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ABSTRACT. In this technical report we present a complete proof of the
Marcinkiewicz-Zygmund inequality on the bi-Sphere from [1, Theorem 4.5].

We use the same notation as in [1]. The Theorem 4.5 of [1] reads as follows:

Theorem 1. Let N € N2 and R be a admissible decomposition of S* x S? according to
a sampling set X such that

n
Rl < —, 1
IR) < e 1)

where n € (0,1) is arbitrarily fized. Then forr =1 orr = oo and any p € lly, we have
(1 =n) [Iplls2xs2,r < [Pl < (14 1) [|plls2xs2,5- (2)
We apply subsequently the following inequalities:

Lemma 2. The following estimates are valid,

1
i) ma cost)| < —NQ,
() max fo(eos ) <

¢ d 2
(ii) /£ ‘EUN(cost)’dtg ;N?’HRH,

J

i) [ Steos|smtars 2 n e
iii —upn(cost)|sintdt < —(bN +1).
IR dt 27
Proof of Lemma 2: From [2, equations (3.13), (3.14)], we obtain immediately the
inequality (i). Using the Bernstein inequality ||7”]|cc < 2N ||T||oo for vy (cost) and (i) we
get (ii). The integral in (iii) can be estimated as in the proof of Theorem 4.2 in [2]. W

Proof of Theorem 1: We start with the case r = co. For proving the left-hand side
let (z,y) € S? x S? an arbitrary fixed point and assume that (u,v) € X is a point with
d((z,y), (u,v)) =d((x,y), X) = dx. We conclude by [1, Lemma 4.4]

Ip(z,y)| < |p(z,y) — p(u,v)| + [p(u, v)|

< 2Nd ((:E,y), (’LL, U)) HpHSQXSQ,oo +j—I?aXM |p(i13j, y])| :

=1,...,



Taking the maximum over (z,y) € S? xS? we obtain by using the fact d((x,y), (u,v)) =
d((xz,y), X) < |R|| the L>*-MZ inequality

(1= 28R Ipllstssr oo < mae [p(&5,m)] < (1428 R] ) Ipllsexroe- ()

This provides in combination with (1) the inequality (2) for r = co. For r = 1 we are
going to show both inequalities of (2) simultaneously by proving

[Iplls2e2,1 = 1Pl | < mlipllsz s,
Using [1, Theorem 4.3 (i)] we obtain

M

Ip(x,y)| dr(x,y) — wj,yj|7 )
S2xS2?
X

M
_ g /R b)) = ol dr(e.y)

M
< Z /R p(ey) — ;)| dr(e.v)
M
< Z/VIVNp(w,y)—VNp(wjayj)! dr(z,y)
M
< s (Y / fon(@ - uy -v) - on(2; -y, - v)] dr(e,y)
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It suffices to show

M

sip (3 / (@ -,y - v) — on(e; - wry; - v)| dr(@y) | <n. (@)
(u,v)eS?xS? =17 R

To this end we use spherical coordinates for the spheres with respect to the point (u,v) €



S? x S?. This leads to & - u = cos&, y - v = cosn. We obtain

M
i Z/ Jon(z-u,y-v) —on(z; - uy; - v) dr (@, y)
M
= Z/ | lun, (cos &) v, (cosn) — v, (cos&j) un, (cosn;)| dT(x, y)

= Z/ |un, (cos )] / ’val(cost)’ dt dr(x,y)
j=1718; g | db

’UN2 (cos t)' dtdr(zx,y).

