a fast way. There are several requirements on a preconditioner
Py v of (2) resulting from the construction and the convergence behaviour of
the CG-method as well as from the fact that the multiplication of Ty n with a
vector requires only O(MN log(MN)) arithmetical operations. Therefore, we are
looking for a preconditioner with the following properties:

(P1) Pps, n is symmetric and positive definite.

(P2) For all ¢ > 0 and sufficiently large M, N, at most O(M) + O(N) eigenvalues
of P]T/II’NTM,N lie outside the interval (1 — e,1 4 ¢) such that the PCG-method
converges in at most O(M) + O(N) steps.

(P3) The multiplication of Py y with a vector can be computed with

O(MN log(MN)) arithmetical operations.

(P4) The construction of Py v takes only O(MN log(MN)) arithmetical opera-
tions.

Having property (P3) in mind, a straightforward idea consists in choosing Py v
from an algebra

Ao = {0 (diagd) 0 :d ¢ RM"}
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of all matrices which are diagonalizable by some orthogonal matrix O ¢ RM™ MY

where O has the additional property that its fast multiplication with a vector
requires only O(MN log(MN)) arithmetical operations. As orthogonal matrices,
we will use tensor products of the trigonometric matrices of the previous section.
For A € RMVMN the matrix P(A) € Ao is called an optimal preconditioner of
A [4]if

||IP(A) — Al||r =min{|[B—Al|lr:Be€ Ao}.
Here ||A||F denotes the Frobenius norm

MN-1

[Allp = ( Y, aj)'?.

7,k=0
The choice of the Frobenius norm results from the fact that this norm is induced
by an inner product of RMYMN
MN -1
(A,B) :=tr(AB)= > a;ibju

5. k=0
In particular, we have
|OAQ'||% = tr(OA'O'OAQ’) = tr(A'A) = ||A||% .
For B := Q' (diagd) O € Ao this implies
IB— Allr = ||diagd — OAO'||F
such that the optimal preconditioner of A is given by
P(A) = 0'§(0A0)O. (4)

If O is the tensor product of any two orthogonal matrices which correspond to the
DST-I, DST-II, DCT-II, DST-IV and DCT-IV, respectively, then P(A) is said
to be an optimal trigonometric preconditioner of A.

In the following, we restrict our attention to

O0=0yny:=C} aC\ .

The approach for the other transforms follows exactly the same lines. Numerical
examples are included for different transforms.

By Theorem 1, Ao consists of block—Toeplitz—plus—Hankel matrices with Toeplitz—
plus—Hankel blocks, more precisely

20D O = stoep(Aq, ..., Ay —1) + ahank(Aq,... Ap—1,0) (5)
where

2A, := stoep(aro,...,ar Nn—1) + ahank(a,1,...,arn-1,0),

~IIT ~TIT
D :=diag(C,, ®Cy )a, a:= col(a,«7k)kN:_()17;,]\:/IO_l

The optimal trigonometric preconditioner P := P(T) € Ao of a doubly symmetric
BTTB matrix T can be computed as follows:



8 D. Potts, G. Steidl and M. Tasche

Theorem 4. Let a doubly symmetric BTTB matrix T of form (3) be given. Then
its optimal trigonometric preconditioner P € Ao reads

=10 (diag(Cy ©Cy ) (W' 0t)) O

N—-1,M-1

N—1,M— — r
) ! U and wl = col ((1 — H)(l - %))k:o,rzo

where t := col(trk)r—o o

Proof: By (4), we are interested in §(OTO) = diag (d, )MN !
Fork=0,...,M—1and j =0,...,N—1, we obtain by straightforward calculation
that

M-1 N-1

4 2k +1)(2 1 27 +1)(2 1
s — o EE DU D (2 12 4 D)
MN = = 4M 4N
cos (20 +1)(2k + )= o (2s+1)(25 4+ )7
aM 4N
Using

