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ABSTRACT

We propose two algorithms for boosting random Fourier feature models for approximating high-
dimensional functions. These methods utilize the classical and generalized analysis of variance
(ANOVA) decomposition to learn low-order functions, where there are few interactions between the
variables. Our algorithms are able to find an index set of important input variables and variable
interactions reliably.

Furthermore, we generalize already existing random Fourier feature models to an ANOVA setting,
where terms of different order can be used. Our algorithms have the advantage of interpretability,
meaning that the influence of every input variable is known in the learned model, even for dependent
input variables. We give theoretical as well as numerical results that our algorithms perform well for
sensitivity analysis. The ANOVA-boosting step reduces the approximation error of existing methods
significantly.

Keywords ANOVA decomposition - global sensitivity analysis - random Fourier features - high-dimensional
approximation

1 Introduction

Developing predictive models based on empirical data is a current field of research with diverse applications. The con-
tinuous growth in data collection leads to complex datasets, necessitating the handling of regression or classification
tasks in high-dimensional spaces. Traditional machine learning techniques such as support vector machines, neural
networks, and decision trees are commonly used to address these challenges. However, a crucial concern alongside
prediction accuracy is the interpretability of these models, which is essential for understanding the underlying reason-
ing behind predictions.

Many current approaches, although effective with smaller or moderate number of input variables, stop working when
confronted with high-dimensional challenges. The main problem to practical computability is often related to high
dimension of the multivariate integration or interpolation problem, known as the curse of dimensionality. A well-
known foundation of a dimensional decomposition is the analysis of variance (ANOVA) decomposition, first presented
by Hoeffding in the 1940s. Since then, the ANOVA decomposition has been studied a lot in the literature, see for
example [3} 127,119,139, |6, [24].

However, the classical ANOVA decomposition is only available for independent, product-type probability measures of
the input density. In practice, there could be notable correlations or dependencies among input variables. Therefore,
the classical decomposition must be generalized for an arbitrary, non product type probability measure. Achieving this
will require modifying the original orthogonality conditions. Indeed, inspired by Stone [37] and employing a set of
weakened annihilating conditions, Hooker [10] provided an existential proof of a unique ANOVA decomposition for
dependent variables, referred to as the generalized ANOVA decomposition in this paper, subject to a mild restriction
on the probability measure. Afterwards, different approaches for calculating the component functions are studied for
example in 14} 29].
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The methodology presented in this paper offers an alternative to traditional machine learning methods by proposing an
initial ANOVA boosting step for random feature methods, but also provides a natural means to assess the importance
and influence of attributes on the predicted outcomes. The generalization of the classical ANOVA decomposition, e.g.
in [10, 29]] forms the basis for our algorithm, which can be applied to possibly dependent input variables. We calculate
an approximation by a least squares regression, which penalizes the non-orthogonality between ANOVA terms.

Consider the following standard supervised learning setup. Let X = {x1, ...,z } C R? be a set of discrete samples.
We consider the problem of reconstructing a multivariate function f : R? — C from discrete function samples on
the set of nodes X', which are sampled from the density .: R? — R_. We study the scattered-data problem, i.e. we
have given as labels the (possibly noisy) function values f = (f(x) + €z )zcx. In contrast, in [30] the authors give
explicit advice on the location of good sampling points for approximating high-dimensional functions as finite sums
of lower-dimensional functions.

It is natural to express the model output f () as a finite hierarchical expansion in terms of the input variables,

d
f(w)Zfz+Zfi($i)+ Z fan@izg) +. oo+ fu,ay (@1, 22, . 24), (1.1)
i=1

1<i<j<d

where the zero-th order component function f is a constant representing the mean of f (), the first order component
function f;(x;) gives the independent contribution to f(x) by the ¢ -th input variable acting alone, the second order
component function fr; ;1 (s, ;) gives the pair cooperative contribution to f(x) by the input variables z; and x; ,
etc. The last term f{1,,,,,d}($1, Za,...,xq) contains any residual d-th order cooperative contribution of all the input
variables. The classical ANOVA decomposition, [3| [19, 9], of a function is a tool for capturing high-dimensional
behaviour by demanding orthogonality with respect to the measure p between the terms in for functions f €
L 2 (R ) M) :

In many settings functions may arise naturally as sums of functions, each with a limited variable interaction. Such
low-order structure may also be used to reduce the curse of dimensionality, [3} |38, 134]]. Another approach to capture
low-dimensional structures by Gaussian mixtures was done in [§]]. In this regard, two classes of problems arise: either
all of the input variables = (x1,2,...,24) are independent or at least some portion of the variables in x are
correlated. Standard formulations of the ANOVA deal with the case of independent variables. We, on the other hand,
use the extension of [[14] to also treat correlated variables.

Kernel-based approaches have been extensively used in high-dimensional function approximation since they often
perform well in practice. The random feature model [28] is a popular technique for approximating the kernel (and thus
the minimizer of kernel regression problems) using a randomized basis that can avoid the cost of full kernel methods.
An alternative perspective to view the random feature model is as a two-layer network with a randomized but fixed
single hidden layer, 28} [18]. The random feature model takes the form

N
f#(x) = Zakei<“”“’m> =a'eW2 e RY
k=1

where € R? is the input data, W € R?*¥ is a random weight matrix, and @ € C" is the final weight layer. The
entries of the matrix W are independent and identically distributed (i.i.d.) random variables generated by the (user
defined) probability density function p(w). We construct the feature matrix

A= (ei<w’w>)wez,mex-

Given the collection of M = |X| measurements, f = (f(x) + €z)zcx, the random feature regression problem
becomes training a by optimizing
. 2
nin [|f — Aall; +R(a)

with some penalty function R : CV — R. The most common choice for R is the ridge penalty R(a) = A ||a||§, which
leads to the random feature ridge regression problem [311 [15, [21]]. We will use another penalty function R, which
incorporates the ANOVA decomposition of the function f. We propose a random Fourier feature-framework where
we explain the ANOVA decomposition within the random Fourier feature (RFF) structure. This specification allows us
to associate variances and covariances to input variables, leading to interpretability that is not present in existing RFF
models. Our algorithm aims to boost existing RFF algorithms like SHRIMP [39]] (uses iterative magnitude pruning to
select features) or HARFE [32] (uses hard thresholding pursuit to select features) by introducing a first approximation
step, which is demonstrated by numerical examples.

This paper is organized as follows. In Section 2 we introduce the well-known ANOVA decomposition for independent
input variables and relate this decomposition to the Fourier transform of the function f. Furthermore, we introduce
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functions of lower order and show that they occur naturally in function spaces of mixed smoothness. In Section [3]
we generalize the ANOVA decomposition to possibly dependent input variables. We summarize the idea of random
Fourier feature algorithms in Section 4 and apply them to the ANOVA setting. The resulting boosting algorithms are
summarized in Section [5] where we show how to do sensitivity analysis on an approximation with random Fourier
features. The theoretical analysis in Section [6] generalizes the theory in [[7,[39] for random Fourier features and finally
in Section [/|we show with numerical examples the power of our boosting algorithms.

Our main contributions are as follows:

* We propose an ANOVA boosting, which extends and further develops the sparse random feature approxi-
mation from [[7, 39, [32] to arbitrary index-sets U C P([d]) and give a new connection between the Fourier
transform of a function and the ANOVA terms. This leads to random features, which are adapted to the
function.

* Generalizing the theory of sparse random Fourier features: In many cases, for example in the target case
of functions of low order, the Fourier transform only exists in distributional sense. The norm on which
the existing literature is based on, contains a maximum norm of the Fourier transform, which has to be
generalized to the setting of tempered distributions.

¢ Introducing and analysing a first approximation step which calculates the important ANOVA terms for inde-
pendent or dependent input variables.

* We improve the interpretability of previous random feature models by reducing the importance of variables
that are only correlated with other variables and do not influence the function.

We will distinguish the two cases where the input variables are independent or dependent. In the first case, we will use
the classical ANOVA decomposition, whereas in the latter case we have to generalize this decomposition.

Related work

* The authors from [20] propose the notion of neural decomposition, which integrates the classical ANOVA
and deep neural networks for dimensionality reduction and variance decomposition. Similar to our approach
for dependent input variables, they show that identifiability for independent input variables can be achieved
by training models subject to constraints on the marginal properties of the decoder networks.

* The D-MORPH algorithm [14]] uses orthogonal basis with respect to sampling density p, which requires
knowledge about the sampling density. Our approach is applicable independent of the sampling density
. Furthermore, instead of calculating the solution of the minimization problem directly by using an SVD,
we solve the problem by an iterative algorithm. This work was followed, among other, by [2], where the
procedure was generalized to sampling from mixture densities, but also in this case an orthogonal basis is
necessary.

In [29] the generalized ANOVA decomposition is constructed by a constructive method by employing multi-
variate orthogonal polynomials as bases and calculating the expansion coefficients involved from the solution
of linear algebraic equations.

* The authors in [4] also study indices measuring the sensitivity of the output with respect to dependent input
variables, but they are restricted to independent pairs of dependent input variables.

* We generalize the approximation with random Fourier features, for already existing algorithms see for exam-
ple [[7,139,132]. See also [[18] for a nice overview of random features for kernel approximation.