—l—Z/ v, (cos &)

We denote the first sum in the expression above by ¥; and the second sum by Y.
For further estimation of the above expression we introduce a partition of S? x S? in

the following way. Let L = [H%IJ and define 7, = [(v — 1)nL™ !, (v + DrL7Y], v =

1,...,L —1. FOI"fl,EQE{l,...,L—l} let
Bél,b = {(a:,y) € $? x §%: (5777) EI& X IEQ};

where (2, y) = (sin§ sin ¢, sin € cos ¢, cos £, sin 7 sin ¢, sin 7 cos ¢, cosn), &,n € [0, 7], ¢, ¢ €
[—7, 7. Let further B, = {x € S*: £ € 7,,}. Then we have
(i) Be, 4, = By, x By,, where By, = {x € S};¢ € L.},

L—1
2 2
U th% =S xS s
£1,02=1

(i) Beyey, N By =0 for (6y > 0 +2V 0 <L —2) A(ly > by +2V by < lh —2).
This provides a decomposition of S? x S? into overlapping regions. Let us denote by

fj_, n; and 5;-“, 77;r the minimal resp. maximal value of the coordinates £ resp. n of the
region R;. Since

max{¢; — &, nf —n; } < diam(R;) < |R|| < 7L,
the region R; is contained completely in at least one By, ¢, with ¢1,0> € {1,...,L —1}.
Accordingly we have

L-1 L-1

¥ < Z Z Z / |un, (cosn \/ ‘ N, cost)‘ dt dr(z,y),

l1=11la= IRCng
L-1 L-1

¥y < Z Z Z / lun, (cos&;) |/ ‘ UN, cost)‘ dt dr(z,y).

l1=142=1R; CB[lg2



Now we have to distinguish between different cases. These cases are
(1.1)2 2 :1/\{52:1\/£2:L—1}, (1.2): 61:[/—1/\(52:1\/52:[/—1,

(13) £2:1/\(€1:1\/£1:L—1), (14) EQZL—l/\(Elzl\/Zl:L—l),

(2.1): by =1ANLly€{2,...,L -2}, (22): b4=L—-1Ntle{2,...,L -2},
(2.3) : 62:1/\616{2,...,[4—2}, (2.4): ZgzL—l/\Ele{Z,...,L—Q},

(B): tre{2,...,L -2} Nlye{2,...,L —2}.

We now treat the various cases separately.

Case (1.1): Using Lemma 2 (i),(ii) we get

S&) = Z / |un, (cosn ’/ UNl (cost)| dtdr(z,y)

R;CB11UBy 1,1

Lemma 2.(ii) 9 1
= ;Nig IR ;Nf {r(Bi,1) + 7(B1,L-1)}

) 1 i i or L1 oL~
2N} RN N3 { [ ]
™ ™ - J—m JO 0
/ / / / } siné sinndédndede
—nJ—nmJn—2rL"1 Jr—2xL"1
2Lt
< —QNl IR N3 472 2 / sint d¢
™ 0

IN

< 16 N3 NY [[R||(mL ™)
TL~ <R
< 1024 N2 N3 | R

It is obvious that due to symmetry we have Sg,g < 1024N3 N2 |R| for k = 2,3, 4.

Case (2.1):

5511) = Z Z / ’UNQ cos |/ le (cost) }dtdf(m Y)

lo= 2R CBlg

IN

Z/ "UN2 cos ‘/ UNI (cost)| dt dr(z, y)



S| L—2
= /Bl /J_ ‘E’U]\h (COSt)}dth(m) 522_:2 /B22 }UN2(COS77)‘ da(y)

Lemma 2.(ii) 9 L-2 (ba+1)mw L1 .
< 2Ry Y [ / [un, (cos )| sinndy o
™ lg—27 T lo—1)mL—1
(b2+1)rL—1
< 4N3?||R||lo(By) Z/ ‘sz(cosnﬂ sinndnde¢
lg—2 lo—1)mL—1
(L-1)wL~1
< SVIRIoB) [ fovaeosn)] sinndy
wL—
< SNIRIo(B) [ fowa(cosn)] sinnds
wL—
g orL—1 T
< SMRIenle [ [ singdgap [ singay
—m JO o
N2 2L ~1 ™
< 8N13HR||227T/ sinfdf/ sinndn
T 0 wL—1
1 2w L1
< OMMIRY €] sl
0
< 32NPNZ|R|| (7 L™1)? (1 — cos(nL™1))
L—l
< 32N3N2Z|R|| (wL*1)22sin2(7T2 )
Lfl
< 64Ny N3 R| (rL~1)? <7r2>
TL=1<2||R||
< 256 N7 N2 |R|®
Case (2.2):

