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Chapter 1

Introduction

1.1 Orthogonality

By K[x] we denote the linear space of all polynomials of the form
p(z) = apz"™ + ap_12" 1 + ... + a1z + ao, (1.1)

where aj, € K are from a field (for example, C or R) and n € Ny = {0,1,2,...}. hence, the
elements of C[z] are polynomials with complex coefficients, which we also consider as maps
p:R — C, z — p(x) from the set of real numbers into the set of complex numbers. Thus, the
independent variable x sei also eine beliebige reelle Zahl. If a,, in (1.1) is different from zero,
then degp = n is called degree of the polynomial p(z) and a,, the leading coefficient of
this polynomial. The linear subspace of Clz| of all polynomials of degree less than n will be

denoted by C,lz], n e N={1,2,...}.

For any n € N, the system M (z) = zF, K = 0,1,...,n — 1, forms a basis in C,,[z], which
means that the representation of p(z) from C,y1[z] in (1.1) is unique. This also means that
each finite subsystem of the system (M,,),~, is linearly independent, because of which we also
call this infinite system linearly independent. As an example, let us define on C[z] a scalar
product, also called inner product ,

1 -
(p,q) :/_119(96)(1(96) dz, p,qeCla]. (1.2)

I we apply the well known Schmidt’s orthogonalization method to the system (M), >, , then
we get a system (P,), =, of polynomials P, (z) with the properties deg P, = n,

span {Fy,...,P,_1} =Cylz], n €N,
and
0 : j#k .
reny=ou={ 0 ITh ke (13)

With span {FP, ..., P,—1} we refer to the set of all linear combinations of the polynomials P;,
j=0,1...,n—1. Since this set is equal to span {My,...,M,_1} , it is easily seen that, for
k # j, the orthogonality relations (1.3) are equivalent to

(Mg, P) =0, k=0,....,n—1, neN. (1.4)

7



8 CHAPTER 1. INTRODUCTION

Consider the polynomials f,,(z) = (1 — 22)" und Q,(z) = ,(Ln)(x) Using partial integration
leads to

bod 2 b d! 2
(My, Qn) /1x dx"( )" dx k/_lx dx"—l( )" dx

where n € N und 0 < k < n. Repeating this yields

1 dn—k

N g — 0 : k=0,...,n—1,
(M Q) = (0" [ o= et —{ -

"k, k=n,

1
with xk, = / (1 — 2%)" dz. Again by partial integration we get, for n € N,
~1

1
1
Kn = Kp—1 — / [(1 — xZ)"_lx] rdr = Kp—1 — — Kp,
—1 2n

and consequently, since kg = 2, !

2n 27 ontlpl
Rp = 2n+1l€n_1 =...=

Cnr ™ T 2nr

Now we normalize @, (x) in order to satisfy the condition (P,, P,) = 1. To this end, we make
the ansatz P,(z) = 0,Qn(z) and require (for definiteness), that the leading coefficient of P, (x)

dr 2n)!
is positive. The leading coefficient of @, (z) = ey [(=1)"2*" + ...+ 1] equals (—1)" @
T n!
Because of
2 [ 2 2 ) L - 2 | 2 2 (an!)2
we get that, for
-1)" . 2n+1
5n:cn% mit ¢, = 5
the condition (P,, P,) = 1 is fulfilled. Now, for the leading coefficient of the polynomial P, (x) =
2
Yo" 4+ ... we get v, = c—"( n) The poynomial
2n\ n
G 2\n

is called nth Legendre polynomial. Up to the constant c¢,, this polynomialis the nth poly-
nomial in orthonormal system of polynomials (P,),~, w.r.t. the inner product defined in
(1.2). The formula (1.5) is due to Rodrigues.

The sequence (P,), =, of polynomials is a solution of the following moment problem:

1 1— (_1)n+1
Given is a sequence (i), ~o of numbers fi,, = / 2" dr = Tl
1 n

of polynomials of the form (1.1) define a linear functional £ by

. On the linear set C|z]

£[p] = Gnlin + Qp—1n—1 + ... +arp1 + aplo.

fon+ 1N =1-3-...-(2n+1)
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Find a system of polynomials P,(z) with deg P, = n, n € Ny, such that the orthogonality
relations

LIPpP,]=0 fPur m#n
are fulfilled. If the polynomials P, (x) also satisfy
L[P2]#0, neNg,

then the sequence (P,(x)), =, is called orthogonal polynomial system (OPS) w.r.t. the
moment functional £. In the following chapter we will answer the question under which
conditions on the moment sequence (uy,), -, such an OPS exists.

Another OPS we can find in the following way:

Using the trigonometric relation

2 cos mb cosnb = cos(m + n)# + cos(m — n)o (1.6)
one get
0o , m#n,
s
/ cosmb cosnfdd =4 ™ » m=n=0, (1.7)
0 T N
5 , m=mnc

With 2 = cos 6 and T, (z) = cosnf, n € Ny, from (1.6) for m = 1 we obtain
22T, (x) = Thy1(x) + Tho1(x) (1.8)

Toi1(x) =22T,(x) — Th—1(z), neN (1.9)

Since Typ(xz) = 1 and T;(z) = x the recursive relation (1.9) shows, that T),(z) is a polynomial of
degree n with leading coefficient 2"~! for n € N. From (1.7) it follows

. 0 m#£n,
d
/le(x)Tn(x)ﬁ: T, m=n=0, (1.10)
5 , m=neN.

_1
2

T, (z) is called Chebyshev polynomial of first kind and of degree n, the function (1 —2?)
Chebyshec weight of first kind .

