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Chapter 1

Introduction

1.1 The Hilbert space

Let H be a linear space (in general over the field of complex numbers). A map H x H — C,
(z,y) — (x,y) is called scalar product or inner product on H, if the following conditions
are satisfied:

(S1) (z,z) >0 VzeHand (r,z) =0 < =0,

(82) (z,y)={y.2) Va,yeH,

(S3) {axz + By, 2) = a(z,z) + B(y,2) Vwx,y,z€H, Va,B€C.
One has the Cauchy-Schwarz inequality

(@, 9)| < V{z, 1)/ (y,9) Va,yeH. (1.1)
Using this inequality one can show that
2]l = /{2, z) (1.2)

defines a norm on H. A linear space (H, (.,.)) with inner product is called unitary space, if
(H, ||.|]) with [|z|| = v/{(x, z) is a Banach space. A unitary space H is called Hilbert space, if
for all n € N there exists a linearly independent system in H with exactly n elements.

Proposition 1.1 Let (H,(.,.)) be a Hilbert space.
1. The map (.,.) : HxH — C, (z,y) — (z,y) is continuous.
2. If L C H is a linear subspace of H, then
Lt:={zecH:(z,y) =0VyeL}

is a closed linear subspace of H, the so called orthogonal complement of L, where
LNLt ={6e}.

3. Let L C H a closed linear subspace of H. Then, each element x € H admits the unique
representation x =y + z with y € L and z € L+ . Moreover,

o = yll = inf {Jlz — wl| : w € L} .

The vector y is called orthogonal projection of x onto L. Furthermore, we write H =
Lo Lt.



8 CHAPTER 1. INTRODUCTION

4. If L C H is a linear subspace, then L = H if and only if there evists no x* € H\ {0}
such that (x,z*) =0 for allx € L.

A system B = {bg,b1,...,bp,...} = {bn}, = C His called linearly independent, if each finite
subsystem is linearly independent. The system B is refered to as an orthonormal system
(ONS), if (bj, by) = 0, for all j,k =0,1,2,... Remark, that each ONS is automatically linearly
independent.

Corollary 1.2 (Schmidt’s orthogonalisation method) Let {b,},, be a linearly indepen-

dent system. Set
1

ay = —F/—— bo .
{bo, bo)

Then (ag,ap) = 1. We determine 19 € C such that

a1 = by + Sroao

is orthogonal w.r.t. ag, i.e. f19 = — (b1, ap) . Since a1 # O we can set
_ 1 ~
T V)
If ag,...,am—1 € span{bo,...,by_1} are determined such that

(aj,ar) =01, J4,k=0,1,....m—1,
then we set

m—1
A, = by, + Z Bmkar  mit Bk = — (bm, ax,)
k=0

and
1 -
0.
<am7 am>

In this way we obtain an ONS {ay}, =, with the property

am

span{ag,...,a,} =span{bg,...,b,}, n=0,1,2,...
Corollary 1.3 Let {e,}, >, be an ONS in H,

L,, =span{eg,...,en}, m=0,1,2,...,

and
m
L= {Zakek:akéC,m:O,l,Z,...}.
k=0
Then
m
Z<$,€k>€k
k=0

is the best approximation to z € H by elements from Ly, . The numbers v, = (x,e) are
called Fourier coefficients of z w.r.t. the ONS {e,}, =, . Bessel’s inequality

[e.e]
> Haen)” < el
k=0
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holds for all x € H. If L = H, then

m o
W%gnoo x—kz_o(x,ek>ek =0, d.h.x:I;)(x,ek>ek, Ve H.

In this case Parseval’s equality

o
D Hee) =e* VeeH,
k=0

is in force, and we call und man nennt {e,},~, a complete orthonormal system (CONS)

in H and the map F : H — (2 2+ ((x,e,)) Fourier transform, which, due to Parseval’s
equality, s an isometric isomorphism.

1.2 Linear and bounded operators

Let X and Y be linear spaces over the field K of real or complex numbers. As it is well known
amap f: X — Y, z+— f(x) is called linear, if for arbitrary z1,22 € X and ay,as € K the
relation
flarzr + agze) = ar f(1) + o f(22)

holds. Often such a linear map is named linear operator , and instead of f(x) there is written
Az . The set of all linear operators between X and Y is denoted by L(X,Y). If we define

(0A + pB)x = a(Ax) + B(Bz), «o,p€K, A,Be L(X,Y),
then L(X,Y) is a linear space over K.

Proposition 1.4 Let (X, ||.|x) and (Y, |.|ly) be two normed spaces over the field K as well as

A e L(X,Y). Then the following assertions are equivalent:
(a) A: X — Y is a continuous map.
(

b) A: X — Y is uniformly continuous.

)
)
(¢c) A: X — Y isin © € X continuous.
) There exists a constant M > 0 such that

(d
|Az|ly < M ||z||x VzeX. (1.3)

If there is no risk of misunderstanding, in what follows we will omit the indices of the notation
of the norms.

The set of operators A € L(X,Y), for which one (and, consequently, each) of the assertions
(a)-(d) of the Proposition 1.4 is true, will be denoted by £(X,Y). If, for A € L(X,Y), we
define

[Allx oy = sup{[[Az] : z € X, [lz]| <1} . (1.4)

then (L(X,Y),|.|lx_y) becomes a normed space, the space of all bounded linear operators.

If A € L(X,Y), then the nullspace of A, N(A) := {z € X: Az =0}, is a closed linear
subspace of X .
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Proposition 1.5 If Y is a Banach space, then L(X,Y) is a Banach space, too.

The elements of L(X,K) are called linear functionals. The space (£(X,K),||.|[x_x) of all
linear and continuous functionals is called the dual space of X and is denoted by X*.

Theorem 1.6 (Riesz’ representation theorem) Let H be a Hilbert space and f € H* . Then
there exists a unique vy € H, such that

f(z) = (e,xs) VeeH.
Moreover, || fllg- = |z fllg -

Consequently, H* and H can be identified.