5512) = Z Z / |UN2 cos 1 ‘/ le (cost) ‘dth(w Y)

lo= 2R CBy,— 1,69

IN

Z/ ‘UNQ (cosn }/ le (cost ‘dth(w Y)

/ / le (cost ‘dtdo
Br-1 /&

IN

Z/ ‘UNQ (cosm) ! do(y

lo=2



Lemma 2.(ii)
< —Nl IR||o(Br-1) Z/ ’vN2 cosn } do(y
lo=2
< 256 N7 N3 | R|®

Case (2.3):

1?2 = Z Z / v, (cosn ‘/ UN1 (cost)| dt dr(z, y)

(1= 2R CB@ 1

< Z/ |un, (cosn ‘/ UNI (cost)| dt dr(z, y)
l1=2
L-2 13 d
< vn,(cosn)| do(y / / —un, (cost)| dtdo(x
y, oateosml aotw 3 [ [ Gomtcost| o)
(l1+1)w L~ 1 d
< / }UNQ cosn)| do(y Z /W/gl R /5 |dtvN1(cost)‘dt sin&d¢ de

sin£<2sint (Lr+1)7L—1 d
< 47r/ vn, (cosn)| do(y / / U, (cost)| sint dt d€
[ox, ) Z (1)L 5—|dt 1 (cost)
fl—‘rl Lt
< / ‘UNQ cosn ’ do(y Z/ le(cost)‘ sin tdt
(41—1)wL—1
. ™[RIl ¢
< A (w L™ )/ v, (cos )| da(y)/ | —vn, (cost)| sintdt
B R dt
1 IR
Lemma 2.(iii) 7 2Lt 3
< 47T(7TL1)/ / |un, (cosm)| sinpdndg  —(5N1 + 1)
- JO 27
1 o1
< 6(5N; +1)(rL™1) 27 N22/ sinndn
d 0
1 oL~ 1
< 12(5N; + 1)N3 (xL™1) {2772]
0
< 24(5N; + 1)N3 (mL™1)3
L' <2|R||
< 1152 Ny N3 | R



Case (2.4):

Sé,li = Z Z / ‘UNQ (cosn }/ le (cost) ‘dth(m Y)

b= 2R CBllL 1

¢ d
< Z/ ‘UNQ(COSU)‘/_ ‘ale(cost)’dth(ac,y)
¢1=2" By, §;
L-2 13 d
< / |un, (cosn)| do(y) Z/ /_ ‘aw\/l(cost)’dtda(m)
Br—1 01=2 Bll J
< 1152Ny N3 |R|?

Case (3):

L—-2 L-2

Sél) = Z Z Z / v, (cosm }/ le (cost)| dt dr(w, y)

1=20¢>2=2R; CB[l

L—2 L—2
= Z Z/ ‘sz cosn ’/ UNl (cost) |dtd7(az Y)
51 2(2 2 Zl Lo
L2 | L-2
< Z/ /_ ]avzvl(cost)‘dtda(m) Z/ |uny (cos )| do(y)
=2 B, 6]- lo=2 By,
(01 +1)wL~1 d
= un, (cost)|dt sin& dédep
S [
(L1+1)wL~1
X Z/ / vN2 (cos 77)’ sinndnde
09=2 6 -L)rL~!
sin £<2sint (L1+1)m L~ 1 d
s A2 t)] sintdtd
B " Z/l )rL-1 / ‘dtUNl(COS )l St §
(L-1)xL~t
><2/ |un, (cosm)| sinndn
wL—1
9 (01 +1)wL~1 d
= 16 t)| sintdtd
< T Z/él N /g‘ ‘dtvzvl(cos )| sin £

T
% on e / sin g di
xL—1



(L1 +1)7L~1

< 1672 2(n L™ Z/ le (cost)} sint dt
0,=2 (b1—1)wL—1
owll [ sinndy
rL—1
IRl g
< 327 (TrL_l)/ ‘ v, (cos t)! sintdt
IRy dt
><l]\722 [—cosn)T,
T 7L
3 1 L1
< 827 (wL ") - (5N, + 1)~ N2 2sin?(T7 )
i T

L—l
< 96 (7L ™) (5N] + 1) N2 (” . >
1
< 24 (5+ —) Ny N2 (nL71)3
Ny

TL71<2|R||
1152 Ny N2 |R|]3.