Definitions and Notation

In this paper we denote by [d] the set {1,...,d} and its power set by P([d]). The d-dimensional input variable of
the function f is @, where we denote the subset-vector by @, = (x;);c. for a subset u C [d]. The complement of
those subsets is always with respect to [d], i.e., u® = [d]\u. For an index set u C [d] we define |u| as the number of
elements in w. Define the Fourier transform by

flw) = /]Rd flx)e @ dx  forw c RY (1.2)

If f € Ly(R%) with f € L; (R%), the Fourier inversion formula

T :L Flw) e« ™) duw
@) = g [, F@)eela
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holds true for almost all z € R?. For f ¢ Lo(R?) the Fourier transform f is defined only in distributional sense. Let
S(R9) be the Schwartz space of rapidly decreasing functions on R¢. Then, for slowly increasing function f, we can
formulate the functional 7 : S(R?) — C,

Tp) = [ f@ele)e, o e SR

The Dirac distribution § is defined by (8, ¢) = ¢(0) for all » € S(R?). The Fourier transform is a linear functional
on the Schwartz space,

Ty, ) =Ty, 4).
We denote for v > 0 some frequently used densities by

1 _l=)? .
un(x) = We 2~ Gaussian,

1
= ——————  Cauchy.
/’LC($> ;I;[l 71'0'(]. + (E?/’}/Q) aucny

Let s > 0. Then we define Sobolev spaces of dominating mixed smoothness by
Hyo(®?) i= {f iR = C | |y, zo) <0},

where the norm is defined by

d
g e = [ @) TLO+ o) s
=1

2 The ANOVA decomposition for independent input variables

In this section we study the case of independent input variables, which coincides with the density x having tensor
product structure. For periodic functions there is a connection between the Fourier coefficients of the ANOVA terms,
which is used to construct approximation algorithms for high-dimensional functions with low effective dimension in
an efficient and fast manner, see [26]]. This was the motivation to study the more general setting, seeking a connection

between the Fourier transform f and the ANOVA terms, which we will do in the following.

The curse of dimensionality comes into play when analysing data in high-dimensional spaces. A frequently used
concept is the following, [3,[19L9]]. See also [22} Chapter 8.4] or [24, Appendix] for a general introduction to functional
decompositions.

Definition 2.1. Let f be in Ly(R?, 11). For a tensor product density

d
p(@) = [ [ i) @2.1)
i=1
and for a subset u C [d] we define the ANOVA (Analysis of variance) terms recursively by

fo= [ f@n()e

fulw) = [ f@(en) dow = 3 folaw) 2
Re—{m vCu
The ANOVA decomposition with respect to y of a function f: R? — C is then given by
d d
f@)=fo+ > fay@)+ Y. fup@oz)++ fa@ = > fulzw). (2.3)
i=1 i#j=1 uC[d]

The terms (2.2) are the unique decomposition (2.3), such that

(fu> fo)u = /Rd Ju(@) fo(xu)p(x)de =0 forv # u C [d (2.4)

/ fu(:cu),uj(xj)dxj =0 fOI'j cu.
R

4
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Note that in general, f, ¢ Lo(RI“l), but f,, € Lo(RI*l, 1,). Furthermore, every density has the property that
p € Li(R?), which implies that z1; € L1 (IR), such that the one-dimensional Fourier transforms j; exists. For a better
readability of the following proofs, we introduce the notation

Bz, w, p,u) = [ (e — pi(—wi)) J] fa(—wi)- (2.5)
i€u ST
In terms of the Fourier transform, the ANOVA terms (2.2)) can then be described by the following.

Lemma 2.2. Let the sampling distribution u have a product structure (2.1). Then the ANOVA decomposition 2.2)) of
the function f € Ly(R%, 1) is given by

Ju(xy) = @ /Rd T (w)E(x, w, jt, u) dw. (2.6)

Proof. The Fourier transform of the tensor product density ;. can be decomposed as
ilw) = [T si(wo).
1€[d]
We prove (2.6) inductively over |u|. First, observe that

= z)u(x)de = L [ (w) ) dw pu(z) de
fo= | f@u@ae = [ oo [ Fyw)e®) dopte)d
1

= (27T)d /]Rd Tf(w) Ad ei(w,m>u(;p) dedw = (27]';')d/]Rd Tf(w)ﬂ(—w) dw
= @ /]Rd Tf(w)E(m,w,u, @) dw,

where F(x,w, i, &) = Hie[ d fi;(—w;) does not depend on x. The induction step follows using Deﬁnition

fuwd = [ s [ Fr(@)e®) dopa) dew = 3 fufas)

vCu
1 ) : . 1 .
= Tr(w el<“"“’m“>/ el Wue @uc) () dye dw — —— / Ti(w)E(x,w, u,v) dw
gt [, Te) . () 2t 2 L T )
1 / . . 1 - iwizs A
- (w)el{@Ww®u) [ (—wye) dw — —— / Tr(w) Wit — i (—wy) i (—w;) dw
2m)d Jpa ! o (2w)d,; Re E,( )g

Il
—
N[+
=
—
>

(W) frue (—wae) | @) — Z H (e — fii(—wy)) H fi(—w;) | dw

2 d vCu i€v i€u\v
1 7 iw;x; ~ ~
=yt [ B TL @ (=) T] i) o
pASKI% (ASKTA
1 N
= 2 /Rd Ty (w)E(x,w, 1, u) dw.
This shows (2.6). |
Example 2.3. Suppose
z —e€
fiRZS R f(x) = gi(21) galas) = (1|+;%)2 -max (1 — |23, 0) € HY27(R?, ). 2.7)

This is a function of tensor product structure, which means that the ANOVA decomposition is

Al@) = (g1(@) — ) o = / g1 (@) (1),

fa(za) = (ga(z2) — o) - T, T = /R ga(2)a (w2)das,
fi2(@) = (91(z1) — f1) - (92(x2) — f2)

where the constants with respect to standard Gaussian samples pu(x) = py () = Vool I12II*/2 and uniform samples
us

on [—1,1]? are summarized here:
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i | Gaussian | Uniform
fo | 0.0792 0.125
fi | 0.2148 0.25
f2 | 0.3687 0.5

The ANOVA decomposition is plotted in Figure [2.1] for these two cases. This example shows that tensor product type
function can be easily decomposed in the ANOVA terms independent of the sampling density p. Furthermore, the
ANOVA decomposition depends on the sampling density p. For more complicated functions this can have much more
influence. U

ANOVA
decomposition 5T
w.r.t. Gaussian
measure fi: 0
5|
o
0.0792 fi(z1) fa(z2) fi2(x1, z2)
ANOVA
decompqsﬁwn 5.10-2 _ : 0.1
w.r.t. uniform 0.1 .
measure on 0 n
[—1,1)% e 10-2 o 0 |
5-10 01
—0.1 -+ —0.1
| | | | |
-1 0 1 -1 0
Jo fi(z1) fa(z2)

Figure 2.1: The ANOVA decomposition of the function (2.7)).

Sensitivity analysis

The ANOVA decomposition is the basis for sensitivity analysis, which is the study of how the uncertainty in the output
of a mathematical model can be divided and allocated to different sources of uncertainty in its inputs. A measure
describing the proportion of how much the variables x,, contribute to the variance of the function f itself are the
variances

2 = Z 2 il) xr
() = [ uln) Pl )iz,

where ) wCld] 0%(fu) = o*(f). This provides an explanation for the name analysis of variance decomposition to
this function decomposition. Sobol indices, first introduced by [33], are an often used tool for sensitivity analysis,
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namely

Sy = . (2.8)

Relation to the case of periodic functions

The ANOVA decomposition in terms of the Fourier transform f investigated in Lemma is a generalization of the
periodic case. To see this, let u;(z;) = % 1[_r,x]> the density belonging to the uniform density on the torus. For the
Fourier transform of this density we calculate

2.9)

R sin(7w; 0if w; € Z\0,
juf) = 227 { \

Wi lifw; =0.
For periodic functions the Fourier coefficients are defined by
aa(f)= [ fla)e = dz.

—T

It is possible to extend the definition (1.2)) to include periodic functions by viewing them as tempered distributions.
This makes it possible to see a connection between the Fourier series and the Fourier transform for periodic functions
that have a convergent Fourier series. If f is a periodic function with period 1, that has convergent Fourier series, then:

fw) = er(f)d (w—k),

kEZ

where ¢y, (f) are the Fourier coefficients of f and 4 is the Dirac delta distribution. The corresponding multivariate case

fw) =Y () (w—k),

kezd
Applying Lemma[2.2]to this setting, we have
1
fu(mu)* f( ) (wvwvﬂ7 ) W= --=q Ck )E(wvwaﬂvu)
(27r) (2m)
kezd
3 ek = gl 3 e
kezd keZ,

where the index-set is Z,, = {k € Z¢ | suppk = u}. The last equality follows from (2.9) and the definition of the
term E in (2.3). This connection was shown in [26] and was starting point for efficient algorithms.

2.1 Functions of low order

Often, high-dimensional functions that arise from important physical systems are of low order, meaning the function
is dominated by a few terms, each depending on only a subset of the input variables, say g out of the d variables where
q < d. For that reason, we formalize the notion of low order functions by extending the definition from [7]].

Definition 2.4 (Functions of low order). Fix d,q € N with ¢ < d. A function f: R? — C is an order-q function, if

= > fulzy) with Uy={ucl[d]|ul<q}

uelUy

Low order functions arise naturally in the physical world and are used as a form of the reduced complexity model for
such systems.

The following gives a bound for the variances of the ANOVA terms, which is guided by a decomposition of the
frequency domain of f. The proof can be found in Appendix

Lemma 2.5. Let f € Ly(R%) with f € L;(R%), then the variances of the ANOVA terms f,, defined in (2.6) are
bounded by

P < 1)% 1l 2 ety / F@)PIE(0,w, 1, u)| de.
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A summation of all inequalities for w C [d] from the previous result gives:

1 R
> % (fu) = 1@ = /d |f () () da < (22 120 2, may 1F117, may-
uC[d] ®

2

Example 2.6. Consider again the standard Gaussian distribution p = gz, where finr(w) = e~ g By the functions
|E(0,w, i, u)| appearing in Lemma [2.5| we decompose the frequency domain R concerning the different ANOVA
indices u C [d]. We plot the two-dimensional example in Figure One can see that (this is in general the case, not
only for this example)

1 if suppw = u,

klggo |0, kw, p1, )| = {O otherwise .

