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Let A : ℓ2(Z) → ℓ2(Z) be a tridiagonal operator given by

(Ax)j = αj−1xj−1 + βjxj + γj+1xj+1, j ∈ Z,

where α = (αi), β = (βi), and γ = (γi) are bounded sequences of complex numbers. Let
Pn,k : ℓ2(Z) → ℓ2(Z) be the projection operator given by

(Pn,kx)j =

{

xj, j = k + 1, k + 2, . . . , k + n,
0, otherwise,

and let Xn,k := Pn,k(ℓ
2(Z)) be the n-dimensional range of Pn,k.

We first construct new inclusion sets for the spectrum and pseudospectrum of A from
those of the finite section operators An,k : Xn,k → Xn,k defined by An,k := Pn,kA|Xn,k

,
obtaining results reminiscent of the Giršgorin theorem and its generalisations [1]. Where
spec denotes the spectrum and spec ǫ the ǫ-pseudospectrum, and defining

Σn,ǫ :=
⋃

k∈Z

spec ǫAn,k,

we show that, for n ∈ N and ǫ > 0,

specA ⊂ Σn,ǫn, spec ǫA ⊂ Σn,ǫ+ǫn,

where ǫn is given explicitly as the solution of a nonlinear equation, with ǫn < ηn :=
2(‖α‖∞ + ‖γ‖∞) sin (π/(2n + 2)) . In general Σn,ǫn may be much larger than specA and
does not converge to specA as n → ∞, but in some cases Σn,ǫn = specA for all n.

Our second result modifies these constructions, with something of the flavours of [2, 3].
For n ∈ N, η > 0, and λ ∈ C let

B+

n,k(λ) := Pn,k(A − λI)∗(A − λI)
∣

∣

Xn,k
, B−

n,k(λ) := Pn,k(A − λI)(A − λI)∗
∣

∣

Xn,k
,

and let

Γn,η :=
⋃

k∈Z

{

λ ∈ C : min
(

min specB+

n,k(λ),min specB−

n,k(λ)
)

< η2
}

.

Then we show that, for n ∈ N and ǫ > 0,

specA ⊂ Γn,ηn , Γn,ǫ ⊂ spec ǫA ⊂ Γn,ǫ+ηn ,

so that Γn,ηn → specA in the Haussdorf metric as n → ∞.
Finally we indicate how these results extend to the cases where A is a band or band-

dominated operator on ℓ2(Z) or on L2(Z, Y ), for some Banach space Y .
The talk is based on joint work with Ratchanikorn Chonchaiya (Reading) and Marko

Lindner (Chemnitz).
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