Considering the polynomials =P, (x) = M;(z)P,(x) and using the orthogonality relations
(1.4) we can obtain a recursion formula for the polynomials P, (x) analogous to (1.8). Indeed,

we have the representation
n+1

Mlpn = Zgnkplm
k=0
where e, = (M1 P, Py) = (P,,, M1 P) =0 for k=0,...,n— 2. Since z[P,(z)]? is an odd func-
tion, we also get €, = 0. For the remaining tw coefficients we obtain €, 41 = Yo (Myt1, Poy1) =
7”%;i1<Pn+1, Pn+1> = 'Yn%;h and €nn—1 = ’Yn—1<Pn, Mn> = ’)/nfl’}/;l. Hence,

pn—i—lpn-l-l(x) = xPn(x) — pnPn-1, n € N, (111)
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with p, = Y,_17, ' is proved, where w set P_1(x) = 0. We will see that such a three term
recurrence relation is a typical property of orthogonal polynomial systems. Moreover, such a
relation enables us to compute interesting numerical parameters of orthogonal polynomials. For
example, the zeros of orthogonal polynomials are eigenvalues of tridiagonal matrices. Indeed,

writing down the relation (1.11) for n =0,1,...,m — 1 in matrix language gives
[0 m 0 11 Polz) ] C Rz ] [ 0]
pr 0 po Py(x) P (z) 0
=z : - : . (1.12)
pm—2 0 pm_ Po_a2(2) Pr—2() 0
I 0 Pm—1 0 L Py_1(x) | | Pp—1(x) L pm P ()

and it is easily seen that a zero of the mth orthogonal polynomial P,,(z) is an eigenvalue of the
matrix in (1.12).

Relation (1.8) written in matrix language gives

0 2 017 D@ ] [ D@ 1 [ 0 ]
Lo 1 Ty () Ty () 0
=2z : -
Lo 1 Trn—a(z) Trn—2() 0
I 0 L0 L T-1(z) | | To—1(z) | T () |
hence, the eigenvalues of the m x m matrix on the left-hand side of this equation are just the
numbers ok 1
QCOSQ, k=1,...,m.
2m

If we normalize the polynomials T}, (z) by Ty () = \/ng(x) ,neNund Ty(z) = \/;, relation

(1.9) can be written as

1~ ~ 1~
§Tn+1(az) = a2T,(z) — iTn,l(:v) , n=2,3,...,
1~ R .

1

\/ifl(l“) = 2Tp(z).

Consequently, the numbers cos % , k=1,...,m are the eigenvalues of the symmetric tridiag-
onal matrix
- 0 % 0
50 )
: 0 3
0 3 0

associated to these last recursion formulas.
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1.2 Generating function

—aw T G _a)mwm - x n

Gl w) = (1 + w)* = mz_oTz_% (n)w . (113)

The Cauchy product of the two series in (1.13) is equal to
= Py(z)uw" (1.14)

n=0
with i

n T (_a)n_
P, (z) = A 1.15
@=3 (1) oty (1.15)

k=0
1) (- 1

Due to i = zle—1) k:'(x k+1) the function P, (z) is a polynomial of degree n . The func-

tion G(z,w) is called generating function of the polynomials P, (z), the so-called Charlier
polynomials. Relation (1.13) implies

a®G(z,v)G(z, w) = e ) a1 + v)(1 + w)]*

and, consequently,

= akG(k:,v)G(k:,w) _ —a(vtw) = 1 +U 1 +w)]k
k! N Z
k=0
(1.16)
_ e—a(v—l—w)ea(l-i-v)(l-i-w) — eleVW — 7;) ea éijw)
Using (1.14) we get
=, aFG(k,v)G(k,w) ZafF & m
k! = 2 2 Pn v
k=0 k=0 m,n=0
(1.17)
k:
= Z Z P, v .
m,n=0
A comparison of the coefficients in (1.16) and (1.17) leads to
00 ok 0 , m#E™N,
me(k)Pn(k)y = ea” (1.18)
k=0 : — , m=n.
n!
If we define - i
e
pn = L[Mp] :kzk A
=0

then, due to (1.18), it follows

agn 0, m#n,
£[Pmpn] = &57””’ 5mn = ?é
n!
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1.3 Birth and death process

We model a birth and death process (a special Markov process the state space of which is the
set Np of the nonnegative integers). By pmn(t), m,n € Ny, t > 0, we denote the so called
transition probabilities. This means that p,,, () is the probability that the system (for example,
the size of a population) changes from the state m to the state n during the time period ¢. Thge
matrix P(t) = [pmn(t) |0 is called transition matrix. Here, py,(t) really depends only on
m,n,t and does not depend on how the system reached the stae m (stationary process). This
is equivalent to the relation

P(s +1t) = P(s)P(t). (1.19)

For t — 40 we assume that the transition probabilies satisfy 2

Amt + o(t) s n=m+1,
Prn(t) =< 1= At =t +o0(t) : n=m, (1.20)
Nmt + o(t) st n=m-—1
and
m—2 00
D pan) + Y pun(t) = o(t), (1.21)
n=0 n=m+2

The coefficients A, and 7, are called birth and death rate at state m, respectively, and are
assumed to have the properties

Am > 0, Nm+1 > 0, m € Ng, 1o > 0. (1.22)
Now, let At > 0. The conditon (1.19) leads to P(t + At) = P(t)P(At), i.e., in view of (1.20),

Pmn (t + At) - mek (t)pkn(At)
k=0

= Pmn—1 (t))\nfl At + Pm,n+1 (t)nnJrl At

+Pmn ()1 = (An + 12) At] + o(Ab).
(Quatities with negative indizees are asumed to be zero.) It follows

pmn(t + At) — Pmn (t)
At

- )‘n—lpm,n—l(t) + nn—i—lpm,n-‘rl(t)

o(At)
At

_()\n + nn)pmn(t) +

and, for At — +0,

p;nn(t) = An*lpm,nfl(t) + 77n+1pm,n+1(t) - ()‘n + nn)pmn(t) .

Analogously, using the relation P(t + At) = P(At)P(t) leads to

plmn(t) = )‘mpm+1,n(t) + Umpma,n(t) - (Am + nm)pmn(t)-

By o(t) we denote quatities satisfying limy— 40 o(t)/t = 0
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the last two equations ar called backward and forward Chapman-Kolmogorov equations,
respectively. Taking the separarion ansatz py,,(t) = f(t)QmFE, , from the backward Chapman-
Kolmogorov equations we get

') AnciFng 4 g1 Fngn — (An 4 70)
f(t) F,

hence, up to a multiplicative constant f(¢) = e~**. Obviously, the F,,’s depend on z and we
write F,(z). With the agreement F_;(x) = 0 we get

= —X.