The decomposition is the analogue of the discrete decomposition of the Fourier series into ANOVA terms, see [26,
Fig.1].

Ll
1 1
0.5 ‘ . 0.5 , 0.5
04 y 5 o4 5 5
_ ———— - 5 0 _5 5 0
5_5 wo 5_5 wo

w2

w1 w1
u = {1} u = {2} u={1,2}

Figure 2.2: 2-dimensional decomposition of the frequency domain into ANOVA terms for Gaussian distribution pas.
Plotted are the functions |E (0, w, par, w)| for u C {1, 2}.

To study functions of low-order ¢, define
7:1f = Z f u-
lul<q
In Corollary 2.32] the author delivers error estimates for the truncation error || f — T f| ., g ,,) for functions f in
function spaces with product and order-dependent weights, which builds on a transformation of periodic functions and
an ANOVA decomposition based on Fourier coefficients on the torus. However, the estimates there are related to the
smoothness of the transformed function on the torus, see also [16] for details of the idea of transformations from R%

to the torus and the transformation of the smoothness thereby. Since the transformation can destroy the smoothness, in
the following theorem we give a bound on the truncation error || f — T¢f|;, ga ,,y relative to the norm || fl ;- (o).

The proof can be found in Appendix [A]

Theorem 2.7. Let the measures y; be either symmetric and have positive Fourier transform or fulfill for fixed s > %
the mild condition
|1 — fii(—wi)| + |fii(—wi)|
(14 Jowi]?)®
for all i € [d] and all w; € R. Define the constant

<1 (2.10)

1— (=
Cu,s = Max max ,ui(;u)
icld] weR (1 4+ |w|?)s

Then for f € HE,, (R?) the truncation error is bounded by

2 s - 2
If = Taf e < (%I:W 180, gay 1 I (R -

mix

Furthermore, if the Fourier transforms fi; are differentiable, we have

@2.11)

_ )
Cp s = IMAX MAX —-
i€[d] weR 25w (1 4 w?)
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We specifically point out that in the previous result the truncation error || f — 7, f HQLz(Rd.u) is bounded by a constant
O(279) and || f| = (ga), which is determined by the smoothness of f. In general, this norm can increase with

increasing d, but on the other hand the factor (27) =24 || fi| L, (ray decays exponentially with increasing d.

2

Ty
Example 2.8. Let us have a look at Gaussian samples pi;(7;) = pp(z;) = ﬁefﬁ with variance vy, which means
fii(w;) = e 7"“/2 Then
_ Wi —2w?/2 _ v w22 - 7
c = — ¢ i = ¢ i < —
B2 25w (1 + w2)s—t 25(1 + w?)s—1 = 25’
R V2T
||Mi||L1(]R) = 77

such that 5
2 _2 _ 2
1f = Taf 12 gy < @m)2%(28) @D £ g

Let us have a look at Cauchy distributed samples p;(x;) = pc(z;) = m with variance ~, which means
f1i(w;) = e~ "1¥il Then
— Wi —Ywi 7 w2 o
Chass Eiu>po QSwi(l—l—wf)s—le 28(1—|—wi2)3—1e = 25’
il gugey = 2
22 =
L1 (R) ~
such that ) 4 o )
—d_— —(g+1
1 = Taf 12, o ey < 277 2(28) DI FI2,
O
3 The generalized ANOVA decomposition for correlated input variables
The main assumption of the ANOVA decomposition is that the input parameters z;,% = 1, .. ., d, are independent. This

is unrealistic in many cases. Clearly, the correlation structure of random variables heavily influences the composition
of component functions as well as global sensitivity analysis.

However, when the dependence is present among variables, the variance contribution of an individual variable x;
consists of not only the contribution resulting from the variable itself, but also contains the dependent contribution
resulting from the dependence between variable x; and other variables. So far, the literature [14} 29] discusses the
variance contributions with dependent variables, and makes a distinction between the independent contribution and
dependent contribution of the variables.

‘We now consider possibly dependent input variables x;, i.e. an arbitrary non-product type probability density function
p: R? — R, that has marginal probability density functions

puw) = [ pla)do

where & # u C [d].

In the case for independent variables, the ANOVA decomposition (2.3) is unique by demanding the condition (2.4).
For dependent variables, it is in general not possible to find an orthogonal decomposition. First, there is a mild
condition to the measure u needed, to construct an ANOVA decomposition of the form (2.3): Assume that for every
u C [d] the support of p,, is grid-closed [10]. The grid closure implies that for any point x,, € supp ., we can
move in each coordinate direction and find another point in the support of . This is a mild regularity requirement,
which is fulfilled by common probability distributions. The grid closure excludes only degenerated distributions like
K{1,2y = 1{z,=z,}, Where it anyway is not possible to distinguish between the input variables x; and 5.

Second, we have to replace the condition (2.4) of the classical ANOVA decomposition in the setting for independent
variables to a milder condition, hierarchical orthogonality condition,

/ fu(@) fo(xy)p(x)de =0  forallv C u, @3.1)
R4
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see [10}129] for more details. The weak annihilating conditions, that is

/ Ju (@) pru (@ )dz; =0 foralli € u,u C [d] (3.2)
R

are equivalent to (3.1I) and are appropriate for the generalized ANOVA decomposition. Every square-integrable mul-
tivariate function f with respect to the marginal probability measure s, supported on RI*| admits a unique, finite,
hierarchical expansion
@#uC[d]

referred to as the generalized ANOVA decomposition. The existence and uniqueness of the decomposition in (3.3)
under mild conditions has been proven in [4, |10} 37]]. That is, for the existence the support of every i, has to be grid-
closed and the uniqueness follows by demanding (3.2). Note that the generalized ANOVA decomposition matches the
classical ANOVA decomposition (2.3), if the input variables are independent.

There exist many methods for calculating the global sensitivity indices (2.8) of a function of independent variables. In
contrast, only a few methods, such as those presented in [4} 10, [12} [14, [29] are available for models with dependent or
correlated input. In all literature the Sobol indices (2.8) are generalized to the following.

Definition 3.1. The Sobol indices for an ANOVA term f,, measuring the contribution of x,, into the model, denoted
by S var; Su,cor and S, are given by

o*(fu)

Su,var = Uz(f)
Z Z#vC[d] <fu7fv>#

vNu#D, vZu

2
a?(f)

Su = Pu,var + Su,cor-
The first two indices S, var ad Sy, cor represent the normalized versions of the variance contributions and covariance

contributions from f,, to o*(f). The third index, S,,, referred to as the total global sensitivity index is the sum of
variance and covariance contributions.

Su,cor =

When the random variables are independent, the covariance contributions to the total sensitivity index Sy, cor Vanish
for all w C [d], leaving only one sensitivity index for the classical ANOVA decomposition.

3.1 ANOVA decomposition of the frequency domain

In case of periodic functions and independent input variables there is a connection between the ANOVA terms f,,
and the Fourier coefficients [26] or the wavelet coefficients [17]. This connection leads to efficient algorithms. In the
following we study a similar connection for functions on R? and the Fourier transform.

Let f € Lo(R?%) N La(R?, 11) have the generalized ANOVA decomposition f = >, ;7 fu(®x). The functions f,,
depend only on the variables x,,, i.e.,
Tr(w) = e T (W)

uclU
Then the Fourier inversion formula yields,

_ 1 BNl @) 3 1 2 @)
flx) = (Qﬁ)d/ Tr(w)e dw = Z o) /R‘ul Ty, (wu)e dwy,

uelU

1 ~ .
= / Ty, (wu)el<“’“’m“>5wuc dw.

This somehow decomposes the frequency domain R¢ into parts which belong to the different ANOVA-terms, in the
sense that for the ANOVA term u the corresponding frequencies w have to fulfill w,. = 0. For that reason let us
define the frequency decomposition

Qu = {w €RY | wye = 0,w; #0fori € ul. (3.4)

An illustration for the three-dimensional case can be found in Figure In general f, ¢ Lo(RIl), but f, €
L2 (R|u\ ) :uu)

10
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Q12,3 Q1.2),Q1,3), Q2,3 Ry, Qq2y, Q3) Qo

Figure 3.1: Decomposition of the frequency domain R? into the lower dimensional parts. The lower dimensional
subsets (),, are not part of the higher-dimensional @Q,, for v C w.

4 Random Fourier features

Kernel-based approaches have been extensively used in data-based applications, including image classification and
high-dimensional function approximations since they often perform well in practice. The random feature model is a
popular technique for approximating the kernel using a randomized basis that can avoid the cost of full kernel methods.
An alternative perspective is to view the random feature model as a non-linear randomized function approximation.
The theoretical foundation of random Fourier features builds on Bochner’s characterization of positive definite func-
tions, see also the pioneering work for random features [28].

Theorem 4.1 (Bochner’s theorem [1]]). A continous and shift-invariant function r: R% x R? — R is positive definite
if and only if k is the Fourier transform of a non-negative measure.