1.3 Spaces of measurable functions
We recall some facts from measure and integration theory. Let (2, %, P) be a measure space

and f,, : Q@ — C be measurable functions.

(A) (Beppo Levi, Lebesgue) If 0 < f(w) < fo(w) < ... ae. and f,(t) — f(¢) a.e., then
f:9Q —[0,00] is meaurable and

/ flw = Jim | @) Pldw).
(B) (Fatou) For measurable functions f,, : @ — [0, 0]

/Q lim inf f,,(w) P(dw) < lim inf / fn(w

n—o0 n—oo

(C) (Lebesgue) Let g : @ — [0,00] be integrable and f,(w) — f(w) a.e. as well as
|fn(w)| < g(w) a.e., n=1,2,... Then f: Q — C is integrable and

/ fw = Jim [ fuw) P(do).

n—oo

(D) (Lusin) Let € > 0. If f : [0,1] — C is Lebesgue measurable and bounded, then there is
a continuous function fj : [0,1] — C with (m - Lebesgue measure)

mAt € [0,1] : f(t) # fo(t)} <e and  sup{[fo(t)| : t € [0,1]} <sup{[f ()| :t € [0, 1]} .

(E) (Fréchet) Every Lebesgue measurable function f : [0,1] — C is the limit of an in measure
convergent sequence of Polynomials.

(F) (Riesz) If f, converges to f in measure, then there exists a subsequence (fy,),—; con-
verging to f a.e.

On the set of all w.r.t. the Lebesgue measure m measurable functions f : [0, 1] — C we consider
the equivalence relation

frg == m{tel01]: f(t) #9(t)} =0

and, in what follows, we identify the measurable function f with its coset [f]~. By S = S(0,1)
we refer to the space of all these cosets equipped with the metric

R -9
9= [ i gt
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Proposition 1.7 The convergence in S is the convergence w.r.t. the measure, i.e. f, — f in
S if and only if for alle >0

imm{t€ 0.1]: [fult) - F()] > <} =0.

Proposition 1.8 The metric space S is complete and separable.

By L? = L?(0,1) we denote the subset of S of all functions (more precisely, cosets of functions)
f, for which |f|? is integrable. We equip L? with the inner product

(fi )12 :/0 F()g(t)dt.

Proposition 1.9 The space (L?,||.||12) is a separable Hilbert space.
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Chapter 2

Special classes of operators

2.1 Selfadjoint operators
For A € £L(H), the adjoint operator A* € L(H) is defined by
(Az,y) = (z,A"y) Vaz,yeH.

We call A € £L(H) selfadjoint, if A* = A. In all what follows we consider complex Hilbert
spaces. (i.e., H is a linear space over the field of complex numbers).

Proposition 2.1 An operator A € L(H) is selfadjoint if and only if (Az,z) e RVax € H.
Proposition 2.2 If A € L(H) is selfadjoint then
[All = sup{| (Az,2) | : z € H, [[z]| <1} .

Since, for selfadjoint operators A, B € L(H), we have (AB)* = B*A* = B A, the product of
two selfadjoint operators is selfadjoint if and only iff BA=AB.

We call A € L(H) invertible, if A~! € £(H) exists. In this case (A71)* = (4*)7 .

Let A € L(H). By N(A) and R(A) we refer to the nullspace and the image space of the
operator A, respectively,

NA) ={zreH: Az =0}, R(A)={Az:zcH}.

The spectrum o(A) of the operator A is the set of all A € C, for which A — AI is not bounded
invertible, i.e., for which A (A — AI)~! € L(H). A number X € C is called eigenvalue of A, if
N(A - XI) #{©}.

Proposition 2.3 Let A € L(H).
(a) We have N(A*) = R(A)* and R(A) = N(A*)*.
(b) A € L(H) is invertible if and only if there exists an € > 0 such that

|Az]| > ezl und [A%z] ><lle] VaeH.

13
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(c) Consequently, the selfadjoint operator A € L(H) is invertible if and only if there exists an
e > 0 such that
|Az|| >e|lz|| VYzeH.

(d) If A € L(H) is selfadjoint then 0(A) C R, and the eigenvectors w.r.t. different eigenvalues
are orthogonal. Moreover, o(A) C [ma, Ma] with

ma =inf {(Az,z) :x € H, ||z| =1} and Ma=sup{(Az,z):z € H, ||z]| =1} .

Definition 2.4 We call an operator A € L(H) positive, if (Az,x) >0 for allz € H.

In view of Proposition 2.1 each positive operator is selfadjoint. For two selfadjoint operators
A,B e L(H) we write A< Bor B> A, if B— Ais positive, i.e. (Az,z) < (Bx,z) Vx € H.

Proposition 2.5 If A € L(H) is positive then the generalized Cauchy-Schwarz inequality
[(Az,y) P < (Az,2)(Ay,y), zyeH,

holds.
Proposition 2.6 Let A, B,C € L(H) be selfadjoint and T € L(H). Then:

1. A<B,B<C = A<C

2. A< B= A+C<B+C

3. A<B,B<A—=— A=8B

4. A>0 = T*AT >0

5 A>0 = A">0,neN

6. yER,O<A<HI = A2 <~y A
Since mal < A< Myl ie. 0<A—mal < (My—my)l, we have

(A—mal)? < (Ma —ma)(A —mal) = (MaI — A)(A—mal) + (A —mal)?,

which implies (Mal — A)(A —mal) > ©.
Proposition 2.7 If A € L(H) is selfadjoint then ma, M € o(A) (cf. Proposition 2.3).

A sequence of operators A, € L(H) is called strongly convergent if an operator A € £L(H)
exists such that lim ||A,z — Az|| =0 Vax € H. This is also denoted by 4, — A.
n—o0

A sequence of operators A4, € L(H) is called bounded, if the sequence (||4,]|), = is bounded.
A sequence of selfadjoint operators A, € L(H), n € N, is said to be monotone, if neighter
Ap < ApriVneNor A, > Aprr Vn e N

Proposition 2.8 Fvery bounded and monotone sequence of selfadjoint operators is strongly
convergent.