1 1
COS T COS Y = §cos(x —y) + §cos(x +vy),

we can simplify the above expression in

M— N-1 .
1 (2k + 1)(u —v)w (27 +1)(r —s)m
de+j = —N § § t|u—v|,|r—s| COS Wi oS IN s
=0 =0

since the remaining three terms vanish. Summation over all (u,v) with m :=

lu—wv|=0,...,M — 1 leads to

N-—-1

. M
2 (27 + 1)(r —s)m M2 m (2k + 1)m=
de+] == W E COS 2N E (€m) (]_ — ﬂ)tm,lr—ﬂ COS T

r,s=0 m=0

and summation over all (r,s) with n:=|r —s| =0,..., N — 1 finally to
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Let t; € R (j,k € Ng) with Z |t; k| < oo be given. Then the function
J,k=0

flz,y) =4 Z AjAg t g cos(jz) cos(ky) (7)
7,k=0

with Ag := 1/2 and A; := 1 for j € IN belongs to the Wiener class. Note that f
is 2r—periodic and even in both variables. Under these assumptions, f is called
generating function of the doubly symmetric BTTB matrix (3).

Using the Fourier sums

(Smnf) (z,y) := 42 AjAk tj g cos(jz)cos(ky) , (8)
=0 k=0
the Fejér mean [3] is defined by
1 M—-1N-1
(om—1,n-1f) (z,y) = UN mz::() 2 (8mnf)(®,y)
M—-1 N-1
=4 )\j)\kw5l7ntm,n cos(mx) cos(ny)
m=0 n=0
with the corresponding Fejér window
wﬁln:_{(l——) (1-%) m=0,...,M—1;n=0,...,N—1,
’ 0 otherwise.
Defining the Fejér kernel by
2
N-1 zN
L i sin =
Fn_1(z) 2:1+22<1—N>C08(k‘1}) = N(sm%) x#0,
k=1
N x=0

and the even shift by
1

(ruw ) (0) 2= 5 3 fla+ (1w + (~1)F),

7,k=0

we obtain the known integral representation of the Fejér mean

w10 e = % [ [ (enhles) P () Fyaa o) dudo

For M,N — oo, the Fejér mean op/—1 ny—1f tends uniformly to f on [0,n]?.
Furthermore, we know that for all (z,y) € [0, 7]?

fmin § (UM—I,N—lf)(x7y) § fmax ) (9)

where fmin and fmax denote the minimal and maximal values of f, respectively.
By (9) and Theorem 4, we obtain:
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Corollary 5. Let f be given by (7) and let T := Ty y be the associated doubly
symmetric BTTB matrix (3). Then the eigenvalues of the optimal preconditioner
P € Ap of T are special values of the Fejér mean, i.e.

(27 + )7 (2k + 1)7F)> N 4 (~III S ITT

col((aM_LN_lf)( e Cy ®CN)(wFot).

k,j=0
If f is positive, then P is positive definite.

Using the simple rectangular window

m,n *

wS __{1 m=0,..M—1,n=0,...N—1,

10 otherwise,

instead of the Fejér window in Theorem 4, we obtain the definition of the Strang—
type preconditioner [10]

S =S(T) := 40 (diag(C), © Cy )(w° 0t)) 0.

The eigenvalues of S are special values of the Fourier sum sj;—y,ny—1 f. For positive

f it could happen that not all eigenvalues of S are positive. Since f is from the
Wiener class, the Fourier sum sp;—1 y—1f tends uniformly to f on [0, 7]?. Hence,
for all € > 0, there exist y > 0 such that for M, N > pu all eigenvalues of S lie in
the interval [fmin — €, fmax + €]. Thus, for positive f and sufficiently large M and
N, the Strang—type preconditioner S is positive definite.

§4. Convergence Analysis

Let f be given by (7). We use f as generating function of doubly symmetric BTTB
matrices Ty n of form (3). The eigenvalues of Ty v are distributed as f [13] and

fmin S /\min(TM,N) S /\maX(TM,N) S fmaX7

where Amin(Tas v) and Amax(Tar, n) denote the smallest and largest eigenvalues of
T, n, respectively. We consider again the case O,y 1= Cf\/‘[/ ® C{VV.