If a shift-invariant kernel & is properly scaled with k(0) = 1, Bochner’s theorem guarantees that its Fourier transform
p(w) is a proper probability distribution, which means that

k(x — ') = / ei<"‘”m_w/>p(w)dw =Eu~p (ei<“”‘”>e_i<"”w/>) . 4.1)
Rd

See also [23, Chapter 4.4] According to 1), the random Fourier feature model makes use of the standard Monte
Carlo sampling scheme to approximate x(x, z’). In particular, one uses the approximation

k(fB _ IB,) _ wavp (ei<w,m> . e—i(g;@’)) ~ A(IE) . 14(33/)*7
with the explicit feature mapping
A($) = <ei<w1’m>, e ’ei<wN7m>> = (ClevN,
where {wy, }I_, are sampled from p(w) independently of the training set X'. Consequently, the original kernel matrix

K = (k(® — ') e x aca can be approximated by K ~  AA". In the case of N < |X/, this is a low rank

approximation of the kernel which is for a big amount of samples |X'| computational more feasible than the kernel
matrix K itself.

11
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We will focus on two families of feature distributions, Gaussian features and the Sobolev-type features with i.i.d
coordinates (associated to the Gaussian kernel and Laplace-type kernel, respectively):

d
1 ( 2 2 . .
V()= ——) exp(—||w 20 ), Gaussian density, o > 0
50) = (5= ) e (=l /2o) y
S,0 1 .
pri- (W) = cpe, H m, tensor-product density (d > 2,s > 1,0 > 0),
1€[d] g
d
with the constant ¢,s = (%) chosen to ensure the associated densities have unit mass. One special case
T 8—5

of the tensor-product density, is the tensor-product Cauchy distribution

1
=1y

i=1

From the neural network point of view, this is a two-layer network with a randomized but fixed single hidden layer.
Given an unknown function f: R? — C, the random Fourier feature model takes the form

N
fH(@) =) agelr®),
j=1

where € R? is the input data, (w;) ;Vzl are the random weights and a = (aj)évzl € C¥ is the final weight layer.

Existing algorithms differ in how they select features w; and weights a ;. In most cases, the features w; are independent
and identically distributed random variables generated by the (user defined) probability density function p(w). Then,
for the random Fourier feature model, the output layer a is trained (training data-dependent or independent), while the
hidden layer (the weights w) are fixed.

Suppose we are given a probability density p used to sample the entries of the random weights w. Let us recall the
definition for bounded F(p)-norm functions, see also [[7, [39} [32].

Definition 4.2. Let p: R? — R be a density function. A function f: R — R has finite F(p)-norm with respect to
el«) if it belongs to the class

et | (@)

Flp) = {f(:c) = /Rd f@)e @™ dw | |15, =

< oo} . 4.2)

Choosing a Gaussian distribution p like in [39}[7] is a very restrictive condition to the function space F(p), since the

Fourier transform f has to decay faster than exponentially. For instance, in Sobolev spaces the decay of the Fourier
transform is polynomially. For functions in F(p) generalization error bounds for random feature ridge regression
from [39, [7] achieve the rate O(M 1), provided the number of data samples grows with M and satisfies certain
statistical assumptions.

When more information is known about the target function f, the rates and complexity bounds improve (especially
with respect to the dimension). This helps mitigate issues with the approximation of functions in high-dimensions.
Especially, if the function is of low order. This is what we want to study in this Section. If the function f is of low
order, say ¢, the Fourier transform f is not defined as a function, but only in distributional sense, which makes the
norm in Definition @] infinite. This also concerns the p-norm for function of lower dimension, defined in [7] if the
effective dimension of the function f does not equal ¢, the sparsity of the drawn random features. For that reason we
introduce in the following ANOVA truncated random Fourier features.

4.1 Random Fourier Features and ANOVA

In this section we relate the generalized ANOVA decomposition to the random feature approximation. If nothing
is known about the function f, it might be appropriate to use random Fourier features from a d-dimensional density p.
But if the function is of low order or sparse in the ANOVA-terms, it is useful to decompose the density p having the
ANOVA decomposition of the function f in mind. Shortly, we draw n,, random Fourier features supported on u for
every ANOVA term w in the set U C P([d]).

12
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Assume the function f has a sparse ANOVA decomposition, i.e. for small € > 0,

If = Toflpymagy S e where Tof(z) = Y ful@a).
uclU

For such functions it is reasonable to reduce the dimension of the random Fourier features, where the remaining main
task is to find the index-set U. In this paper we aim to develop Algorithms|[T|and [2|for finding this index set U.
Definition 4.3. [ANOVA-truncated random Fourier features] Let U C P([d]) be a set of ANOVA indices and the
functions py,: RI*l — R be probability distributions. A collection of N = > wew N Weight vectors wy, ..., wy is
called a set of ANOVA-truncated random Fourier features, if it is generated as follows: For each index w € U draw
Ny, realizations z1, . . ., Z,,, from p,, and construct |u|-sparse features wy, by setting supp(wy,) = u and (W, )y, = Zk.-
All random Fourier features are collected in the index-set Z, and define the notation Z,, = {w € T | w € Q) }, where
Q. is defined in (3.4).

Note that the algorithms [[7,[32,[39]] are restricted to index-sets U = {u C [d] | |u| = ¢q}. Concerning the interpretabil-
ity of the results this is a disadvantage, since it can happen that non-important input variables gain significance, see
the following example. For that reason, we use random Fourier features of different dimension up to order ¢, and not
only random Fourier features of order q.

Example 4.4. Introduce a function of the form

f(x1,. . m20) = fra(@n, z2) + f3(23) + fa(wa) + f5(s5),
this includes the Friedmann function considered in [32} Fig.4]. The Fourier transform 7' 7 is supported on

Qo UQy UQy UQ1 2y UQ 3 UQy UQys).
Choosing g-sparse random Fourier features with U = {u C [d] | |u| = 1} and without demanding some
orthogonality to the ANOVA terms, means that for example the ANOVA term f; can be described by a sum
Zioﬁ P ei@i1twier) - This leads to the problem, that coefficients a,, for w € Iy for some k €

{2,...,20} describe the ANOVA term f; and are non-zero, despite the fact that the variable x; does not play a
role in the function. Then, analyzing the histogram based on the occurrence rate (as a percentage) of the input vari-
ables obtained from the HARFE model like in [32] Fig.4], leads to non-zero weights for non-necessary variables.

O

In applications the function f is unknown, even if a formula for f is available, the component functions f,, can not
be calculated analytically using for example the coupled equations like in [29]. In typical applications, the function f
is only available by sampling points € X from modelling or experiments. Therefore, a practical numerical method
is needed to construct each unique component function. Similar to [14], we minimize the squared error under the
hierarchical orthogonality condition (3.I). For a set U C P([d]) and ANOVA-truncated random Fourier features
w € 7 drawn according to Definition[d.3] we construct the random feature matrix

A= (Ay) with A, — (ei<""“’m“>) (423)

u€l TEX ,wy €Ly, ’

Employing the generalized ANOVA decomposition, every term f,, of the function f by a sum

fu(mu) ~ Z awei(wu,wu>’
Wy €Ly,
where the related random Fourier features w are in @),,. To find a suitable vector a = (ay,)wez, We use a regularization,
which is similar to defining the cost function like the D-MORPH algorithm [14] does: A solution vector a should
fulfill simultaneously |Aa — f||, = 0 and the hierarchical orthogonality (3.I). Since the regularization by forcing
the integrals to be zero is not numerically feasible, we use a discretization of the integrals (f, fu),, instead:

<fu,fv>X = % Z fu(xu)f'u(wv)' 4.4)

rckX
In contrast to [14], we do not want to enforce the hierarchical orthogonality (3.1I)) by calculating an SVD, but rather by
penalizing by using a regularization. The solution vector a” can then be obtained by minimizing

a® = argmin || Aa — fH2 +A ||a||€v )
a

2

- A f 45
= argiin )¢ (o . 4.5)
where HaH%V —a'Wa = Z a Wy, (4.6)

uelU
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where we introduce the weight matrix wW by

W = diag (W, ,
lag( )uGU
Ay 1
N 7A* (A A ) A* Y 2 :A Al A e(cnuxnu (47)
W'u M2 V2 'u M2 u =~ v v u bl .

where v; runs through all subsets v C w and & is also a subset v of u. The following lemma shows that this
regularization coincides with the hierarchical orthogonality (3.T)).

Lemma 4.5. The regularization term a},W  a., in @&3) with the weight matrices W ,,, defined in penalizes the
non-orthogonality of the terms f,, and f,, where v C w with the discrete scalar product in the sense that

aZWuau = Z |<fu7fv> ‘ .

vCu H 'UH

Proof. The Cauchy-Schwarz inequality gives for all vectors b, ¢ and matrix A with suitable size that
2 12
[(Ab, c)|* < ||Ab|[|c]”
Applying this to our setting yields for
1

[(fus fo)al” = —M2 (Aut, Avan)* = 175 |(A Auan, au)
* arv * *
< L dvanl faol? = 190 (40 4yan, 434 ua0)
M M

_ ”?\;D al AL Ay AL Aya,.

Hence, the regularization term auW ya, has the following connection to the discrete orthogonality of the terms f,
and f,,if a, # 0,

* X * 1 * *
a, Wya, = ay, (MgAu (Z AvAv) Au) a>)y 0 ia ” 5| (fus fo) x|
Qy

vCu vCu

This finishes the proof. |

For the one-dimensional terms w = {i} we obtain equality in the previous lemma, the weight matrix W ., contains
only A and is in this case equal to

W{i} =1mxm

and

2
= |<f1af® X|2

f Zfz xz

reX

* I 1 * * . 1
aiyWieu = 3 %AW ) : 1 A{i}a{i}_’M ;fi(xi)

For the two-dimensional case u = {i, j} we have
Wiy = Taxu + Ay Al + Agy Al

To solve the regularized least squares problem (4.5)), we have to construct the matrix A and the matrix W, which is a
block diagonal matrix, with blocks belonging to every u € U, so the square root has to be calculated for every block
separately only. The actual minimization problem is then solved by an iterative least squares algorithm.