We remark, that the strong limit of a sequence of selfadjoint operators is selfadjoint, which
follows from (A,z,y) = (z, A,y) by considering n — oo
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e For a continuous function k : [0,1]> — C we consider the operator K : L?(0,1) —
L?(0,1) defined by

1
(Km)(t):/o k(t,s)x(s)ds.

In case of k(t,s) = k(s,t), (t,5) € [0,1]? this operator is selfadjoint. Moreover, ||K|| <
sup {|k(t,s)| : (t,s) € [0,1]*} . If k(%, s) is of the form

N
s) = Zgr(t)gr(s)
r=1

with continuous functions g, : [0,1] — C, then K is positive.

e The spectrum of an operator A € L(H) is closed. This follows from the fact, taht the set
GL(H) of the invertible operators is open in L(H). Indeed, if £ € L(H) with [|[E] <1,

then (I — E)~ ZE" For any A, E € L(H) with [|E|| < HA’1H71 , the invertibility
of A+ E follows frorr?

A+E=AI+A'E) and |[A7'E| <1.
In particular, the operator A — A\ = —\(I — A1 A) is invertible, if |A| > || A|| . Hence,

o(A) c{A e C: Al < A]l} .

e The spectrum of the shift operator

V:£2—>€25 (50551552"")'_}(0’50’51"")

is equal to the unit disk D ={A € C: |\| < 1} .

2.2 Orthoprojections

In view of 1.1, for each closed linear subspace L C H of a Hilbert space H there exists the
orthogonal complement L+, such that H = L @ L. Each 2 € H can be uniquely represented
in the form z = o, + xp. with 2, € L and 21,1 € L+

Definition 2.9 The operator Py, : H — H defined by Prx = x1, is called orthogonal pro-
jection or orthoprojection from H onto L.

Corollary 2.10 For P = P, we have P2 = P and I1Pll gy =1, if P# O (i.e. PeL(H)).
Corollary 2.11 A linear operator P : H — H is an orthoprojection if and only if
<P2x,y> = (Pz,y) and (Pz,y)=(x,Py) Vx,ycH,
i.e. if and only if P2 = P and P* = P.
Proposition 2.12 Let P, Pv: H — H be two orthoprojections.
(a) The product Pp,Pn is a projection iff PPy = PvmPr . In this case R(PLPyv) = LN M.
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(b) We have LLM if and only if PPy = ©.

c) The sum Pr, + Pan is an orthoprojection if and only if LLM .

)
(c)
(d) The difference Pi, — Pm is an orthoprojection if and only if M C L.
(e)

According to Prop. 2.12,(b) we call two orthoprojections P and @) orthogonal if PQ = ©.

The inclusion M C L is equivalent to both || Pmz|| < ||Prz|| Yo € H and to Pm < P, .

Corollary 2.13 If Py, Py, ..., P, are orthoprojections then their sum Py+ P+ ...+ P, is an
[e.e]
orthoprojection if and only if they are pairwise orthogonal. A series Z P, of pairwise orthogonal

n=0
orthoprojections converges strongly to an orthoprojection.

We say that A,, € L(H) converges weakly to A € L(H), if

lim (A,z,y) = (Az,y) forall z,yeH.

n—00
Proposition 2.14 Let (P,),=, be a sequence of orthoprojections P, : H — H.
(a) If (Py),=2, is monotone, then it converges to an orthoprojection P : H — H.
(b) If the sequence (Py), =, converges weakly to an orthoprojection, then it converges strongly.
Definition 2.15 For two linear subspaces My, My C H | the number
O(My,My) = ||, — PlHL(H) )
where Pj = PM], , j=1,2, denotes the so called opening of these subspaces.

Corollary 2.16 For two linear subspaces My, My C H we have
(a) O(My, M) = O(M;,My) = O(My, My ),
(b) O(My, My) = maX{ sup (I = P)z|, sup (I - Pz)y\l} :
€My, ||z[=1 yEM, [lyl|=1

Proposition 2.17 If the opening of two linear subspaces is smaller than 1 then they have equal
dimension.

Definition 2.18 A linear subspace M C H is called invariant subspace of the operator A €

LH), if Ax € M Vx € M. A linear subspace M C H is called reducing subspace of the
operator A € L(H) if M and M are invariant subspaces of A.

Let P = Py;and A€ L(H).
e M invariant w.r.t. A = M invariant w.r.t. A <= PAP = AP
e M’ invariant w.r.t. A <= PAP = PA <= M invariant w.r.t. A*
e M reducing w.r.t. A <= M invariant w.r.t. A and A*
e A= A* M reducing w.r.t. A <= M invariant w.r.t. A <= PA= AP

e M reducing w.r.t. A = Az = PAPx+ (I — P)A(I - P)zVx e H
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Example 2.19 Let H = (%(Z). For ¢ € (*(Z), we define f(t) Z it t e =
k=—o00
- 1 [ .
{2€C:|z| =1}, so that f € L3(T) and & = fi, := py. f(¥)e * ds. For a € C(T), the
T Jo

operator T°(a) : H — H defined by (To(a)g) = ij , j €7, is linear and bounded. Moreover,
j

T°(a)¢ = ( Z Zij_kfk> , and T°(a) is selfadjoint if and only if a(t) is real valued. The sub-
k=—o0 JEZ

space (3 (Z) = {€ € (*(Z) : & = 0, k < 0} is invariant w.r.t. T°(a) if and only if 4, =0k < 0.

The opemtor T(a) : €2 ( ) — 2(Z), & — PyT(a)Py, where PL& = (...,0,...,0,%,&,...),

is called Toeplitz operator with symbol a(t) .

Example 2.20 For [a,b] C (0,1), we consider the orthoprojection P : L?(0,1) — L2(0,1),
u — Pu, where ( = { t toel[;t\b% ] Further, let k : [0,1] x [0,1] — C be a
continuous function and K (O, 1) — L2(0,1) be defined by

(Ku)(t) = /O k(t, $)u(s) ds

Then PK P is given by

/b k(t,s)u(s)ds : t € la,b],
0 : te€(0,1)\ [a,b].

