Spectral approximations and spectral inclusion sets
for non-self-adjoint tridiagonal and band-dominated operators

Simon Chandler-Wilde
University of Reading, United Kingdom

Let A: (2(Z) — (%(Z) be a tridiagonal operator given by
(Az); = ajamj-1 + Bizj + zje1, JEL

where o = (o), 8 = (0;), and v = (y;) are bounded sequences of complex numbers. Let
Py : 12(Z) — (2(Z) be the projection operator given by

L ,Ij, ]:k+1,k+2,,k+n,
(Fra); = { 0, otherwise,

and let X, := Pmk(fQ(Z)) be the n-dimensional range of P, j.

We first construct new inclusion sets for the spectrum and pseudospectrum of A from
those of the finite section operators A, 1 : Xpp — Xpp defined by A, x = PnrAlx, .
obtaining results reminiscent of the GirSgorin theorem and its generalisations [1]. Where
spec denotes the spectrum and spec. the e-pseudospectrum, and defining

En,e = U spec 6An,ka
keZ

we show that, for n € N and € > 0,
spec A C Xpe,, speceA C Xy eye,,

where €, is given explicitly as the solution of a nonlinear equation, with ¢, < n, =
2(||alloo + |7]l0o) sin (7/(2n + 2)) . In general ¥, ., may be much larger than spec A and
does not converge to spec A as n — oo, but in some cases X, ., = spec A for all n.

Our second result modifies these constructions, with something of the flavours of [2, 3].
Forne N, n>0,and A € C let

By (A) i= P (A= M) (A=A B, () == Pop(A = A)(A =M

)‘Xn,k:7 )*|Xn,k:’

and let
- C i ; + -~ - 2
Ly i= U {)\ € C: min <m1nspecBn7k(A),mlnspecBmk()\)) <n } .
keZ

Then we show that, for n € N and € > 0,
spec A C Ty, DneCspeceA CTyepy,,

so that m — spec A in the Haussdorf metric as n — oo.

Finally we indicate how these results extend to the cases where A is a band or band-
dominated operator on ¢?(Z) or on L?(Z,Y), for some Banach space Y.

The talk is based on joint work with Ratchanikorn Chonchaiya (Reading) and Marko
Lindner (Chemnitz).
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