14
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S Sensitivity analysis

The aim of sensitivity analysis is to study how the output of a mathematical model or system can be divided and
allocated to different input variables. Or, speaking in the ANOVA setting, to compare the variances o2(f,,) of the
different ANOVA terms. This simplifies the model: Overly complex models may complicate analysing the inputs.
By performing sensitivity analysis, users can better understand what factors don’t actually matter and can be removed
from the model.

Suppose a set of ANOVA indices U C P([d]) and ANOVA-truncated random Fourier features w € 7 according to
Deﬁnition Let some approximation to f be a sum f# of the form

= ) afelwwm (5.1)

welU wel,

with some coefficients a7, (which can be the output of some optimization algorithm). In the following we will show
two methods for performing sensitivity analysis for a function of kind (5.I). The first approach in Section [5.1]can be
applied for independent input variables and exploits the tensor product structure of the corresponding sampling density
. We start with g-sparse random Fourier features and include successively needed ANOVA-terms of order smaller
than ¢. In contrast to that, in Section[5.2] we will first start by incorporating all ANOVA-terms up to order ¢ and omit
these with low variance.

5.1 Sensitivity analysis for independent input variables

In the case of a sum f#(z) = >_jaje;j(z) with basis functions e; being orthonormal in Ly(R%, 1), the variances
of the ANOVA terms can be calculated easily from the coefficients a;, see for example (34, [17] for the exponential
basis or the wavelet basis on the torus, respectively. In this paper we want to study the problem of unknown sampling
density (i, such that an orthogonal basis is not available.

However, analogously to Lemmathe recursive definition (2.2) splits the function f# into the terms

fg—/RdZa o 2)de = 5 (2m)d /Rdza o dw— dzaw”

wEI
F @) = g 2 e TL ™ = l-wn) [T i) = Za Bz, w, ),
weT 1€u €U’ weT

with the terms E defined in (2.5).

Instead of calculating the integrals for the ANOVA decomposition (2.2)), we derive advantage from the fact that the
points are sampled from the density p. Then the Monte-Carlo approximation of the integrals can be calculated using
the RFF matrix A and a coefficient vector a”.

We consider the setting where the set of ANOVA indices U is completely arbitrary. We propose to start with U = {u €
[d] | |u| = ¢} and refining this set iteratively, we will give more details later in this section. Since the functions el(«>)

are not orthogonal for random drawn frequencies w, the decomposition (3.1)) is not the unique ANOVA decomposition
of f#. But we notice, that for u € U with {v € U | u C v} = &, the ANOVA term f7 is completely contained

in the sum ) €T, afrel{ww:®u)  The main idea of our procedure is to calculate, if such an ANOVA term is really
necessary or if the 1ndlces can be reduced to even lower dimensional sparse random Fourier features.

Lemma 5.1. Let f# from (5.1) be the output of a trained random feature model. Fix a subset u € U with {v € U |
u C v} = & and denote g(wu) =D et aftelww®u)  Then the Monte-Carlo approximation of the ANOVA terms
of the function g at the sample points X with |X| = M are

()
Y aw Y e

wEIu z@ex

o 2@y
gv 1; _ Z a. Z el(iﬂu\vﬂﬂu\v> H ( iTiw; e T, ) .

wEI zU)ex 1€V

Proof. We use induction over |v|, and begin with v = &,

1 (W,
o= [ @@ e 37 30 3 aue < gl

reX wel
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For the induction step we use the recursive definition (2.2)) of the ANOVA-terms. Additionally, the tensor product
structure of the density y, (2.I), is the basis to approximate an |v|-dimensional integral with respect to i, by

1 ,
Loy, Tope ) oy (L) Ay = — ng),mvc ,
| senmsmle)de,~ 57 X o) e)

x(ex

which is a function that depends on the variables @, and not on the variables x,. Applying this to the recursive
definition (2.2)) yields

() = / @) dze = Y gulew)

v'Cv
~ M wv’ u\'u E g
z(ex v/ Cov
sy <>
M i
wEIu z(ex
Z 2 : Ay E ¢ “]\v’ Warw) H (eiﬂ’)iwi _ eimij)wi)
v/ Cvw€el, z@ex icw
1 Z H{war o,z ) O . "
= —_— QA e u\vs Ty \p e wv,w,,_,> Z e v\'u” ’U\’u H elllwl _e ot )
WEL,, z(ex vt i

= % Z Qo Z ei<wu\v,wif\)u> (H (eiwiwL ol il w L))

WETLy, zex
This finishes the proof. |

Of special interest for our algorithm is the case where v = w in the previous lemma. With the known ANOVA-terms
gMC for every index u we can estimate the variance of the ANOVA term u in f# by

2

1 .
ouclon) = 77— 2 (@)= D el

2z ex zHex

Remark 5.2. The case where v = w in the previous Lemmal[5.1]is of special interest. In this case we calculate,

1 ; e
# ~ # iwiw; _ Lixe w;
CIEREE D rD ol 11 (CERES)
WwET, z(@ex \icu
02(ff(a:u)) Hf Lu ||ﬁ2(X)
a*(f) o*(f)
. . . ) )
Introducing three-dimensional tensors el wi _ gl wi ¢ CIXIXIXIXnu this js calculated numerically by a tensor-
vector multiplication, followed by a summation, point-wise squaring and a summation. We approximate the variance

of f by the variance of the given data vector f. A splitting of the given data into test data and validation data gives the
possibility to use the prediction on the validation set to estimate the variances of the ANOVA terms on validation data.

(5.2)

O
The variance of f7 is a good approximation to the variance of f,, if the error H fu— 11 H Lo(RIu! ) is small, see
‘OQ(fu) - 02(f#)‘ = ’/]R | (|fu(wu)|2 - ‘f#(wu)F) Mu(wu)dwu
=| [ Ul = 152 @) (el + 15 @) (i
= Hfu o ff”Lz(R\ul,uu) Hfu + ff||L2(R\ul7Mu)
< Hfu - #HM(R‘"',;W) ”quLz(R‘"‘,uu) (2 + Hfu - ffHM(R‘“'wu)) . 5.3)
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The algorithms in the exsiting literature [[7,139,32] used g-sparse random Fourier features, but they numerically verified
that choosing ¢ equal to the real effective dimension of the function f leads to best approximation results. Furthermore,

the norm F(p) from Deﬁnition is not finite, the Fourier transform f is defined only in distributional sense.

Definition 5.3. A set U is called anti downward closed if for every w € U there is no index v € U, which is a subset
ofu.

We propose to choose an anti downward closed set U. Furthermore, we propose to start with g-sparse random Fourier
features and customize the random features to the ANOVA decomposition of the function f iteratively. This works as
follows. We start with g-sparse random Fourier features as proposed in the literature so far by choosing U = {u €
P([d]) | |u| = q}. Then we draw in total N random Fourier features and learn a first approximation, described by the
parameter vector a” . This is Stage I of Algorithm

Then, using the variance estimations (5.2)), Algorithm [T]decides in Stage II for every u € U, if it keeps this ANOVA
index or if it omits this ANOVA index and uses instead all indices u of order ¢ — 1 which are contained in w. This
procedure is done g times, to reduce the ANOVA index-set U to the really necessary variable interactions. If the
function has only a low amount of non-zero ANOVA-terms this leads to a huge decrease of non-necessary parameters
in the model, which is the starting point for the iterative pruning steps. We summarize this in Algorithm|[I}

Algorithm 1 ANOVA boosting for independent input variables

Input: X = (V) € R? sampling nodes

f=(f(z)HM, function values at sampling nodes

q maximal superposition dimension

€ ANOVA threshold

N number of total random Fourier features
A regularization parameter

Stage I: Initialization
L U=A{uC[d]]|ul=q}
2: n = floor (%)
3: For every u € U draw n g-sparse features w € Z,, and construct the matrix

A= [Au]HEU € CMXN’ A“ = (ei<wu’wu>)m€-’ﬂmimwelu S CAI{XN.

First approximation: a = A*(AA* + \I)~'f.

Stage II: ANOVA boosting

4. fort=1,...,qdo

5:  Forevery u € U calculate the variances oic(gy,) using (5.2).
U fueU|odelo) = ¢}
U={veld|lv]=t—-1,ucUwithv C u}
U+~UUU;

9:  Draw |u/|-sparse features w € Z,, for every u € Uy
10:  Construct the matrix A and update the approximation a = A*(AA* + \I)~1 f.
11: end for

Output: U

P NES

In Figure|S. 1| we illustrate this procedure for an example function, which can be written in the form
[ART SR, f(z) = fros (@, e, 23) + fi(z) + frs (1, 23) fsy (25) + frem (26, 27). (5.4)

We start with all three-dimensional terms, i.e. U = {u C [d] | |u| = 3}. A sensitivity analysis of the first ap-
proximation f# shows that only the three-dimensional term {1, 2, 3} has variance bigger than some threshold e. The
other three-dimensional terms can be replaced by all two-dimensional terms, where the terms {1,2} and {2, 3} are
not needed, because they are contained in the term {1, 2, 3}. A second approximation shows that only the variances of
fﬁz)?)} and f{#éj} are bigger than a threshold. In the third approximation only the additional one-dimensional terms
{4}, {5} are needed, since the other ones are contained in the higher-dimensional terms. After the third approxima-
tion only the important terms in an anti downward closed set U remain for the next approximation step to reduce the
over-parametrized model to an under-parametrized model, for example using SHRIMP or HARFE.
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input first second third
variables approx. approx. approx. found terms

|U| : 35 19 4 3

Figure 5.1: Example procedure of finding the ANOVA-sparse random Fourier features: Consider a 7-dimensional
input function of the form (5.4), starting at ¢ = 3. The terms with approximated variance o2 ( f,,) bigger than the
threshold e are highlighted in magenta for each approximation step. The result is an anti downward closed set U. At
the bottom we give the number of indices in the index-set U, which is used in the respective step.