(PKP)(t) =

2.3 Isometric and unitary operators

Let (H, (.,.)) and (H;,(.,.);), j = 1,2, be Hilbert spaces.

Definition 2.21 A surjective map V : Hy — Hj is called isometric operator if
(Va,Vy)y = (z,y); Va,yeH.

An isometric operator U : H — H is called unitary operator.

Corollary 2.22 An isometric operator is invertible and linear.

Definition 2.23 An operator V € L(H) is called a partial isometry if
(Va, V) = (z,z) Yaoe NV)*

Corollary 2.24 If V € L(H;,Hy), R(V) = Hy, and (Vz,Vx), = (z,x) Vo € Hy then V :
H, — H, is isometric.

Proposition 2.25 For V € L(H), the following assertions are equivalent:
(a) V is a partial isometry.
(b) V=VV*V.

(¢) V*V is an orthoprojection.
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Example 2.26 Let (ey), -, be a CONS in H. Then the operator
V:H—H, z~ Z(x,en+1>en
n=0

s a partial isometry.

Example 2.27 Let p(t) =1 —1t?,t € [-1,1], and define the Hilbert space L?O as the space of
all w.r.t. the weight p(t) square integrable (classes of ) functions f : (—1,1) — C equipped with
the inner product

1 [
(f.9), = /_1f(t)g(t)ap(t) dt .
T,(t)

The systems (py), %, and (U,), >, form CONS in L2 , where o, (t) = and where
Y (90 )n—O ( )n—O f @ ¥ ( ) m
1 2 2 si 1)0
To(t) = 75 T, (cosh) = \/;COS(TLH), n>0, Up,(cosf)= \/;%, n>0,

are the Chebyshev polynomials of first and second kind, respectively. The relations

1 L To(s)ds
. /1 s—tVi-s

show that the operator defined by

Up—1(t), —-1<t<1l,neNy, U_i(t)=0,

L f(s)ds

-1 s—t

(55)1) = ~p. Coi<i<t,

on the linear subspace span{op, :n € No} can be continuously extended to an operator S €
E(Li), namely by

SF=Y {f,¢n),Un.
n=1

The operator S : L?a — L?a defined in this way is a partial isometry.

2
Example 2.28 In L?(R), the system {tkez ke NO} 1s linearly independent. Schmidt’s

orthogonalization procedure leads to {¢k(t) : k € No} with

2

ka(t) :Hk(t)e_%, kENO,

where Hy(t) denotes the kth (normalized) Hermite-polynomial,

—1)k d\" _
Hk(t):( Xl et’ <£> e tQ, i = /7 28k

The system (¢n), =g is @ CONS in L%(R). The operator F defined by

(Fo)t) = o= [ e g(s)ds

has the property Foyp = (—i)¥py , which allows us to extend this operator in a unique way from
span {¢y, : k € No} to a unitary operator F : L2(R) — L2(R).




Chapter 3

Spectral properties of selfadjoint and
compact operators

3.1 Continuous functions of selfadjoint operators

Let P(R) be the set of all algebraic polynomials with real coefficients. For a selfadjoint operator
A € L(H), by C4(R) we denote the set of all continuous functions f : [ma, M4] — R. If
f € C4(R) then we put

ma(f) =min{f(t) :ma <t < Ma}, Ma(f) =max{f(t) :ma <t <My}

and
ya(f) = max {[f(t)] : ma <t < My} .

Moreover, by comm(A) we refer to the set of all operators from £(H), which commute with

Ae L(H).

Proposition 3.1 If the polynomial p € P(R) is nonnegative on the spectral interval [m 4, M 4]
of the selfadjoint operator A € L(H), then p(A) > ©.

Proposition 3.2 Let A € L(H) be selfadjoint. The map P(R) — L(H), p — p(A) can be
uniquely extended to a linear and multiplicative map

Ca(R) — LH), [~ f(A)
satisfying || f(A)[| < ya(f). For all f € Ca(R) and g € C([ma(f), Ma(f)],R) we have
(a) ma(f)I < f(A) < Ma(f)I,
(b) comm(A) C comm(f(4)),
(c) g(f(A)) =(go f)(A).

Remark 3.3 Multiplicativity of the map f — f(A) (mentioned in Theorem 3.2) means that,
for all f,g € Cao(R), we have (fg)(A) = f(A)g(A).

Corollary 3.4 The map C4(R) — L(H), f+— f(A) is positive, i.e., f(t) >0Vt € [ma, Ma]
implies f(A) > ©.

19
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Corollary 3.5 For each positive operator A € L(H) there exists exactly one positive operator
B € L(H) with B> = A, namely B =/A.

Corollary 3.6 If the positive operators A, B € L(H) commute then the operator AB is also
positive.

Corollary 3.7 Let A € L(H) be selfadjoint. Then the operators
1
|A| and A* = §(|A| + A)

are positive, where

|Al = VA2 and ATA™ =0.

Remark that it is possible to define |A| = vV A*A for all operators A € L(H). In case of A* = A

this definition coincides with the above one.

Proposition 3.8 (polar decomposition) For each operator A € L(H) there exists exactly
one operator V- € L(H) such that A = Vv A*A and N(A) C N(V). Moreover, V is a partial
isometry, VA*A=V*A, and I —V*V = Pyy) .

3.2 Spectral decomposition of selfadjoint operators

1 Lot<Aa—1
1 t<A,
Let A € R, e)(t) = and, forn €N, ey ,(t) = ¢ n(A—t) : A—-L1 <t <A,
0 : x<t,
0 : A<t.

Then, for a selfadjoint operator A € L(H), n € N, and A < p, we have (see Corollary 3.4)
(Ea) © <exn(A4) <exn+1(A) < I,
(Bb) T~ exan(A) < [T~ exn(A)? < T — exn(A),
(Ec) exn(A) <eun(4).
By Proposition 2.8 and (Ea) we get the existence of Ey\ € L(H) with
exn(4) — E\ =:ex(4). (3.1)

Proposition 3.9 Assume that f € C4(R), a,b € R, and A\ < . Then

(a) (B, — Bx) < F(A)E, — By) if a < f(t), € ],

(b) f(A)(E, — EX) <b(E, — E)) if f(t) <b, t€[Ap].