Theorem 6. Let f in (7) be a positive function from the Wiener class with
fmin > v > 0. Further, let Ty n be the associated doubly symmetric BTTB
matrix (3). By Sy,n, Pu,n € Aoy, n, we denote the Strang-type preconditioner
and the optimal trigonometric preconditioner of Ty n, respectively. Then, for
all e > 0, and for sufficiently large M, N at most O(M) + O(N) eigenvalues of
S&{NTM,N and P]T417NTM,N lie outside the interval (1 —e,1 + ¢).

Proof: 1. First we consider S&{NTM,N- By (5), it holds that

Sm,n — Tar v =ahank(Ty,...,Ta—1,0) 4 stoep(Ho, ..., Hyr—1)

10
+ ahank(Hy, ..., Hy—4,0), 1o
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where H,. := ahank(¢,1,...,t, nv—1,0). Since f belongs to the Wiener class, for all
¢ > 0, there exist m,n > 0 such that

YD Mtegl<en/6 o Y Y Jsl <ev/6. (11)
s=m+1 3=0 5=0 j=n+1

For N > 2n and M > 2m, we decompose (10) as

Sun—Tun=U+V,

where
U := ahank(0,, Ty, ..., Tar—1,0) + stoep(HéB, e ,H]\B4_1)
+ ahank(Om, Hm_|_1, Ce ,HM_l,O) 5
V :=ahank(Ty, ..., Thn,0m—m) + stoep(HéE, e ,H]\E4_1)
+ ahank(Hy, ..., H,,, 00/—1)
and
H? := ahank(0p,t; nt1,- .-, tr,n—-1,0), Hfj = ahank(t,1,...,t75,0n_p).

Here 0; denotes either the zero vector of length j or the vector of length ; with
zero matrices of size (N,N) as entries. By (11), it holds that

U]l < |[Ully <ev.
Moreover, V is a matrix of low rank < 2mn + 2nM. Next, we verify that
I- Sy nTa,nv =Sy n(Su,ny — Twn) = Sirn U+ SynV,
where S]Tj’NV is of low rank < 2mN + 2nM and where by fmin > v >0

-1 -1
1S3z, v Ull2 < [[Sh, wll2||Ull2 < e.

Hence, by Cauchy’s interlace theorem [18] (applied to the matrix SX;?&US;}?VZ

+ S;jﬁUSX;?VQ ) at most 2mN + 2nM eigenvalues of I— S]T/II,NTM,N have absolute

values larger than e.
2. To prove the assertion for P]T/II,NTM,Na we use that

Py~ —Twun=Sun~n—Tun—O0mnd(OmnSrn—Trun)Oun~)Omn
=U+V+O0uy N0y NnUOuN)Ou N + On nd(On nVOM N)Oum N .
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Regarding that the entries of Ops v have absolute values < 2/v/VMN, we get for
sufficiently large M, N that

16(0n, NV Oum N[z <ev.
On the other hand, we have
16003, v U Onmr )2 < [[Ul2 < ey

such that
Cun—Tun=V+TU

with [|U]|2 < 3e7. The rest of the proof follows the lines of the first part. W

Using standard error analysis, we conclude that the CG-method converges in at

most O(M) 4+ O(N) steps for sufficiently large M, N.

§4. Numerical Results

In this section we illustrate the efficiency of trigonometric preconditioning by var-
ious numerical examples. The algorithms were realized for the optimal precondi-
tioners with respect to the DCT-II, DST-II, DCT-IV and DST-IV, respectively.
The fast computation of the preconditioners and the PCG-method were imple-
mented in Matlab and tested on a Sun SPARCstation 20. The fast trigonometric
transforms appearing both in the computation of the preconditioner and in the
PCG-steps were taken from the C—implementation based on [15] and [1] by using
the cmex—program.