5.2 Sensitivity analysis for correlated input variables

If we do not have information about the sample density n, we do not have the tensor product structure as for in-
dependent input variables. We want to come back to the regularized least squares (.5). As shown in Lemma [4.3]
this regularization ensures the hierarchical orthogonality (3.1) of the ANOVA terms. In this setting we demand that
the sum ) T, afel{ww®u) should approximate the ANOVA term f,, for every u € U. Therefore, we start with

U = {u C [d] | |u| < ¢}. Then the solution vector a? of ([#.3) seperates the ANOVA terms in the sense that

fulww) = Y aftellnm),

WE Ly,
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Let the RFF matrix A be split like in (@.3) and denote the vectors a,, = (ay,)
indices, see Definition [3.1] by

wez,,- Then we approximate the Sobol

#
MC HAuau H
Spear = BT : (5.5)
> Zi‘uzg[d]z <Avaﬁ£7 Auaﬁ>
vNuw ROLATA
Sucor = =T (5.6)
SC = Sy Saror- (5.7)

The procedure is summarized in Algorithm 2] Note, that this procedure can also be applied to samples from tensor
product sampling densities f¢. In that case we expect the indices Sy, cor to be zero.

Algorithm 2 ANOVA boosting for possibly dependent input variables

Input: X = (V) € R? sampling nodes

f=(fz)NHM, function values at sampling nodes

q maximal superposition dimension

€ ANOVA threshold

N total number of random Fourier features
A regularization parameter

Stage I: Initialization
LU={uCl[d]|ul <q}

Stage II: ANOVA boosting
2: fort=gq,...,1do
. — N
3: n7ﬂ00r<‘U|).

4:  Forevery u € U draw n ¢-sparse features w € Z,, and construct the matrix
A= [A'u,}'u,EU c (CJ\VIXN7 Au _ (ei<wu’w">)w€?€mn,wezu c CMXN.

The solution vector a is solution of minimization problem by an iterative least squares algorithm.
For every u € U calculate the Sobol indices SY'<, ., Sh<,. and S)' using (5.3) to (5.7).
U+ {ueU]|SNS, >eorl|u| <t}

end for

make anti downward closed set U (see Definition [5.3):

U+ U\{ueU]|3IveUwithu C v}.

A

9: Draw |u|-sparse features w € Z,, for every u € U
Output: U

A good choice for the index-set U

We want to discuss two procedures done in Algorithm [2} The first one is the for-loop, which is a similar proceeding
as in Algorithm[I] Another possibility would be to do just one step of approximation and omit all indices w € U with
Si‘fgar smaller than the threshold e independent of the order |u|. But it turned out in numerical tests, to be beneficial
to use the loop, because otherwise the algorithm would not be able to detect the correct ANOVA terms. The variances

of terms f,, of order less than g are not estimated well enough when using ANOVA-truncated random Fourier features
belonging to all |U| = g:o (‘j) terms of order smaller or equal q.

The second procedure is, that in line 8 of Algorithm [2| we shrink the index-set U, such that there are no two sets
contained, which are subsets w C v, which is necessary to receive an anti downward closed set U, see Deﬁnition@
This is the better choice, since the ANOVA terms v C wu are already contained in the sum Zw T awei<“’u""“>. This
is made clearer by the following example. Assume a two-dimensional function f = fg + f{1} + }'{2} + f{1,2y, which

we approximate by the sum
f#* = Z affel@wwu)

w€Try,23CQ1,2}
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The approximation f# has non-zero ANOVA terms f§ , f{#i} and f{’é}, since the weak annihilating condition (3.2)
would require in the case f# = fﬁ_Q} that

0:/fﬁyg}(wl,952)#{1,2}(5517552)dxl: Z afy [ e teen) y(py 2o day
R W€l 2y

= E af’fe“?“’?/e“l“’lu(xl,xg)dxl,
wEI{lyg} R

which can not be true for arbitrary density p, and x5 and is also not demanded in the minimization of the RFF
algorithms. This also applies to larger dimension d and other index-sets u, that the ANOVA-terms f are non-zero
for v C w, if we draw random Fourier features from the set (Q,,. Thus, it is beneficial to use an anti-downward closed
subset UU. Numerical tests also indicate that the RFF algorithms yield better results in this case.

6 Theoretical analysis

In this section, we improve the analysis for the generalization error for the approximation by sparse random Fourier
features. Following [7} 139, 32], we go through the finite-sum approximation

i T (wa)
* — * w) = * 1(4«.:1“931,)7 * :fu—. 6.1
f*(@) ;qu(:c) ;J;ij = e ©.1)

This is motivated by the Monte Carlo approximation of the integral

1 2 {w,z 1 7~ (W, Ty
1@) = Grga [ Tr(@pe e = 3 i |y (@i, do

uelU

Note that f* is not known in practice, because T’ is not known. Furthermore, Eq, [f2 ()] = fu () for fixed a,
which means that E, (1%, fX)x = (fu, fo)x-

The function f* allows the following error splitting,
# * w_ p#
1 = £ paga g < W = Toflumay + 1T0F = £y + 17 = ) Lagae

The first error is bounded in Theorem Furthermore, it is known that in many real world problems the underlying
function is of low effective, see [3, 15, [13].

Our procedure is as follows:

¢ In Lemma 6. 1| we generalize the error || Ty f — f*|| La(d,y 10 the ANOVA setting by using ANOVA-sparse
random feature instead of only g-sparse random Fourier features.

* We want to perform sensitivity analysis to calculate an index-set U, which is adapted to the function f.
In (5.3) we show that we have a good approximation to the variances, if the approximation error is small, so
our procedure finds the important terms.

* Once we have fixed a good ANOVA index-set U, we use SHRIMP or HARFE, so the approximation bounds
from there are applicable for the error || = f* H La(R ) The used norm F(p) from (@.2) can be replaced

by our norm (6.2).
Let us define the F(p)-norm by

~ 2
N T, (wa)|
£, = > T (sup f) : 6.2)

wel WEQw Pu(Wu)

where @, is defined in (3.4). For the approximant f* we have the following.
Lemma 6.1. Fix §,e¢ > 0. Consider the random feature approximation f* from (6.1)). If the total number of features

N =3, cu N satisfies the bound
1 2
Nz (1 + 210g(1/5)) ,

then with probability at least 1 — § with respect to the draw of weights w; the following holds
IT0f = £l pyme ) < €l Fll g
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Proof. The proof follows similar arguments like [[7, Lemma 1], but applied to our setting of ANOVA truncated random
Fourier features. The coefficients a},, defined in (6.1)) are bounded by

lag,| < 7 sup Trulwn)
Lz (27T) WEQ pu(wu)

)

and for fixed @, E,, [f%(2)] = fu(2). Define the random variable

1/2
o1 o) = I = ey = ([ Balr(@) - P @)Pute)da)

To apply McDiarmid’s inequality from Theorem we show that v is stable to perturbation. In particular, let f*

be the random feature approximation using random weights (w1, ..., wg,...,wy) and let f * be the random feature
approximation using random weights (w1, ..., @y, ...,wy) with supp wy = u, then
[v(wi, .o, Why ey W) — V(W1 e, @y W) < ‘ fF=r Lo
| * oll(Wk)u,®w) 2k @k u,Tw)
= |la;, e —ag, e
‘ @k “k Ly (Rd )

IA

Ny \weQ. Pu(Wu)

2 ( wup Tf<w>> AL

Summing over the Ay, yields,

N A 2
YAy o ( sup Tf“(“’“))
k=1

welU Nu \weQu pu(w’u>
2
A
- N
To estimate the expectation of v, we bound the expectation of the second moment. By noting that the variance of an

average of i.i.d. random variables is the average of the variances of each variable and by using the relation between
the variance and the un-centered second moment, we have that

Eo(v?) = Eo [|Bo (f*) = F*Il 1, (ga )

Z Z a‘:ei<wv,mv>

uelU wel,,

2 2

:]Ew

E, <Z a:ei<“’”’m”>>

uwelU

La(R?,p)

1 T (wa) ’ |Hf|”2r
Ju\Pu (p)

< E — | sup < .

(uEQu pu(wu) > N

La(R%,p)

n
uecU %

By Jensen’s inequality, the expectation of v is bounded by
2 _ M=
Eo(v) < (Eo(v?)/? < 2220,

VN
Applying McDiarmids inequality from Theorem[A.2] yields

ANl 2 )) 2t2 212N
Plv> = < exp <> =exp|——5— .
( VN SR A7 Al £5%,

2
t= £l N log(1/4)

N> (1+ V20R(1/5)

enforces that v < €| f{| (,) with probability at least 1 — 4. This completes the proof. [ |

Setting t and N to
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7 Numerical results

We illustrate in this section our sensitivity analysis on test examples. First, we summarize in Section[7.1|two random
Fourier feature algorithms from the literature, which we then use for the numerical experiments. We suggest to use
one of our algorithms to find a good index-set U and then to adapt a random Fourier feature algorithm to ANOVA
sparse random Fourier features.

We present numerical results of Algorithm |1, where we use independent input variables. Further, we illustrate in
Section[7.3|the approximation procedure of Algorithm [2]through several numerical applications.