Proposition 3.10 The operators Ey, A € R, are orthoprojections satisfying the following prop-
erties:

(a) Ex=0 for A\<mga and Ex =1 for Mg <\,
(b) (A=ANE\<O©<(A-X)(I-E)),

(c) Ex < E, for A< p,
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(d) MEu — Ex) < A(By — E)) < p(Ey — Ex) for A< p,
(e) Bxx=0if Ax = \x.

Moreover, for each A € R and each B € comm(A) the space R(E)) is a reducing subspace of B .

Proposition 3.11 For each selfadjoint operator A € L(H) and for each A € R there exists
exactly one orthoprojection Ey € L(H) satisfying (b) and (e) of Proposition 3.10 and commuting

with A. Moreover,
A(I-Ey)=A", AEy=-A", (3.2)

and

A(I - 2Eg) = |A|, A= |A|I-2Ep). (3.3)

Corollary 3.12 For all selfadjoint operators B € comm(A) with +A < B, we have |A| < B,
i.e., |A| is the smallest selfadjoint operator with this property.

Corollary 3.13 In the sense of strong operator convergence, the one-sided limits

Ey o=lmEFE,, FE =lmF,, FEF,w=lm FE,, E_,= lim FE
A0 TR T T T T e ® 7 oo M

exist for each A € R, where Ex_g = E) < Exyo.

Let O(H) C £(H) denote the set of orthoprojections in H.

Definition 3.14 A map R — O(H), A — E) is called a spectral map if Eyx < E, for
A< pand if B_oo =0, Es = 1. It is called left-sided continuous if Ex_g = E) for all A € R.

In what follows let A — E be the spectral map defined for the selfadjoint operator A € £L(H)
by (3.1).

Proposition 3.15 Let A € L(H) be selfadjoint. Then
(a) R(E)\_H) — E)\) = N(A — )\I) YAeER,
(b) NeR\o(A) <= Fe>0: Ex=E,VpecA—eA+¢).

The numbers of o(A) which are not eigenvalues are called points of the continuous spectrum
oc(A) of the operator A, while the set 0,(A) C 0(A) of eigenvalues is called point spectrum
of A. Consequently, A € o.(A) if and only if Ex;o = Ex and Ex;c # Ex_¢ for alle > 0.

Example 3.16 Let H = L%(—1,1) and A € L(H) be defined by (Ax)(t) = tx(t). We show that
o(A) =0.(A) =[-1,1].

Let f : [a,b) — R be a function, let Z = {Xo, A\1,...,A\n} € Z[a, b] be a partition of the interval
[a,b], and let

n
S(£,Z.m) =Y _ () (Bx, = Ex,_,)
j=0
be a respective Riemann-Stieltjes sum w.r.t. the spectral map F), where p is a set of

numbers {u;:j=1,...,n} with A\j_1 < p; < A\j. By d(Z) = max {|\; = X\j_1|:5=1,...,n}
we denote the diameter of the partition Z.
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Definition 3.17 A function f : [a,b] — R is said to be Riemann-Stieltjes integrable or
uniformly Riemann-Stieltjes integrable on [a,b] w.r.t. Ey if, for each sequence (Zy,),_, of
partitions Z,, € Z[a,b] with im,,_,~ d(Z,,) = 0, an arbitrary respective sequence of Riemann-
Stieltjes sums (S(f, Zm, ™)) m_, converges in the strong or in the norm convergence operator
topology, respectively. In this case we set

b—0
fN) By = lim_S(Z)

and

b b—0
/ FN)dEy == FN)dEX + f(b) (Ebro — Eb) -

Proposition 3.18 For a left-sided continuous spectral map E), any continuous function f :
[a,b] — R is uniformly Riemann-Stieltjes integrable.

b—0
Let E) be a left-sided continuous spectral map. We set J2(f) := / fN)dAE) for f €

C([a,b],R). Then, for f,g € C([a,b],R), the following rules hold:

L Jf)=Tf)+Tf),a<c<b.

2. TN (Eq—E.)=J%f),a<c<d<b.

3. J(f+9) =T+ T9), Tiaf) = aTl(f), a €R.
4. T3(fg) = T2()T2(g)-

5. Jb(f) >0 if f(t) > 0Vte[a,b].

To each operator A € £(H) one can associate its real part Re A = 1(A+A4*) and its imaginary
part Im A = L (A — A*). Then

A=ReA+ilmA and A*=ReA-ilmA,

Re A and Im A are selfadjoint operators. Conversely, if A = A; +i Ay with selfadjoint operators
Aj € L(H) then Aj =ReA and Ay =ImA.

We call an operator A € £L(H) normal if A*A = A A*. An operator A € L(H) is normal if and
only if Re A and Im A commute, which is also equivalent to

A*A=AA* = (ReA)? + (Im A)2.

For a selfadjoint operator A € £(H) and a function f = fi +1ifz € C4(C) with f; € C4(R),
the operator

f(A) = [i(4) +1/2(4)
is well defined, where fy(A) = Re f(A) and fo(A) = Im f(A) . Moreover,
L f(A) = f4),
2. (Af+ug)(A) = Af(A)+ng(A), f,9 € Ca(C), A,neC,
3. (f9)(A) = f(A)g(4), f,g € Ca(C).
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If, for a selfadjoint operator A € L(H), we define el4 = cos(A) + i sin(A) =: V, then V*V =
VV*=1,ie.,V is a unitary operator.
Proposition 3.19 If A € L(H) is selfadjoint, f € Cla,b], if a <ma < My < b, and if Ey is
the spectral map of A, then
b
— [ rovae;.

Moreover, comm(A) = comm {E) : A € R} .