All the estimates considered so far provide an estimate for the sum ;. For the second
sum Yo we obtain similarly

Case (1.1): Using Lemma 2 (i),(ii) we get
Sﬁ) = Z / ‘UNI cos&;) !/ UN2 (cost) !dth(:c Y)

RjCBLlUBl’L,l J

Lemma 2.(ii) 9 3 1 5
< ;Nz IRl ;N1 {r(B1,1) + 7(B1,-1)}
2 1
< *Nzﬁ’HRH —N?
T
onL~' 2wl
/ / / / / / / / sin& sinnd&dndede
- J -7 —ndJ—mJr—2rL-1 Jr—2xL—1
orL~1
< —2]\72 |R|| NE 4m? 2 / sintdt
0 0
< 16 N2 N3 | R||(mL~1)*
nL1<2|R||
< 1024 N7 N3 |R||5.

Due to symmetry we have Sﬁz <1024 N2 N3 |R|]°, k =2,3,4.



Case (2.1):

L—2
5521) = Z Z / |un, (cos &) |/ vN2 (cost)| dtdr(z,y)

lo=2 RjCBLgQ R;

< Z/ ‘le cos&;) ‘/ UN2 (cost)| dtdr(z, y)
lo=2
< / luw, (cos&j)| do(x Z/ / ’UN2 (cost)| dt do(y)

Lemma 2.(i) ™ 2l
S Jomlloe / / sin€ dé dp
—m JO

L-2 £2+1 L~ d
X Z/ / / |dtvN2(cost)‘ sinndtdnde¢
lo=2 £

o—1)wL—1

1 2Lt L=2  (fp+1)xL~t pn d
< 4rN? [éQ] Z/ / | v, (cost)| sinndtdny
27Jo o deenm Sy d
Z2+1 L1 d
< 87 N2 (rL~! Z/ / | v, (cost)| 2sint dtdn
o Jnyart Jyp At
£2+1 L1
< 16m N? (n L™ 12 2(r Lt Z/ vN2(cost)‘ sintdt
lo—2 (b2—1)m L1
rL=1<2|R|| ) 5 TR
< 2567 Ny || R|| / | v, (cost)| sint dt
iRt
Lemma 2. (iii) 9 3 3
< 2567 N7 | R|[* o= (5N: +1)
< BENZN R §<5+ 2
- ! 2 Ny
< 2304 NT N, ||R]?

Case (2.2): This case is similar to the case (2.1) and therefore we can shorten the
calculation.

L—2
5522) = Z Z / ‘UNl (cos&;) }/ vN2 (cost }dtdr(:c Y)

=2 R;CBr_1,0, R;



IN

L2 noq
Z / ‘le(coséj)’/ ‘EUNQ(cost)’dth(az,y)
to=2" BL—1.4, n;

IN

/BL [ (cos ;)| do(x Z/ / 370V (cost) )| dtdo(y)

2304 NZ No || R|?

IA

Case (2.3):

L—2
S% = Z Z / "UNl cos ;) ‘/ vN2 (cost) ‘dth(w Y)

l1=2 Rj CBgl s

IN

Z/ |un (cos &) }/ vN2 (cost)| dt dr(z, y)

IN

n . q L—2
/B1 /77j ’awvl(cost)‘ dth(sc)le;/Bll ‘sz(cosfj)| do(y)