7.1 Algorithms for RFF

In the literature there are several algorithms for approximating high-dimensional sparse additive functions. Here we
will summarize two of them. Since we assume limited data availability, we wish to have a sparse representation of the
function f by learning the coefficient vector a with a sparsity constraint.

¢ In [39] the non-linear SHRIMP algorithm was proposed. There the authors propose to use g-sparse frequen-
cies, which means that | suppw| = ¢ for all random feature weights, where the non-zero components are
sampled from the Gaussian distribution A/ (0, \/6) The algorithm begins with a strong over-parametrization

N > M. The first solution vector a is calculated by
a=A"(AA* + \I)"'f.

Then, using iterative magnitude pruning (IMP) and selecting the best model via a validation set, the algorithm
output is the solution vector a.

Iterative Magnitude Pruning is used for compressing over-parametrized neural networks. The IMP procedure
prunes features on their magnitude and then retrains the pruned sub-network in each pruning iteration. In
every iteration the pruning rate is p < 1. After calculating the MSE error of a validation set in every iteration
one can choose the final model by choosing the smallest validation error.

We want to generalize this algorithm to ANOVA-sparse random Fourier features as defined in Definition[4.3]
In fact this is a generalization of choosing a tensor product density or a g-sparse density to a density p, which
can have an arbitrary ANOVA decomposition.

* In [32] the authors solve the sparse random feature regression problem by a greedy algorithm named hard-
ridge random feature expansion (HARFE), which uses a hard thresholding pursuit (HTP) like algorithm to
solve the random feature ridge regression problem. Specifically, they learn the vector a from the following
minimization problem

min|[Aa — |3+ Ala||>  sucht that @ is s-sparse.
a

The idea is to solve for the coefficients using a much smaller number of model terms. The subset S' given by
the indices of the s largest entries of one gradient descent step applied on the vector a is a good candidate
for the support set of a. The HTP algorithm iterates between these two steps and leads to a stable and robust
reconstruction of sparse vectors depending on the restricted isometry property (RIP) constant of the matrix
A, which characterizes matrices which are nearly orthonormal, at least when operating on sparse vectors.

As the numerical test for the RFF suggest, choosing the sparsity ¢ of the ANOVA terms equal to effective dimension
of the function f, gives the lowest approximation errors. We suggest to first calculate a good ANOVA index-set U for
the function f with Algorithm[T]or[2] use this to draw ANOVA-sparse random Fourier features adapted to the function
f and apply afterwards an algorithm for sparse random features, for example SHRIMP or HARFE.

The best chances of improving the previous algorithms have functions with ANOVA terms of different orders: In this
case drawing ANOVA random features adapted to the function f will decrease the approximation error significantly.

7.2 Numerical results for independent input variables

To test the performance of the ANOVA boosting for independent input variables, we test Algorithm [1| on synthetic
functions:

fri(x) = 172 + 223 + 2172 + 24 (7.1
fro(x) = sin(x;) + 7sin®(z2) + 0.123 sin(x;) Ishigami function (7.2)
frs(z) = (10sin(m z122) + 20 (x5 — 1)* + 1024 + 5z5) Friedmann function (7.3)
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We randomly draw M points from N(0, I;) (functions fr1, fr2) or uniformly on [0, 1]¢ (function frs) and use
N = 5M random Fourier features in the initialization step. We additionally draw M test samples from the same
distribution to validate the approximation error using the MSE,

MSEzﬁ S @) — ).

T € Xiest

We compare the performance of the SHRIMP/HARFE algorithm and the ANOVA boosted SHRIMP/ HARFE and
denote the resulting algorithms as ANOVA-S and ANOVA-H, respectively. The random Fourier features were dis-
tributed i.i.d. according to Gaussian distribution A/(0, %Id) or according to Cauchy distribution ~ J;c(4(1 + w?)~t

with variance 0 = %. In every case we did the approximation 10 times and show the mean. In every case we have

chosen the regularization parameter A\ = 1075 and the cut-off parameter ¢ = 0.01. In Table we summarize the
results. Note that for the HARFE algorithm we used the exponential function e (") in contrast to the authors of the
numerical tests in [32]], who used the cosine function. Possibly further research could study why the numerical results
are better with the cosine functions, despite the theoretical results are mostly stated for exponential functions.

For summarizing the results, our procedure detects the important ANOVA terms, if enough samples are available.
The random feature algorithms benefit from the first ANOVA boosting in Algorithm [T} where we could improve the
accuracy by factor up to 102, But in any case the approximation error is smaller for the ANOVA boosted algorithms
or at least comparable. Furthermore, our procedure improves previous algorithms by being interpretable by showing
clearly which ANOVA terms are zero and which input variables are necessary for the learned final model.

function d ¢ M  p | SHRIMP ANOVA-S HARFE ANOVA-H
fri 5 2 300 pn | 1.8324-107%  1.4060-107°  0.3615  0.3005
pe | 2.0259-107°  1.4160-10"%  0.5826  0.9081
10 3 500 pa | 0.0005 1.4581-107¢ 23772 0.2151
pe | 0.0152 1.7514-1076  3.4952  0.8934
Jr2 5 2 500 pa | 0.0082 2.6587-107°  0.1378  0.6071
pc | 0.0025 0.0028 0.5712  0.3841
10 2 1000 pa | 0.0055 2.6213-10"°  0.6650  0.6910
pc | 0.1213 0.0063 1.1395  0.8896
Irs 5 3 500 pa | 0.0032 0.0027 5.3181  0.4766
pc | 0.0001 0.0002 3.6378  0.9084
10 3 200 pa | 0.3808 0.0098 5.8178  2.0540
pc | 0.5433 0.0133 3.9776  2.6890

Table 7.1: Approximation results: MSE on test data for different functions. We compare the performance of the
SHRIMP and HARFE algorithm with the ANOVA boosted algorithms using Algorithm[I} The random Fourier features
were distributed i.i.d. according to ppr = N(O, %Id) or according to pc ~ [ ;¢4 (1 + w?)~! with variance o = %.
In every case we did the approximation 10 times and show the mean.

7.3 Numerical results for dependent input variables

We illustrate that even for dependent input variables, it is possible to find non-zero ANOVA terms of the unknown
function f. In this example, the ANOVA boosting method from Algorithm 2]is tested on a slightly modified Friedmann
function, which is used as benchmark example for certain approximation techniques,

T1,...,29) = 10sin(0.1 mx1x9) + 3 — 5)° + 1024 + 075. .
10sin(0.1 20 12+ 10 5 (7.4)

In contrast to the literature we do not use uniform samples on [0, 1]¢, but we use (partly) dependent Gaussian samples.
Due to this sampling we changed the original function slightly to have comparable variances of the non-zero ANOVA
terms. Based on the example in [29], the samples © € X" are Gaussian random vectors with mean Ex = 0 and with

23



ANOVA-Boosting for random Fourier Features A PREPRINT

the covariance matrix being one of the following,

3, =1y, uncorrelated
3, = % Iy+ %19><9, equally correlated
1 -1 2
) 5005, )
g=I3® -5 1 —%], mixed correlated
2 4
s -z 1
5 5

where M = 500. Independent of the drawn samples « € X, the function (7.4) has non-zero ANOVA terms only for

the index-set
U={2,{1},{2}, {3}, {4}, {5}, {1, 2}}. (7.5
Furthermore, for independent input variables, 3 = 3J; the Sobolev indices can be easily calculated analytically, which
gives
S{3},var ~ 0.2788 S{4},var ~ 0.3718
S5y var ~ 0.0929 S{1,2} var = 0.2564.

We use Algorithmlto calculate the 1nd1ces S,l‘fgar, where we draw in total N = 5000 ANOVA-sparse random Fourier
features with ¢ = 2 and variance 5, and choose the regularization parameter A = 1. The results are plotted in
Figure Note that the Sobolev indices Si‘fSar can be bigger than one, since for dependent input variables the

variances of the ANOVA terms o2(f,) do not sum up to the variance of the function o(f). In Figure we
normalized the indices Su var DY the sum
> Suan

ue{ul|u|<2}

which has in total ( ) + (2) = 45 summands. It can be clearly seen, that in every case only the terms with non-zero
variance in the index-set U from (7.5) are significant. In contrast to the case ¥ = Xy, for dependent variables (3
and X3) the terms f7 and f5 are non-zero, which Algorlthm|2|ﬁnds Using only 2-sparse random Fourier features and
the HARFE algorithm as proposed in [32]], leads to results shown in their Fig.4, which clearly blur the importance of
the variables z; to x5 in comparison to the other non-necessary variables, see also Example@ Furthermore, they
only study the simpler case of independent input variables.

Y= 21 = 2 Y= 23

Figure 7.1: The indices Su var fOr Gaussian input samples with different covariance 3. The pie charts are normalized

to the sum of all indices S,I\fgar for |u| < 2, but the numbers represent the actual indices.

To conclude our numerical section, we want to compare approximation results of random feature algorithms with
and without ANOVA boosting from Algorithm [Z] We study the same test functions (7.I) to (7.3) as for the case of
independent random variables. To define the dependence among random variables, it is usual to use copula functions,
[111,23]. Denote the cumulative distribution function of the samples by

Ru(a) = [ ") at,

—00
and Ry, ..., Ry are the marginal cumulative distribution functions of z1, ..., x4, i.e.,
Xy
Ri(ws) = / 1it) dt.
—o0
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Sklar’s theorem [33] is the building block of the theory of copulas. It states, that for continuous functions Ry, ..., Ry
there exists a d-dimensional Copula C, such that for all € R4,

Ra(x) = C(Ry(21), - , Ra(xa)).