3.3 Compact operators

It is well known that a linear operator T' : H — H is compact if and only if 7" maps each
bounded sequence (x,),~; with z,, € H into a precompact sequence (T z,),~; . A sequence
(xp), = is called precompact if each subsequence possesses a convergent subsequence The
set of linear compact operators is denoted by IC(H), and it is well known that K(H) C £L(H).
Moreover, K(H) is a closed set (w.r.t. the operator norm topology).

Example 3.20 Let h: [0,1]> — C be a Lebesgue measurable function with

// |h(t,s)|>dsdt < co.
[0,1]2

Then the operator T : L2(0,1) — L2(0,1) defined by
1
(Tu)(t) = / h(t,s)u(s)ds
0

is a compact operator. This can be seen, for example, as folows: By Xgn)( ) we denote the

characteristic function of the interval [Tl, ﬁ] ,j=1,...,n € N. For any € > 0, there exist

numbers n € N and )\%) € C, such that

2

//[0 1]2 it o) ZZ&Z’@" ()| dsdt <e.

7=1k=1

The operator T : L2(0,1) — L2(0,1) with

0= [ 33 O syt s

7j=1k=1

has finite-dimensional range (the image space is spanned by the functions X§n)

this reason and fulfils the relation Hf — THL(L2(0 ) < e. Consequently, if we choose a sequence

(em) of positive numbers tending to zero, then we find operators T € K(L?(0,1)) converging
to T in norm. The closedness of K(L2(0,1)) w.r.t. the operator norm toplogy implies the
compactness of the operator T .

(t)), is compact for

Proposition 3.21 IfT € K(H) then R(I —T) is closed.
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Corollary 3.22 If T € K(H) and X\ € C\ {0} then R(T — \I) is closed.

Proposition 3.23 For an operator T € K(H) we have:
(a) If A€ C and dim N(T — A\I) = oo then A =0.
(b) The only possible accumulation point of the set of eigenvalues of T' is zero.

(c) If X € C and if there is a sequence (xy),~ , Tn € H, such that xg # ©, (T — A )zo = ©,
and (T — N)xpy1 =2, n=0,1,2,... , then A\ =0.

For an operator T' € L(H), the following assertions are equivalent:
(A) T e K(H),
(B) T*T € K(H),
(C) T* e K(H).

Corollary 3.24 IfT € K(H) then dim N(T — \I) < oo for all A\ € C\ {0} , o(T)\ {0} consists
only of at most countably many eigenvalues, which can only accumulate in 0. If A £ 0 is an
eigenvalue of T' then X is an eigenvalue of T* . In any case 0 € o(T).

Consequently, for a compact operator T € L(H) and A =1 — uT', u € C we have:

1. Fredholm alternative: Axr = y is solvable in H for every y € H if and only if this
equation is uniquely solvable.

2. Finite number of solvability conditions: Ax = y € H is solvable in H if and only if
y € N(A*)L | where dim N(A4*) < co.

Proposition 3.25 To each compact and selfadjoint operator T € L(H) there exist a finite
sequence or a zero sequence of real numbers Ao, A1, ... with |Ao| > [A\1] > |X2| > ... and pairwise
orthonormal elements e, € H such that

Tx:Z)\k(x,ek>ek VreH.
k

If we define Pyx = (x,ex) e, x € H, then Py is an orthoprojection and P,P; = © for k # j as
well as
T=> NP,
k

where in the case of infinite many eigenvalues the series converges in the operator norm.

Proposition 3.26 A linear operator T : H — H is compact if and only if there is a sequence
of linear operators with finite dimensional range which converges in the operator norm to T .

Example 3.27 The operator K : L2(—1,1) — L2(—1,1), where o(t) = (1 —t2)7% , defined by

1
(Ku)(t) = —l/_lln\s—t\u(s)a(s)ds

™

1s compact. We give its diagonal representation according to Proposition 3.25.
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Spectral integrals

4.1 In general unbounded operators

An operator A : D(A) C H — H is called linear, if its domain D(A) is a linear subspace
of H and if for all z,y € D(A), \,u € C we have A(Ax + py) = NAx + pAy. The set of all
such linear operators is denoted by L(H). An operator A € L(H) is called a restriction of
B € L(H) (or B is an extension of A), denoted by A C B or by B D A of A) if D(A) C D(B)
and Ax =BxVze D(A). For A,B € L(H) and A € C we define

e DINA) =D(A) and (AA)z = Az, z € D(A),
e DA+ B)=D(A)ND(B) and (A+ B)r =Ax+ Bx,z € D(A+ B),
e D(AB)={ze€ D(B): Bz € D(A)} and (AB)x = A(Bz), z € D(AB).

Consequently, D(A — A1) = D(A) VA€ L(H), A € C. For 4, € L(H), n € N, we say that
A= lim A, if

n—o0

e D(A) = {:U € H:3ng=mne(x) with x € ﬁ D(An)} and

n=ng

Az = lim A,z Vax € D(A).

n—oo
Of course, lim A,, € L(H). Furthermore, for A € L(H) we define
n—o0
o comm(A)={Be L(H): Bx e D(A), ABx=BAxVx e D(A)} .

Example 4.1 Let us consider two examples of unbounded operators:

=12 =] : 2z 00 x)(t) =tx(t).
(a)H—L(R),D(A)—{ cH /Rt|(t)| dt < },(A )(t) =tx(t)

(b) H=L23R), D(B) = S(R) := {m € C*(R): ilelﬂg "2 ™) ()] < 0o, Vn,m e No} ,

(Bx)(t) = —2"(t) + t22(t) .

25
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Definition 4.2 If A € L(H) and D(A) = H then the adjoint operator A* € L(H) can be
uniquely defined by

D(A*) = {y € H :sup {| (Az,y) | : x € D(A), ||z]| = 1} < oo}

and

(Az,y) = (z,A"y) VzeD(A), Vye D(A").
If AC B then B* C A*.

Definition 4.3 Let A € L(H) and D(A) = H. A number A € C is called regular point of A if
there exists an operator Ry € L(H) such that

Ry(A=X)x=xzVzxeDA) and (A—AN)Ryz=zxzVzrecH.