As transform length we choose N = 2". The right-hand side b of (2) is the vector
consisting of NV entries ,,1”7. The PCG-method starts with the zero vector and stops
if ||e]|2/||Ie?)|2 < 1077, where £ denotes the residual vector after j iterations.
We begin with symmetric Toeplitz matrices Ty . Our test matrices correspond
to the following generating functions:

(i) (see [8])

flz)=2*+1 (—n<z<7),

(if) (see [9])

flz) = x? (—r <z <7).

The second column of each table contains the number of iteration steps of the CG—
method without preconditioning. The last four columns of tables 1 — 2 show the
number of iterations required by the PCG—method for different optimal trigono-
metric preconditioners.
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n I cy sii | o st
67 5 5 7 7
9 70 5 5 7 7
10 71 5 5 7 7
11 70 5 5 7 7
12 68 5 H 7 7
13 68 5 H 7 7
14 65 5 H 7 7

Table 1. Number of iterations for example (i).

n I cy sty | ol st
8 179 23 5 25 25
9 375 29 5 33 33
10 771 38 H 41 41
11 * 51 H 55 55
12 * 68 H 59 59

Table 2. Number of iterations for example (ii).

Further extensive numerical tests with matrices from [2] and [9] lead to the fol-
lowing general observations:

— For symmetric Toeplitz matrices, the DST-I based PCG-method shows a similar
convergence behaviour as the DST-II based PCG-method.

— The use of a Strang—type preconditioner with respect to DCT-IT or DST-II yields
similar results as the DCT-IT or DST-II based PCG-method in all numerical tests.
— Preconditioning with respect to the DST-II and DCT-II, respectively, leads to
a faster convergence of the PCG-method than preconditioning with respect to the
DST-IV or DCT-IV.

Next we consider (2) with doubly symmetric BTTB matrices Tx, n. By our ob-
servations, we restrict our attention to Oy := Chl ® CN and O, := SY @ SY. Our
test matrices are the four doubly symmetric BTTB matrices with the entries:

(ii1) (see [6] and [11])

1 .
tjk = G+1) (k_|_1)1+0.1(j+1) (5,k=0,....N —1),

(iv) (see [6] and [11])

1
tig = ,k=0,....N -1
71,k (]—|—].)11 + (k—|—1)11 (.77 9 ) )7
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(v) (see [11] and [14])

tig = 0.7V L 0 pVIRTR 4 0 gVIPHE (i p—0, . N 1)
(vi) and with the generating function (see [11])

flz,y) =2 +y* +2%*  ((z,y) €10,7]%).

N I O, 0, N I 0, 0,
8 15 8 10 8 11 7 8

16 28 9 12 16 27 8 10
32 38 10 13 32 43 9 13
64 45 11 14 64 71 9 15
128 49 12 14 128 103 10 16
256 o1 13 14 256 144 10 18
512 50 13 15 512 198 11 20

Table 3. Number of iterations for examples (iii) and (iv).

N I 0, 0, N I 0, 0,
8 12 7 8 8 10 10 9
16 30 8 10 16 52 18 9
32 48 9 12 32 164 25 10
64 68 9 13 64 * 36 10
128 79 8 13 128 * 56 10
256 * 7 13 256 * 90 10
512 * 7 12 512 * 152 9

Table 4. Number of iterations for example (v) and (vi).

In all examples from [6], our “level-2” trigonometric preconditioners work signif-
icantly better than the “level-2” circulant preconditioners and also often better
than the “level-1" circulant preconditioners. Only in example (vi), the precondi-
tioning based on O; as proposed in [11] leads to a faster convergence than the
preconditioning based on Q7. In most of our examples with BTTB matrices the
0O; based PCG-method requires fewer iterations than the PCG-method based on
cl @Sy or 0,.

Moreover, in all examples the optimal trigonometric preconditioner with respect
to both Oy and Oy yields a little better convergence of the PCG—method than the
Strang—type preconditioner based on Oy and O,, respectively.
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