Mn1Fni1(x) = (A + 1 — @) Fp(2) = A1 F—1(2), (1.23)

n € Ny. The function Fy(x) can be chosen arbitrarily. Hence, the functions F,(z) are uniquely
determined by, for example, the initial conditions F_q(x) = 0, Fy(x) = 1. Analogously, the
functions @, (z) are determined uniquely by the initial consditions Q_1(z) =0, Qo(z) =1 and
by the recursive relation

)\nQn-i-l(x) = ()\n + M — x)Qn(x) - ann—l(x)v
n € No. The polynomial system (£,Qp),~, With

A Ap—
eg=1 und en:M, n €N,

o0

satisfies the same initial conditions and recurrence relation as the polynomial system (F},),~ -

Thus, our separation ansatz leads to

pon(t) = —= LB, () Fy (),

E€m

where x > 0 in order to guarantee that py,,(t) remains bounded for ¢ — +o00. Remark that we
again arrive at a system of polynomials which fulfills a recurrence relation analogous to (1.11) (cf.
(1.23)). We will see that such a recursion formula implies the existence of a moment sequence
(Bn)psp » W.r.t. which the system (F},), =, is an OPS, and that a respective distribution function
Q(x) with the property

Ihn, :/ 2" dQ(z), n €Ny
0
exists.

1.4 Exercises

1. Define?

(a) Prove that

holds true.
(b) Use this representation of T),(z) to prove the respective orthogonality relations (1.10).

Son—-1)N=1-3---(2n—1)
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2. The Chebyshev polynomials U, (x) of second kind can be defined by

sin[(n + 1)9]

Un(z) = sin ¢

, xt=cost?, n€Ny.

(a) Show that U, (z) is a polynomial of degree n and that

/1 U (2)Up ()1 — 22dx = T S - (1.24)

. 2
(b) Prove the formula

(~1)"(n + 1)

D"l—x2”+%, n € Ny,
2n + DIIVI — 22 ( ) ‘

Un(z) =

and use this formula to prove the orthogonality relations (1.24).

3. For x = cos1¥, define

cos[(n + )]
Rn(x):TQQ, neNO.
2

Prove
(a)
(b)

Rp(z) = Tn(x)l‘:_T;Jrl(x)
RQ(.%') = 1, Rl(.%') = 2x — 1,
Ryi1(x) =22R,(x) — Rp—1(x), n € N
1
© [ Rnla) o)
-1

n(T) , n €Ny,

1+=x
1—=x

dr = o -

4. Let F(z,w) = e~@)*  Show that

1

() Holw) = ¢ 2 F(,0) = & (~1)" D"~

ow™
is a polynomial of degree n,
.fB'UJ*UJ2 = wn
(b) G(x,w) := e = Zﬁrn(gc)m ,
n=0
+o00 9 +o00 9
(c) G(z,v)G(z,w)e™™ dx = /m "™, (Hint: / eV dr = \/7_1,)
+o00 5
(d) Hy(2)Hy(x)e ™ dx = /72" n! 8,y right)

H,(x) is the so-called Hermite polynomial of degree n.



Chapter 2

Basic Theory of Orthogonal
Polynomials

2.1 Moment functionals.
Existence of orthogonal systems of polynomials

Definition 2.1 For a given sequence (ji,), >y C C of numbers we define the respective moment

functional £ on the linear space Clx] of all (algebraic) polynomials in x by
L[M,] = pn, n€Ny, My(x)=2a",

and
Llonm + aoma] = o L]m]| + aaLlm], «a; € C, m; € Cla].

The number uy, is called moment of nth-order.

The coeflicients of the polynomials are in general complex numbers, but the independent variable
will be considered here as real.

Definition 2.2 A sequence (Py), =, C C[z] is called orthogonal polynomial system (OPS)
w.r.t. the moment functional L, if Vm,n € Ny the following conditions are satisfied:

1. deg P, = n,
2. LIPyn Py = knlmn, kn #0.

In case k, =1, n € Ny, the system (P,), =, is a orthonormal polynomial system (ONPS).

It is easy to see that an OPS does not exist for all sequences (f1,),,—y C C, for example if po = 0.

But, for example, also in case pg = p1 = pz = 1 there does not exist an OPS, since otherwise
for Py(z) = a and Pj(x) = bx + ¢ we have

0=L[PPi)=alb+c), dh. c=—b,
which implies

L[PY] = LV (x — 1)*) = b* (2 — 21 + po) = 0.

15
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Proposition 2.3 Let £ be a moment functional and (P,), >, C Clz] be a sequence of polyno-
mials with deg P, = n. Then the following statements are equivalent:

(a) (Pn), = is an OPS w.r.t. L.

(b) For allm € Ny,
LnP,] =0 VmeC,x]

and
L[rP,] #0 Vr e Clz] with degm =n.

(c) For allm € Ny, N
LMy P = kndmn, m=0,1,....,n, k, #0.

Remark 2.4 Let (P,), =, be an OPS w.r.t. the moment functional L .

(a) If T = kzzokak € Clz] then v = E[Pg] ,k=0,1,...,n.
(b) If (Qn), =y is a further OPS w.r.t. L, then, due to (a) and Prop. 2.3,(b),

Qn:(SnPna(Sn?éo, n € Np.

(¢) If all Py(x) are monic, i.e. Py(x) =a™+---, then (P,),=, is called monic OPS.

(d) The polynomial system (py), =, with
_1
pn(z) = (‘C[Pr%]) > Py(z), mneN,

1
is an ONPS w.r.t. L, where by (L[P3])* we refer to one solution of 2> = L[P?].