The set of all A € C which are not reqular points of A is called the spectrum of A and denoted
by o(A). The set p(A) = C\ o(A) is called the resolvent set of A.

Remark: If Ry fulfils Definition 4.3 then D(A) = R(R)) .

Proposition 4.4 Let A € L(H) with D(A) = H. Then, p(A) is open, i.e., o(A) is closed.
Moreover,

comm(A) = comm(R)) VA€ p(A).
If A\, € p(A) then

R)\ — RM = ()\ — ,U,)RMR)\ and R)\RM = RMR)\ .

If A € p(A) one also writes Ry = (A — AI)~!, since in this case A — AT : D(A) — H is a
bijection with a bounded inverse.

Definition 4.5 An operator A € L(H) is called symmetric if
DA =H and (Azxy) = (x,Ay) Yo,y e D(A).

We say that A € L(H) is selfadjoint if A = A*.
Proposition 4.6 For A € L(H) the following conditions are equivalent:

(a) A is symmetric.

(b) AcC A*.

(c) D(A) =H and (Az,z) e RVz e D(A).
An operator A € L(H) is selfadjoint if and only if

D(A)=H, (Az,2) cRVze D(A), and D(A*)C D(A).

The graph of A € L(H) is defined as the set

I'(A) ={(z,Az):z € D(A)} CH x H.
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For A, B € L(H), the relation A C B is equivalent to I'(A) C T'(B). Let us H x H equip with
the inner product

<($17y1)7 (1'27y2)>H><H = <1‘1,.%'2> + <y17y2> .

Then, the operator A € L(H) is called a closed operator, if I'(A) is a closed subset of H x H.
This is equivalent to

xn € D(A), xy — z, yp=Ax, —y = z€D(A), y=Ax.
The closed graph theorem says that a closed operator A € L(H) with D(A) = Hisin £L(H).

Corollary 4.7 If A € L(H) is selfadjoint, if B € L(H) is symmetric, and if A C B then
A=DB.If Ae L(H) is symmetric with D(A) = H then A € L(H).

Definition 4.8 An operator A € L(H) is called closable, if there exists a closed operator
B € L(H) such that A C B.

Proposition 4.9 If A s closable then there exists a smallest closed extension A, the closure
of A, in the sense that A C B for every closed extension B of A. If A € L(H) is closable then
I'(A) =T(A).

Example 4.10 We show that, for each Hilbert space, there exists a linear operator which is not
closable.

Remark 4.11 If A € L(H) is closed with D(A) = H then X\ € p(A) if and only if A — X :
D(A) — H is a bijection.

4.2 Selfadjoint operators

Proposition 4.12 Let f : R — R be a continuous function, Ey be a left-sided continuous spec-
tral map, Jn(f) = ff;o f(N)dEy, D(A) = {x €eH: - li_)m Jn(f)x} ,and Ax = li_)m Jn(f)x.
Then A = J(f) € L(H) is a selfadjoint operator, for which we also write

oo n—0
A=J(f) :/_ F(A)dEy == lim FA) dE, .

n—oo J_.
If f is bounded then A € L(H).

Proposition 4.13 Let A € L(H) be a selfadjoint operator. Then
(a) o(4) CR,
(b) Ry = (A —XI)~! is normal if X € p(A) and selfadjoint if A € p(A)NR,

o0
(c) there exists a unique spectral map Ey with A = / AdE) . Moreover,
—00

comm(A) = comm(FE)).
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The following Lemma is needed for the proof of Proposition 4.13,(c).
Lemma 4.14 Let A€ L(H).

(a) If A=V~ A*A is the polar decomposition of A (cf. Proposition 3.8) then A* = V*/ A A*
is the polar decomposition of A* . Moreover, VA A* = V/A*AV* .

(b) If A is normal then there exists a unitary operator V. € L(H) such that VA = AV and

A=VVA*A.
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Differential operators in L*(a, b)

Recall that by I'(4) we denote the graph of the operator A € L(H). bezeichnen. Furthermore,
we define V: HxH — H x H, (z,y) — (—y,x), where we equip H x H with the inner

product ((z,y), (z,w)) := (z,2) + (y, w) .

Lemma 5.1 Let A€ L(H) and D(A) = H. The, we have:
(a) D(4%) = V(I(4)+.
(b) A* is a closed operator.

)
)
(c) A is closable if and only if D(A*) = H. In this case A = (A*)* =: A**.
(d) If A is closable, then (A)* = A*.

)

(e) A is selfadjoint if and only if T'(A) L V(I'(A)) and T'(A) + V(I'(A)) =H x H.

Lemma 5.2 Let ' : X — C and F; : X — C, j = 1,...,n, be linear functionals on the

linear space X, where
n
[ N(Fj) C N(F).
i=1

n
Then, there exist v1,...,v, € C, such that F = nyij
j=1

In what follows let —oco < a < b < 0o and H = L?(a,b). A function f : (a,b) — C is called
absolutely continuous, if there exists a locally integrable function g : (a,b) — C (we write
g € Ll (a,b)) such that

f(z) :f(c)+/mg(y)dy Va € (a,b), Vece (a,b).

In this case we write ¢ = f’. By A, (a,b) we denote the set of all n — 1 times continuously
differentiable functions f : (a,b) — C, for which f (n—1) : (a,b) — C is absolutely continuous.

Proposition 5.3 For alln € N and € > 0 there exists a constant ¢y = co(n,e) such that
I 1 1

/ |f(])(:c)|2dx§e/ |f(")(:v)|2d:c+c0/ [f(@)Pdz Vf€A(0,1), Vj=0,1,...,n—1.
0 0 0

29
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Corollary 5.4 If f € A,(a,b)NL%(a,b) and f € L%(a,b) then fU) € L2(a,b),j =0,1,...,n.
We set W2(a,b) = {f € Ar(a,b) NL*(a,b) : ) € L(a, b)} . (Sobolev space of order r)

Corollary 5.5 If f € W2(a,b) then f9) € Cla,b], j =0,1,...,7 — 1, where in case of b= oo
(a = —00) we have fU)(c0) =0 (fW)(—00) =0), j=0,1,...,7r —1.