IN

2Ll pp d
4r? / / | v, (cost)|sinndtdn
0 it

L (14+1)w L=t
X Z/ |un, (cos&;)| sing dé
22:2 (@171)71'[/_1

Lemma 2.(ii) 5 2 2rL~1 ™
ST VRN [ simnd o2 [ singd
™ 0

7L~

Lemma 2.(i) 5 1 ) 1 ) 2Lt i

S tor NHRILNE 3] ol

0
Lfl

< 32 N3|R|| N2 (rL~1)2 2sin?(———)

< 16NPNZ R (xL Y
rL1<2|R| Y

< 256 N3 N2 | R||

Case (2.4):

4 = Z Z / |un, (cos &) ’/ sz (cost)| dtdr(z,y)

b= 2RCB@ L—1

10



L—2 "
d
< Z/ ’le(cosfj)‘/ ’&vm(cost)‘dth(m,y)
0,=2"Bey.L1 n;
n g L—2
< / / |d—vN1(cost)’dtda(a:) Z/ ’sz(cosﬁj)‘ do(y)
Bp_y Jyy At B
L-1Y7; 06=2""0
(L1 +1)wL~1
< 472 / / vN2 coat s1nndtd17 Z/ ‘sz(cosfjﬂ sin £ d€
m—2mrL—1 01—1)wL—1
Lemma 2.(ii) T ‘
< 2 MR singdy o2 [ singd
m—2r L1 mL—1
) oL~ 1 ™
< R IMIRI[ smady foxle2 [ sineds
™ 0 wL=1
Lemma 2.(i) N 1 9 1 9 2nL=! -
< 16w N7 R|| =Ny |= [—cos&]r ;1
T 27 ]
1 Lt
< 32 N3|R|| = N2 (L 1)2 2sin?(~ —)
™
< 16 Ny N3 [ R| (wL™1)*
L~ <2||R|| 3 9 5
< 256 N N || R||
Case (3):

L—-2 L-2

S§2) = Z Z Z / }le cos&;) ’/ UN2 (cost) ’dth(m Y)

01=202=2R; CB@1 2

L—-2 L—-2
- Z Z/ ‘UNl cos &) ‘/ ’UNQ (cost) ‘dth(:I: Y)
l1=2{3=2 4162
- Z/ [0, (08| do() Z/ / 'UN2 (cost)| dt do(y)
£=2
(1—1)wL— 1
- i)| sin{dgd
B élz:l/—ﬂ/él rL-1 [on (cos )| sin dg dgp
L2 (bo—1)wL— 1 d
t)| dt sinndnd
szz;?/ /42 L1 /77j|dtvN2(COS )‘ sinndnde¢

11



sin€<2sint 9 (L—1)7mL~!
< 4 2/ ‘UNQ(COSfj)‘ sin& d¢
i

L-2 .(tp—1)xL~1 d
XZZ/ / |—vN2(cost)’ sintdtdn
o= (=11 Iy di

< 1672 ||on, [0 / 1 sin& d§
wL—
(ba—1)rL—1 d
X vN,(cost)| sintdtdn
Z/@ 17rL1/ ‘dt 2(cos?)]
1 L (bo—1)wL~1
< 1672 = N [~ cosé]T, 1 2(n L7 1) Z/ | —vn, (cost)| sint dt dn
T l9—2 (£2—1)7rL*1 dt
1 L1 TR g
< 1672 = N2 2sin?(~ )2(@*)2/ | —vn,(cost)| sintdt
™ 2 IR dt
L=1\2 3
< 1287 N? (” ) (rL7") 5= (5N +1)
1
< 16 (54 ~—) N7 No (nL™1)3
Noy
mLT <2|R||
< 768 N2 Ny | R|3.

Putting all the estimates for ©() and £(2) together we obtain the following result .
5 < 8832N% ||R|® + 9216N° | R||° (5)

Assume ||R| < 7’ . Then we obtain

1
< <8832C3 + 9216C5> (6)
A short computation shows that for C' = 21 the first factor in (6) is less than 1. This
shows the desired result. |
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