For a given moment sequence (1) we define

o0
n=0 >
po 1

n Hro p2 s Hngd

Hn  Hn+1 - H2n

Proposition 2.5 Let £ be a moment functional with the moment sequence (i), ~ - Then,
there exists an OPS w.r.t. L if and only if

A,#0 VYneN.

n
Proof. Let (P,),~, be an OPS w.r.t. £, P,(z) = Z’ynkxk. Prop. 2.3,(c) leads to
k=0

n
E[Mmpn] = Z'Ynkﬂk—f—m = kn(smna m<n, kn, 7& 0,
k=0
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ie.
I 2 N T (e 7Y B N U
H1 M2 Hngl Tnl 0
= (2.1)
Hn—1  fn -+ H2p—1 Tnn—1 0
Lt st o B2e J L Ym 1 L K

Remark 2.4,(a),(b) implies, that P,(x) is uniquely determined if K is given, which yields the
unique solvability of the linear system (2.1). If, vice versa, A, # 0, then (2.1) is uniquely
solvable, which means that P, (z) exists, where

kA
Ynn = A ! 7'&07 n€N07 (22)

(A,1 = 1) ]
Let (P,), 2, be an OPS w.r.t. £ and 7, € Clz] be a polynomial of degree n with the leading
coefficient ay, , i.e. my(z) = apx™ + -+ . Then, due to (2.2),

7 anr)/nAn

where 7, denotes the leading coefficient of P, ().

Definition 2.6 A moment functional L is called positive definite, if L[n] > 0 for all poyno-
mials m € Clz] with 7(x) >0, x € R, and w(x) #0.

If £ is positive definite, then uo, = L[Ms,] > 0, n € Ny, and, since

0<L[(x+1)*] = i <2:>Mk7

k=0

also pon,—1 € R, n € N. Moreover, by (p,q) := L[pg| there is defined a (positive definite) inner
product on C[z]. Schmidt’s orthogonalization procedure applied to the system { My, My, My, ...}
yields an ONPS (p,,), =, with p, € R[z].

Lemma 2.7 Let m € Clx]. Then n(x) > 0, x € R, if and only if there exist polynomials
p, q € R[z] such that 7(x) = [p(z)]* + [q()]?.

Proposition 2.8 A moment functional L is positive definite, if and only if all moments are
real and A, >0 for alln € Ny.

Corollary 2.9 The proof of Prop. 2.8 shows, that a moment functional L is positive definite if
an OPS (P,),2, C Rlz] exists with L][P?] >0, n € Ny.

Definition 2.10 A moment functional L is called quasi-definite, if A, #0, n € Ny.
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2.2 Exercises
1. Assume that L[M,] = a", n > 0, where a € C\ {0} . Show that there exists no OPS
wrt. L.
2. Show that there is no moment functional w.r.t. which (M,), =, is an OPS.

3. Let £ be a moment functional, for which an OPS exists and let {¢,} be a sequence of
numbers different from 0. Show that each of the following conditions defines uniquely an
OPS (Py(x)), 2, wr.t. L:

(a) L[M,P,) =c¢n,n €Ny,
(b) lir%x"Pn(l/x) =c,,n€Np.
z—

4. Use known OPS’s to determine polynomial systems (P,(z)),~, satisfying the following

conditions:
1 1 s
/P x)(1—z) 2z 2d:v:k:n6mn,kozﬂ',knzi,nENo,
) [ Pu) Pa(z) e~ 2dz = v/Imn) G
1
P —
/ z)dr = 5 =7 Omn

5. Let £ be a quasi-definite moment functional with the moment sequence {p,}. Prove that

{(An—1)"'Dp(2)} with

o M1 .- Ha

D, (z) = det
fn—1 fn - H2n—1
|1 x ... oz ]

is the monic OPS w.r.t. £. Determine an ONPS w.r.t. L.

6. Let £ be a quasi-definite moment functional. Prove: If degm, = n, n € Ny, and
Lmpmy,] =0 for m # n, then (m,),>, is an OPS w.r.t. L.

7. Let £ be a quasi-definite moment functional. Show that 7 € C[z] and L[r M,] = 0,
n € Np, implies m(z) = 0.

8. Let L be positive definite and (P,),~, the monic OPS w.r.t. £. Prove that the inequality
L[P2?] < L[|7|?] holds for all monic polynomials 7(x) # P,(z) with deg 7(z) = n.

2.3 Recursion formulas and the formula of Christoffel-Darboux

Proposition 2.11 If the moment functional L is quasi-definite and (P,),=, is the respective
monic OPS, then there exists numbers oy, B, € C with 5, # 0 and

Pyii(x) = (x — an)Py(x) — BpPp-1(z), n €Ny, (2.4)

where P_1(x) = 0, Py(z) = 1 and By is arbitrary. In case of a positive definite moment
functional L we have oy, € R and 5, > 0.
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Corollary 2.12 From (2.4) and from the proof of Prop. 2.11 we get the following relations:

1. It holds

Anol,  L[P2]
n = = n 5 N .
S T A

2. If we agree that By = o = Ao, then
LIP] = PP Bn, neNg.

3. We have
E[Mng]
Llpz 7

Ay =

n € Np.

4. The nth monic orthogonal polynomial admits the representation
Puz)=a"—(ap+ o1+ ... +ap_1)z" ...,

since, for Ppy1(x) = 2™ +dpa™ + ..., we get d,, = dp_1 — o, from (2.4).

Example 2.13 The monic OPS <T\n(az)> OOO w.r.t. the Chebyshev weight of first kind is given
by "
To(z) = To(z) und Ty(z) =2""T,(z), neN.

Using (1.9) we get

Ti(z) = 2 To(z), Tolz) =z Ti(z) — = To(z)

and

Toi1(z) =aTp(z) — =~ Th1(x), n=2,3,...,

FN-

so that in this case o, =0 forn >0 cmdﬂl:% as well asﬂn:%fornzl

Proposition 2.14 (Favard/Shohat/Natanson) For arbitrary sequences (o), =0 , (Bn)nso
of complex numbers and a polynomial system {P,} > | with P_i(z) =0 and Py(z) =1, satis-
fying (2.4), there exists exactly one moment functional L with the properties

L[Py] =py und L[P,P,]=0, m#n.
This moment functional L is quasi-definite if and only if B, # 0 for all n € Ny and positive

definite if and only if (0y,), =y C R and B, > 0 for alln € Ny .