By D : Ai(a,b) — L (a,b) we denote the differential operator Df = f’. Define
D(47) = C§(ab),  AYf = (-iD)"f

and

D(4;) = Wi(a,b), Af=(-iD)'f.
Proposition 5.6 We have

(a) AY is symmetric,
b
(b) R(AY) = {g € Ci°(a,b) : / #g(z)de=0,j=01,...,7r — 1} =: C§%.(a,b),
(C) (A?)* = A, Ai :A_Q,
(d) D(AD) = {f € W}(a,b) : fO(a) = fO(0) =0, j =0,1,...,7 — 1} = W"(a,]).

Corollary 5.7 In case (a,b) = R the operator A, is selfadjoint. If (a,b) # R then AQ and A,
are not selfadjoint.

Proposition 5.8 In case (a,b) =R we have o(Asg,) = [0,00) and 0(Az—1) =R.
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The formalism of quantum
mechanics

Consider a system of N (in general electrical charged) particles within an electromagnetic field

and set n = 3N . By qi1,..., ¢, we denote the cartesian spatial coordinates (i.e., ¢3j—2, g3j—1 and
q3; are the spatial coordinates of the jth particle) and by p1,...,p, the momentum coordinates
(i.e., p3j—k = mjg3j—k, k=0,1,2, 5 =1,...,N). Then, the Hamiltonian differential equations
can be written as

._0H(¢,p) . _  0H(q,p)

q - 8]7 ) p - 8(] )

where the Hamiltonian function H(q,p) equals the total energy of the system. In the case of
one charged particle in an electrical fiel E' with potential V' (i.e., E(q) = —grad V' (q)) we have

3
‘P’z 1 2
H = — = N
(@p) =5 -+ V(g) =5~ jE_lp] +V(q1,42,93)
and, consequently,
. bj . av(ql’ q2, Q3) .
=, = =, :1,2,3-
9 m Pj 0q; J

These considerations are due to classical mechanics. In quantum mechanics, the state of the
system at time ¢ € R is described by a state function ¢, : R® — C, z — ¢4(z) : f A CR" is

a measurable set, then
[ @ iz
A

equals the probability for ¢(t) € A. Hence, we assume that / |1/)t(ac)|2 dr = 1, in particular
RTL
Yy € L2(R") VYt € R. The function ¢ : R* x R — C, (z,t) > 9¢(z) is called wave function.

Hence, L2(R") is the state space of the system. The expectation value of the coordinate q; at
the state ¥ = 1y is equal to
Y _ A 2 4o = (2
q; = o zj|(@)]” de = (zj,¢) ,
the respective variance is equal to

vary(q;) = /Rn(wj — )2 ¢p(@)]* dv = <(wj — ), (zj — q;")¢> :

31
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and the dispersion oy(g;) = \/vary(g;) . Consequently, we assign the operator of multiplication
by x; to the spatial coordinate g; . To the momentum coordinate p; we assign the differentiation

operator D; = 2 -2 where i ~ 1073*Js denotes the Planck constant. We obtain
p J i Oz
J

P = " IY(z)

Y(z) de = (D, ¢) ,

1 Jrn 31‘j
noo ?
ey = [ (55 o) 0| do= (05 =5 (0, i)

op(p;) = /vary(p;).

Remark 6.1 Let A, B € L(H) be hermitian operators (i.e. (Ax,z) = (x,Ax) Vx € D(A)).
Define a, := (Az,x) and b, := (Bz,z) as well as

02(A) = (A = azD)z|| ,  02(B) = [|(B = beD)x| -
Then we have the uncertainty relation

02(A)oy(B) > = |(AB — BA)z,z)| V€ D(AB) N D(BA).

DN | =

Corollary 6.2 (Heisenberg’s uncertainty relation) For all states ¢ € C3°(R"),

. h 2 4
oulaj)opsilas) > 5 117, j=1,....n.

The wave function satisfies the Schrédinger equation
LR
ot

where the Schrodinger operator S operates on ¢ only w.r.t. the spatial coordinates. The
operator S is obtained from the Hamiltonian function H (g, p) using the following rules:

= SY(z,t), (6.1)

1. Represent H(q,p) as a sum of

(a) pure quadratic terms in pj,
(b) terms V(q) depending only on ¢,
(¢) terms of the form % pifila) + fi(@)p;] -
2. Replace g; by the multiplication operator by z; and p; by the differentiation operator D; .

The expectation value of the Schrédinger operator at the state ¥ equals (S, 1) and should be
real for all states 1» € D(S). Consequently, S has to be a hermitian operator (cf. Proposition
4.6). The evolution operators U(t), t € R are defined as follows:

U(t)y is equal to the state at time ¢ € R, if ¢ is the state of the system at time 0.
Consequently, the following conditions have to be satisfied (H = L?(R")):
(a) D(U(t))=HVteR,
(b) U(0) =1,
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(¢c) Ut)e LH)VteR,

(d) U(t1+t2) =U(t1)U(t2) = U(ta)U(t1), Vi1, t2 € R,
(©) lim |U(s) ~ U] =0, ¥t €R, Yo € H,

) U@l =Ilvl,vteR, vy e H,

(g) R(U()=H,VteR.

Definition 6.3 We call a family {U(t) : t € R} of operators with the properties (a)—(g) a (one-
parametric) strongly continuous group of unitary operators. The operator A € L(H)
defined by

D(A) = {x €H:Ilimt U{t)— Iz € H} Az =limt U®) - Iz,

t—0 t—0

1s the infinitesimal generator of this group.

Proposition 6.4 Let A € L(H) be the infinitesimal generator of the strongly continuous group
{U(t) : t € R} of unitary operators.

(a) The operator S = iA is selfadjoint.

(b) For each 2° € D(S), the function U(t)x°, t € R, is the unique solution of the initial value
problem
i=—iSz, x(0)=2a".

In particular, U(t)z € D(S) for all x € D(S) and for allt € R.
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