The copula C contains all information on the dependence structure between components of (z1,...,24), whereas
the cumulative distribution functions R; contain all information on the marginal distribution of z;. Especially
Archimedean copulas are an important class of multivariate dependence models, since it is very easy to generate
random numbers from them. Every Archimedean copula has the simple algebraic form

Clyr,--ya) =¢ (0 () + -, (va)

where 1) is the generator function of the copula. We test our algorithm for the following well-known copulas with
parameter 6:

1

P(t) = 3 (t_e —1) 0>0 Clayton copula,
Y(t) = (—1In t)e 0>1 Gumbel copula,
—0t—1
Y(t) =—In (eexl;el) 6>0 Frank copula.
<D0 —

We use these copulas on the marginal distributions A/(0, 1) (f71), uniform on [—, 7] (f72) or uniform on [0, 1] (f73).

We apply Algorithm [2| for different settings of d, M, ¢ with fixed parameter N = 5M and Gaussian random Fourier
features drawn from N (O, %Id). The used input parameters for our algorithm are summarized in Table for the

different settings. For a better comparison we use the same regularization parameter A = 10~° for the SHRIMP steps
in both cases. The resulting MSE on test data are summarized in Table we did the procedure 10 times and show
the mean. In any case, the ANOVA boost leads to a clear improvement of the approximation results.

function d ¢ M C 6 )\ € | SHRIMP ANOVA-S
fro 10 3 500 1 3 100 0.01 | 4.47855-10~5  1.04677-10~F
2 2 100 0.01 8.55061 - 1072 1.15639 10~
3 4 100 0.01 0.000 28 7.44458 1077
20 2 500 1 2 100 0.01 0.00504 1.80438 - 1076
2 1 100 0.01 0.006 34 1.15239 1076
3 4 100 0.01 0.004 00 8.276 97 - 107
fr2 5 2 500 1 2 200 0.05 0.022 87 0.000 34
2 2 100 0.05 0.002 82 0.000 50
3 5 200 0.05 0.01732 0.00341
10 2 500 1 2 200 0.05 0.31271 0.000 75
2 2 100 0.05 0.404 42 0.00075
3 5 200 0.05 0.47998 0.00591
fr3 10 3 200 1 5 100 0.01 0.13449 0.009 52
2 2 100 0.01 0.41547 0.01573
3 4 100 0.01 0.21362 0.034 27
20 2 500 1 3 100 0.01 0.028 44 0.016 03
2 3 100 0.01 0.026 51 0.004 94
3 3 100 0.01 0.028 70 0.00071

Table 7.2: Approximation results: MSE on test data for different settings. The column C belongs to the copula: 1,2, 3
corresponds to Clayton, Gumbel and Frank copula, respectively. We compare the performance of the SHRIMP and
the ANOVA boosted SHRIMP using Algorithm 2 for dependent input variables. The random Fourier features were
distributed according to ppr = N(0, %Id). In every case we did the approximation 10 times and show the mean.

During the numerical experiments we found that the more the input variables are related, the bigger should be the
regularization parameter \ in the minimization problem of Algorithm 2] Notice that, depending on the type of depen-
dence, we do not obtain the same variances for the ANOVA terms, but the non-zero terms are in any case a subset
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of
Uri = {2, {1}, {2}, {3}, {4}, {1, 2}, {2, 3}}, (7.6)
Ury = {®> {1}a {2}7 {3}7 {173}7 {273}}a (7.7
UTS = {67{1}’{2}’{3}7{4}7{5}7{172}}’ (78)

for the three functions respectively. The variances of the terms fy3) and f(5, are relatively small for function fr3. For
that reason, we set ¢ = 0.01 in this case.

The numerical results show that even for a small amount of samples in high dimensions our procedure is able to
find the correct non-zero terms, which results in much smaller approximation error, compared to the plain SHRIMP
algorithm [39]] with fixed effective dimension q.

Conclusion and outlook

We propose a new method, ANOVA boosting, which exploits sparse structure in the ANOVA terms of a function
in a learning problem, which often occurs in many domains of interest. This method is a possible extension of
random Fourier feature algorithms which finds the ANOVA terms with variance above some threshold before the
actual approximation. Our algorithms are able to handle independent as well as dependent input variables.

Maybe it would be also possible to incorporate the ANOVA boosting in every step of the iterative algorithm for sparse
random Fourier features. Another possible future direction is the analysis of the impact of noise and the analysis of a
good choice of the regularization parameter \ in the boosting step as well as in the random feature algorithm.
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A Appendix

Proofs of Section 2]

First, we need an auxiliary result.
Lemma A.1. Letg € Ly(R?) and K be a symmetric kernel function. Then

/Rd /Rd g(w)g(v)K (w,v) dwdv < /Rd 19(w)2k(w) dw

where k(w) = [, | K (w,v)|dv.

Proof. According to [36, Chapter 1], the generalization of the Cauchy-Schwarz inequality for double integrals yields

/Rd/Rd w'udwdv<//Rd
<([, [ s, v>|dwdv)/ ([, [ 6P .0 dwav)
— ([ lotw)? [ 1K)l dviw) /2(/Rd|g<v>|2/wK(wﬂdwdv)m

= [ o)) do.

This finishes the proof. |

g(w)g(v) ,v)‘dwdv

1/2

Proof of Lemma 2.5

Proof. Lemma [2.2] describes the ANOVA terms of the function f. In order to calculate the variance of the ANOVA
terms we have

2
fou(Tw) Az

) /Rd f(W)E(x,w, p,u) dw

= om0 B B v ) dw dogi )

= (273)% /Rd /]Rd /Rlu‘ F(@) f(—v)E(x, w, 11, w) E(x, —v, 1, W) fiy (L) Ay dw dov
= g [, L ) TT G 00 = i) T snis(vs) des o

€U ieuc

To apply Lemma |A.1{we choose K (w,v) = [[,c,, (Hi(—wi +vi) — fii(—wi) fi(vi) [ Licwe #i(—wi)fis(v;) with

) = |

T (i (=i + vi) = fis(=wi)gia(e)) T Ais(—widsia(vi)| do

SN ieu’
H ”:ul”L (R) H 11— fi(—wi)| H | i (—w;)]
i€[d] i€u i€u’
= [l L, may [E(0, @, p, ). u
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Proof of Theorem
Proof. For this proof we introduce the notation

Alw,d,q) = H 1+ Jwil?) Z |E(0,w, p,u)| | . (A1)

i€[d] lul>q

First, note that since every measure yi; is symmetric, |||, gy < [[pill 1, z) = 1 and =1 < fii(—w;) < 1. We start
with applying Lemma[2.3]

e A A
1 = Taf Iy, = D2 o*(fu) < ”“2'; DY / )P TT I = fis(=ewn)] TT lia(w0)] deo

ul>q Jul>q icu Pt
Al 1, (mey (14 wil?)®
:71(”/ 2H o 2 L= sl T bl d
(2m) A+ |wiP)
E[d |u|>qi€u i€uc
Al L, ey A s
= g max | [T+ 1wl D [T = siswdl [T lia=en)l /Jf(w)\g T (1 + fenf?)* deo
i€[d] |u|>qicu icue R icid]
Az, e
( 1) ”fHH,S,,,x R4) me%g)g H (1 + |Wz| Z H ‘1 - /sz wl | H ‘,uz Wz
i€[d] |lu|>qicu icuc
1Al L, (mey
- ﬁ 171y, ) 235 Al ) (A2)

Let us have a closer look at the involved term A(w, d, ¢). Let v be the support of the w, which attains the maximum.
Since 4i;(—w;) = 0 for every ¢ € v°, which means that |v¢| > ¢ and |v| < d — ¢, we have

max Aw,d.q) = [[U+1wP) Y TTI0—ailwdl T] Jii(—)

weR?

i€(d] |u|>qveCuicu i€uc
e 1 —fi(—w;i | |Ai(—
< jo°| 1= i
—,ZC“’S AL ey H, 1+|wz|
w' Dve icu’\ve cu’'c
‘1 - Ml ‘ |Mz
(H (1 + |w; |2 H 1+ |w \
u'Cv \icu’
H ‘1 Mz —W; |+|/’Lz( wz)‘
i€V 1 + |w | )
< cZ“'Sl.

The last inequality follows by either demanding a symmetric measure p with positive Fourier transform or the con-
dition (2.10). The equality (2.11) follows by the fact that the maximum of g(w;) == (1 + |w;|?) ™% (1 — fs(—w;)) is
attained where ¢'(w;) = 0, i.e.
—2w; s . i (w;)

vy (L i(wi) —

(it e ) = G e
1+ w?

2w;s

!
0=

fri(wi) = 14 2 (w:)

Inserting this into g(w;) yields

1+ w?

1,8 — 1 1'275 — 1 L

Cp,i i,ue%( + Jwil %) (uz(wz) % )
1

su .
wie% 2w;s (14 |w;]?)s—1
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A.1 McDiarmids inequality

Theorem A.2 (Mc Diarmids inequality). Let a functionv: X} X X5 X - - - x Xy — R satisfy the bounded differences
property, i.e. forallk € [N],andallz; € X ...,zny € XN,

sup |U($17 vy Th—1, Ths Tho-1y - - - ;xN) - 'U(.’El, s 7xk717m27xk+17 s ,Cl'N)| < Ak~
T} EXy
Consider independent random variables X1, Xo, ..., X where X, € &}, for all k. Then, for any e > 0

2e?
]P(U(Xl,XQ,.. -7XN) —E[’U(Xl,Xg,. ..,XN)] > 5) < exp (—N2> .
Zk‘:l Ak‘
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