Proposition 2.15 (Christoffel/Darboux) If the polynomial system {P,},. | satisfies the
recursion formula (2.4) with B, # 0, n € Ny, then

i Pg(x)P;(t) _ 1 Poy1(2)Py(t) — Po(2)Poya (1) ‘ (2.5)
k=0 k

_50/871 r—t
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From a monic OPS (P,()),. =, W.r.t. a positive definite moment functional we get a respective
ONPS (pn(2)),=, via the formula

NI

From (2.4) it follows

ﬂn—l—lﬁn—l—l(x) = (-75 - an)ﬁn(x) - /Bnﬁn—l(x)7 nec NO (26)
and by (2.5)
b Ben@alt) — Bal)ani ()
kzopm)pk(t) S T S (27)

Moreover, from (2.5) we get for t — z

=~ [Pe@)]* _ Pii(@)Pa(z) = Pp(z) Pt (@)
Z B Br Bo--- B ’ (2:8)
k=0 k 0 n
Consequently, in case of a positive definite moment functional,
P/@Jrl(x)Pn(x) — Py (x)Poya(x) > 0. (2.9)

2.4 On the zeros of orthogonal polynomials.
Gaussian quadrature rule

Definition 2.16 We say that E C R is a supporting set of L, if P(x) > 0 on E and P(x) #0
on E implies LIP] > 0. In this case L is called positive definite on E.

In what follows £ is assumed to be positive definite and (P,), =, to be the respective monic

OPS.

Proposition 2.17 Let (a,b) be a supporting set of L and n € N. Then all zeros of P,(x) are
real, simple and in (a,b) .

Provided that the assumptions of Prop. 2.17 are fulfilled, we denote the zeros of P, (x) by x ,
where Zpp < Tpp_1 < -+ < Tp1 . It follows sgn P, (x) = 1 for x > zy,; and sgn P, (z) = (—1)"
for < @y, . The polynomial P)(z) possesses exactly one zero in the interval (@pk,Znk—1),
k=2,...,n, which implies

s P () = (—1)FL. (2.10)

Proposition 2.18 We have Tpi1 41 < Tpk < Tpyik, k=1,...,n.

Corollary 2.19 For every k > 1, the sequence {xpni}, = is monotone increasing and the se-

quence {xnm,kﬂ}nozok is monotone decreasing. Consequently, the limits

§p = lim xp, und n = lim @y, g4
n—oo n—oo

exist (&, = 400 or/and np = —o0 is possible) .
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Definition 2.20 The interval (m,&1) is named support of the moment functional L .

By ln1(x) we denote the kth Lagrange fundamental polynomial

n
T — T P,(x)
Oop(z) = i n Ck=1,....n.

Obviously, €nk () = ;i . For a continuous function f : (n1,§1) — C, ie. f € C(m,&1), we
define the Lagrange interpolation polynomial

k=1

and the functional, the so-called Gaussian quadrature rule ,

Lalf) = LILnf] =Y Apif (wnk)  with  App = L[ls]
k=1

Proposition 2.21 We have

Corollary 2.22 [t holds

n
ZAnk:MO und App >0, k=1,...,n.
k=1

Corollary 2.23 By Corollary 2.22 and L,p = p for p € Clz]| and for all n > ng(p) we get that
(m,&1) is a supporting set of L.

Now, in case —oo < 11 < & < oo we are able to define L[f] for each f € C[n;,&;] via
L[f] = lim Llpn],

where p, € Clz] and limyp o0 [[f = Pulloe = 0 [ flloe = I lloo e = max {|f(2)] :m <z <&}
This definition is correct. Moreover, L[f1] < L[f2] if fi(x) < fa(x), = € [m1,&].

Proposition 2.24 If —co < n; < & < 400, then li_>m L,[f]=L[f] Y feCm,&].

Proposition 2.25 For —oco < n; < & < 0o and f € C[ny,&1], we have lim L[|f — L,f*] = 0.
n—o0

For z € C, we define

LiMy) = L(z = 2)2"] = pn1 = 2 pin

and

r—z

1 P, 1(2)
Pi(z) = P -
o) = [P - 22 R o)
where we suppose that P,(z) # 0 for all n > 1. Taking into account (2.5) and Corollary 2.12, 2.
we conclude

Pi(a) = % >R 2.11)
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Proposition 2.26 The moment functional L} is quasi-definite and (P7), =, is the respective

monic OPS. The moment functional L} is positive definite if and only if z < .
In view of (2.11) it holds

1
Ky (z,x) = BoBr B 5 Zpk z)pr(z), =z z€eR.
n

For w,z € C, we define

= Pe(w)pr(2)
k=0

Proposition 2.27 For all z5 € C and n € Ny,

1

m = min{£[|ﬂ'|2] :m € Cpyalz], m(20) = 1}

and
A 1 1
k= = .
" anl(xnkaxnk) Kn(xnkaxnk)

2.5 The Jacobi polynomials

Let « > =1, 8 > —1. For n € Ny, the Jacobi polynomials can be defined by Rodrigues’
formula (cf. also Section 1.4, Exercise 1)

1—z)"*14z)"" d»
(—=2)nn! dam

" /n+a\ [(n+p (2n+a+p
2 () () e

PoB(z) = [u—xWMQ+xWW . (2.12)

Lemma 2.28 [t holds

Proof. Using

7=0
we get
2n+ o+ oo > n+a n—i—ﬂ
S (M) a3 S () ()
7=0 7=0 k=0
Comparing the coefficients at 2™ proves the lemma. O

From (2.12) and
dn

dx_n [(1 _ x)nJra(l _|_x)n+5
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£ Q) o] o]

= -2+’ k!(n’”‘iik)!(_m"—k(n ta) - (k+a+ 1)1 —2)
k=0

() (n+ B —k+ 1)L +a)" "

= (-D)"(1-2)*(1+2) n'z<n+a><n+ﬁ>(x—1)k(x+1)"—k

e G ICONCS R

k=0

it follows

In view of Lemma 2.28, Po° (x) has the leading coefficient
n
_ +a\ (n+p nf2n+a+p
et =25 (" =2 . 2.14
o () - () 21

The monic Jacobi polynomials we denote by P (z), i.e.

L posiay.

]3,?’5 x
)= =5

With the help of partial integration one can prove the following Lemma.

Lemma 2.29 Forn € Ny,
1 L =0 , k=0,....,n—1,
/ ¥ PP (1) (1 — 2)*(1 + ) dx
-1

>0 k=n.

Hence, <PS’B(3:)> OOO is an OPS. Let us look for formulas of the coefficients «,, and 3, in the
n=

recursion formula
PP (x) = (x — ) PXP(2) — B, P20 (x), n=0,1,... (2.15)
of the monic Jacobi polynomials. Define
1 , n=0,

(@) := ﬁk—l—a, neN

Relation (2.13) implies
o = (") wa peten = o (M7,

n n
so that
9 n+ o
ﬁaﬁ(l) _ < n > _ 2" (@)n(a + B)n
" _<2n—|—a—|—ﬁ>_ (o + B)an

n
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and
_oyn(ntB
P @ >: (=2 (B)n(a + )
" <2“+O‘+5> (a+ B)a2n '
n
Consequently,
D N 2(1+(X) . ﬂ—a
1—040—P1(1)—2+a+5, d.h. a0—2+a+5.

For n € N, we solve the system

PXA(1) = (1—an)PRP(1) - B P (1),

PIA(=1) = —(+an) B (1) = BB (-1),
which is a consequence of (2.15) for z = £1 and which can be written in the form

(a n+1(a + 5)n+1 2(0[)”(04 + 5)n (Oé)nfl(a + 5)n71

) - — _

(a + B)2nt = (1-an) @+ P Bn @t Boa (2.16)
4B)ns1(a+ By N 2(B)n(a+ B)n B (B)n-1(c + Bn_1

(Oé + 5)271—}—2 - (1 + n) (Oé + 5)271 /Bn (Oé T 5)271_2 . (217)

Multiply equation (2.16) by (8)n—1 , equation (2.17) by («),—1, and substract the first from the
second one to obtain

2()n—1(B)n-1(a+ B)nt1(2n +a+ B+ 1)(B —a)
(o + B)2n+2

_ (@n1(B)n-1(a+ PIn[B —a+an(2n +a+ b))
((X +5)2n

)

where we took into account

n+B8)n+1+8)—n+a)(n+l4+a)=2n+a+p+1)(—-a).

Thus,
,82 _ O£2

Cn+a+p)2n+a+B+2)’ nel

Ay =

Now, we multiply (2.16) by (8)., (2.17) by (@), and consider the sum of both equations. It
follows

4 )n(B)na+ Blnt1 _ 4Ha)n(B)nla+ B) (@n-1(8)n—1(a+ B)n-112n + a + j)

(a+ B)ant1 - (a+B)an = (a+ B)an—2 ’
so that
4(1 4 a)(1 + B) I
2+a+B8)2B+a+p) ’
o = dn(n+a)(n+ B)(n +a+ B)

Cn+a+B-1)2n+a+B8)22n+a+8+1)
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2.6 Exercises

In what follows by (P,), =, we denote the monic OPS w.r.t. the quasi-definite moment functional
L with the moment sequence {u,} and the respective recursion formula (2.4).

1. Prove that the following assertions are equivalent:

(a) L is symmetric, i.e. pop+1 =0Vn € Ny.

(b) Py(—z) = (—1)"P,(x) Vz e R, ¥n € Np.

(c) In the recursion formula (2.4) there holds o, =0 Vn € Ny.
2. Define Q,(x) = a™"P,(ax + b) (a # 0) and show that

@ Quale) = (2= 22) Qulo) - 2 Qo).

(b) (@Qn), =y is OPS w.r.t. the moment sequence {n,} with

a, —b
a

n

— (Z) (=0 *p.

k=0

3. Show that the polynomials P, (z) in formula (1.15) satisfy the recursion formula
QnJrl(x) = (:C —-—n- a) Qn(x) - ananl(x)a n=0,1,..., Qn(x) = n! Pn(x) :

4. Let o, = 0 and B, < 0, n € Ny. Then (P,), =, is OPS w.r.t. a quasi-definit moment
functional £. Define £*[M,,] := i~"L[M,,] and prove that £* is positive definite. Determine
the respective monic OPS.

5. Let a, = 0, B, < 0, n € N, and oy € R\ {0} . Define R,(x) = Re[i "P,(iz)] and
I,(z) = Im[i""P,(iz)] . Show that (R,),=, and (aallnﬂ)no:oo are monic OPS w.r.t. some
positive definite moment functionals.

6. Prove that

(a) ——2Y ST, @) wn,
n=0

1-2zw+ w?

() — A S
n=0

1-2zw+ w?
7. Show that a monic OPS (P,), =, fulfils a condition of the form
P, 1(z) Py(—2) + Py_1(—2) Py(x) =a, #0, neN,

if and only if 8, #0, n >0, and a,, =0, n > 1, ap # 0 in the recursion formula (2.4).
Moreover, show that the respective moment functional is positive definite if and only if
(—=D)"aja, <0,n>1,and By > 0.

8. Let (Py),— be an OPS and M a moment functional with M[Fy] # 0 and M[P,] =0, n €
N. Prove that {P,} is an OPS w.r.t. M.

9. Show that the weights in the Gaussian rule satisfy A, ,—4+1 = Ak if the moment func-
tional is symmetric.
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10. Let L be positive definit and K, (z,z) be defined as in Section 2.4. Show that m(t) =

11.

12.

L[m Ky (.,t)] for each polynomial 7 € Clz] and n > degn(z) .

Show, that the normalized Jacobi polynomials pg’ﬁ (z) are given by

rf(@) = [he?]” P()

with

BB 20D (n +a + 1)I'(n+ B+ 1)
o 2n+a+ B8+ 1) (a+B+2)

(cf. [4, Equation (3.1)]).
Prove, that, for n € N, the formulas

d PP (2)

1
L = 5(n +a+pB+1)P ),

dpy” (x) +1,8+1
ol @)

with 737 = Vnn+a+B+1) and

« (e} 1 d o a+1 1
(1= ()P (@) = ——5 g (1 -0 0+ T @)

(cf. [4, Equation (3.4) and Exercise 3.1]) are valid.

(2.18)

(2.19)

(2.20)

(2.21)
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Singular Integral Operators

3.1 Cauchy singular integral operators

Define

(Su)(z) = %/_11 “y(y_)iy = lim (/_1+/1+> %, “l<z<l1, (3.1)

where we assume that this Cauchy principal value integral exists.

Lemma 3.1 For0<v<1land0<t< oo,

[eS) V—ld
/ i Sp—— cot(mv), (3.2)
0

s—t

where the integral has to be understood in the sense of a Cauchy principal value integral.

Corollary 3.2 Fora,0> -1, a+p8=-1,and -1 <x <1,

1 ,Ua,ﬁ
1 / VWY ot () (3.3)

)4 yY—=z

where v (z) = (1 — 2)*(1 + z)P.

For a, 8 > —1, define

(Sa,pu) () = cos(mB)v™” (z)u(w) +

sin(m3) /1 v (y)u(y) dy, —-l<z<1.

m -1 Yy—x

Proposition 3.3 Fora,f> -1, a+p8=—-1,and -1 <z <1,

(3017513376) () = —P % P2), neNy. (3.4)

27
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Remark 3.4 Proposition 3.3 can be generalized in the following sense. Let a,b € R, a —ib =
™ By € (0,1), \,v € Z with a := XA+ By € (=1,1) and B:=v — By € (—1,1). Then, for

1 UQ,B u
(Au)(z) = av®P (x)u(z) + b /_1 v (yuly) dy , (3.5)

™ y—x
we have the relations
(AP} (@) = (1B (@), neNy, ~1<a<1,
and
(Aps?) (@) = (~1p, % (@), neNo, 1<z <1, (3.6)
where k = —(A+v) = —(a+ B) (cf. [4, Corollary 3.7, Exercises 3.8, 3.9]).

Corollary 3.5 Let L? oy denote the Hilbert space of w.r.t. the Jacobi weight va’ﬁ(x) square
integrable functions u : (—1,1) — C equipped with the inner product

1 -
(U, V)q,8 = /_1 u(x)v(x)va’ﬁ(x) dx .

Then the operator A defined by (3.5) on all polynomials can be uniquely extended to a bounded
linear operator A : L2 o L2 Za,—p- This operator is invertible if k =0, left-sided invertible if
k = —1, and right- szded invertible ifk=1.

For s > 0, define the weighted Sobolev spaces Li’% as

L2 s szs . - 1 2s a,B 2
a8 = U € a,B e ( + ’I’L) <U,pn >o¢,6 < 00
n=0

equipped with the norm

oo
lllg 55 = | D_(1+n)%

n=0

2
(u, pi” >a,ﬁ‘ :

Corollary 3.6 For s > 0, the operator A : L? ap L2 Za—p defined in Remark 3.4 is also

bounded from L> a’ mto L 5

Remark 3.7 For s > 0 and § > 0, the space L** T« 8 is compactly embedded into the space
| P
a7ﬁ

3.2 Singular integro-differential operators

Remark 3.8 ([1], Section 2) If r € Ny then u € Lirﬁ if and only if u® ok e Liﬁ for all
T
k=0,...,r, where p(z) = V1 —a%. Moreover, the norms |ull, s, and 3_ Hu(k)gpkHaﬁ are
) k) k:o )

equivalent.
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Lemma 3.9 For s >0 and o, 8 > —1, the operator D of generalized differentiation is a con-

tinuous isomorphism from L2 SHEO onto L where Li’sﬁ’o = {u € LZ% (u, 1) 8 = 0} .

a+1 ,B+1
With the help of the operator A given in Remark 3.4 we define B=DA.

Proposition 3.10 We have

Bpy’ = (1= m)(n+ Dp, 27, neNo.

Hence, mcasea:ﬁ:%, e.a=0,b=—-1,Ax=0, andv =1, this leads to

nelNy, —-1<x<l.
dmw

/ Vl‘ “Unl¥) 4y = (04 1)U (a),

2, sj—l L

2 E

Consequently, the operator DS : L] s an isometrical isomorphism.

l\)\»—l

3.3 Weakly singular integral operators

We use the same notations as in Remark 3.4 and define

1

(0% b (07
v ’5(y)U(y)dy—;/lv Ply)nly — zlu(y)dy, —-1<az<1.

W) =a [

-1

In case a + 8 = —1 we have, due to (2.21),

T
1
/ VP ()peP(y) dy = —= v T @)t @) neN,

-1 n n

and, by partial integration,

1 1 ,0+1,8+1 a+1,8+1
1 v N
[ oty = sty = [ Wb W) gy _1<s<1,neN.
-1 nJ y—x
Hence,

1
Wpo‘ﬁ = ——p;“_l’_ﬁ_l, neN.
n

Remark 3.11 (cf. [5], Example 3.27) In case a = 5 = —% it yields, for —1 <x <1,

11
1 /1 11 dy In2p,? *(x) n=0,
[ w2 =0
TJ-1 L—y Ep,ﬁ’ () : neN.

Further considerations in this direction one find in [4, Section 3.4].
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Chapter 4

Continued Fractions and Orthogonal
Polynomials

4.1 Basics

By an (infinite) continued fraction we refer to a tripel ( (ay), = , (bn),~p » (€n)s ) of number
sequences, where

co — bo
ai
= b e
C1 o+ bl
a1
¢ = bo+ b
by
a1
¢, = by+ a3
b1 +
by +
Qn
+ b,
The number ¢, is called nth approximant of the infinite continued fraction
ai
bO + a5 (4.1)
b1 +
by +
Qn,
_|_
b, +
In what follows, ¢, is written shortly as
ay|  ag ap|
chn=by+—+-—+- -+
" b1 |b2 by,

31
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and (4.1) as
ar| | ag an|
Do+ T+ T e e
o e b
d —d
In case of ar = —dj, we write ——k‘ instead of + il .
|bk |Ox

Definition 4.1 We say that the continued fraction (4.1) converges to K , if at most finitely
many approrimants ¢, are not defined and if

lim ¢, = K.
n—oo
In this case, we also write
ai| a9l an|
bo+—+—+-F—+.-- =K.
b1 b2 b,
We write ¢, in the form
An 0,1,2
C = — n =
n Bn ) ) b ) )

where, for example,
Ag=by, Bop=1,

Ay =boby +a1 By =0y,
Ao = bobiby + boas + arby, Bo=biby+az.

In general, it is possible to define the sequences (A,),~, and (B,),=, can be defined in such a
way that
Ay, =byAn_1+apAp_o, n=12,..., A_1=1, Ag=by, (42)

and
B,=b,B,_14+ayB, 2, n=1,2,..., B_1=0, Bp=1. (43)

A, und B,, are called the nth partial numerator and denominator of the continued fraction
(4.1), respectively. We have

ApBy 1 — BhA, 1= (_1)n+1a1a2 rap, n=12,..., (44)

and
An " (—1)k+1a1a2---ak

_:b+
B, kzzl By, 1By,

(4.5)

provided that B, #0, k=1,...,n

Lemma 4.2 If mg =0, then the nth partial denominator of the continued fraction

_ 1| (1—m0)m1|_ (1—m1)m2|_.”
1 1 1

equals
B,=(1-mq)---(1—=mp_1), n=12... (4.6)
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Lemma 4.3 Let ap, = (1 —mp_1)my,, mp=0and 0 <m, <1, n=1,2,... Then

_al_aa| e 1
|1 11 11 14+L°
where
s mima My
L =
Z (I—=mq1)(1 —mgo)--- (1 —my)

| b3 1—90
L 2 U 1 R
gO+1+G’

(4.7)

wobei
G _ gng .« o e gn

3

Example 4.5 If

bo+ — + o + - + K#0
T T b s 7
then | | |
ag a9 as agp
b_ —+ =+ = =b_ —
R T 1+

TR DL
ropon
+45

4.2 Jacobi fractions and orthogonal polynomials

Let oy, and 3, be given numbers with 5, # 0. Let us denote the nth partial denominator of the
so-called Jacobi fraction

fol b1 Ba|

_ — . 4.8
lt—ap Jr—a1 |z—an (48)

by P,(z). Formula (4.3) gives
Poi1(z) = (x — an)Py(x) — BpPr-1(z), n=0,1,2,..., PFy(z)=1, P.1(z)=0. (4.9)
The nth partial numerator A, (z) satisfies the recursion formula

An+1(.%') = (.%' — an)An(x) — /BnAn—l(w) n = 1, 2, ey A1 (1‘) = ﬂo, AQ(I‘) = O7
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where 85 A, () is a monic polynomial of degree n — 1, which is independent of 5y . For this
reason we write Qn(z) = 8y ' Apt1(z), n = —1,0,1,... Then

Qn+1($) = (w - anJrl)Qn(x) - /BnJrlanl , n=0,1,2,..., (410)

Qo(z) =1, Q_1(x) = 0. The polynomials @, (z) are called monic numerator polynomials
w.r.t. the polynomial system (P, (x)), =, . From (4.4) we deduce

Poi1(2)Qn-1(x) — Po(2)Qn(z) = =p1P2 - Bn, n=1,2,... (4.11)

Proposition 4.7 If o, € R and B, > 0, then the zeros x,i and ynk of the polynomials P, (x)
and Qn(z), respectively, fulfil the relations

Tn+1,k+1 < Ynk < Tn+1,k -

Corollary 4.8 Let (11,&1) and (ni,£1) be the supports of the OPS

(Pn(@))pzy  und  (@n(2)),Z

respectively. Then (ni,&1) C (n1,&1) . Moreover, if, for example, £ < &1, then, for all sufficiently
large n , there lies exactly one zero of P,(x) in the interval (&1,&1).

Proposition 4.9 If the numbers a,, are real and the numbers 3, are positive, then

IBOanl(x) o g Ak,
P,(x) _kzz:lx—xnk '

oo

where the Apj-s denote the weights in the Gaussian quadrature rule w.r.t. the OPS (P (x)),~ -

Example 4.10 Die monic Chebyshev polynomials 27Uy (z), n € Ny are the numerator poly-
nomials for 217" T, (x), n € N and Ty(x).

4.3 Chain sequences

Definition 4.11 A sequence (ay,),=; of the form
an=01—=gn-1)gn mit 0<go<1l and 0<g, <1, n=12...,

is called chain sequence. The sequence (gy,),=, is named a parameter sequence and gy a
initial parameter of the chain sequence (ay), = -

(e} [e o]

1 o0
well as the constant sequence <§> are parameter sequences. The equations
n=0

1
Example 4.12 The constant sequence <Z> s a chain sequence, where < as

n=1

a:<1_1_m>1—m:<1_1+\/21—ﬁ>1+\/21—ﬁ

2 2

1
show that each constant sequence (), with 0 < a < 1 s a chain sequence.
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Lemma 4.13 Let (g,), = and (hy,), =y be parameter sequences of the chain sequence (ay),=; -
Then g, < hy,,n=1,2,...,if and only if g9 < hg.

Lemma 4.14 If a chain sequence (ay),~ possesses the parameter sequence (gn), o

0, then, for each hy € [0, go], there exists a parameter sequence (hy), =, of (an), =, -

with go >

Corollary 4.15 Each chain sequence possesses a parameter sequence (my,),~o with my = 0.
It holds m,, < gn, n = 0,1,2,..., for each other parameter sequence (gn),=, of this chain
sequence. The sequence (my),=; is called minimal parameter sequence of the respective
chain sequence. A parameter sequence (My,), >, , for which My, > g, , n=0,1,2,..., holds for
any parameter sequence (gn),~q » is named maximal parameter sequence of the respective
chain sequence.

Lemma 4.16 To each chain sequence there exists a mazximal parameter sequence.

In what follows (my,), =, denotes the minimal parameter sequence and (M,),~, the maximal

parameter sequence of the chain sequence (a,),~; .

Proposition 4.17 If (b,), =, is a chain sequence with the parameter sequence (hy), o and if
an <bp,,n=1,2,..., then

My < hn < M,, n=01,2,...

Lemma 4.18 Let the chain sequence (ay),—, be monotonously non-decreasing. Then the min-
imal parameter sequence (my,), =, is monotonously increasing and the mazimal parameter se-
quence (My), =, monotonously non-increasing.

1) 1\ *®
Corollary 4.19 If (an),=; = (Z) then (M,),=, = <§> )
n=1 n=0

1
Corollary 4.20 Let (ay), =, be a chain sequence. If there exists an index N € N with a, > —

)

1 1
n=N,N+1,..., then lim a, = —. Consequently, if b, > b > -, n=N,N+1,..., then
n—o00 4 4

o .
(bn),=; is not a chain sequence.



